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Abstract. Additive tree functionals allow to represent the cost of many divide-and-
conquer algorithms. We give an invariance principle for such tree functionals for the Catalan
model (random tree uniformly distributed among the full binary ordered trees with given
number of nodes) and for simply generated trees (including random tree uniformly distributed
among the ordered trees with given number of nodes). In the Catalan model, this relies on
the natural embedding of binary trees into the Brownian excursion and then on elementary
L? computations. We recover results first given by Fill and Kapur (2004) and then by Fill
and Janson (2009). In the simply generated case, we use convergence of conditioned Galton-
Watson trees towards stable Lévy trees, which provides less precise results but leads us to
conjecture a different phase transition value between “global” and “local” regimes. We also
recover results first given by Janson (2003 and 2016) in the Brownian case and give a gener-
alization to the stable case.

3.1 Introduction

Ordered trees have many applications in various fields such as computer science for data
structures or in biology for genealogical or phylogenetic trees of extant species. Related to
those applications, the study of large trees has attracted some attention. In this paper,
we shall consider asymptotics in the global regime for general additive functionals of large
trees corresponding to the Catalan model and some simply generated trees. Such additive
functionals give indexes of trees which are used in computer science, physics or biology to
summarize some properties of trees.

For instance, the total path length P(t) of a tree t, see (3.1) and (3.2) for a precise
definition, which sums the distances to the root of all nodes, in the context of binary search
trees, counts the number of key comparisons needed by Hoare’s sorting algorithm Quicksort
to sort a list of randomly permuted items, see Rosler [172]. Its convergence towards the Airy
distribution was first established by Takacs [183], see also Aldous [9, 10| and Janson [113]
for binary trees under the Catalan model, Régnier [166], Rosler [172] for binary search trees
under the random permutation model (RPM) and Fill and Kapur [90, 91| for m-ary search



CHAPITRE 3. FONCTIONNELLES DE COUT DE GRANDS ARBRES ALEATOIRES (UNIFORMES
60 ET SIMPLEMENT GENERES)

trees.

The Wiener index W(t) of a tree t, see again definitions (3.1) and (3.2) for a precise
definition, which sums the distances between all pairs of nodes of t, was introduced by the
chemist Wiener [193] in 1947. It was initially defined as the number of bonds between all pairs
of atoms in an acyclic molecule. It also plays an important role in physicochemical properties
of chemical structures (boiling points, heat of formation, crystal defects, ...), see Dobrynin,
Entringera and Gutman [66] or Trinajstic [185], chapter 10. Its asymptotics has been studied
by Janson [113] for binary trees under the Catalan model, Neininger [152] for binary search
trees under the RPM and recursive trees and Janson [113] for simply generated trees.

The study of additive functionals associated with monomials, that is f(z) = 2%~ in (3.1)
or equivalently b, = n® in (3.4), with B > 0, is interesting because many usual additive
functionals can be expressed in terms of those elementary functionals. Moreover, a phase
transition in the limiting behavior appears when ( varies, see Fill and Kapur [89], Fill and
Janson [88| for uniform binary trees, Neininger [151] for binary search trees under RPM and
Fill and Kapur for m-ary trees [90, 91].

Additive functionals also appears naturally for the study of phylogenetic trees (rooted
binary trees with n labeled leaves corresponding to species and n — 1 internal vertices). When
the number of species in studies of phylogenies grows, it can be interesting to look at the
shapes of these trees through indices. Among these indices, we can cite the Sackin index S(t)
of a tree t, see definition (3.7), introduced in 1972 by Sackin [175] and also studied in computer
science for binary search trees (named as external path length), see Régnier [166] and Rosler
[172]. Blum, Francois and Janson [27] studied its asymptotics. We can also consider the
Colless index C(t) of a tree t, see definition (3.6), introduced by Colless [50] in 1982. Its
asymptotics have also been studied by by Blum, Frangois and Janson [27]. The cophenetic
index Co(t) of a tree t was introduced in 2013 by Mir, Rossel6 and Rotger [146] and Cardona,
Mir and Rossel6 [42] who studied its limiting behavior.

We stress that additive functionals in the local regime, such as the total size, the number
of leaves, the number of protected nodes, the number of sub-trees or the shape functional
(take f(z) = log(z)/z in (3.1) or b, = log(n) in (3.4)) are not covered by our results. See
Wagner [191], Holmgren et Janson [108], Janson [115] and Ralaivaosaona and Wagner [165]
for asymptotic results in the local regime.

3.1.1 A finite measure indexed by a tree

Let T denote the set of all rooted finite ordered trees. For t € T, let [t| be the the number
of nodes of t; for a node v € t, let t, denote the sub-tree of t above v (see (3.11) in Section
3.2.1 for a precise definition). We consider the following unnormalized non-negative finite

measure Ayg:
an) =1l (5. (3.)

vet

where f is a measurable real-valued function defined on [0,1]. We are interested in the
asymptotic distribution of A¢(f) when t belongs to a certain class of trees and [t| goes to
infinity. We shall consider two classes of trees: the binary trees (and more precisely the
Catalan model) and some simply generated trees.

We give some examples related to the measure Ay which are commonly used in the analysis
of trees. In what follows, for a tree t € T, we denote by @ its root and by d the usual
graph distance on t. For v,w € t, we say that w is an ancestor of v and write w < v if
d(0,v) = d(0, w)+d(w,v). For u,v € t, we denote by uAv, the most recent common ancestor
of w and v: u Awv is the only element of t such that: w < u and w < v implies w < u A v.

e The total path length of t is defined by P(t) = 3 o d(D,w). Asd(D,w) = > ¢ Liv<w}—
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1, we get: P(6) = yee S Losuy — [t = Ae(1) — 8]

e The shape functional of t is defined by > ., log(|tw|). We also have the equality
>wet log([tw]) = [t] 71 Ag(log(z) /) + [t|log(|t]). (The function log(z)/z will not be
covered by the main results of this paper.)

e The Wiener index of t is defined by W (t) =>_, ¢ d(u, w). Since

d(u,w) = (Lyguy + Loxw) — 2L{ou, vxw});
vet

we deduce that W (t) = 2|t| (A¢(1) — A¢(2)).

In a nutshell, for t € T, we have:

(P&, W) = (A1) = [¢], 206l (A1) — A(2))). (3.2

The measure Ay is also related to other additive functionals in the particular case of binary
trees, see Section 3.1.2.

3.1.2 Additive functionals and toll functions for binary trees

Additive functionals on binary trees allow to represent the cost of algorithms such as
“divide and conquer”, see Fill and Kapur [89]. For t € T a full binary tree, we shall denote
by 1 (resp. 2) the left (resp. right) child of the root. Thus t; (resp. t2) will be the left (resp.
right) sub-tree of the root of t. A functional F' on binary trees is called an additive functional
if it satisfies the following recurrence relation:

F(t) = F(tl) + F(tz) + b|t|> (3.3)

for all trees t such that |t| > 3 and with F({0}) = b;. The given sequence (b,,n € N*) is
called the toll function. Notice that:

F(t) =) by, (3.4)

vEL

In the particular case where the toll function is a power function, that is b, = n” for n € N*
and some 8 > 0, we get F(t) = |t| Pt A¢(2%1). In such cases, the asymptotic study of the
measure A¢ will provide the asymptotic of the additive functionals.

We say that v € t is a leaf if |t,| = 1. We denote by L(t) the set of leaves of t and, when
|t| > 1, by t* =t \ L(t) the tree t without its leaves. We stress that the additive functional
considered in [89] is exactly

F(t)=F(t") = by (3.5)

However the asymptotics will be the same as the one for F' when the toll function is a power
function, see Remark 3.9. We complete the examples of the previous section for binary trees.

e The Sackin index (or external path length) of a tree t, used to study the balance of
the tree, is similar to the total path length of t when one considers only the leaves:
S(t) = > per) A0, w). Using that for a full binary tree we have [t| = 2|L(t)[ — 1, we
deduce that 25(t) = > ¢ [to| — 1 = Ag(1) — 1.

'By convention, for a € R, we denote the function = — 2%1(g,1j(z) defined on [0, 1] by z*.
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e The Colless index of a binary tree t is defined as C(t) = > . |Ly, — Ry|, where
L, = |L(ty1)| (resp. R, = |L(ty2)]) is the number of leaves of the left (resp. right)
sub-tree above v. Since t is a full binary tree, we get 2L, — 2R, = |t,1| — |ty2| and
|to1| + |tu2| = [ts| — 1. We obtain that 2C(t) = >, ¢ [to] — [t] — 2x(t) 2, with

X(t) =Y min(Jtu1 ], [tual). (3.6)

vet*

That is 2C(t) = Ag(1) — [t] — 2x(t).

e The cophenetic index of a tree t (which is used in [146] to study the balance of
the tree) is defined by Co(t) = >>, ver(t) uzw (0, u A w). Using again that t is a
full binary tree, we get 4Co(t) = 4>, o [L(t)[(|L(t,)] — 1) — 4|L(O)[(|L(t)] — 1) =
> vt [tol> = [t]* — [t] + 1. That is 4Co(t) = [t[A¢(z) — [t]* — || + 1.

In a nutshell, for t € T full binary, we have:

(25(6),2C(8), 4Co(t) ) = (Ac(1) = 1, Ac(1) = [6] = 2x(8), [t} Ae(@) — [t = [t +1). (3.7)

3.1.3 Main results on the asymptotics of additive functionals in the Cata-
lan model

We consider the Catalan model: let T,, be a random tree uniformly distributed among
the set of full binary ordered trees with n internal nodes (and thus n + 1 leaves), which has
cardinality C,, = (2n)!/[(n!?)(n + 1)]. We have:

[IT| = 20+ 1],

Recall that T, is a (full binary) Galton-Watson tree (also known as simply generated tree)
conditioned on having n internal nodes (see Janson [114], Example 10.3). It is well known, see
Takacs [183], Aldous [9, 10] and Janson [113], that |T,|~3/2P(T,,) converges in distribution,
as n goes to infinity, towards 2 fol B ds, where B = (Bs, s € [0,1]) is the normalized positive
Brownian excursion. This result, see Corollary 3.16, can be seen as a consequence of the
convergence in distribution of T, (in fact the contour process) properly scaled towards the
Brownian continuum tree whose contour process is B, see [9] and Duquesne [69], or Duquesne
and Le Gall [70] in the setting of Brownian excursion. For a combinatorial approach, which
can be extended to other families of trees, see also Fill and Kapur [90, 91| or Fill, Flajolet
and Kapur [86].

In [89], the authors considered the toll functions b, = n? with 8 > 0 and they proved that
with a suitable scaling the corresponding additive functional Fy(T,) = |T,| 1 Ar, (2°71)
converge in distribution to a limit, say Ys. The distribution of Yy is characterized by its
moments. (In [85, 89], the authors considered also the toll function b, = log(n).) See also
Janson and Chassaing [116] for asymptotics of the Wiener index, which is a consequence of
the joint convergence in distribution of (Ar, (1), Ar, (x)) with a suitable scaling and Blum,
Frangois and Janson [27] for the convergence of the Sackin and Colless indexes. We give a
natural representation of the family (T,,,n € N*) such that we have an a.s. convergence of the
additive functional instead of a convergence in distribution (see Section 3.2.4). In Theorem
3.4 (take a = 2), we prove that, in the Catalan model, the random measure |T,,|~3/2 A,
converges weakly a.s., as n goes to infinity, to a random measure 2® g, built on the Brownian
normalized excursion B, see (3.16) with h = B. Using the notation T,, , = (T),), for v € T},
this proves in particular the following a.s. convergence. See also the fluctuations for this a.s.
convergence, in Proposition 3.10.

