ALGORITHMES DE TYPE
EXPECTATION-MAXIMIZATION
EN LIGNE POUR L’ESTIMATION
DANS LES MODELES DE
MARKOV CACHES (ARTICLE)

The Expectation Maximization (EM) algorithm is a versatile tool for
model parameter estimation in latent data models. When processing large
data sets or data stream however, EM becomes intractable since it requires
the whole data set to be available at each iteration of the algorithm. In
this contribution, a new generic online EM algorithm for model parameter
inference in general Hidden Markov Model is proposed. This new algorithm
updates the parameter estimate after a block of observations is processed
(online). The convergence of this new algorithm is established, and the rate
of convergence is studied showing the impact of the block-size sequence. An
averaging procedure is also proposed to improve the rate of convergence.
Finally, practical illustrations are presented to highlight the performance of
these algorithms in comparison to other online maximum likelihood proce-
dures.

6.1 INTRODUCTION

A hidden Markov model (HMM) is a stochastic process { X, Yy }x>0 in
X x Y, where the state sequence { X}, }1>0 is a Markov chain and where the
observations {Y} },>0 are independent conditionally on {X}}x>¢. Moreover,
the conditional distribution of Yj given the state sequence depends only
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on Xj. The sequence {Xj}r>0 being unobservable, any statistical infer-
ence task is carried out using the observations {Y}}r>0. These HMM can
be applied in a large variety of disciplines such as financial econometrics
([Mamon et Elliott, 2007]), biology ([Churchill, 1992]) or speech recognition
([Juang et Rabiner, 1991]).

The Expectation Maximization (EM) algorithm is an iterative algorithm
used to solve maximum likelihood estimation in HMM. The EM algorithm
is generally simple to implement since it relies on complete data computa-
tions. Each iteration is decomposed into two steps: the E-step computes
the conditional expectation of the complete data log-likelihood given the
observations and the M-step updates the parameter estimate based on this
conditional expectation. In many situations of interest, the complete data
likelihood belongs to the curved exponential family. In this case, the E-step
boils down to the computation of the conditional expectation of the com-
plete data sufficient statistic. Even in this case, except for simple models
such as linear Gaussian models or HMM with finite state-spaces, the E-step
is intractable and has to be approximated e.g. by Monte Carlo methods such
as Markov Chain Monte Carlo methods or Sequential Monte Carlo methods
(see [Carlin et al., 1992] or [Cappé et al., 2005, Doucet et al., 2001] and the
references therein).

However, when processing large data sets or data streams, the EM al-
gorithm might become impractical. Online variants of the EM algorithm
have been first proposed for independent and identically distributed (i.i.d.)
observations, see [Cappé et Moulines, 2009]. When the complete data like-
lihood belongs to the cruved exponential family, the E-step is replaced by
a stochastic approximation step while the M-step remains unchanged. The
convergence of this online variant of the EM algorithm for i.i.d. observa-
tions is addressed by [Cappé et Moulines, 2009]: the limit points are the
stationary points of the Kullback-Leibler divergence between the marginal
distribution of the observation and the model distribution.

An online version of the EM algorithm for HMM when both the observa-
tions and the states take a finite number of values (resp. when the states take
a finite number of values) was recently proposed by [Mongillo et Deneve, 2008]
(resp. by [Cappé, 2011a]). This algorithm has been extended to the case
of general state-space models by substituting deterministic approximation
of the smoothing probabilities for Sequential Monte Carlo algorithms (see
for example [Cappé, 2009, Del Moral et al., 2010a, Le Corff et al., 2011b]).
There do not exist convergence results for these online EM algorithms for
general state-space models (some insights on the asymptotic behavior are
nevertheless given in [Cappé, 2011al): the introduction of many approxima-
tions at different steps of the algorithms makes the analysis quite challeng-
ing.

In this contribution, a new online EM algorithm is proposed for HMM
with complete data likelihood belonging to the curved exponential family.
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This algorithm sticks closely to the principles of the original batch-mode EM
algorithm. The M-step (and thus, the update of the parameter) occurs at
some deterministic times {7} },>1 i.e. we propose to keep a fixed parameter
estimate for blocks of observations of increasing size. More precisely, let
{T%}r>0 be an increasing sequence of integers (T = 0). For each k > 0, the
parameter’s value is kept fixed while accumulating the information brought
by the observations {Y7; +1,---, Y7, }. Then, the parameter is updated at
the end of the block. This algorithm is an online algorithm since the suf-
ficient statistics of the k-th block can be computed on the fly by updating
an intermediate quantity when a new observation Y;, t € {T +1,...,Tky1}
becomes available. Such recursions are provided in recent works on online es-
timation in HMM, see [Cappé, 2009, Cappé, 2011a, Del Moral et al., 2010a].

This new algorithm, called Block Online EM (BOEM) is derived in Sec-
tion 6.2 together with an averaged version. Section 6.3 is devoted to practical
applications: the BOEM algorithm is used to perform parameter inference in
HMM where the forward recursions mentioned above are available explicitly.
In the case of finite state-space HMM, the BOEM algorithm is compared to
a gradient-type recursive maximum likelihood procedure and to the online
EM algorithm of [Cappé, 2011a]. The convergence of the BOEM algorithm
is addressed in Section 6.4. The BOEM algorithm is seen as a perturbation
of a deterministic limiting EM algorithm which is shown to converge to the
stationary points of the limiting relative entropy (to which the true param-
eter belongs if the model is well specified). The perturbation is shown to
vanish (in some sense) as the number of observations increases thus implying
that the BOEM algorithms inherits the asymptotic behavior of the limiting
EM algorithm. Finally, in Section 6.5, we study the rate of convergence of
the BOEM algorithm as a function of the block-size sequence. We prove
that the averaged BOEM algorithm is rate-optimal when the block-size se-
quence grows polynomially. All the proofs are postponed to Section 6.6;
supplementary proofs and comments are provided in Appendix A.

6.2 THE BLOCK ONLINE EM ALGORITHMS

6.2.1 NOTATIONS AND MODEL ASSUMPTIONS

Our model is defined as follows. Let © be a compact subset of R%. We
are given a family of transition kernels {Mp}oco, My : X x X — [0,1], a
positive o-finite measure p on (Y,)), and a family of transition densities
with respect to p, {go}teco, g9 : X x Y — Ry. For each 6 € O, define the
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transition kernel Ky on X x Y by
def
Ko [(@5).0) [ 106/ (s’ o) ') Mo, '

Denote by {Xk,Ys}k>0 the canonical coordinate process on the measur-
able space ((X X Y)N,(X®y)®N). For any 6 € © and any probability
distribution x on (X, X), let Py be the probability distribution on ((X x
YN (X @ Y)*N) such that {Xp, Yy} k>0 is Markov chain with initial dis-
tribution Py ((Xo,Y) € C) = [1c(z,y) go(x, y) u(dy) x(dz) and transition
kernel Ky. The expectation with respect to ]P’?,< is denoted by Eg‘. Through-
out this paper, it is assumed that the Markov transition kernel Ky has
a unique invariant distribution 7y (see below for further comments). For
the stationary Markov chain with initial distribution my, we write Py and
Eg instead of P)’ and E;?. Note also that the stationary Markov chain
{Xk, Y} k>0 can be extended to a two-sided Markov chain { Xy, Yy }rez.