2By convention, dopar+b= (Zk ak,) +b.
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Theorem. We have that a.s. for all real-valued continuous function f defined on [0, 1]:

ran3/QZ|Tn,v|f('T“’”') " 9 (f). (3.8)

ol ‘Tn’ n—+o0o

Notice that Theorem 3.4 is more general as the convergences hold jointly for all mea-
surable real-valued functions f defined on [0,1] such that f is continuous on (0,1] and
SUPge(o,1) | f(2)| is finite for some a < 1/2. Notice this covers the case of toll functions
b, = n® with 8 > 1/2 in [89] which corresponds to the so called “global” regime. The limit
2&p(25~1) gives a representation of Y for 5 > 1/2, which, thanks to Corollary 3.6, corre-
sponds when > 1 to the one announced in Fill and Janson [88]. In particular, we have the
following representation for &5 on monomials, see Lemma 3.5:

Corollary. We have, for all 5 > 1:

1
(I)B(:Eﬂ_l) = 5 ﬁ(ﬁ - 1) /[;) 12 |t - S|I8_2 mB(Svt) ds dt?

where mp(s,t) = inf csne,sve B(u).

In the “local” regime, that is 8 € (0,1/2], according to Corollary 3.6 and Lemma 3.5, the
convergence (3.8) is not relevant as ®g(2°~1) = +oo a.s.; see [89] for the relevant normaliza-
tion.

The proof of Theorem 3.4 relies on the natural embedding of T, into the Brownian excur-
sion, see [10] and Le Gall [134], so that the convergence in distribution of the random measure
|T,|~3/2 A, or of the additive functionals Fs (which holds simultaneously for all 8 > 1/2)
is then an a.s. convergence. In Remark 3.8, we provide, as a direct consequence of Theorem
3.4, the joint convergence of the total length path, the Wiener, Sackin, Colless and cophenetic
indexes defined in Sections 3.1.1 and 3.1.2.

Remark 3.1. The method presented in this section based on the embedding of T, into a
Brownian excursion can not be extended directly to other models of trees such as binary
search trees, recursive trees or simply generated trees.

Concerning binary search trees (or random permutation model or Yule trees), see [166]
and [172] for the convergence of the external path length (which corresponds in our setting
to the Sackin index), [151] for toll function b, = n®, [152] for the Wiener index (and [113] for
simply generated trees), [27] (and [93] for other trees) for the Sackin and Colless indexes, and
[85] for the shape function.

Concerning recursive trees, see [141, 65] for the convergence of the total path length and
[152] for the Wiener index. In the setting of recursive trees, then (3.3) is a stochastic fixed
point equation, which can be analyzed using the approach of [173].

Remark 3.2. One can replace the toll function by¢| in (3.3) by a function of the tree, say b(t).
For example, if one consider b(t) = 1(t—¢,}, with to a given tree, then the corresponding
additive functional gives the number of occurrence of the motif ty. The case of “local” toll
function b (with finite support or fast decreasing rate) has been considered in the study of
fringe trees, see |7], [60, 92| for binary search trees, and [115] for simply generated trees and
[108] for binary search trees and recursive trees.

The terms “local” and “global” are used to stress the phase transition of the limit laws
from normal to non-normal. If the toll function is small then the contribution by from each
sub-tree t is small so that the limit law is normal. But, if the toll function is large, then
the main contribution comes from a few sub-trees of large size so that the limit law is non-
normal. See [111] for the study of the phase transition on asymptotics of additive functionals
with toll functions b, = n® on binary search trees between the “local” regime (corresponding
to 8 < 1/2) and the “global” regime (5 > 1/2). The same phase transition is observed for the
Catalan model, see [89]. Our main result, see Theorem 3.4, concerns specifically the “global”
regime.
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3.1.4 Main results on the asymptotics of additive functionals for simply
generated trees

We consider a weight sequence p = (p(k),k € N) on Ry with generating function g,. We
assume that g, has a positive radius of convergence, g,(0) > 0, g{a’ # 0 and p is generic, that
is there exists a positive root to the equation gy(q) = qg{j(q). A simply generated tree of size
p € N* with weight function p is a random tree 7(?) such that the probability of 7 to be
equal to t, with [t| = p, is proportional to [ [, < p(ky(t)), where k, (t) is the number of children
of the node v in t. According to Section 3.2.5, since g, is generic, without loss of generality
we can assume that p is a critical probability (g,(1) = g,(1) = 1), so that 7P) is distributed
as a Galton-Watson (GW) tree 7 with offspring distribution p conditioned to |7| = p. Global
convergence of scaled GW trees 7 to Lévy trees has been studied in Le Gall and Le Jan [136]
and in [70] using the convergence of contour process.

Assume p belongs to the domain of attraction of a stable distribution of Laplace exponent
P(X\) = kXY with v € (1,2] and k > 0. Then, the convergence of 7() properly scaled to the
normalized Lévy trees holds according to [69]. This result is recalled in Section 3.4.2. We
recall that the normalized Lévy tree is a real tree coded by the normalized positive excursion
of the height function H = (H(s),s € [0, 1]).

We have the following convergence in distribution, see Corollary 3.15 for a precise state-
ment.

Theorem. There exists a sequence (ap,p € N*s.t. P(|7| = p) > 0) such that we have the
following convergence in distribution:

(p)
% > \T£P>|f<'”; ') D u(f), (3.9)

—+00
ver® P

simultaneously for all real-valued continuous function f defined on [0,1] 3.

The convergence (3.9) has to be understood along the infinite sub-sequence of p such that
P(|7| = p) > 0. The proof relies on the fact that one can approximate Ag(z*), for k € N*, by
an elementary continuous functional of the contour process of t, see Section 3.4.4. Then, we
use the convergence of the contour process of 7(P) to the contour process of H to conclude.
We also provide the first moment of ®z(2%~1), see Lemma 3.17 and conjecture that § = 1/
corresponds to the phase transition between the “global” and “local” regime in this setting.

Remark 3.3. We make the following comments.

e Assume that p has finite variance, say o>. Then one can take ap = /p and H is equal
to (2/0)B which corresponds to (A\) = 02A2/2. By scaling, or using that the limit in
Theorem 3.4 does not depend on «, we deduce that ®.g = c®g. We can then rewrite
(3.9) as:

7_(p)
Y rrqsp)!f(‘ v |> D Zas(p), (3.10)

7
p—+oo O
ver®)

where the convergence holds simultaneously for all real-valued continuous function f
defined on [0, 1] and along the infinite sub-sequence of p such that P(|7| = p) > 0.

e If one consider the binary offspring distribution p such that p(2) +p(0) = 1 (recall that
1 > p(0) > 0 by assumption), one gets that 7(>**1) is uniformly distributed among the
full binary trees with n internal nodes (and n+ 1 leaves), that is 7(2**1) is distributed as
T,,, see the Catalan model studied in Section 3.1.3. Take p(0) = 1/2 to get the critical

3The right wording is in terms of the convergence of measures given in Corollary 3.15.
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case, and notice that ¢ = 1 in (3.10). The convergence (3.10), with p = 2n + 1, is
then a weaker version of (3.8) (convergence in distribution instead of a.s. convergence,
and continuous functions on [0, 1] instead of continuous functions on (0, 1] with possible
blow up at 0+).

e If one consider the (shifted) geometric distribution: p(k) = ¢(1 — ¢)* for k € N with
q € (0,1), one gets that 7(®) is uniformly distributed among the rooted ordered trees
with p nodes. Take ¢ = 1/2 to get the critical case, and notice that o = 2 in (3.10).

e If one consider the Poisson offspring distribution: p(k) = Ak—lfe_)‘ for k € N with A € R™,
one gets that 7() is uniformly distributed among the labeled unordered rooted trees
with p nodes (also known as Cayley trees). Take A = 1 to get the critical case, and
notice that o = 1 in (3.10). In particular, we recover the result of Zohoorian Azad [196]
for the additive functional associated to the toll function b, = n? for n € N* (apply
Corollary 3.16 with g = 2).

3.1.5 Organization of the paper

Section 3.2 is devoted to the definition of the main objects used in this paper (ordered
rooted discrete trees using Neveu’s formalism, real trees defined by a contour function, Brow-
nian tree whose contour function is a Brownian normalized excursion, the embedding of the
discrete binary trees from the Catalan model into the Brownian tree, and simply generated
random trees). We present our main result about the Catalan model in Section 3.3 on the
convergence (3.8), see Theorem 3.4 and Corollary 3.6. (The proofs are given in Sections 3.5
and 3.6.) The corresponding fluctuations are stated in Proposition 3.10. (The proof is given
in Section 3.7.) Section 3.4 is devoted to the main results concerning the convergence of A,
when 7 is a simply generated tree, see Corollaries 3.15 and 3.16. Some technical results are
gathered in Section 3.8.

3.2 Notations

Let I be an interval of R with positive Lebesgue measure. We denote by B(I) the set of
real-valued measurable functions defined on I. We denote by C(I) (resp. C4(I)) the set of
real-valued (resp. non-negative) continuous functions defined on I. For f € B(I) we denote
by || fll. the supremum norm and by || f||egsu, the essential supremum of |f| over I. The
two supremums coincide when f is continuous.

3.2.1 Ordered rooted discrete trees

We recall Neveu’s formalism [153] for ordered rooted discrete trees, which we shall simply
call trees. We set U = J,,~ (N*)" the set of finite sequences of positive integers with the
convention (N*)® = {@}. For n > 0 and u € (N*)" C U, we set |u| = n the length of u. Let
u,v € U. We denote by uv the concatenation of the two sequences, with the convention that
wo =w if v =0 and uwv = v if u = (). We say that v is an ancestor of u (in a large sense)
and write v < u if there exists w € U such that u = vw. If v < v and v # u, then we shall
write v < u. The set of ancestors of u is the set A, = {v € U;v < u}. The most recent
common ancestor of a subset s of U, denoted by m(s), is the unique element v of (1, Au
with maximal length. We consider the lexicographic order on U: for u,v € U, we set v < u
either if v < w or if v = wjv’ and u = wiv’ with w = m({v,u}), u,v’ € U and j < i for some
i, € N*.

A tree t is a subset of U that satisfies:
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o () et,
o Ifuct, then A, Ct.

e For every u € t, there exists k,(t) € N such that, for every i € N*, wi € t if and only if
1 <i < ky(t).

Let u € t. The integer k,(t) represents the number of offsprings of the node u. The node
u is called a leaf (resp. internal node) if k,(t) = 0 (resp. ky(t) > 0). The node 0 is called the
root of t. We define the sub-tree t, € T of t “above” u as:

t, ={vel, wet}. (3.11)

We denote by |t| = Card (t) the number of nodes of t and we say that t is finite if |t| < 4o0.
Let dy denote the usual graph distance on t. In particular, we have d¢(0,u) = |u| for u € t.
When the context is clear, we shall write d for dg.

We denote by T the set of finite trees and by T®) = {t € T, |t| = p} the set of trees with
p nodes, for p € N*. Let us recall that, for a tree t € T, we have

D ku(t) = [t] - L. (3.12)

uct

3.2.2 Real trees

We recall the definition of a real tree, see [78]. A real tree is a metric space (7, d) which
satisfies the following two properties for every x,y € T

(i) There exists a unique isometric map f,, from [0,d(x,y)] into 7 such that f, ,(0) =z
and foy(d(2,y)) = y.

(i) If ¢ is a continuous injective map from [0, 1] into 7 such that ¢(0) = = and ¢(1) = v,
then we have ¢([0,1]) = f24([0,d(z,y)]).

Equivalently, a metric space (7,d) is a real tree if and only if 7 is connected and d satisfies
the four point condition:

d(s,t) + d(z,y) < max(d(s,z) +d(t,y),d(s,y) + d(t,x)) forall s,t,z,yeT.

A rooted real tree is a real tree (7,d) with a distinguished element ) called the root.
For z,y € T, we denote by [z,y] the range of the map f;, described above. Let z,y € T.
We denote by = A y their most recent common ancestor which is the only z € T such that
[0, 2] = [0,2] N[0, y]. The out-degree d,(T) of = is the number of connected components of
T\{x} which do not contain the root. We say x is a leaf (resp. branching point) if d(7) = 0
(resp. d(T) > 2). We say T is binary if d,(7) € {0,1,2} for all x € T.