It is assumed that, for any 0 € © and any = € X, Mpy(x,-) has a density
mg(z, ) with respect to a finite measure A on (X, X’). Define the complete
data likelihood by

T-1

def
po(zo:r, yor) = golxo, vo) [ [ me(ws, wiv1)go (i, vira) (6.1)

=0

where, for any u < s, we will use the shorthand notation x,,. for the sequence
(Ty, -+ ,xs). For any probability distribution x on (X,X’), any # € © and
any s < u < v <t, we have

Eg [f(Xuv)|Yst] = /f(x“:v)gbg,u:ms:t(dx“:v) >

where gz%< weolsit is the so-called fixed-interval smoothing distribution. We also
define the fixed-interval smoothing distribution when X, ~ :

Ey* [f(Xuw) [ Yeq1:t]
_ STl {mo (@i, 20)g0(wi, Y} f (#u) X (A2 A (A1)
B fH§:5+1{m9($iflaxi)QG(Cﬂian)}X(dxs))‘(dstrl:t) '
Given an initial distribution x on (X, X') and T'+1 observations Yy, the EM

algorithm maximizes the so-called incomplete data log-likelihood 6 +— %"T
defined by

Oy (Y)  log / po(zo.r, Yi.r)x(dzo)A(dz1.r) - (6.2)

The central concept of the EM algorithm is that the intermediate quantity

defined by

01— Q0,0") < EY [log po(Xo.x, Your) | Your]
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may be used as a surrogate for £} (Yp.r) in the maximization procedure.
Therefore, the EM algorithm iteratively builds a sequence {6, },>0 of pa-
rameter estimates following the two steps:

i) Compute 0 — Q(6,0,).
ii) Choose 6,11 as a maximizer of 8 — Q(0,60,,).

In the sequel, it is assumed that there exist functions S, ¢ and ¢ such that
(see Al for a more precise definition), for any (z,2’) € X2 and any y € Y,

mo(z,2")go (2, y) = exp {$(0) + (S(z, 2, y),¥(0))} .

Therefore, the complete data likelihood belongs to the curved exponential
family and the step i) of the EM algorithm amounts to computing

T
HHQM@»=mm+<;§ﬁ@wu¢bmxmmﬂww»,
t=1

where (-, -) is the scalar product on R?. Tt is also assumed that for any s € S,
where S is an appropriately defined set, the function 6 — ¢(0) + (s,9(0))
has a unique maximum denoted by (s). Hence, a step of the EM algorithm

writes
n = (T ZE On_1 thaXta}/:‘,”}/b;T]) .

6.2.2 THE BLock ONLINE EM (BOEM) ALGORITHMS

We now derive an online version of the EM algorithm. Define SX7 (6,Y)
as the intermediate quantity of the EM algorithm computed with the obser-
vations Ypri1.74r:

TH+1
5xT(0,Y) def 1 Z EXT [S(Xi—1, X, Vo) [Yry11as] - (6.3)
t T+1

Let {7, }n>1 be a sequence of positive integers such that lim, o 7, = 400
and set

def Z Tk and T() dﬁf O (6.4)

T, denotes the length of the n-th block. Given an initial value 6y € O, the
BOEM algorithm defines a sequence {6y, },>1 by

0 = 0[S,-1] . and S, & GXr T (0, 1Y) | (6.5)

where {xn}n>0 is a family of probability distributions on (X, X’). By anal-
ogy to the regression problem, an estimator with reduced variance can be
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obtained by averaging and weighting the successive estimates (see for exam-
ple [Kushner et Yin, 1997, Polyak et Juditsky, 1992] for a discussion on the

averaging procedures). Define ¥ 2t and for n > 1,

n

def 1
I Tn;Tj Si 1. (6.6)

Note that this quantity can be computed iteratively and does not require
to store the past statistics {.5; ;‘:_01. Given an initial value 6y, the averaged

BOEM algorithm defines a sequence {5n}n21 by

b, 0 () . (6.7)
The algorithm above relies on the assumption that S,, can be computed
in closed form. In the HMM case, this property is satisfied only for lin-
ear Gaussian models or when the state-space is finite. In all other cases,
Sy, cannot be computed explicitly and will be replaced by a Monte Carlo
approximation Sj. Several Monte Carlo approximations can be used to
compute S,. The convergence properties of the Monte Carlo BOEM algo-
rithms rely on the assumption that the Monte Carlo error can be controlled
on each block. [Le Corff et Fort, 2011a] provides examples of applications
when Sequential Monte Carlo algorithms are used. Hereafter, we use the
same notation {6, },>0 and {6, },>¢ for the original BOEM algorithm or its
Monte Carlo approximation.

Our algorithms update the parameter after processing a block of obser-
vations. Nevertheless, the intermediate quantity 5, can be either exactly
computed or approximated in such a way that the observations are processed
online. In this case, the intermediate quantity S,, or S,, is updated online
for each observation. Such an algorithm is described in [Cappé, 2011a, Sec-
tion 2.2] and [Del Moral et al., 2010b, Proposition 2.1] and can be applied
either to finite state-space HMM or to linear Gaussian models. A Sequential
Monte Carlo approximation to compute S,, online for more complex models
is proposed in [Del Moral et al., 2010a] (see also [Le Corff et Fort, 2011al).

The classical theory of maximum likelihood estimation often relies on the
assumption that the ”true” distribution of the observations belongs to the
specified parametric family of distributions. In many cases, it is doubtful
that this assumption is satisfied. It is therefore natural to investigate the
convergence of the BOEM algorithms and to identify the possible limit for
misspecified models i.e. when the observations Y are from an ergodic process
which is not necessarily an HMM.

6.3 APPLICATION TO INVERSE PROBLEMS IN HIDDEN
MARKOV MODELS
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In Section 6.3.1, the performance of the BOEM algorithm and its aver-
aged version are illustrated in a truncated linear Gaussian model. In Sec-
tion 6.3.2, the BOEM algorithm is compared to online maximum likelihood
procedures in the case of finite state-space HMM.

Other applications of the Monte Carlo BOEM algorithm to more com-
plex models with online Sequential Monte Carlo methods can be found in
[Le Corff et Fort, 2011a].

6.3.1 LINEAR GAUSSIAN MODEL

Consider the linear Gaussian model:
Xt+1 = ¢Xt + o, Ut s Y, =X +o0,Vi 5

where X ~ N (0,02(1 — ¢*)™1), {Ui}t0, {Vi}i>0 are independent i.i.d.
standard Gaussian r.v., independent from X,. Data are sampled using
¢ = 0.9, 02 = 0.6 and 02 = 1. All runs are started with ¢ = 0.1, 02 = 1
and 02 = 2.

We illustrate the convergence of the BOEM algorithms. We choose 7,, =
n'1. We display in Figure 6.1 the median and lower and upper quartiles for
the estimation of ¢ obtained with 100 independent Monte Carlo experiments.
Both the BOEM algorithm and its averaged version converge to the true
value ¢ = 0.9; the averaging procedure clearly improves the variance of the
estimation.

We now discuss the role of {7,},>0. Figure 6.2 displays the empirical
variance, when estimating ¢, computed with 100 independent Monte Carlo
runs, for different numbers of observations and, for both the BOEM algo-
rithm and its averaged version. We consider four polynomial rates 7, ~ n’,
b e {1.2,1.8,2,2.5}. Figure 6.2a shows that the choice of {7,},>0 has a
great impact on the empirical variance of the (non averaged) BOEM path
{01} n>0. To reduce this variability, a solution could consist in increasing
the block sizes 7, at a larger. The influence of the block size sequence 7, is
greatly reduced with the averaging procedure as shown in Figure 6.2b. We
will show in Section 6.5 that averaging really improves the rate of conver-
gence of the BOEM algorithm.

6.3.2 FINITE STATE-SPACE HMM

We consider a Gaussian mixture process with Markov dependence of

the form: Y; = X + V; where {X;};>0 is a Markov chain taking values in

x def {z1,..., 24}, with initial distribution x and a d X d transition matrix

m. {Vihi>o are i.i.d. N(0,v) r.v., independent from {X;};>0, i.e., for all
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Number of observations x 10°
(a) The BOEM algorithm without averaging.
| | | | |
0.5 1.5 2 2.5 3
Number of observations x10°

(b) The BOEM algorithm with averaging.

Figure 6.1: Estimation of ¢.
(z,y) e X xY,

— )2
go(w,y) < (2m0) "2 exp {_(y%)} ’

where 6 % <v,x1:d, (mi,j)g’jzl)' In the experiments below, the initial dis-
tribution below is chosen as the uniform distribution on X. The statistics

used to estimate @ are, for all (i,5) € {1,---,d} and all (z,2) € X2,

SZ,O(':U? x/? y) = 1$7, (:L‘/) ) S/l’l(x’ '1:,7 y) = ylxl (:Lj) 9 (6'8)
Si72 (1‘, x/) y) - y21$i (ml) ) Si,j (1‘, xlv y) =1, (x)lzj (ml) :
The online computation of these intermediate quantities can be found in

[Cappé, 2011a, Section 2.2]. The computations below are performed for
each statistic in (6.8). Define, for all x € X, ¢o(z) = x(x) and po(z) = 0.
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Figure 6.2: The BOEM algorithm: empirical variance of the estimation of
¢ after n = 0.5¢ - 10° observations (¢ € {1,---,7}) for different block size

schemes 7, ~ n'? (stars), 7, ~ n'® (dots), 7, ~ n? (crosses) and 7, ~ n?>
(squares).
i) For t € {1,--- ,7}, compute, for any = € X,
¢t ($) — Z,}:’EX gbtfl (x,)mxﬁxge (ﬂf, }/;H*T)
Dot arex Gt—1(2 )M o go (2", Yiyr)
and ,
n(a,a') = A s
t\4y - .
Zx”EX ¢t71($”)ma§”,x
1 1
pe(x) = Z [ts(xamlaY%JrT) + (1 - t) Pt—l(x/)] re(z,a’) .
z’'eX
ii) Set

SX7(0,Y) = 3 pr(a)or(a)

rzeX
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At the end of the block, the new estimate is given, for all (i,5) € {1,--- ,d}?
by (the dependence on Y, 6, x, T and 7 is dropped from the notation)

= d d d
S . Gl . . .
mi; =—->—— ;= —=—, U= Si2 4 22840 — 9 ;85
IS5, s :
i=1 i=1 i=1

j=111%.] j=

Observations are sampled using d = 6, v = 0.5, z; =i ,Vi € {1,...,d}
and the true transition matrix is given by

0.5 005 0.1 0.15 0.15 0.05
0.2 035 01 015 0.05 0.15
0.1 01 06 005 005 0.1
0.02 003 0.1 0.7 0.1 0.05
0.1 0.05 0.13 0.02 0.6 0.1
0.1 01 0.13 0.12 0.1 045

m =

We first compare the averaged BOEM algorithm to the online EM (OEM)
procedure of [Cappé, 2011a] combined with a Polyak-Ruppert averaging (see
[Polyak et Juditsky, 1992]). Note that the convergence of the OEM algo-
rithm is still an open problem. In this case, we want to estimate the vari-
ance v and the states {x1,...,z4}. All the runs are started from v = 2 and
from the initial states {—1;0;.5;2;3;4}. The algorithm in [Cappé, 2011a]
follows a stochastic approximation update and depends on a step-size se-
quence {vp}n>0. It is expected that the rate of convergence in Ly after n

observations is %%,/ 2 (and n~1/2 for its averaged version) - this assertion relies
on classical results for stochastic approximation. We prove in Section 6.5
that the rate of convergence of the BOEM algorithm is n~%(®+1) (and
n~1/2 for its averaged version) when 7, nP. Therefore, we set 7, = n'!
and 7, = n~"53. Figure 6.3 displays the empirical median and first and last
quartiles for the estimation of v with both algorithms and their averaged
versions as a function of the number of observations. These estimates are
obtained over 100 independent Monte Carlo runs. Both the BOEM and
the OEM algorithms converge to the true value of v and the averaged ver-
sions reduce the variability of the estimation. Figure 6.4 shows the similar
behavior of both averaged algorithms for the estimation of x; in the same
experiment. Some supplementary graphs on the estimation of the states can
be found in Appendix A.3.

We now compare the averaged BOEM algorithm to a recursive maximum
likelihood (RML) procedure (see [Le Gland et Mevel, 1997, Tadié¢, 2010])
combined with Polyak-Ruppert averaging (see [Polyak et Juditsky, 1992]).
We want to estimate the variance v and the transition matrix m. All the
runs are started from v = 2 and from a matrix m with each entry equal
to 1/d. The RML algorithm follows a stochastic approximation update and
depends on a step-size sequence {7y },>0 which is chosen in the same way
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(a) The BOEM algorithm. (b) The OEM algorithm.
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(c¢) The averaged BOEM algorithm. (d) The averaged OEM algorithm.

Figure 6.3: Estimation of v using the online EM and the BOEM algorithms
(top) and their averaged versions (bottom). Each plot displays the empirical
median (bold line) and the first and last quartiles (dotted lines) over 100
independent Monte Carlo runs with 7, = n'! and ~,, = n=0-53,

as above. Therefore, for a fair comparison, the RML algorithm (resp. the
BOEM algorithm) is run with v, = n=%% (resp. 7, = n'!). Figure 6.5
displays the empirical median and empirical first and last quartiles of the
estimation of m(1,1) as a function of the number of observations over 100
independent Monte Carlo runs. For both algorithms, the bias and the vari-
ance of the estimation decrease as n increases. Nevertheless, the bias and/or
the variance of the averaged BOEM algorithm decrease faster than those of
the averaged RML algorithm (similar graphs have been obtained for the
estimation of the other entries of the matrix m and for the estimation of
v; see Appendix A.3). As a conclusion, it is advocated to use the averaged
BOEM algorithm instead of the averaged RML algorithm.
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(a) The averaged BOEM algorithm.
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(b) The averaged OEM algorithm.

Figure 6.4: Estimation of x; using the averaged OEM and the averaged
BOEM algorithms. Each plot displays the empirical median (bold line) and
the first and last quartiles (dotted lines) over 100 independent Monte Carlo

runs with 7, = n

L1 and 5, = n~993. The first ten observations are omitted

for a better visibility.
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Figure 6.5: Empirical median (bold line) and first and last quartiles for the
estimation of m(1,1) using the averaged RML algorithm and the averaged
BOEM algorithm (left). The true value is m(1,1) = 0.5 and the averaging
procedure is starter after 10000 observations. The first 10000 observations

are not displayed for a better clarity.
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6.4 CONVERGENCE OF THE BLOCK ONLINE EM
ALGORITHMS

Consider the following assumptions.
A1 (a) There exist continuous functions ¢ : © — R, ¢ : © — R¢ and
S:XxXxY—=REsit.

logmg(z,2') +log go(2', y) = ¢(6) + (S(z,z,,y),v(0)) ,

where (-,-) denotes the scalar product on R?.

(b) There exists an open subset S of R? that contains the convex hull
of S(X x X xY).

(c) There exists a continuous function 6 : S — © s.t. for any s € S,

0(s) = argmaxgee {4(0) + (s,4(0))} -

A2 There exist o_ and o, s.t. for any (z,2') € X2 and any 0 € O,
0<o_- <my(z,2') <oi. Set pd:ef 1—(o_/oy).

A2, often referred to as the strong mixing condition, is commonly used
to prove the forgetting property of the initial condition of the filter, see
e.g. [Del Moral et Guionnet, 1998, Del Moral et al., 2003]. This assump-
tion holds for example if X is finite or for linear state-spaces with truncated
gaussian state and measurement noises. More generally, this condition holds
when X is compact.