For h € C+([0,1]), we define its minimum over the interval with bounds s, ¢ € [0, 1]:

mp(s,t) = inf  h(u). (3.13)
u€[sAt,sVi]

We shall also use the length of the excursion of h above level r straddling s defined by:

1
or,s(h) :/0 At Lim, (s,t)>r)- (3.14)

For B > 0, we set:
1 h(s)
Z} :/0 ds/o dr o,.4(h)?~ 1. (3.15)
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Let h € C4([0,1]) be such that my(0,1) = 0. For every x,y € [0, 1], we set dp(z,y) =
h(z) + h(y) — 2mp(x,y). It is easy to check that dj, is symmetric and satisfies the triangle
inequality. The relation ~, defined on [0,1]> by 2 ~, y < dp(z,y) = 0 is an equivalence
relation. Let T, = [0,1]/ ~ be the corresponding quotient space. The function dj, on [0, 1]2
induces a function on 722, which we still denoted by dj,, and which is a distance on 7. It is not
difficult to check that (7, dp,) is then a compact real tree. We denote by py, the canonical pro-
jection from [0, 1] into 7. Thus, the metric space (7, dp) can be viewed as a rooted real tree
by setting ) = px(0). The image of the Lebesgue measure on [0, 1] by py, is a measure uj, on 7Tp.

For t € T, we define the unnormalized measure 4¢ on [0, 1] by:

Af) = S Jtlf (”) . fec(o).

vet |t’

For h € C4([0,1]), we also consider the measure @5, on [0, 1] defined by:

1 h(s)
Bi(f) = /0 s /0 dr f(ona(h)),  f € B(0,1)). (3.16)

We endow the space of non-negative finite measures on [0, 1] with the topology of weak
convergence.

3.2.3 The Brownian continuum random tree 7T

Let B = (B,0<t<1) be a positive normalized Brownian excursion. Informally, B
is just a linear standard Brownian path started from the origin and conditioned to stay
positive on (0,1) and to come back to 0 at time 1. For a > 0, let e = /2/a B and let
Te denote the associated real tree called Brownian continuum random tree. (We recall the
associated branching mechanism is ¥(\) = aA?.) The continuum random tree introduced
in [8] corresponds to a = 1/2 and the Brownian tree associated to the normalized Brownian
excursion corresponds to a = 2. We shall keep the parameter « so that the two previous cases
are easy to read on the results. See [135] for properties of the Brownian continuum random
tree. In particular p.(dz)-a.s. x is a leaf and a.s. 7T¢ is binary.

We shall forget to stress the dependence in e in the notations, when there is no ambiguity,
so that for example we simply write T, u, 0,5 and Zg for respectively Te, pe, 0rs(e) which is
defined in (3.14) and Z§ which is defined in (3.15). For r > 0 and s € [0, 1], we also have:

ors =plx €T, dD,z Ap(s)) >r)),

which is the mass of the sub-tree of T containing p(s) and at distance r from the root.

3.2.4 The discrete binary tree from the Brownian tree

A marked tree t = (t, (hy,v € t)) is a tree t € T with a label on each node. The label
hy € (0,+00) will be interpreted as the length of the branch from below v. (Notice, there is a
branch below the root.) We define the concatenation of two marked trees () = (t(), (hq(]i) U E
t)) with i € {1,2} and r > 0 as t = £, t®); 7] with t = {0} U7, {v = iu, u € t¥} and
for v € t, we have h, =r if v =0 and h, = h) if v = iu with u € t® and i € {1,2}.

Let g € C4([0,1]) be such that 7, is binary. Let n € Nand 0 < ¢ < -+ < tp41 < 1
such that (pgy(ty),1 < k < n+ 1) are n + 1 distinct leaves. Set G, = (g;t1,...,tny1).
We denote by Tg(Gr) = Urt 1[0, pg(t)] the random real tree spanned by the n + 1 leaves
Py(t1), ..., Pg(tnt1) with root (). We define recursively the associated marked tree £(G,) =



CHAPITRE 3. FONCTIONNELLES DE COUT DE GRANDS ARBRES ALEATOIRES (UNIFORMES
68 ET SIMPLEMENT GENERES)

(t(Gn), (hnw(Gn),v € t(Gyr))), where intuitively t(Gy,) is similar to T4(Gp) but with the
branch lengths equal to 1 and no branch below the root, and hy, ,(Gj) is the length of the
branch in 74(Gy,) below the node corresponding to v € t(Gy,). More precisely, for n = 0, we set
t(Go) = {0} and hgg(Go) = g(t1). Let n > 1. Since Ty is binary and (py(tx),1 <k <n+1)
are n + 1 distinct leaves, there exists a unique s € (t1,%,+1) and a unique ¢ € {1,...,n}
such that g(s) = my(t1,tns1) and t; < s < tor1. We define g1(t) = (g(t) — 9(s)) 1y, (1)
and g2(t) = (9(t) — 9(8))1(s,.,)(t). Notice that Ty, is binary and (py(tx),1 < k < £) (resp.
(pg(tr), £ +1 <k <n+1))are £ (resp. n— ¢+ 1) distinct leaves of Ty, (resp. Tg,). Set
G, = (q1;t1,..,te) and G”_, = (g2;te41, -, tnt1) and define t(G,,) as the concatenation

[6(G1), (G )i 9(s)]-

Let e be the Brownian excursion defined in Section 3.2.3. Let (U,,n € N*) be a se-
quence of independent random variables uniform on [0, 1], independent of e. In particular
(p(Un),n € N*) are a.s. distinct leaves of 7. Let (Uiy,...,Uny1,n) be the a.s. increasing
reordering of (Uy,...,Upt1) and set Gp = (€;(Urn, .-, Unt1,)). We write T, = T(Gn)
the random real tree spanned by the n + 1 leaves p(Uj),...,p(Un+1) and the root and
Ty = (Ty; (hnw,v € Ty)) = t(Gy) the associated marked tree. According to Pitman [163],
Theorem 7.9 or Aldous [10], the tree Tn) can also be obtained by stick-breaking procedure or
Poisson line-breaking construction. For 1 < k < n + 1, we denote by u(Uy) the leaf in T,
corresponding to the leaf p(Uy) in T}, See Figure (3.1) for an example with n = 4. It is well
known that T,, is uniform among the discrete full binary ordered trees with n internal nodes.

Ty

w(Uy) w(Us) uw(Us) u(Us)

Figure 3.1 — The Brownian excursion, 7}, and T,, (for n = 4).

3.2.5 Simply generated random tree

The presentation of simply generated trees is common in combinatorics. The tools involved
in our proofs use Galton-Watson trees. For these reasons, we recall the link between simply
generated trees and Galton-Watson trees (see also the survey of Janson [114] for more details).
We consider a weight sequence p = (p(k),k € N) of non-negative real numbers such that
> ren P(E) > p(1) +p(0) and p(0) > 0. For t € T, we define its weight as:

w(t) = [ p(k.(t)).
vet

We set w(T®) = 3, .ro w(t). For p € N* such that w(T®) > 0, a simply generated tree
taking values in T®) with weight sequence p is a T®)-random variable 7(®) whose distribution
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is characterized by, for all t € T®):

w(t)
P(rP) = ¢) = m.

Let g, be the generating function of p: gp(0) = > icn 0Fp(k) for & > 0. From now on,
we assume there exists # > 0 such that g, () is finite. For ¢ > 0 such that g,(¢) < +o0, let
pg be the probability distribution with generating function 6 — g¢,(¢6)/gy(q). According to
[121] see also |3], the distribution of the GW tree 7 with offspring distribution p, conditioned
on {|7| = p} is the distribution of 7() and thus does not depend on ¢. It is easy to check
there exists at most one positive root, say gy, of the equation g,(q) = qg,(q). We say that p is
generic (for the total progeny) if such root g, exists and non-generic otherwise. In particular,
all weight sequences such that there exists ¢ > 0 with gy(g) finite and gy(q) < qg,(q) (that is
pg is a super-critical offspring distribution), are generic.

From now on, we shall assume that p is generic. Without loss of generality, by replacing
p by the probability distribution with generating function 6 — g,(gy0)/gp(qp), we will assume
that p is a critical probability distribution, that is:

> p(k) = kp(k) =1.

keN keN

We recall that 7() is distributed as a critical GW tree 7 with offspring distribution p condi-
tioned on {|7| = p}, as for all finite tree t, P(7 = t) = w(t).

Local limits for critical GW trees conditioned on having a large total progeny go back to
[121] for the generic case (infinite spine case) and [114] for the non-generic case (condensation
case), see also [3, 4] and reference therein for more general conditionings. Scaling limits or
global limits for GW tree conditioned on having a large total progeny have been studied in
[70] for forests (that is collection of GW trees) and in [69, 130] for critical GW tree in the
domain of attraction of Lévy trees, see also [129] for more general conditioning of GW trees
and [131] for non-generic cases.

3.3 Catalan model

Let @ > 0 and recall e = \/2/a B, where B = (By,t € [0,1]) denotes the normalized
Brownian excursion. We also recall that the discrete binary tree T,,, defined in Section 3.2.4
from the Brownian tree 7¢, is uniformly distributed among the full ordered rooted binary
trees with n internal nodes. In particular, we have |T,| = 2n + 1. For n € N*, we define the
weighted random measure A, on [0, 1] defined by A, = |T,|~%/2 Ar,, that is for f € B([0, 1]):

TTL’U
An(f) = [Tl 37 [ Tusl <||T’|‘) / (3.17)
veTx "

where T, , = (T},), is the sub-tree of T,, “above” v. Notice that A, ({0}) = 0. The next result
is proved in Section 3.6.

Theorem 3.4. We have that a.s. for all f € B([0,1]), continuous on (0,1] and such that
lim, 04 2%f(xz) =0 for some a € [0,1/2):

An(f) PR V2a &, (f).

We deduce from this Theorem that (A4,,n € N*) converges a.s. for the weak topology
towards v2a ..

By convention, for a € R, we denote the function = + 21 ;)(z) defined on [0, 1] by z.
We consider the random variable Z5 = ®.(2°~1), see definition (3.16). The behavior of this
random variable and its first moment are given in the following Lemma, whose short proof is
given in Remark 3.18.
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Lemma 3.5. We have that a.s. for all 1/2 > § > 0, Zg = +o00. We have that a.s. for all
B >1/2, Zg is finite and

RNCES))
E([Zg] = 2. 3.18
We also have the representation formulas Z; = fO s)ds and for B > 1:
1
Zg=-p(B— 1)/ |t — s~ 2m(s,t) dsdt. (3.19)
2 [0 1]2

We get the following convergence.

Corollary 3.6. We have that a.s. for all B >0,

lim |T,| ¢ Z Thol® = V2a Zg.

n—-+o0o
’UETn

Proof. Notice that \Tn\_(ﬁJr%) >ver, | Tnwl? = Ap(2°~1). For 8 > 1/2, the Corollary is then
a direct consequence of Theorem 3.4 with f = 2°~!. We now consider the case 1/2 > 3 > 0.
Let ¢ > 0. Using Theorem 3.4, we have that a.s.:

hmlan 2P > lim Ap(e AP =V2a @ (c AP,

n—-+oo n—-+0o
Letting ¢ goes to infinity, and using that, by Lemma 3.5, <I>e(:n6*1) = Zg = +00 a.s., we get
that a.s. liminf, s, A,(2%71) > V2a Zg = +00. Then use a monotonicity argument in /3
to deduce the results holds a.s. for all 5 € (0,1/2]. O

Remark 3.7. All the moments of Zg, for § > 1/2, are given in [89] (see Proposition 3.5
therein), thanks to the identification provided by Corollary 3.6. The representation formula
(3.19) for Zg is motivated by the formulation of our Corollary 3.6 given in [89] and [88].

Remark 3.8. Corollary 3.6 gives directly that (|T,,|~3/2 > ver, [ Tnwl, >ver, | Tnol?)
is asymptotically distributed as v/2a(Zy, Z2). Recall x(t) defined in (3.6). According to
Lemma 3 of [27] or [93], there exists a finite constant K such that, for all n > 3, we
have E[min(| Ty, 1,|Tn2l)] < K|T,|*/2. Since conditionally on {v € T,} and |T,,|, we
have that T, , is uniformly distributed on the trees with [T, ,| nodes, we deduce that
E[x(T,)] < KE[Ar,(v/Z)]. According to Theorem 3.8 in [89], we have E[Ar, (/)] =
O(nlog(n)) and thus E[x(T,)] = O(nlog(n)). Noticing that x(T,) is non-decreasing in
n, using Borel-Cantelli lemma and arguments on convergence determining of measures *(see
proof of Theorem 3.4 in Section 3.6 for a detailed proof in the same spirit), we deduce that a.s.
limy, 100 \Tn\*3/ 2x(T,) = 0. Then, we can directly recover the joint asymptotic distribution
of the total length path, the Wiener, Sackin, Colless and cophenetic indexes defined by (3.2)
in Section 3.1.1 and (3.7) in Section 3.1.2 for the Catalan model. More precisely, we have:

P(Tn) W(Tn) S(Tn) C(Tn) CO(Tn) a.s. Zl Zl Z2
<|Tn|3/2’|Tn|5/2’|Tn|3/2’|Tn|3/2’ TWEE V2o | Z1,2(Z — Z2), 5571 )

n—oo

Remark 3.9. We complete Corollary 3.6 by considering the additive functionals F , see defini-
tion (3.5) used in [89], instead F' defined by (3.4). For t € T and [t| > 1, recall t* =t \ L(t)
is the tree t without its leaves. We have that a.s. for all 8 > 0,

lim |T%|~(3+2) Z T}, |7 = 2v/a Zg. (3.20)

n—-+0o
veT¥

4i.e. using the characterization of random measures.
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This result differs from Corollary 3.6 as v/2 is replaced by 2. To prove (3.20), first notice that
for a full binary tree |t*| = |t| — |L(t)| = (|t| — 1)/2 so that:

% |— 1 * — 1
T3+ ST T P = V2 (ITal = 1)7F2) 3 (Tl — 17

’UET,’;L UETn

Let 2, = max(z,0) denote the positive part of 2 € R. We have 27 > (z—1)% > 2% —cga (P~ D+
for all z > 1 with cg = 1if 0 < 8 <1 and cg = fif B > 1. Then use Corollary 3.6 (two
times) to deduce that a.s. for all 5 > 0:

. _ 1 . _ 1
lim [T5~C*2) Y T, 7 =v2 lim [Ty~ ) 0 T, = 2Va Z.

n—-+o0o
’UGTZ ’UeTn

The next proposition, whose proof is given in Section 3.7, gives the fluctuations corre-
sponding to the invariance principles of Theorem 3.4. Notice the speed of convergence in the
invariance principle is of order |T,,|~1/4.

Proposition 3.10. Let f € C([0,1]) be locally Lipschitz continuous on (0, 1] with ||z®f’|]

finite for some a € (0,1). We have the following convergence in distribution:

(Tl (A = V32 D) (£), An) =2 ((20)/1/e(af?) G, V20 @),

n—o0

esssup

where G is a standard (centered reduced) Gaussian random variable independent of the excur-
sion e.

Notice the fluctuations for the a.s. convergence towards Zg with 3 > 1, given in Corollary
3.6, have an asymptotic variance (up to a multiplicative constant) given by Zag.

Remark 3.11. The contribution to the fluctuations is given by the error of approximation of
Ap1(f) by An2(f), see notations from the proof of Theorem 3.4. This corresponds to the
fluctuations coming from the approximation of the branch lengths (hy,.,v € Ty) by their
mean, which relies on the explicit representation on their joint distribution given in Lemma
3.23. In particular, there is no other contribution to the fluctuations from the approximation
of the continuum tree 7" by the sub-tree 7.

3.4 Simply generated trees model

The main result of this section is Corollary 3.15 in Section 3.4.3. The Sections 3.4.1 and
3.4.2 present the contour process of discrete trees and its convergence towards the contour
process of a continuous random tree.

We keep notations from Section 3.2.5 on simply generated random tree. We assume the
weight sequence p = (p(k),k € N) of non-negative real numbers such that ), p(k) >
p(1) + p(0) and p(0) > 0 is generic. As stated in Section 3.2.5, without loss of generality, we
will assume that p is a critical probability distribution, that is:

Sp(k) =S kp(k) = 1.

keN keN

3.4.1 Contour process

Let t € T be a finite tree. The contour process C* = (C*(s), s € [0,2[t]]) is defined as the
distance to the root of a particle visiting continuously each edge of t at speed one (where all
edges are of length 1) according to the lexicographic order of the nodes. More precisely, we
set 0 = u(0) < u(l) < ... <wu(]t] —1) the nodes of t ranked in the lexicographic order. By
convention, we set u(|t]) = 0.
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We set o = 0, £jgj4+1 = 2 and for k € {1,...,[t]}, & = d(u(k — 1),u(k)). We set Ly, =
Zf:() lifor k € {0,...,|t|+1}, and L} = Li+d(u(k), m(u(k), u(k+1))) for k € {0, ..., |t|-1}.
(Notice that Lj = Ly if and only if u(k) < u(k+1).) We have Ly = 2|t| =2 and Ljg4q = 2|t].
We define for k € {0, ..., [t| — 1}:

o for s € [Ly,L}), the particle goes down from u(k) to m(u(k),u(k + 1)): C%(s) =
u(k)| = (s = L);

e for s € [L},Lii1), the particle goes up from m(u(k),u(k + 1)) to u(k + 1): C*(s) =
m(u(k), u(k + 1) + (s — Ly),

and C*%(s) = 0 for s € [2]t| — 2,2|t|]. Notice that C* is continuous.
For u € t, we define Z,, the time interval during which the particle explores the edge
attached below u. More precisely for k € {1,...,|t| — 1}, we set:

Iu(k) = [Lk - 17Lk) U[ lléﬂ /k/+ 1)7

where L} = inf{s > Ly, C%*(s) < |u(k)|} and Zy = [2|t] — 2,2|t|]. The sets (Z,,u € t) are
disjoints 2 by 2 with |J,c¢ Zu = [0, 2[t|]. For u € t, we have that the Lebesgue measure of Z,
is 2 and

C*(s) < d(B,u) < C*(s)+1 for all s € Z,. (3.21)

t C'(s)

o Lu ~—
01 L Ly Ly L. 12 16 s

Figure 3.2 — A tree t with 8 nodes and its contour process C*: for s € [Ls, L) = [7,10),
the particle goes down from w(5) to m(u(5),u(6)) = 0; Zy3) = [L3 —1,L3) U
[LY, L% +1) = [4,5) U[8,9) is the time interval during which the particle explores the edge
attached below u(3).

3.4.2 Convergence of contour processes

We assume that p is a probability distribution on N such that 1 > p(1) + p(0) > p(0) >0
and which is critical (that is ),y kp(k) = 1). We also assume that p is in the domain of
attraction of a stable distribution of Laplace exponent ¥ (\) = kXY with v € (1,2] and x > 0,
and renormalizing sequence (ap,p € N*) of positive reals: if (U, k € N*) are independent
random variables with the same distribution p, and W), = Zi:l Uk —p, then W), /a, converges
in distribution, as p goes to infinity, towards a random variable X with Laplace exponent —
(that is E[fe=*X] = ¢¥ for X\ > 0). Notice this convergence implies that:

lim 2 =0. (3.22)
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Remark 3.12. If p has finite variance, say o2, then one can take ap = /p and X is then a
centered Gaussian random variable with variance 2, so that (\) = 02\?/2.

The main theorem in Duquesne [69] on the functional convergence in distribution of the
contour process stated when p is aperiodic, can easily be extended to the case p periodic.
(Indeed the lack of periodicity hypothesis is mainly used in Lemma 4.5 in [69] which is based
on Gnedenko local limit theorem. Since the latter holds a fortiori for lattice distributions
in the domain of attraction of stable law, it allows to extend the result to such periodic
distribution, as soon as one uses sub-sequences on which the conditional probabilities are well
defined.) It will be stated in this more general version, see Theorem 3.13 below. Since the
contour process is continuous as well as its limit, the convergence in distribution holds on the
space C([0,1]) of real continuous functions endowed with the supremum norm.

Theorem 3.13. Let p be a critical probability distribution on N, with 1 > p(1) 4+ p(0) >
p(0) > 0, which belongs to the domain of attraction of a stable distribution of Laplace exponent
(X)) = kXY with v € (1,2] and £ > 0, and renormalizing sequence (a,,p € N*). Let T be a
GW tree with offspring distribution p, and %) be distributed as T conditionally on {|7| = p}.
There exists a random non-negative continuous process H = (Hg,s € [0,1]), such that the
following convergence on the space C([0,1]) holds in distribution:

% (CT(p)(Zps),s e [0, 1]) 9 g

p—>+oo
where the convergence is taken along the infinite sub-sequence of p such that P(|7| = p) > 0.

The process H, see [69] for a construction of H, is the so called normalized excursion for
the height process, introduced in [136], of a Lévy tree with branching mechanism .

Remark 3.14. If p(\) = a\?, for some a > 0, then H is distributed as y/2/a B, where B is
the positive Brownian excursion, see [70].

3.4.3 Main result

The next result is a direct consequence of [69] on the convergence of the contour process
of random discrete tree, see Theorem 3.13 given in Section 3.4.2. We keep notations and
definitions of Sections 3.4.1 and 3.4.2 below, with H the normalized excursion of the height
function associated to the branching mechanism 1. The proof of the next corollary is given
in Section 3.4.4.

Corollary 3.15. Let p be a critical probability distribution on N, with 1 > p(1) + p(0) >
p(0) > 0, which belongs to the domain of attraction of a stable distribution of Laplace exponent
P(AN) = kXY with v € (1,2] and k > 0, and renormalizing sequence (a,,p € N*). Let 7 be a
GW tree with offspring distribution p, and %) be distributed as T conditionally on {|7| = p}.
We have the following convergence in distribution:

a (d)

P

A0 ——— P,
p p——+o00

where we endow the space of non-negative measures with the topology of the weak convergence
and where the convergence is taken along the infinite sub-sequence of p such that P(|7| = p) >
0.

We set for >0 and t € T:
Z5t) =) |t|”.

vet

Using the Skorohod representation theorem, we deduce the following result.
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Corollary 3.16. Assume hypothesis of Corollary 3.15 hold and let Zgl be given by (3.15) for
B > 1. There exist continuous functions defined on [1,00), ©, distributed as (pgil ZE(T(P)), B> 1)

and © distributed as (Zg, 8> 1) such that

(p-s.)
0, —— 6
p—r+00
for the simple convergence of functions and where the convergence is taken along the infinite
sub-sequence of p such that P(|7| = p) > 0.

The technical proof of the first part of the next Lemma is given in Section 3.8.6. The
second part, which is the representation formula, is a direct consequence of the deterministic
Lemma 3.39 in Section 3.8.5 (with = a + 1).

Lemma 3.17. Assume the height function H is associated to the Laplace exponent (X)) = kA7
with v € (1,2] and k > 0. We have that a.s. for all 1/~ > > 0, Z/g = 400, that a.s. for all

g >1/y, Zg is finite and

E[Z}] = (3.23)

We also have the representation formulas Z{! = fol H(s)ds and, for 8 > 1, Zé{ = 388 -
1) f[o 2 It = s|P~2mp(s,t) dsdt.

Remark 3.18. Lemma 3.5 given in Section 3.3 is a consequence of Lemma 3.17 applied with
H=e,vy=2and k = a.

Remark 3.19. For 8 € (0,1/], we deduce from Corollary 3.15 and Lemma 3.17, using the
same arguments as in the proof of Corollary 3.6, the convergence in distribution of the se-
quence (]%Z;(T(p)), p € N*s.t. P(|7| =p) > 0) towards infinity. So the normalization is

not relevant to get a proper limit, suggesting we have a “local” regime. The convergence in
distribution of this sequence for g € (1/7,1) towards Zg (which is a.s. finite) is an open
question, but we conjecture it holds. This conjecture and Corollary 3.16 would then give that
for simply generated trees, under the hypothesis of Corollary 3.15, there is a phase transition
at B = 1/7 between a “global” regime (5 > 1/v) and a “local” regime (8 < 1/7).