We now introduce assumptions on the observation process Y defined on
the probability space (2, F,P). Let

FXE o (Yatusr) and GY = o ({Yulusi) (6.9)

be o-fields associated to Y. We also define the S-mixing coefficients by, see
[Davidson, 1994],

BY(n) =sup sup E[|P(B|FY)-P(B)|] .Yn>0. (6.10)
UEL BEQXJFTL

A3-(p) E [supx,xxexz |S(x,:z’,Y0)\p] < +o00.

A4 (a) Y is a S-mixing stationary sequence such that there exist C' €
[0,1) and B € (0,1) satisfying, for any n > 0, fY(n) < CB",
where 3Y is defined in (6.10).

(b) E[|logb_(Yp)| + |log b4 (Yp)|] < +oo where

b (y) “infoeo [ go(z, y)A(de)

bi(y) < suppeo [ 9o(x, y)A(dzx) .
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Upon noting that, for all n > 0, fY(n) < B&Y)(n), we can prove that
A4(a) holds when Y is the observation process of a an HMM under classical
geometric ergodicity conditions [Meyn et Tweedie, 1993, Chapter 15| and
[Cappé et al., 2005, Chapter 14].

A5 There exists ¢ > 0 and a > 1 such that for all n > 1, 7, = [en?].
For p > 0 and Z a random variable measurable with respect to the o-algebra
o (Y. n € Z), set || Z]|, = (B[ 2[7)"".

A6-(p) There exists b > (a+1)/2a (where a is defined in A5) such that,

for any n > 0,

where S,, is the Monte Carlo approximation of S,, defined by (6.5).
A6 gives a L, control of the Monte Carlo error on each block. Such bounds
are given for Sequential Monte Carlo algorithms in [Dubarry et Le Corff, 2011,
Theorem 1]. [Le Corff et Fort, 2011a] provides practical conditions to ensure
A6 in the case of Sequential Monte Carlo methods. In the sequel, M(X)
denotes the set of all probability distributions on (X, X).

Sn — Sn

» = O(Tn_-ilzl) )

Theorem 6.1. Let p > 2. Assume that A1-2, A3-(p) and A4 hold.
i) For any 6 € ©, there exists a r.v. S(0,Y) s.t.

sup |Ey [S(X_1, X0, Y0)|Y_r:r] — S(0,Y)|
0€0, xe M(X)

<Cp” sup |S(z,2',Yp)
(z,2")€X2

, P—as., (6.11)

where C' is a finite constant. Define for all 0 € O,

SO ¥ E[S06,Y) . (6.12)

ii) 0 — S(0) is continuous on © and for any T > 0,

ST, Y) — S(), P-—as., (6.13)

T—+00

where S¥1(0,Y) is defined by (6.3).

iti) Assume in addition that A6-(p) holds. For any p € (2,p), there exists
a constant C' s.t. for anyn > 1,

where S, is the Monte Carlo approzximation of Sy, defined by (6.5).

C
<

gn - S 977, b
( ) P vV Tn+1
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Theorem 6.1 allows to introduce the limiting EM algorithm, defined as
the deterministic iterative algorithm 6,, = R(6,,—1) where

R(6) < 6 (5(9)) . (6.14)

The limiting EM can be seen as an EM algorithm applied as if the whole
trajectory Y was observed instead of Y{.p. For this limiting EM, the so-
called sufficient statistics depend on the observations only through the mean
E [S(0,Y)]. The stationary points of the limiting EM are defined as
def

L={0c0O; R(O) =06} . (6.15)
We show that there exists a Lyapunov function W w.r.t. to the map R and
the set L i.e., a continuous function W satisfying the two conditions:

(i) for all 6 € O,
WoR(0) — W(0) >0, (6.16)
(ii) for all compact set K C © \ L,

inf {WoR(6) ~W(6)} >0. (6.17)

Recall that, for such a function, the sequence {W(6},)}1>0 is nondecreasing
and {0y }x>0 converges to L.
Define, for any m > 0, # € © and probability distribution x on (X, X),

pg ()/1 |Yfm:0)
def I x(dz_)go(x—m, Vi) ng_mﬂ {mo(zi—1,7:)g0(x:, Vi) } AM(dx_pyy1:1)
S x(A2 ) g0 (% -, Yin) TT5— 1 {0 (i1, i) g0 (26, Yi) } MA@ —ms1:0)

By [Douc et al., 2004b, Lemma 2 and Proposition 1|, under Al-4, for any
0 € O, there exists a random variable logpg (Y1|Y_x.0), such that for any
probability distribution x on (X, X’), logpy (Y1|Y-oc:0) is the a.s. limit of
log py (Y1|Y—1n:0) as m — +oo and

T_leg,T(Y) ij E(@) déf E [logpg (YI‘Y—OOIO)] ) P—as. ) (618)

where Eg"T(Y) is the log-likelihood defined by (6.2). The function 6 — ¢(0)
may be interpreted as the limiting log-likelihood. We consider the function
W, given, for all 0 € O, by

W(0) % exp {£(0)} . (6.19)

To identify the stationary points of the limiting EM algorithm as the sta-
tionary points of £, we introduce an additional assumption.
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A7 (a) For any y € Y and for all (z,2') € X2, 6 — gp(x,y) and 0 —
mg(x,x’) are continuously differentiable on ©.

(b) E[¢(Yo)] < +o00 where

def
o(y) = sup  sup |Vglogmg(z,2') + Vylog go(2',y)| -
0€O (z,2')eX?

Proposition 6.1. Assume that A1-2, A3-(1) and A4 hold. Then, the func-
tion W given by (6.19) is a Lyapunov function for (R, L). Assume in addi-
tion that A7 holds. Then, 6 — £(0) is continuously differentiable and

L={0cO; R(O)=0}=1{0c0; ViO)=0}.

Proposition 6.1 is proved in Section 6.6.2.

Remark. In the case where {Y} }r>0 is the observation process of the station-
ary HMM {(Xk, Yi) }x>0 parameterized by 6, € ©, we can build a two-sided
stationary extension of this process to obtain a sequence of observations
{Yi}rez. Following [Douc et al., 2004b, Proposition 3], the quantity £(6)
can be written as

(0) = Eq, | lim _logpo(Yi|Y-mo)

= Jim B, [logpg(Y1|Y-rmo)]
= lim Ey, [, [logpo(Y1|Y-m0)|Yomall ,

m——+00

where pg(Y1|Y_;.0) is the conditional distribution under the stationary dis-
tribution. Since

EH* [Inge* (Y1|Yfm:0)|yfm:0] - EG* DOg pG(Yi |Yfm:0)‘Yfm:0]

is the Kullback-Leibler divergence between pg, (Y1|Y_p.0) and pp(Y1|Y—1m.0),
for any 6 € ©, £(64) — £(#) > 0 and 6, is a maximizer of 6 — £(#). If in
addition 0, lies in the interior of ©, then 0, € L.

The following proposition gives sufficient conditions for the convergence
of the limiting EM algorithm and the Monte Carlo BOEM algorithm to the
set L.

Theorem 6.2. Letp > 2. Assume that A1-2, A3-(p) and A4 hold. Assume
that W(L) has an empty interior. For any initial value 6y € © , there
exists wy s.t. {0 x>0 converges to {0 € L; W(0) = wy}. If in addition A5
and A6-(p) hold, then the sequence {0y }n>0 converges P — a.s. to the same
stationary points.
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Theorem 6.2 is a direct application of Proposition 6.4 for the limiting
EM algorithm. The proof for the Monte Carlo BOEM algorithm is detailed
in Section 6.6.3.