Remark 3.20. If p has finite variance, say o2, then one can take a, = /P in Corollaries 3.15
and 3.16 and H is equal to (2/0)B which corresponds to 1()\) = 02A?/2, see Remarks 3.12
and 3.14. By scaling, or using that the limit in Theorem 3.4 does not depend on «, we deduce
that in this case &y = %‘I)B and Zé{ = %Zég in Corollaries 3.15 and 3.16.

3.4.4 Proof of Corollary 3.15

Elementary functionals of finite trees

Let t € T be a finite tree and & € N*. For u = (uy,...,u;) € tF, we define m(u) =
m({uy,...,ur}) the most recent common ancestor of uy,...,ux. We consider the following
elementary functional of a tree, defined for t € T:

Dy(t) = > d(,m(u)). (3.24)

uctk
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We have:
> ot = )+ [t (3.25)

vet

which we obtain from the following equalities

Z |tv‘k = Z Z 1{v<m(u)} = Z Z 1{v$m(u)} = Z (d(@,m(u)) + 1)'

vEt vEt uetk uctk vet uctk

For x = (z1,...,2p) € R*, denote by (a:(l), el a;(k)) its order statistics which are uniquely
defined by z(;) < -+ < 2, and Zle Oz, = Zle 0z(;)» With &, the Dirac mass at z. Recall
the notation my,(s,t), see (3.13), for the minimum of h over the interval with bounds s and ¢.
We set:

Dk(t) = / megt (2.1:(1), 2%(@) da:, (326)
[0,]¢l]*

with the conventions that if k = 1, then D;(t f[o ‘t”
We have the following lemma.

Lemma 3.21. We have for t € T and k € N*:
0 < Di(t) — Di(t) < [t]F. (3.27)

Proof. For u = (u1,...,u;) € t*, we have the following generalization of (3.21): for x =
(@1, ax) € [T T

mes(T(1), k) < A0, m(a)) < mes(zay, 2) + 1.

(Notice that mee (1), 2x)) = d(0, m(u)) as soon as m(u) < u; for all i € {1,...,k}.) We
deduce that:

0 < 2*d(0, m(u)) — / - mee (T(1), T(yy) do < ok,
i=1"Ug

By summing over u € t¥, we get:

0 < 28Dy (t) —/ mee (T(1), T(y) do < 2k [t|®.
(0,2]¢[]*

Use the change of variable 2y = x to get (3.27). O

Convergence of additive functionals

We now give the main result of this Section.

Corollary 3.22. Under the hypothesis and notations of Theorem 3.13, we have the following
convergences in distribution for all k € N*:

(d)
i S E D e S amta) @ [ [ dront

ver(p) uc(rP)k

where oy s(H) is the length of the excursion of the height process H above r straddling s defined
in (3.14) and where the convergence is taken along the infinite sub-sequence of p such that
P(|r| =p) > 0.
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Proof. Recall notation mp(s,t) and o, 4(h) given in (3.13) and (3.14). We shall take limits
along the infinite sub-sequence of p such that P(|7| = p) > 0.

Recall definitions (3.24) of Dg(t) and (3.26) of Dk (t). Thanks to Lemma 3.21 and (3.22)
which implies that (p~*+Ya,(Dy(r®) — Dy(rP)), p € N*) converges in probability towards
0 and to (3.25), we see the proof of the corollary is complete as soon as we obtain that for all
k € N*:

li ap D (p) @ 1d H(S)d kal 3.98
p_yfooﬁ k(7)) = ) s ) roys(H)" . (3.28)

We deduce from Theorem 3.13 the following convergence in law:

p (7)) = % /{0 }c””)(zx) dr = / o ® ops)ds — s | ds H(s).
7p

2 p? 0,1 P p=+oo Jo,1]

This gives (3.28) for k = 1. We have that for k > 2 and t € T:
2Dk (t) = 2/ met (21’(1), 2$(k)) dx
[0, [£]]*
= k‘(k: — 1) / de‘ldl’Q |1’2 - ZL'1|k_2 mct(Q.)(l’l, 1’2)
[0,]t]]?
= k‘(k: — 1)|t|k/[ 2 dl’ldl'Q ‘1'2 - $1|k_2 mCt(gM.) (131, {L‘z),
0,1

where we used (3.26) in the first equality, we choose z(1) and x () among 1, ...,x) for the
second one and we used the change of variable x; to |t|x; for the last one. We deduce from
Theorem 3.13 the following convergence in law for all k& € N* such that k > 2:

ap (p) @  k(k— 1)/ o o k=2 '
e Dy (7)) p—— 5 o dsds'|s' — s|"“mp(s,s).

Then use (3.57) from Lemma 3.39 to get (3.28). This ends the proof. O

Conclusion

We deduce from the proof of Corollary 3.22, using the Skorohod representation theorem,

that all the convergences in distribution of Corollary 3.22 hold simultaneously for all k£ €
N*. We thus get that lim, 4 Z—QAT@) (k1) @ O (2F1), simultaneously for all k& € N*.

Since on [0, 1], the convergence of moments implies the weak convergence of finite measures,
we deduce that the random measure Z—S.AT@) converges in distribution towards ®z for the
topology of weak convergence of finite measures on [0, 1].

3.5 Preliminary Lemmas

Recall T is the real tree coded by the excursion e, see Section 3.2.3 and 7}, is the (smallest)
sub-tree of 7. containing n + 1 leaves picked uniformly at random and the root, see Section
3.2.4. Recall (T, (hny,v € Ty)) denote the corresponding marked tree. Intuitively, for
v € Ty, hpy is the length of the branch below the branching point with label v in 7}, (when
keeping the order on the leaves). We recall, see [10], [163] (Theorem 7.9) or |70], that the
density of (hy,v € T),,) is, conditionally on T,,, given by:

2n)! o
n((hnw,v € Ty)) = 2u o™t L, ek H 1in, .50 (3.29)

n!
’UGTn
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where L, = EUGT” hn denotes the total length of 7p,;. Notice that the edge-lengths have
an exchangeable distribution and are independent of the shape tree T,. Furthermore, el-
ementary computations give that (hy,,v € T,), with v € T,, ranked in the lexicographic
order, has, conditionally on T,, and L,,, the same distribution as (L,A1, ..., LyAgy41), where
Ay, ..., Ao, represents the lengths of the 2n + 1 intervals obtained by cutting [0, 1] at 2n
independent uniform random variables on [0, 1] and independent of L,,. We thus deduce the
following elementary Lemma.

Lemma 3.23. Conditionally on T,, =t, the random vector (hy,v € t) has the same distri-
bution as (L, E,/St,v € t), where (Ey,u € U) are independent exponential random variables
with mean 1, independent of T,, and L,, and Sy = Zvet E,.

According to [2], we have that a.s. lim, i Ln/v/n = 1/y/a. We then deduce from
Lemma 3.23 that (2n + 1)y/ah,,g//n converges in distribution towards Ejy as n goes to
infinity. Intuitively, we get that 2y/anE[hy, ] is of order 1, for v € T,,. Recall the random
measure A, is defined in (3.17). We introduce the random measure:

Ay = 2v/anE[h, g]A,.

Lemma 3.24. Let a € [0,1/2). There ezists a finite constant C' such that for all f € B(]0,1])
and n € N*, we have:

E[|4n(f) = Aia(H)]] < Cllz®flloo n.
Proof. Let a € [0,1/2) and f € B([0,1]). Using (3.55) in the Appendix, we deduce that for
all n € N*, we have |1 — 2\/an E[h,, ]| < 1/2n. Using (3.44) in Lemma 3.34, we deduce that:
EllAn(f) — ALa(/)] < 5 EllALON) < C22 faey
n 1n = o n >~ m €T 00 -
O

Intuitively, h, ., is of the same order of its expectation. Since the random variables
(hnw,v € Ty) are exchangeable, we deduce that hy, is of the same order as E[h,, g]. Based
on this intuition, we define the random measure As,, as follows. For f € B([0,1]), we set:

— TTLU
Aon(f) = 2/am [Ta 2 3 [Tylf (' ’ ‘) -

’UETn ‘Tn‘

Lemma 3.25. Let a € [0,1/2). There ezists a finite constant C' such that for all f € B([0,1])
and n € N* we have:

E[|A1n(f) = Azan(f)]] < Cllz® flloc =%,
Proof. Let a € [0,1/2) and f € B([0,1]). For v € Ty, we set Yy, , = /n(E[hy] — hpn ) and

1
2/

Kp = = (Ay(f) = Asu(f)) = [T %/2 3 [Tl f ('TW') Yo,

veT, |Tn|
Using that (hy,,v € T)) is exchangeable, elementary computations give:
E [Ka|Tn] < |Tul ™2 An(a fEY;2g) + An(|f1)*[E[Y0 V1]l

Then using (3.44) and (3.45) in Lemma 3.34 and (3.56) in Lemma 3.38, we get:

0171 C’22,1—11 a a
E[K}] = E [E[KG|T,]] < o2 1% + g lla 1% < iES

c
_— — ||z
T 2av2n+1 8a - \/HH

for some finite constant ¢ which does not depend on n and f. O
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Let L, = {u € Tp; v X u, ky(T,) = 0} be the set of leaves of T, with ancestor v,
and |L, .| be its cardinality. Notice the number of leaves of T, , is exactly |£;,,|. We now

approximate the multiplying factor |T), ,| in A, by twice the number of leaves in T, as
2|Ly4| = |Th| + 1. For this reason, we set for f € B([0, 1]):

Tn'U
As0(f) = Aam [T 2 3" Lol f <' ’ ') -

[T
veTy
Lemma 3.26. Let a € [0,1/2). For all f € B(]0,1]) and n € N*, we have:

1
E[|A2n(f) = Azn(F)]] < 12 flloo n* 2.
Proof. Let a € [0,1/2) and f € B([0, 1]). Since 2|L,, | = |Tno| + 1, we get that:

[Aanf) = a9 < 2y 22 5 111 (Tl

’UETn |TTL|

As T, | > 1 and a > 0, we get that |f]| (%) < ||2%f |l | Tn|® We deduce that:

Ao (f) = Asn(f)] < 2v/an L | T |72 2% f . -

According to (3.54), we have 2/anE[L,] < |T,|. We deduce that E[|A2,(f) — Az.(f)]] <
1
T |*"2 [| 2 f || o O

We define Ny, v, as the number of leaves of the sub-tree 7p,) which are distinct from
p(Uk) and such that their most recent common ancestor with p(Uy) is at distance further
than 7 from the root. More precisely, using the definition (3.13) of m, we have:

Noru, +1=Card {i € {1,...,n+ 1}, m(U;,Ug) > r}.
In particular, we deduce from the construction of Tp,; and Ty, that for 1 <k <n+1:

I Tol B /6<Uk> 2Ny, + 1
> f<|Tn| Pw = i drf (== (3.30)

v=xu(Uyg)

where u(Uy) is the leaf in T, corresponding to the leaf p(Uy) in 7).
Recall that, for v € T,,, L, denotes the set of leaves of T,, with ancestor v and L(T),) =
L, ¢ denotes the set of leaves of T,,. We deduce that:

Tn'U
Asn(f) = Av/am [Ta| 22 3 Lol f ( [T, ’) -

’UETn |Tn ’

= 4y/an [T, 732 3 Zf('ﬁf”j)hn,v

u€L(Typ) v=u

n+1

e(Uk) N v, + 1
e ().
k=1

where we used (3.30) for the last equality. Notice that by construction, conditionally on e
and Uy, the random variable N,, .y, is binomial with parameter (n, oy, ). For this reason,
we consider the following approximation of Az, (f). For f € B([0,1]) non-negative, we set:

n+1

e(Ug)
Ayn(f) = 4/an |Tn|3/22/ dr f(o,u,)-
k=10
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Lemma 3.27. We have the following properties.

(i) For a € (0,1), there exists a finite constant C(a) such that if f € B(]0,1]) is locally
Lipschitz continuous on (0,1], we have for all n € N*:

El|A3(f) — Aia( ] < C@) | 2°F || egsup 7>

(ii) If a € (—=1/2,0], there exists a finite constant C(a) such that we have for all n € N*:

E[| A3, (2%) — Agpn(x)]] < Cla)n~Ret1)/8,

Remark 3.28. We can extend (i) of Lemma 3.27 to get that for a uniformly Hoélder continuous
function f with exponent A > 1/2, we have E[|A3,,(f) — Asn(f)|] = O(n=*/?). This allows
the extension of Proposition 3.10 to such functions.

Proof. For s € [0,1], let N, s be a random variable which is, conditionally on e, binomial
with parameter (n,o, ). Notice, this is consistent with the definition of A, .y, . Hence we

get, for f € B([0,1]),
dr]

|e} dr].

(3.31)

s n+1 e(Ug)
E (| Agn(f) — Asn(Dl] < 4Van|Ta " 3 E [ /
k=1 0

f 2Nn7T7Uk + 1
2n+1

e(s) 2Nprs + 1
/0 drE Hf( 2n+1 >_f(0r,s)

) = f(oruy,)

1
§4\/a/ ds E
0

We first prove property (i). Let a € (0,1) and f € B(]0, 1]) be locally Lipschitz continuous
on (0,1]. Using (ii) of Lemma 3.35, we have that for s € (0,1) and r € (0, e(s)),

ol (B t1) o

@ ! _a 1_
5 +1 ‘€:| S || f ||esssup (0'7"732 +O'r2,5 a) n,1/2. (332)
n

l1—a

We recall that Zz = fol ds foe(s) dr afis_l for 8 > 0. Thus, we have E [Z;_a} <E [Zl_%}; the
2
last term being finite thanks to Lemma 3.5. We deduce from (3.31) and (3.32) that

E([Asn () — Aun(1)] < 8VGL s g [ 7] otz

1—a

This achieves the proof of property (i).

We now prove property (ii). We consider a € (—1/2,0) and f(z) = x%, as the case a =0
is obvious. Let v > 0. We write:

1 e(s) 9 1 a
/dsE / drIEH(W> — 0,
0 0 2TL+1 ’

with k; = fol ds E er(s) drE [1Di (M)a — o2

\eH = K1 + K2 + K3,

2n+41 7,8

]| ana:

2Nn77"75 + 1

2n+1

D= {Ur,s > 2n7 7, o+ 1

2 1
n’Y} P D2 == {UT,S > 2n777 Nn77'75 + S n'}’} )
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and D3 = (D1 |J D2)¢. We start considering ;. Notice that, thanks to (3.49) with b = 1+ a,
we have |2% — y?| < 2% Yz —y| < Y9z —y| if 2,y € [n77, +00). Using this inequality

with x = W;ﬂ%ﬂ and y = o0, ,, we obtain:
1 e(s) 2_/\/ 1
K1 < nV(l_a)/ dsE / E Hm — Ors ‘e} dr| - (3.33)
0 0 2n + 1
Moreover, if X is a binomial random variable with parameter (n,p), then we have:
2X 41 2 1
E — <E .
[ m+1 7 ] - n

< L. We deduce from

n

B

2X +1 2 1

-p < <
2n+1 2n +1
With X = N, , s and p = 0,5, we get that E Hw;ni:_sl“ — Ors ‘e]
(3.33) that:

1
k1 <E [/ e(s) ds} n1=a)=3. (3.34)
0

We give an upper bound of k9. We first recall Hoeffding’s inequality: if X is a binomial
random variable with parameter (n,p), and t > 0, then we have P(np—X > nt) < exp(—2nt?).

Using that {p — 222(:[11 >n~7} C {np— X >n'77}, we deduce that:

2X+1
P(p- Gy > ) SPOw-X>n ) sem(-2 ). 63
n

2n+1 7,8 — on—+1

Notice that on Do, we have 0 < (

2ML,T,S+1
2n—+1

a a
7%/”’"5“) —o? (LV’”’T’SH) < (2n+41)77% as well

> n~7. Hence, we obtain:

e(s) 9 1
/ p(UTS_AW>n’Y‘€> dr]
0 ’ 277/ -+ 1

1—2~

as oy —

1
ko < (2n + 1)'*“/ dsE
0

<E[Z1](2n+ 1)1 e 2" (3.36)

Finally, we consider k3. Let n € (0,a + 1/2). We have:

e(s) INprs +1\°
B n,r,s _ a d
A 1{0’7‘,5§2TL W}E |:‘ ( 2n _|_ 1 ) O”I’,S | 6:| T

e(s) 2Nn e 1\ ¢ .

S E [/0 1{07.,5§2n7W}E |:<2n~|»1> + Ur,s | €:| dr

e(s)

S 3]E / 1{07.75§2n—7}0'$‘.’s d’f‘

0

e(s)
<3-2mME [/ dr a,ﬁis"] ,
0

where we used (i) of Lemma 3.35 for the second inequality. Recall that D3 = {0, s < 2n~7}.
We deduce that:

E

1 e(s)
kg < / ds3-2"n M E [/ dr Ufys”] =3-2"n" " E[Z4—pi1]. (3.37)
0 0

Choose v = 1/3 and n = 3(2a+1)/8. Thanks to Lemma 3.5, we get that E [fol e(s) ds} =
E[Z1] is finite and that E[Z,_, 1] is also finite since a —n+1 > 1/2 as a > —1/2. Therefore,



3.6. PROOF OF THEOREM 3.4 81

we deduce from (3.31) and then (3.34), (3.36) and (3.37) that there exists a finite constant
C'(a) such that we have for all n € N*:

E[|As (2%) — Agn(27)]] < C(a)n~EotD/8,

O]

Lemma 3.29. For all f € B([0,1]) such that f > 0 and ||2° f||cc < +00 for some a € [0,1/2),
we have:

Agn(f) =22 V22 Bo(f).

n—+4o00
Proof. Let f € B([0,1]) such that f > 0 and ||z%f||s < 400 for some a € [0,1/2). Let U be

uniform on [0, 1] and independent of e. Recall Zg = fol ds fol dr 07@7 5! defined in (3.15). Notice
that:

E[/DE(U) dr f(orv) ‘ e] <|2°fllo Z1-a-

Since 1 — a > 1/2, we deduce from Lemma 3.5 that a.s. Z;_, < +00. Then, use the strong
law of large numbers (conditionally on e) to deduce that Ay ,(f) converges a.s. towards
V2a ®.(f) as n goes to infinity. O

3.6 Proof of Theorem 3.4

Let a > —1/2. According to Lemmas 3.24, 3.25, 3.26 and 3.27 (use (i) for a > 0 and
(i) for a € (—1/2,0]), there exists € > 0 and a finite constant ¢ such that for all n € N*,
we have E[|A,(z%) — A4 n(2?)|] < en™¢. Since according to Lemma 3.29, we have a.s. that
limy, s 400 Aan(2%) = V2a ®.(2%), we deduce from Borel-Cantelli lemma that, with ¢(n) =
[n?/¢], we have a.s. lim,_, o0 Ay (2%) = V2a D (2%).

For n’ > n > 1, we have Tj,; C Tj). Unfortunately, by the construction of T, we don’t
have in general that v € T,, implies that v € T,, see the example of Figure 3.3.

However, it is still true, as 1 + a > 0, that:

S Tau/ < Y T (3.38)

v€Ty v'eT

Let n € N*. There exists a unique n’ € N* such that ¢(n’) < n < ¢(n’ 4+ 1). We obtain
from (3.38) that:

< 20(n') + 1

200’ +1) +1\°"2
20(n' +1) +1

a—l—%
> Ap) (27) < An(2%) < ( 2p(n') + 1

Agp(n’-{-l) ($a)'

As limy 100 p(n')/p(n’ + 1) = 1, we deduce that a.s. lim, 400 An(2?) = V2 Pe(z?).

In particular, for all @ € (—1/2,0], a.s. for all k € N, we have lim,, oo A, (z*F) =
V2a @, (). Since on [0,1], the convergence of moments implies the weak convergence
of measure, we deduce that a.s. the random measure A,(z%e) converges weakly towards
V2a ®.(z%e). By taking a dense subset of a in (—1/2,0] and using monotonicity, we de-
duce that a.s. for all @ € (—1/2,0] the random measure A, (x®e) converges weakly towards
V2a ®.(x*e). This ends the proof of Theorem 3.4.
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Figure 3.3 — Tj3 C Ty but Ts ¢ Ty
3.7 Proof of Proposition 3.10

3.7.1 A preliminary convergence in distribution

Let (E,,v € U) be independent exponential random variables with mean 1 and indepen-
dent of e. Let f € C(]0,1]). We set for v € Ty

_ T

X = Tnl ™/ Tuolf <|m>
Tl

We have the following lemma.

’UETn

and  Zn(f) = > Xno(Ey—1).

(Za(f), An) —2

—

n—-+o0o

(3.39)
Lemma 3.30. Let f € C([0,1]) be locally Lipschitz continuous on (0, 1] such that || 2% f' || .gsep
is finite for some a € (0,1). We have the following convergence in distribution:
((204)1/4«/@6(35 ) G,v2a @e) , (3.40)
where G is a standard Gaussian random variable independent of e.
Proof. Let f € C([0,1])
transform of Z,,(f) conditionally on T,. Let A > 0. Elementary computations give:

We first assume that f is non-negative. We compute the Laplace
E |:e—>\Zn(f) |T7’Li| — e)\ ZvETn Xn,'u E e*)\ ZvETn Xn,u Ey |T'I’L:| — eZvETn (AXn,'u*IOg(l“r)\Xn,v)) X
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For x > 0, we have %2 — % <z —log(l+z) < % Thanks to Theorem 3.4, we have:

3 X = Aulof) i VEavar?)
T,

and

3 —1/4 23y _ as.
v;an,v_‘Tn‘ /A( f) n——+00 — 0.
We deduce that a.s. lim, 1. E [e*’\zn(f) |Tn] = exp (/\2\/%@)6(33]”2)/2). Let K > 0, and
consider the event Brx = (,en{A4n(zf?) < K}. Since on By, the term E [e_’\Z”(f) T
is bounded by exp(A\2K/2), we deduce from dominated convergence that for any continuous
bounded function g on the set of finite measure on [0, 1] (endowed with the topology of weak
convergence), we have:

lim E e_)‘Z"(f)g(An)lBK] = lim E [E [e—/\Zn(f) ’Tn} Q(An)lBK}

n——+o00 n——+o0o

L

= E | VEE G (20 @)1,

where GG is a standard Gaussian random variable independent of e. We deduce that the
convergence in distribution (3.40) holds conditionally on Bg. Since A, (xf?) is finite for
every n and converges a.s. to a finite limit, we get that for any € > 0, there exists K. finite
such that P(Bg.) > 1 —e. Then use Lemma 3.31 below to conclude that (3.40) holds for f
non-negative.

In the general case, we set fi = max(0, f) and f_- = max(0,—f) so that f = f, — f_.
Notice that f; and f_ are non-negative and continuous. We have proved that (3.40) holds
with f replaced by Ay fy + A_f_ for any Ay > 0 and A_ > 0. Since fif_ = 0, this implies
the following convergence in distribution:

(Za(F4): Zalf-) An) — 2 ((20)V /(2 f2) Gy, 20)/4/@c(2f2) G- V2a ®.),

n—-+00
where G+ and G_ are independent standard Gaussian random variables independent of e.
Then, using again that fif_ = 0, we obtain that, conditionally on e, \/®c(zf%) G4 —
\/®e(xf?) G_ is distributed as \/®.(z f2?) G, where G is a standard Gaussian random variable
independent of e. We deduce that (3.40) holds. This ends the proof. O

Lemma 3.31. Let (I'cye > 0) be a sequence of events such that lim._,oP(I':) = 1. Let
(Whp,n € N) and W be random variables taking values in a Polish space M. Assume that for
all e > 0, conditionally on T, the sequence (Wy,,,n € N) converges in distribution towards W.
Then (Wy,n € N) converges in distribution towards W.