By Sard’s theorem if W is at least dy (where © C R%) continuously
differentiable, then W(L£) has Lebesgue measure 0 and hence has an empty
interior.

6.5 RATE OF CONVERGENCE OF THE BLOCK ONLINE
EM ALGORITHMS

We address the rate of convergence of the Monte Carlo BOEM algorithms
to a point 9*_6 L. 1t is assumed that
A8 (a) S and 6 are twice continuously differentiable on © and S.

(b) There exists 0 < v < 1 s.t. the spectral radius of V(S o 9)5:5(9*)
is lower than ~.
Hereafter, for any sequence of random variables {Z,,},>0, write Z, =
O, (1) if sup, E [| Z,|P] < o0 and Z,, = O,(1) if sup,, [Z,] < +oo P —a.s.

Theorem 6.3. Let p > 2. Assume that A2, A3-(p), A4-5, A6-(p) and A8
hold. Then, for any p € (2,p),

1
VT [On = 4] Liim, 6,—6. = O, (1) + FOLp/Q(l)Oa.s (1) . (6.20)

By a direct application of (6.20),
lim limsup P {\/7, |0n — 04| Liim, 0,—0, > M} =0.

M—+00 n—s+oo o

The rate of convergence of the Monte Carlo BOEM algorithm is closely
related to the choice of the number of observations per block. In (6.20), the
rate is a function of the number of updates (i.e. the number of iteration of
the algorithm). Theorem 6.4 shows that the averaging procedure reduces the
influence of the block-size schedule: the rate of convergence is proportional to
T%/ % i.e. to the inverse of the square root of the total number of observations
up to iteration n.

Theorem 6.4. Let p > 2. Assume that A2, A3-(p), A4-5, A6-(p) and A8
hold. Then, for any p € (2,p),

~ n
VT [en - 9*] Lima 0,29 = O1, (1) + =01, (N0as (1) - (6:21)

In this case, (6.21) yields

lim limsupP {\/Tn 10y — 0. || L1, 5, —5, > M} =0.

M—+00 n—s+o0
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Theorems 6.3 and 6.4 give the rates of convergence as a function of the
number of updates but they can also be studied as a function of the number
of observations. Let {#i"};>¢ (resp. {Hmt}k>0) be such that, for any k > 0,
O (resp. ™) is the value 6, (vesp. 0,), where n is the only integer such
that k € [Ty, + 1, T,41]. The sequences {#i"};5 and {#i"};>¢ are piecewise
constant and their values are updated at times {7}, }n>1.

By Theorem 6.3, the rate of convergence of {#™};~( is given (up to a
multiplicative constant) by k—/(2(a+1) where a is given by A5. This rates
is slower than k~1/2 and depends on the block-size sequence (through a). On
the contrary, by Theorem 6.4, the rate of convergence of {fi"};~ is given
(up to a multiplicative constant) by k~1/2, for any value of a. Therefore,
this rate of convergence does not depend on the block-size sequence.

6.6 PROOFS

Define, for any initial density y on (X,X), any # € ©, any y € Y% and
any r <u < s <t
CI)zf;"t(h y)
def f X {Hz r m@(xu $z+1)99(9€z+1, yz—l—l)} h(xs—ly Ts, ys) A(dwr:t)
I x(@a){TTi=) mo (@i, wit1)go(Tig1, Yis1)} Mdwr)

)

(6.22)

for any bounded function h on X? x Y. Then, the intermediate quantity of
the Block online EM algorithm is (see (6.3)),

TH+1
e 1
S¥T0.Y) = = Y eyl (SY). (6.23)
t=T+1

Lemma 6.1. Assume A1-2. Lety € Y s.t. sup, . |S(z, 2, y;)| < +o0
for any i € Z. Then for any r > 0 and any distribution x on (X, X),
9 — @y, (S,y) is continuous on ©.

Proof. Set Kg(x,2',y) e me(z,x")go(z',y). Let 7 > 0 and x be a distribu-
tion on (X, X). By definition of cI>90T(S,y) (see (6.22)) we have to prove
that

0 '—>/ (dz_, (H Ky $z,$z+1,yz+1)> h(z_1,20,y0) AN(@_ry1:)

1=—T

is continuous for h(xz,z’,y) = 1 and h(z,2',y) = S(z,2’,y). By Al(a),
the function 6 — [];_ ! Ko(xi, iv1, Yiv1) h(z—1, 0, y0) is continuous. In

1=—T
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addition, under A1, for any 0 € ©,

r—1
H Ko(xi, xit1,Yit1) h(z_1, 20, Y0)

i=—r

r—1
= ‘h(.%'_l,afo,y())’ exp (2T¢<6) + <¢(9)7 Z S(xi7xi+layi+l)>> .

i=—T

Since © is compact, by Al, there exist constants C7 and Cs s.t. the supre-
mum in ¢ € © of this expression is bounded above by

r—1
Cysup |h(z, 2, yo)| exp <C’g Z sup ’S($,$I,yi+1)> .
z,x’

!
i=—r BT

Since y is a distribution and A is a finite measure, the continuity follows
from the dominated convergence theorem. O

Let us introduce the following shorthand Ss(x, 2”) s (x,2',Ys). Define
the shift operator ¥ onto Y% by (Jy)r = ygs1 for any k € Z; and by
induction, define the s-iterated shift operator ¥**ly = 9(¥%y), with the

convention that 9 is the identity operator. For a function h, define osc(h) def

sup, . |h(z) — h(z)].

6.6.1 PROOF OF THEOREM 6.1

The proof of Theorem 6.1 relies on auxiliary results about the forgetting
properties of HMM. Most of them are close to published results and their
proof is provided in the Appendix A. The main novelty is the forgetting
property of the bivariate smoothing distribution.

Proof of i) Note that under A3-(1), E [osc(Sp)] < +o00. Under A2, Propo-
sition 6.5(ii) implies that for any 6 € ©, there exists a r.v. ®,(5,Y) s.t. for
any r < s < T,

sup ’@g’gT (S,Y) — @y (S, ﬁSY)‘ < (PP p ) ose(Ss) . (6.24)
IS "
This concludes the proof of (6.11).

Proof of ii) We introduce the following decomposition: for all 7' > 0,

- 1 T 0
S¥T(0,Y) = ; (@9 (5,977 + { @) (S.97Y) - 0 (8,977Y) }] |

T L 0 (5,97Y). By

upon noting that by (6.23), S;(’T(H,Y) =
®,(5,Y)|]] < +oo. Under A4, the ergodic

(6.22), (6.24) and A3-(1) E|
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theorem (see e.g. [Billingsley, 1995, Theorem 24.1, p.314]) states that, for
any fixed T,

lim > 0y (S,0"TY) =E[®4(S,Y)] , P-as.

T—00 T

By (6.24),
1 T
— Z (q>9 e (S,07Y) — @, (S, 19t+TY)‘ <= (07 ) ose(Siyr) -
T
t=1
(6.25)
Set Z; def %22:1 osc(Ss4r) and Zy defp), Then, by an Abel transform,

T T—1
1 _ . 1—-0p _
- ; p'osc(Spyr) = p" 2, + — Z_: tp'=1 7, . (6.26)
By A3-(1) and A4, the ergodic theorem implies that lim,_,~, Z; = E [osc(So)],
P — a.s. Therefore, limsup, Z, < oo, P — a.s. Since ZtZI tp'~! < oo, this
implies that 771 >°7_; p'~losc(Siir) - 0, P — a.s. Similarly,

T—r+00

1 T T—1 1— P T—1
IS tose(Sir) = 2~ (1= ) Y et Y
t=1 t=1 t=1

Using the same arguments as for the second term in (6.26), we can state
that lim, oo 7} Zt 1 tpt 1Z._, =0, P —as. Furthermore,

=1 s 4+ 1 T—1 —
Z P Z — E [osc(Sh)] P ]Zt — E [osc(S0)]]
= 1-r = 1-r

+ E[osc(So)] p™ ! .