Proof. Let g be a real-valued bounded continuous function defined on M. It is enough to
prove that lim, 1 |E[g(W),)] — E[g(W)]| = 0. By hypothesis, we have that for all ¢ > 0:

lim E[g(Wn)|Te] = E[g(W)|T.].

n—+o0o
We get:
[E[g(Wn)] — E[g(W)]| < [E[g(Wn)|Te] — E[g(W)[T][P(Te) + 2 g P(IE)

We deduce that lim sup,, . [Elg(Ws)] — Elg(W)]| < 21 g]].. B(TE). Since lin, o P(TS)
we deduce that lim,_, . |E[g(W,)] — E[g(W)]| = 0. This ends the proof.

e
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3.7.2 Proof of Proposition 3.10

We deduce Proposition 3.10 directly from Lemmas 3.32 and 3.33 below.
Using notations from Section 3.5, we set:

1
- 2/a

Lemma 3.32. Let f € C([0,1]) be locally Lipschitz continuous on (0,1] such that || z®f’ ||
is finite for some a € (0,1). We have the following convergence in probability:

A T, Y4(Arp — Agn).

esssup

Tal /4 (A0 = V20 20)(f) = 2va Au(f) —— 0.

Proof. We keep notations from Section 3.5. We have:
|TTL|1/4(An - V2« (I)e)(f) - 2\/aAn(f) < Al,n + AS,n + A4,n + AS,na

where

A1,n = |Tn|1/4|An(f) - Al,n(f)’v AS,n = |Tn|1/4’A2,n(f) - A3,n(f)|a
A4,n = |Tn|1/4|A3,n(f) - A4,n(f)|7 A5,n = ‘Tn|1/4|A4,n(f) - \/%(I)e(f”-

Using Lemmas 3.24, 3.26 and 3.27 part (i), we deduce the following convergence in probability:
P P P
Ay, —— 0, Az, —— 0 and Ay, —— 0.

n—-+o0o n—-+00 n—-+o00

We study the convergence of As,,. We set:

1 nt+l  e(Uy) 1 e(s)
I, = n+1;/0 de(UnUk)/o ds/o dr f(ors).

By conditioning with respect to e, we deduce that:

E[I;] < ! E /e(Ul)de(UTU) 2 <|f|z°IE[/1dse(s)2]. (3.41)
nl = 0 U1 )

n+1 “n+1

Using the definition of A4, (f), we get As,, < Agpn, + V2a A7, with

’Tn’3/2
2(n+1)v2n

Ngp = ’Tn’1/4 1- Agn(Ifl) and A7, = ’Tn’1/4un‘-

From the a.s. convergence of Ay, (|f|) towards a finite limit, see Lemma 3.29, we deduce that
a.s. limy, 400 Ag, = 0. Since E[fol ds 6(8)2} is finite, see [169], we deduce from (3.41) that
limy, 400 E[A%n] = 0. We obtain that:

P
As, — 0.
n—-+o0o

Then, we collect all the convergences together to get the result. O

Now, we study the convergence in distribution of A, (f).
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Lemma 3.33. Let f € C([0,1]) be locally Lipschitz continuous on (0,1] such that || z®f||
is finite for some a € (0,1). We have the following convergence in distribution:

esssup

(27 An(f), Ap) % ((2@)1/4\/¢>e(xf2) G,\/ﬁcpe), (3.42)

where G is a standard Gaussian random variable independent of e.

Proof. According to Lemma 3.23, we get that (A, (f), A,) is distributed as (Al (f), An) where:

T L'E L E
AI — Tn 75/4 Tn v ’ n,v Y/ th Y/ — E n—v | n-—v
n(f) | | UEZT | s f |Tn| n,v’ W1 nu \/ﬁ STn STn )

and Sy = Y 4 B, for t € T, with L;, a random variable distributed as L,, and thus with
density given by (3.52), independent of T, and (F,,u € U) independent exponential random
variables with mean 1, independent of L] and T,. So it is enough to prove (3.42) with A,
replaced by Al .

Recall the definition (3.39) of Z,(f). Since L], is independent of (Ey,,u € U) and T,,, we
get:

/

by VN Ly,
An(f) - |Tn| (Kl,n + H2,n)An(f) - \/ﬁ STn Zn(f)

with

E, E, 1
Kin = |Ta>* (B[L,] — L')E [ST@:| and kg, = |Ta¥* L, <IE |:ST®:| - ST> .

Thanks to Corollary 3.37 with a« =y =1 and 8 = 0, we have that:
E[Ep/St,] = T(2n +1)/T(2n +2) = 1/|T,|.

Using (3.54), we get:

. I'Cn+1 1 1
Blles ] < TV () o) < 72 i

o
We deduce that lim,, 4 K1, = 0 in probability. Using (3.53) and Corollary 3.37 (three
times), we get:

F2n+2)?2 T(2n+1) T2n+2)T(2n+1)
CTWP? (n+1)(2n + 3)
a2n(2n+1)2(2n — 1)

E[m%,n]lenl3/2n+1 <F(2n+1)2 r2n—1) _T'(2n+1) T(2n) )

a

We deduce that lim, 4 k2, = 0 in probability.

We deduce from the law of large numbers that lim,, 4o ST, /|Tn| = 1 in probability.
According to [2], we have that a.s. lim,_ioo L,/y/n = 1/y/a. This implies the following
convergence in probability lim,_, 4~ L}, /v/n = 1/y/a. We obtain that:

L;L P 1

\/ﬁSTn n—+o00 2\/54'

We deduce that (2\/aAl,(f), A,) has the same limit in distribution as (—Z,(f), Ay) as
n goes to infinity. Then use Lemma 3.30 to get that (3.42) holds with A, replaced by A/ .
This ends the proof of the Lemma. O
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3.8 Appendix

3.8.1 Upper bounds for moments of the cost functional

According to [89], for 8 > % and k € N*, there exists a finite constant C}, g such that for
all n € N*,

k
1
<Z Thol” ) < G TP, (3.43)
veT,

(Notice that (3.43) is stated in [89] with T}, ,, = Ty ,\L(Ty ) instead of Ty, ,; but using that
|Ty,w| = 2|[T}, | + 1 it is elementary to get (3.43).)

The following lemma, which plays a key role in the proofs of Lemmas 3.24 and 3.25, is a
direct consequence of these upper bounds.

Lemma 3.34. For all a € [0,1/2) and f € B([0,1]), we have for k € N*:
E [[4n(N1F] < Chaalla® Sl (3.44)
E [An(2f?)] < C12-2a]2° f |2 (3.45)
Proof. Let k € N*. Using (3.43), we have:
A k| < —3k)|.a ¢k |Tnv‘1 ¢ < a gk
E (| An()F] < [Tal 2" FISE || D T < Cra-allz®flis
veTx,

which gives (3.44). Moreover, we also have:

_31 a |Tnv|2 2a a
E [An(af)] < [Tal 3| I E [Z T | < Craaallet I

veT

and we get (3.45). O

3.8.2 A lemma for binomial random variables

We give a lemma used for the proof of Lemma 3.27.
Lemma 3.35. Let X be a binomial random variable with parameter (n,p) € N* x (0,1).

(1) Fora € (0,1], we have
elex+ 7] < (180 )

(ii) Let f € C((0,1]) be locally Lipschitz continuous and b € (0,1). Then we have:

2X + 1 "$bf,‘|esssu = — /
EHf<2n+1>_f(p)H§ 1-b p( S b)” Ve

Proof. We prove (i). Let a € (0,1]. Let X be a binomial random variable with parameter
(n,p). An elementary computation gives that:

1 ] 1-(@1-pmtt
£ [1+X} T pln+1) (3.46)
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Using Jensen inequality and (3.46), we get

| (arss) [ == lmen] =2l = (o)

2X+1
f 2n+1 x_bdx’
p

We prove (ii). Let b € (0,1). We have )f <2X+1> f(p)’ < Hmbf’Hesssup

2n+1
and thus , -
2X +1 ”l’ f/ Hesssup 2X +1\" 1-b
— < —p 7. 3.47
’f<2n+1> f(p)‘— 1—b <2n—|—1> b (347)
We decompose the right-hand side term into two parts:
2X +1\'"*" ., e (XN 2X +1\'""  /x\'?
— < — | = — | — . 3.48
‘ ( 2n +1 ) P =P n * 2n +1 n (348)

We shall use the following key inequality (consider first the case x > y and then the case
x <y): for all z,y > 0 and 0 < b < 1, we have:

2170 — P < 2Pz —y. (3.49)

For the first term of the right hand side of (3.48), using (3.49), we have ‘pl_b - (%)1_1)‘ <

pb }p — %| Hence, we get:

x\ 1P
E||p"" - () ] <py/Var (X/n) < p2tn 12, (3.50)
n
For the second term of the right hand side of (3.48), using (3.49) again, we get:
2X +1\'""" (X H’< 2X +1\ "|2X +1  X|_ @2n+1)"!
2n +1 n “\2n+1 2n+1 n| - (2X+1)
This gives, using (i) and |1 A (1/z)[® < 272 for 2 > 0, that:
2X +1\'7" /x\'7? b1 b b P
(YT < . 4 <t |
E”<2n—|—l> <n> <(@2n+1)"p2(n+1)2<p2n (3.51)
Using (3.47), (3.48), (3.50) and (3.51), we get the expected result. O

3.8.3 Some results on the Gamma function

We give here some results on the moments of Gamma random variables.

Lemma 3.36. Let k,¢,n € (0,+00) and a, 3,7 € [0,+00) such that k+¢+n+a+ 5 > 7.
Let Ty, Iy, Ty, be three independent Gamma random variables with respective parameter (k, 1),
(¢,1) and (n,1). Then we have:

B
1§
(Tp+Te+T,)7

 Tk+a)TUl+B)T(k+l+n+a+5—7)

£ - T(k) rey Tk+Ll+n+a+p)

Proof. Elementary computations give that for all non negative function f € B([0, 00)),

Ik + «)

E[f (T0)) = EEIELS Chra)) = =55

E [f (Fk—i-oz)] .
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We deduce that:

rery rer;
E ~E|E Ty, T
Cr+ T +1,) YRR VES W
8
=E[[}]E — 5
(Fe + Fk’—i—n—i—a)
o B8 1
—E[9YE [FE} E|—
Fk+£+n+a+ﬁ

 Tk+a)Tl+B)T(k+l+n+a+5—7)
- I'(k) T Tk+l+nt+a+p) '’

where I' 1o is a Gamma random variable with parameter (k +n+ a, 1) independent of 'y,
and I'y4r4nta+p is a Gamma random variable with parameter (k+¢+n+ o+ §,1). O

We directly deduce the following result.

Corollary 3.37. Let m > 2. Let (E;, 1 < i < m) be independent exponential random
variables with parameter 1 and Sy, = Y iy E;.  Then for all o, 8,7y € [0,+00) such that
m+a+ >, we have

EYES
Sh

_T(1+ )T+ g re i),

E I'(m+a+B)

3.8.4 Elementary computations on the branch length of 7},

We keep notations from Section 3.5. Recall that the density of (hy, ., v € T),) is, condition-
ally on Ty, given by (3.29). Recall L, = }_ cp hno denotes the total length of 7. From
Aldous [10], Pitman [163] (see Theorem 7.9) or Duquesne and Le Gall [71] or by standard
computations, we get that the density of L,,, conditionally on T, is given by:

_ an—i—l o2n+1 —ax? 2
fr.(2) = 2— e ™ Ligsop (3.52)

In particular, the random variable L,, is independent of T,,. The first two moments of L,, are
given by
1 T(n+3 1T(n+3 1
E[L,] = (n+3) _n+1l(n+3) and E[L2] = n+1
vVaT(n+1) Va I'(n+2) a
According to [98], we have that (n + 1)1 < T'(n+3s)/T'(n+1) < n® ! for n € N* and
s € [0, 1]. Hence, we obtain:

(3.53)

1 1 N 1
— P CR) < YD and Var (L) < - (3.54)
Va/n+2 Va @

Using that L, = queTn hn, and that, conditionally on T, the random variables (hy, ,,v €
T,,) are exchangeable, we deduce that E[h,, g] = E[L,]/(2n + 1) and thus:

1 1 I(n+3) 1
2/a(n +1) < Elfin ol = 2/al(n+1) = 2/an

We finish by a result on the covariance of the branch lengths, used in Lemma 3.25. We
define Yy, , = v/n(E[hy o] — hpny) for v € T,,. Notice that (Y}, ,,v € Ty,) has an exchangeable
distribution conditionally on T,,.