Since, P — a.s., Z; - E [0sc(Sp)], the RHS converges P — a.s. to 0 and

T—r+00
T—1
: _ _ T—t—1 _ o
TE]JTFIOO Z: —(1 p);p Zy| =0, P-—as.

Hence, the RHS in (6.25) converges P—a.s. to 0 and this concludes the proof
of (6.13). We now prove that the function § — E [®, (S,Y)] is continuous by
application of the dominated convergence theorem. By Proposition 6.5(ii),
for any y s.t. osc(Sy) < oo,

X,—T _ —
ngnooztelg Py, (Sy) — Py (S,y)| =0.
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Then, by Lemma 6.1, 6 — &, (S,y) is continuous for any y such that
0sc(Sp) < 4o0o. In addition, suppeg |y (5, Y)| < sup, . |S(z, 2, Yp)|. We
then conclude by A3-(1).

Proof of iii) Let my,, v, be positive integers s.t. 1 < m, < 7,41 and
T+l = 2UnMy + Tn, where 0 < 1, < 2m,. Set Ap def p~ ! —p~'. By the
Minkowski inequality combined with Lemmas 6.5, 6.6 applied with ¢, def

2u, My, there exists a constant C' s.t.

] 1
Sy =80, < C [ + 0 gt
[1Sn =S, < o +7’n+1+6 +\/7T+1

The proof is concluded by choosing m,, = |—log 7,41/ (logpV Aplog )]
and by A6-(p) (since b in A6-(p) is such that b > 1/2).

6.6.2 PROOF OF PROPOSITION 6.1

Continuity of R and W
By Al(c) and Theorem 6.1, the function R is continuous. Under A1l-2
and A4, there exists a continuous function £ on O s.t. limy 714,60, T(Y) =
£(0) P—a.s. for any distribution x on (X, X') and any 6 € ©, (see [Douc et al., 2004Db,
Lemma 2 and Propositions 1 and 2], see also Theorem A.1). Therefore, W
is continuous.

Proof of the Lyapunov property (6.16)
Under Assumption Al(a)

T
%IOgPG(xO:T,Yl:T) = ¢(0) + <{; > S(wia, i, Yt)} ,¢(9)> ;

t=1

where pg(zo.7, Y1.7) is defined by (6.1). Upon noting that

Do (':EO:Ta }/I:T)
_ Y, AMdzy. d
/S(xt b t)fpa(ZO:T,Y1:T)/\(dz1:T)X(dZo) (de1.r)x(dzo)
0
(I)g,t,T(&Y) ,

the Jensen inequality gives, P — a.s.,

%pl:({(ﬁ),T(Y) - %%(,T(Y) > ¢ < Z 37 (S (R(G))>
1
T

+
<
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Under A1-4, it holds by Theorem 6.1 and [Douc et al., 2004b, Lemma 2 and
Proposition 1] (see also Theorem A.1) that for all € ©, P — a.s

— Z OF )yt S(0) , %z;ﬁT(Y) LU0
Therefore, when T' — +o0, (6.27) implies
In (W(R(9))/W(8)) = ¢(R(0)) + (S(0), ¥ (R(9))) — ¢(60) — (S(6),%(0)) -

(6.28)
By definition of § and R (see Al(c) and (6.14)), the RHS is non negative.
This concludes the proof of Proposition 6.1(6.16).

Proof of the Lyapunov property (6.17)
We prove that WoR(0#) —W(#) = 0 if and only if § € L. Since WoR—W
is continuous, this implies that einlf; WoR(0) —W(0) > 0 for all compact set
€

K cO\L. Let € © bes.t. WoR(0)—W(0) = 0. Then, the RHS in (6.28)

is equal to zero. By definition of #, R(f) = 6 and thus § € £. The converse
implication is immediate from the definition of L.

Stationary points If in addition A7 holds, Theorem A.2 proves that, for
any initial distribution y on (X, X),

1
FVolip(Y) — Vol() P-as.

—+00

Therefore,

%W%‘,T(Y) = Voo(0) + Vo' (0 { Z%tT } :

where A’ is the transpose matrix of A. Theorem 6.1 yield,

Vol(0) = Vop(0) + V' (0)S(0) -

The proof follows upon noting that by definition of @, the unique solution
to the equation Vyd(7) + V' (7)S(0) = 0 is 7 = R(0).

6.6.3 PROOF OF THEOREM 6.2

The proof of Theorem 6.2 relies on Proposition 6.4 applied with T'(0) = def

R(6) and with 6,1 = 6(S, ). The key ingredient for this proof is the control
of the Lj-mean error between the Monte Carlo Block Online EM algorithm
and the limiting EM. The proof of this bound is derived in Theorem 6.1 and
relies on preliminary lemmas given in Appendix 6.7. The proof of (6.38)
is now close to the proof of [Fort et Moulines, 2003, Proposition 11] and is
postponed to the Appendix A.
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6.6.4 PROOF OF THEOREM 6.3

Define s, & S(#,) and write

B(S,) — 0(s.) = Y(Sn — 5,) +0(Sn) — G(s4) — T(Sn —54),  (6.29)

where T %! V0(s.). We now derive the rate of convergence of the quantity
S, — 5. Set G(s) g, 6(s). Note that under A8(b), the spectral radius of

' is lower than 7, where I' & VG(sy). Since G(sx) = Si, we write

Sp—s, =T (§n_1 - s*) 48, —G(Su_1)+G(Sp_1)—C(s,)-T (§n_1 - 3*> .

Define {pin }n>0 and {pp}n>0 s.t. o =0, po = So — s, and

def def =
Hn = Cpn—1 +en, Pn = Sn — 8% — ln n>1, (630)

where,
en 98, —8(6,), n>1. (6.31)

Proposition 6.2. Assume A2, A3-(p), Aj-5, AG-(p) and A8 for some p >
2. Then for any p € (2,p),

VTabn = O, (1) and  7npplim, S,=s, = OLp/z(l)Oa-S(l) :

The proof of Proposition 6.2 follows the same lines as the proof of
[Fort et Moulines, 2003, Theorem 6]. The main ingredient is the control
of [|pn |, which is a consequence of [Pélya et Szegd, 1976, Result 178, p. 39]
and Theorem 6.1. The detailed proof is thus omitted and postponed to the
Appendix A.

By Proposition 6.2, the first term in (6.29) gives

1
\/TnT(Sn - 3*)1limn 0,=0, — OLp(l) + ﬁOLp/Q(l)Oa.s (1) .
A Taylor expansion with integral remainder term gives the rate of con-

vergence of the second term. This concludes the proof of Theorem 6.3,
Eq. (6.20).

6.6.5 PROOF OF THEOREM 6.4

In the sequel, for all function = on © x Y% and all v € ©, we denote by
E[Z(6,Y)]y_, the function § — E [Z(0,Y)] evaluated at § = v. We preface
the proof by the following lemma.
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Lemma 6.2. Assume A2, A3-(p), A4-5, A6-(p) and A8 for some p > 2.
For any p € (2,p),

1 n
lim sup ZTkHek < o0,
n—+oo \/Tn+1 —1
= P

where ey, is given by (6.31).
Proof. By A5 and A6-(p), we have

n

lim sup

— Y |
Tk+1
n—-+00 Tn+1 &

=1

’gk — Ska < 00 .

Then, it is sufficient to prove that

1 & _
lim su T S(0) — S < 0.
n—>+o<1:»:) Vi1 ; 1 (S(0k) = 5k)

p

Let p € (2,p). In the sequel, C is a constant independent on n and whose

value may change upon each appearance. Let 1 < m, < 7,41 and set
def LTn+1

Un = 2may,

J. By Lemma 6.6 applied with ¢ def 2upmy, we have,

> 71 (S(0k) — Sk)
k=1

P
<UD Ampr™ ek + | D {0+ G} |
k=1 k=1 »
where 0 and (; are defined by
dof 2upmy _
0= > {Ft,k(ekaY) -E [Ft,k(eka)‘fzﬂ} :
t=2my,
det 2upmy _
62> {E [Fue. |7 -2 oy, |
t=2my, -

and where Fyp(0r,Y) < @', ™ (S,97+Y) and F¥ is given by (6.42).

We will prove below that there exists C' s.t.

ICkll, < CB™/ Py, VEk>1 (6.32)

>0
k=1

< COVTp1 +CY ™M ¥n>1 (6.33)
P k=1
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so that the proof is concluded by choosing my = |nlog 741/, 1 o (—1/log p)V
(—pb/log B) and by using A5.

We turn to the proof of (6.32). By the Berbee Lemma (see [Rio, 1990,
Chapter 5]) and A4, there exist C' € [0,1) and 8 € (0,1) s.t. for all k£ > 1,

there exists a random variable ijl;(fz?k5Tk+1 m,, OD (Q, F,P) independent

from ]-"%; with the same distribution as Y7, .15, +m, and

(K
P {y;kg;ﬂw T +mk} <Copm™ (6.34)

Upon noting that E [Ft,k(ek, Y*’(k))‘]?%;] =E[Fik(0,Y)]y_y,, we have

2upmy

G= > {E [Ft,k(%Y)’fﬂ —E [Ft,k(Hk,Y*’(’“))‘fi” . (6.35)

t=2my

. def (k
Therefore, by setting A = {Y,Ifk("!‘T)nkak+1+mk # YTk+mk:Tk+1+mk}a

2’Uk mip

61 3 E fsup|Fial6.¥) — Fa(0 Y0 1,
S

t=2my,

f;;] .

Minkowski and Holder (with a def p/p and b1 def g a~!) inequalities,

combined with (6.34), A4, Lemma 6.3 and A3-(p) yield (6.32).

We now prove (6.33). Upon noting that dj is .7’-'%{C . ,“measurable and dj, is
a martingale increment, the Rosenthal inequality (see [Hall et Heyde, 1980,

1/
Theorem 2.12, p.23]) states that ||>°;_; okll, < C (Zzzl ]]gl)> P +cr?
where
" 1/2
def it
1V YR 5P and 2 (ZE [wk\z\fzﬂ)
k=1
p

Using again E | Fy (0, Y*®) | FY | = E[F,4(0,Y)],_, and (6.35)
) T ) 0=0,

2upmy P
1< | Y {Fr00Y) ~ E[Fk0, V)], || +C IGlE -
t=2my,
p

By Lemma 6.5 and (6.32), there exists C' s.t. for any k& > 1

i) <o (5 4, 8m ) (6.36)
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1/
and since 2/p < 1, convex inequalities yield <ZZ:1 1 ,gl)) : < CVThi1 +
Cy e 1Tk+1ﬂmk/pb By the Minkowski and Jensen inequalities, it holds
1/2
I < (Z { }2/p) . Hence, by (6.36),

IP) <C\/Tpi1 +C 11 ™7

This concludes the proof of (6.33). O

We write ¥, — sx = jin + pn, With

n n
_def 1 def 1
Hn = T Trik—1 and  pp = — ZTkpk 1 - (6-37)

" k=1

Proposition 6.3. Assume A2, A3-(p), Aj-5, AG-(D) and A8 for some p >
2. For anyp € (2,p),

Ty _
V Tn,an = OLp(l) 5 ? pnllimn Sp=5% — OLp/g( )Oa.s(l) .

Proof. Set A dof (I —T). Under A8, A~! exists. By (6.30) and (6.37),

Tn n T
AN Tojin = — \}Ll—u \/—ZTkJrlek‘f‘ \/—ZTk (M—l) Cpg—1 -

The result now follows from Proposition 6.2, Lemma 6.2 and A5. The proof
of the second assertion follows from (6.37) and Proposition 6.2. O

Upon noting that 6, = 6(s,), we may write, for the averaged sequence,

O — 0, = T(Sp — 5,) +0(Sp) — B(s.) — T(Sy — s2) -

The first term in this decomposition gives
V TnT(Zn - 3*)11imn 0n=0, = OLP( ) rOme( )Oa.s (1) .

By A8(b), as for the non averaged sequence, a Taylor expansion with integral
remainder term gives the result for the second term. This concludes the
proof of Theorem 6.4, Eq.(6.21).
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6.7 TECHNICAL RESULTS

Proposition 6.4 is exactly [Fort et Moulines, 2003, Proposition 9] applied
with a compact set ©.

Proposition 6.4. LetT : © — © and W be a continuous Lyapunov function
relatively to T and to L C ©. Assume W(L) has an empty interior and that
{0n}n>0 is a sequence lying in © such that

im [W(fpi1) — WoT(6,)=0. (6.38)

n—-+00
Then, there exists wy such that {0y }n>0 converges to {0 € L; W(0) = w,}.
The proof of Proposition 6.5 is given in Section A.2.

Proposition 6.5. Assume A2. Let x, X be two distributions on (X, X).
For any measurable function h : X2 x Y — R? and any y € Y% such that
sup,. . [h(z, 2, ys)| < +oo for any s € Z

(i) For anyr < s <t and any l1,03 > 1,

sup (937, (h.y) = 0§13, (hy)| < (671 + =) ose(h) . (639

(ii) For any 6 € ©, there exists a function y +— Pg(h,y) s.t. for any
distribution x on (X, X) and anyr < s <t

Su}@) Py, (hy) — @y (h, ﬁsy)‘ < (p* 1"+ p"%) ose(hs) . (6.40)
€

Remark. (a) If x =X, {1 =0 and /3 > 1, (6.39) becomes

= “b?ﬁ;t (h,y) = @575 14g, (hy y)) < p'~Sosc(hs) .
S

(b) if /2 =0 and ¢; > 1, (6.39) becomes

] , N
sup |27 () = @51 ()| < ' osclhs)
(S

Lemma 6.3 is a consequence of (6.22) and of Proposition 6.5(ii).

Lemma 6.3. Assume A2. Let r < s <t be integers, § € © and y € YZ,
and b : X? x Y — R? s.t. for any s € Z, sup,, s |h(x,2',ys)| < co. Then

(‘Pé‘,’g,t (h,y)‘ S( SU)pXJh(x,x’,ys) , | @g (h,0%y) S( sgpleh(%x’,ys)\ :
z,x’)€e z,x')E
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For any L > 1, m > 1 and any distribution x on (X, X), define

def L-m ,
m(0Y) EOP T (SY)—E @5 (s Y)| (6.41)
We introduce the o-algebra j':Tn defined by
> def
Fr, = o{Ff Hr,} | (6.42)

where Fr,, is given by (6.9) and where My, is independent from Y (the o-
algebra Hrp, is generated by the random variables independent from the ob-
servations Y used to produce the Monte Carlo approximation of {S_1}}_;)-
Hence, for any positive integer m and any B € g}i m» Since Hr, is indepen-
dent from B and from FY , P(B |Fr,) = P(B |F¥ ). Therefore, the mixing
coefficients defined in (6.10) are such that

B(GT v F1,) = B(GE, yoms Fry) -

Note that 6,, is an_ measurable and that §n is }V"Tn ,-measurable.