: (3.55)
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Lemma 3.38. Let n € N*. We have:

(3.56)

Proof. Using Lemma 3.23 and its notations, and Corollary 3.37 and (3.53), we have, with
t € T full binary such that |t| = 2n + 1:

EyE1] n+1 1 L1
E[h, ghn1] = E[L2]E | =221 = =
[in,9hn1] = E [L7] [ 5 ] o 2m+tD@2ntl) 2a2n+l
and
E? n+1 1 11
E[h2,) = E[L2]E || = =5
[ n,(Z)] [ n] St2 a (n+1)2n+1) a2n+1
The lemma is then a consequence of these equalities and (3.55). O

3.8.5 A deterministic representation formula

Lemma 3.39. Let h € C4([0,1]). We have that for all a > 0:

1 h(s)
2/ ds/ droys(h)* =a(la+1) / |s" — 5|7 L my, (s, §') dsds’. (3.57)
0 0 [0,1]2

Proof. In this proof only, we shall write m(s,t) and o, s respectively for my(s,t) and o, s(h).
Recall that o, = fol dt 1 (s0)>ry- We deduce that fol dtm(s,t) = foh(s) droys for every
s € [0,1]. Hence, the result is obvious for a = 1.

If g € B([0,1]) is a non negative function such that x?¢g € C2([0,1]) or if g = 29! for
a > 0, we set:

1 h(s) "
I(g) = / ds/ dr oys9(ors) and J(g) = / dsdt [z%g] (t — s) m(s,t).
0 0 0<s<t<1

We then have to prove that J(g) = I(g) for g = 2%~ ! for all a > 0. First of all, remark that
if f,g € B([0,1]) are non negative functions such that 22 f, z?g € C?([0, 1], we have:

1 h(s)
|I(g) - I(f)’ < /O ds/o dr Or,s |g(as,r) - f(o's,r)’ < Hg - f“oo ||h||oo (3'58)

and

1 "

[J(g9)=J(f)] < II(IQQ)N—(ﬂfzf)//\loo/0< <t<1d8dtm(8,t) < I(=*9) = (@*f) lloo 1 ]l - (3.59)

The proof of J(g) = I(g) when g = 2%~ ! is divided in 3 steps. First of all, we prove the result
when a € N* which gives the equality when ¢ is polynomial. Then we get the case when
g € C%(]0,1]) by Bernstein’s approximation. This gives the case a > 3. Finally, we give the
result for a € (0,3)\{1, 2}.
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1st step
Let g = 2%~ ! with a € N*. We have:

1 h(s) 1
I(xa_l) _ / ds/ dr </ dt 1{m(s,t)27“})
0 0 0

h(s1)
= / dS d$1 . dSa / d?“ l{m(s1,52)2r} Ce l{m(sl,sa+1)2r}
[0,1}‘1Jrl 0

= /[ . dsdsy ...dsq (min(m(s, s1),...,m(s,sq))
0,1]e

a

= / dsy ...dsqy1 (min(m(si, s2),...,m(s1, Sqt1))
[071}a+1
—/ dsy...dsqy1 | M min s;, max s; ,
[0,1]a+1 1<i<a+1 1<i<a+1
where we used that Uf:; [s1, 8] = [minj<j<at1 8i, Maxi<j<q+1 ;] for the last equality. By

choosing s = mini<;<q+1 8; and ¢t = maxi<;<q1 S;, we have:

/ dsy...dsq+1 <m ( min §;, max sz>>
[0,1]a+1 1<i<a+1 1<i<a+1
=a(a+1) / ds dt/ dsy...dsq—1 m(s,t)
0<s<t<1 [s,t]e—1

(3.60)
=a(a+1) /0< o m(s,t)(t —s) Ldsdt.

This gives [(z%~ 1) = J(x271).

2nd step

Let g € C%(]0,1]) be a non negative function. For n € N, we define the associated Bernstein
polynomial By, (g) by:

Bulg)a) = (Z) gl0e/m) 25 (L= 2", 2 € 0,1,

k=0

It is well known (see for instance, Theorem 6.3.2 in [52]) that for every k£ € N and for
every f € C5([0,1]), limyoc | /¥ — BiY(f)]loo = 0. Using that [|(22Ba(g))" — (%9)"[le0 <
21 Bn(9) — glloo + 4l1B.,(9) — ¢ lloo + B (9) — ¢ |loes we deduce from (3.58) and (3.59) that
J(g9) = 1(9).

3rd step
Let g = %! with a € (0,3)\{1,2}. We approximate g by functions in C%([0,1]). For
9 € (0,1), we define:
Ps(x) if0<z <9,
gula) = 4 T0)
glz) iféd<x<1,
where Pjs is the polynomial with degree 2 such that Ps(8) = g(8) = §%7!, P5(6) = ¢ (8) =
(a—1)8°"2 and P; (6) = ¢" (8) = (a — 1)(a — 2)5°~2.
We shall prove that lims_,oI(gs) = I(g). We have:

" gN((S) if 0 S €T S 6,
9s (:E) = " .
g (x) ifo<z<l1.
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e Assume a € (0,1). Let h = g, — g5 with 6,7 € (0,1) such that § < ~. It is easy
to check that ” < 0 on [0,1]. Since h'(1) = h(1) = 0 by construction, we deduce
that » < 0 on [0,1]. Hence, when ¢ tends to 0, the sequence (g5,0 < § < 1) is non
decreasing and converges on (0, 1] towards g. By monotone convergence theorem, we

get lims_,0 I(g5) = I(g)-

e Assume a € (1,3). Notice that (¢gs,0 < § < 1) is uniformly bounded by a constant.
Hence, by dominated convergence theorem, we obtain that limgs_o I(g5) = I(g).

We now prove that lims_,.J(g5) = J(g). Remark that if z € (6,1], (z2gs5(z))" = (z2g(z))",
and that there exists a constant C'(a), which does not depend on ¢, such that for all z € (0, d],
we have |(22g5(z))"| < C(a)6*!. We get that:

| mist) (@)
0<s<t<1

1
<ltle [ (I@0st@) - ot

| J(g95) — J(9)| =

1)
<7y /0 (a(a+ Dre 4 C(a)é“_l)dr.

We deduce that lims_,o J(gs) = J(g). Thanks to the 2nd step, we have J(gs) = I(gs) for all
d € (0,1). Letting 0 goes down to 0, we deduce that J(g) = I(g). O

3.8.6 Proof of the first part of Lemma 3.17 (finiteness of Z}' and (3.23))

We use the setting of [70] on Lévy trees. Let H be the height function of a stable Lévy
tree with branching mechanism ¥ (\) = kA7, with v € (1,2] and x > 0.

Let N be the excursion measure of the height process and set ¢ = inf{s > 0, H(s) = 0}
for the duration of the excursion so that: N[1 — e™*?] = ¢y~!()) for all A > 0. According to
Chapter VII in [21], 9~ ! is the Laplace exponent of a subordinator whose Lévy measure is
denoted by .. Thus, the distribution of ¢ under N is 7, given by:

1 da .
YYD ((v = 1)/7) oM+

Let N(®[e] = Nlo|oc = a] be the distribution of the excursion of the height process with
duration a, so that:

m(da) =

Nle] = /O h 7. (da) N o]

In particular, we shall prove the result of Lemma 3.17 under N In this proof only, we shall
write m for my defined by (3.13). We extend the definitions (3.14) and (3.15) as follows:

o o H(s)
Ors = / dt Limin(s,)>ry and Zg = / ds/ dr O'gs_l for 5 > 0.
0 0 0

The integral in ds/o in Z éq corresponds to taking a leaf at random in the Lévy tree. Using
Bismut’s decomposition of the Lévy tree, see Theorem 4.5 in [71] or Theorem 2.1 in [1], we
get that, since ¢’(0) = 0, then under N[oe], the height H(U), with U uniformly distributed
over [0,0], is “distributed” as H with Lebesgue “distribution” on (0,+4o00). It also implies
that under Nloe], the random variable (H(U), (0 g u)—ruv,r € [0, H(U)])) is “distributed” as
(H, (St t € [0,H])), where S = (S;,t > 0) is a subordinator, with Laplace exponent say ¢,
independent of H.
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We prove (3.23) and get as a direct consequence using monotonicity, that NM-a.s., for all
B>1/v, Zé{ is finite. Using that:

(V) =N [oe™| =N |ge70v| = F [e75%] = /OOO dLE o5 = (;5(1/\) (3.61)
we deduce that:
P(\) = M = /IO D/ (3.62)

Notice in particular that S; is distributed as /(=18 We shall need later in the proof the
following computation:

(v 1 > 1
E[Sl (D] _ / dt ¢~V [¢7151] = : (3.63)

i h T ()

We set A(A) =N [Zé{ e_/\"} for A > 0. Using Bismut’s decomposition again, we get:

H(U) rrH
0/0 dragzllj)_nUe*)‘”OvU :IE/O drSfle)‘SH]

[ poo t

=E / dt/ dr SP1 e_ASt]
L/ 0 0

=E / dt / drsf—le—*5t+r] :
L0 0

AN =E {/ dte)‘st] E [/ dr §P1 e)‘ST]
0 0

= (ﬁ(l/\)E [Sf‘1 /OO dr r(B=D7/(=1) e_’\”/“”&}
0

1 ~(=1/7] y- Y=L [T ) o
_ L gl 00 \-s+a/) / du 1=/ o=
P(A) [ ! } v Jo

AN =N

We have:

where we used that S has stationary independent increments for the first equality, (3.61) and
that S, is distributed as 7“7/(7_1)51 for the second, and the change of variable u = /\Slr“f/(W_l)
for the last. Then use (3.63) and (3.62) to deduce that:

AN = F<B(i>)A15+3. (3.64)
22T 77_1

On the other hand, we set G(a) = N(@ [Zé{] so that:
AN = / T.(da) G(a) e .
0

We deduce from the scaling property of the height function that, under N(®) | the random
variable ((H(s),s € [0,a]), (ors;7 € [0,H(9)],s € [0,a])> is distributed as the random

variable ( (a\7™ sla), s € |0,a]), (a0, s/q;r € (0,07 s/a)l,s € |0,a under
ble ((aOD/H(s/a), s € [0,a]), (0,007 € (0,607 D/ H(s/a)],s € [0,a)) und
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N This implies that Zgl is under N distributed as a®+t1-1/ "YZZ? under N This gives
G(a) = aP?t1-1/7G(1). We deduce that:

r(5+1—%)

T ) e
1 y=1
i MF( v )

A(N) = G(1) /OOO mu(da) a? 177 e = G(1)

Then use (3.64) to get that for all § > 0:

_1o )
S (g 2)

N[z = G(1)

This gives (3.23) and that NM-a.s., for all > 1/~, Zg is finite.

We prove now that N(W-a.s., for all 8 € (0,1/4], Zé{ is infinite. Let 8 € (0,1/7]. Let U be
uniform on [0, o] under N. According to the first part of the proof, we deduce from the Bismut’s
decomposition that fOH(U) dr 0551 is, under N[o o |[H(U) = t], distributed as fot dr SP1
Thanks to [21] see Theorem 11 in chapter III and since S is a stable subordinator with index
(v—1)/v, we have that limsup,_,q, S,/h(r) > 0 a.s. for h(r) = 7/~ log(|log(r)|) "1/~ 1.
As B € (0,1/7], we have [;drh(r)?~! = +oo. This implies that a.s. [, dr SPT = oo, We
deduce that N-a.e. ds-a.e. on [0, 0], fOH(S) dr aﬁs_l = 4o00. This gives that N-a.e. Zgl = +00.
Then use the scaling to deduce that N(M-a.s. Zé{ = +00.
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