Lemma 6.4. Assume A2, A3-(p) and A for some p > 2. Let p € (2,p).
There exists a constant C s.t. for any distribution x on (X, X), any m > 1,
k,¢ >0 and any ©-valued f(?{-measumble r.u. 0,

W +kﬁmA”] ,
m

k

Z K;(um—ﬁ—f,m (07 Y)

u=1

<C

p

where Ap = u and (3 is given by A4.

Proof. For ease of notation y is dropped from the notation H%um’m. By the

Berbee Lemma (see [Rio, 1990, Chapter 5]), for any m > 1, there exists a
O-valued r.v. v* on (2, F,P) independent from GY (see (6.9)) s.t

P{6 # v} = Sup [P(Blo(0)) — P(B)| - (6.43)

Set L, def 2um + £. We write

M=

ZKLH’ (0,Y) =

Lu— JLu—
{4%5 Lo L (S Y) = @R -‘,—m(SaY)}

u=1

+ ZmLu,m(v*,Y) +e{E[om(s )| —EleXmsy)] .

u=1

(6.44)
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By the Holder’s inequality with a def p/p and b~ ! defy a

7L7 ,L*
R |

L— L— A
< H(I)g,L,Lsz(‘& ﬂTY) o q>>1§*,L,T+m(S7Y)“ﬁP {0 7& ’U*} -
By A3-(p), A4, (6.10) and (6.43), there exists a constant Cp s.t. for any
m, L > 1, any distribution x and any ©-valued ]-"3{ -measurable r.v. 0,
[t aa(s. ) - @l (5. Y)|| < cupmar,
Similarly, there exists a constant Cy s.t. for any m > 1, any distribution x
and any ©-valued ]-'3( -measurable r.v. 0,

HE [@X»—W(S,Y)} < CppmAP

v,0,m

—E [0 m(S,Y)]

v=v* v=0 Hp

Let us consider the second term in (6.44). For any v > 1 and any v € ©,
the r.v. kr,m(v,Y) is a measurable function of Y; for all L, —m +1 <
1t < Ly, +m. Since L, > 2um, for any v € O, 22:1 KL,m(v,Y) is GY-
measurable. v* is independent from Q% so that:

p 1/p

] ’UZU*]

d

Define the strong mixing coefficient (see [Davidson, 1994])

=E

p

k k
Z KLy,m (v",Y) Z ﬁLu,m(U7 Y)
u=1 u=1

o¥(r)sup  sup  [P(ANB) — BAP(B)|,r > 0.

Y
ue’Z (AVB)G‘Fﬂ,Y.Xgu-‘—T

Then, [Davidson, 1994, Theorem 14.1, p.210] implies that for any m > 1, the

strong mixing coefficients of the sequence £ ) e {KL,.m(v,Y)}y>1 satisfies
a®m (7)) < a¥(2(i — 1)m + 1). Furthermore, by [Rio, 1990, Theorem 2.5],

k 1 1/p
ZﬁLu,m(va)H < (2kp)'/? ( / [Ny (8) A k]2 Qﬁ,m(t)dt) :
u=1 P 0

where Np,)(t) e >_i>1 Lorom) 5y and Qum denotes the inverse of the tail

function t — P(|kr, m(v,Y)| > t). The sequence Y being stationary, this
inverse function does not depend on u. By A4 and the inequality a¥ (r) <
BY(r) (see e.g. [Davidson, 1994, Chapter 13]), there exist 8 € [0,1) and
C € (0,1) s.t. for any u,m > 1,

logu — log C
N(m)(u) < ; 1aY(2(i—1)m+1)>u < Z>Zl 1C[32(i71)m>u < <2mlog6> V.
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Let U be a uniform r.v. on [0,1]. Observe that C5>™ < 1. Then, by the

Holder inequality applied with a def p/p and b~ ! defy a t,

[ @) AR Qum@)], (| [Ny ) A2 0 () "

p
1 1/2 1/2
< 9 1A - ~ m
~ [leogﬁ] vam(U)< 10g C> 1(060 k’c)(U)

p
+ kl/Z H QU,’VTZ(U)]'USCﬁzmk Hp B

IN

] 1/2
<052mk)Apkl/2 + I: :|

o /2

pb

X | Qom(U)Il; -

p

Since U is uniform on [0, 1], @y, (U) and |kr, m(v, Y)| have the same dis-
tribution, see [Rio, 1990]. Then, by Lemma 6.3 and A3-(p), there exists a
constant C' s.t. for any v € ©, any m > 1,

sup || Qum(U)|, <C
vEO

sup |S(z,2",Yo)

x,x'€X?

Y

which concludes the proof. O

Lemma 6.5. Assume A2, A3-(p) and A for some p > 2. Let p € (2,p).
There exists a constant C s.t. for anyn > 1, any 1 < my, < 141 and any
distribution x on (X, X),

1

Tn+1

2V M ‘

Z K, (On, 977

t=2mn

<C [ + ,Bm"Ap} :

1
vV Tn+1

where ﬁf’m and B are defined by (6.41) and A4, v, def LT”“J and Ap def

2mp
p=p
pp -

Proof. We write,

2UnMn 2mp—1 ||vp—1
X T, X T,
Z Ht:mn (9"’ v nY) = Z Z H’2umn+€,mn (Gn, v nY)
t=2my, =0 u=1

p p

Observe that by definition 6,, is ]EE -measurable. Then, by Lemma 6.4, there
exists a constant C' s.t. for any m,, > 1 and any £ > 0,

vp—1
Z K;(umn—i-f,mn (0”7 ﬁTnY) <C |:\/:T)l>n + UnﬁmnAp] .
u=1 n

p

The proof is concluded upon noting that 7,11 > 2m,v,. ]
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Lemma 6.6. Assume A2, A3-(p) and A4 for some p > 2. For anyp € (2,p],
there exists a constant C s.t. for anyn > 1, any 1 < m,, < gn < Tpt1 and
any distribution x on (X, X),

where pn, & Tt 2ot o Ky, (O, 97Y) and KT m 05 defined by (6.41).

SXT(0,Y) = S(01) — pn

Tn+1

p Tn+1 Tn+1

Proof. By (6.3) and (6.22), 5’35;{’} (00, Y) = S(0) — pn = >4, gim Where

Tn+1
gim Z (@gfmnH(S, 9Ty — @é‘;ﬁtﬂmn(& ﬁTnY)) :
Tn+1 —1
def 1 2mp—1
o LS (i, s e v, )
Tn+1 —1 0=0n
g 1 R
o S (s s o], )
Tn+1 t=qn+1 b=0n
dﬁf X, —Mn Q
g0 CE [ 8. Y)] | —S(0n)

In the case 7,11 > 2m,, it holds

Tn+1
Tortloial < D (P ) ose(Sir,)
t=Tp+1—mp+1
Mn Tn+1—Mn

+> (0" +p ) ose(Seym) + 20 D ose(Sey,)
=1 t=mn+1

where we used Proposition 6.5(i) and Remark 6.7 in the last inequality. By
A3-(p) and A4, there exists C s.t. [ginl, < C (pmm —|—Tn__&1). The same
bound hold in the case 7,41 < 2m,,. For g2, and g3 ,, we use the bounds

\@é‘;@,%n(& 9"Y) ~ E | @35, (5, Y)|

0=0,

< sup ‘S(x7$/7YT7L+t)‘ +E sup ‘S(Z’,J}/,Yb)‘

(z,2/)EX? (z,2")EX2
Then, by A4,
o, .00 e sy ]
mllp

<2| sup |S(z,7,Yp)|

(z,2")EX2

I

p
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and the RHS is finite under A3-(p). Finally,
|94, < 2™ 1E [0sc(S0)]

where we used Theorem 6.1. This concludes the proof. O
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