Faddeev and jackiw method for

systems with constraints

4.1 Introduction

In order to search for new much simpler methods to deal with constrainted systems, Faddeev-
Jackiw proposed an alternative treatment seems technically different and does not have the same
Dirac’s conjecture, thus it has evoked much attention [3]. Noting that the original Faddeev-
Jackiw method was addressed to unconstrained systems, while Barcelos-Neto and Wotzasek
had been proposed an extension called symplectic algorithm to deal with constraints systems
[9, 10], that we are dealing with it in this thesis.

The Faddeev-Jackiw (F-J) formalism pursues a classical geometric treatment based on the
sympletic structure of the phase space and it is only applied to first order Lagrangians, linear
with respect to velocities [3]. This method is rised basically on Lagrangian formalism and the
matrix form of Euler-Lagrange equations as a main source of studying, without missing an
important passage in converting the Lagrangian to linear one with respect to velocities and
conjugate momenta using the Legendre transformation. The matrix form of (E-L) equations
lead us to introduce the (F-J) matriz that gives us two cases can be treated according to its
determinant as we will see later.

Thus, the objective of this chapter is to treat the (F-J) matrix cases with a symplectic
algorithm step by step till we will end with an invertible matrix represent the basic geometric
structure called generalized Poisson brackets and coincide with Dirac’s brackets, that will be

the bridge to the commutators of the quantized theory, as we have already mentioned in the
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previous chapter, while our real aim is to make a clear comparaison later between those methods

in that crossing road.

4.2 Lagrangian linearization

As we have already evoked in the preceding chapter, we will not be able to express for a
singular systems all velocities ( the ¢;) according to the coordinates ( the ¢;), and the conjugate
momenta (the p;) using the relations p; = dL/0¢;, i = 1,....,n. As we know in this case the
Hessian matrix W is not invertible. Considering R = rank (W), this means that it is possible
to reverse the equations p; = 9L/0¢; only with respect to R generalized velocities ¢, with
a = 1,..., R, writing them as functions of the other velocities, generalized coordinates and
conjugate momenta as follows : ¢, = fo (¢i,Pp,4s) , a,b=1,..., R,i=1,..n,s=R+1,..,n

Since s = n — R, we make appear s relations noted as :
¢, =ps—9s(qi,mp), b=1,..., R, s=R+1,..n, i=1,.n, (4.1)

the s relations express constraints that come automatically from the system.

The associated Hamiltonian H to the Lagrangian L (g;, ¢;) takes the form
H = pig—L
= Pala + PsGs — L
= Pafa (G Pords) + 9s (i, b) §s — L- (4.2)
The H does not depend on generalized velocities despite their apparent presence.We can prove
that fact by deriving( 4.2) with respect to ¢., while it appears directly in illustrative example
since H = H (q;,p;) -
Very often, the Lagrangian is nonlinear with respect to velocities. Linearization consists in
passing from this Lagrangian L(g;, ¢;) to a canonical Hamiltonian H (¢;, p;), to then return to
have directly a linear Lagrangian L(g;, ¢;, p;)-The main controller in this process is the Legendre

transformation in the both directions. In a specific way, we define the inverse of Legendre

transformation as follows

L =pig — H,
as well as the constraints (4.1), we have

L (i, Gis Pa) = Palda + 9s (¢, Da) s — H (¢, Pa) - (4.3)
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The Faddeev and Jackiw method consists in treating the ¢; and p, to be independents for
the Lagrangian that had been constructed as we will see in the next example
Example

To explain this point well, considering the following nonlinear Lagrangian [5]

1
L= i(y:r' + 1) — xy. (4.4)
The conjugate monenta are
L .
Pr = %:y(yﬂﬁ‘f’?/f)
0 . .
Py = 8—y.=I(93y+y$)
(yit+ygx) = —= By (constraint) .
Y x
We can deduce one constraint p, = g p..Using this constraint the Hamiltonian gets the

expression

H = p,a2+py—L

. R N2
= put+pyy — (Y2 +29)” + 2y

2
2
. \Y 1 pzo
= po|2+-79) 5 —5(5) +ay
( y)zﬁ 2y
2
par; 1p£€2
— — —{—xy
y? Z(y)
1 ps
= 5(—)2+xy,

H doesn’t depend on velocities clearly. Now the linear Lagrangian is

L = pig—H

. . 1,ps

= pui+pyY— 5(;)2 — xy
.xpg . 1 py

= pai+ — 5 () —ay

The independent variables are then x,y and p,, while the momentum p, depends on the other
variables through the mentioned constraint above p, = % pz. We will see later that the (E-L)

equations apply on the independent variables of any system according to the constraints.
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4.3 Faddeev and Jackiw approach

Faddeev-Jackiw method is based on two main maneuvers
i) The linearization of the Lagrangian with respect to the generalized velocities.
ii) The inversion of the Faddeev-Jackiw matrix obtained using the (E-L) equations.

This method allows to derive the set of Dirac brackets in one fell swoop without needing

to calculate any Poisson brackets separately .

The idea is to treat the independent variables ( the ¢; , ¢ = 1,..,n and the p, , a = 1, ...,

R ), on an equal footing by introducing new variables {; = ¢; , i =1,..,n and &, , = p, with

a=1,..., R, in such a way that the Lagrangian (4.3) is written

L=A;é,—-H , J=1,...n+R, (4.5)

so that

AG« = DPa azl,..., R
AS = Us (qiapa) 5 8:R+1,...,n
An-i—a = 0.

We write the Euler-Lagrange equations relating to the dynamic variables (¢, ¢ 7)

d (0L oL
dt (ag,) ¢, (46)
We have

d(OLY o oAds 04y

dt \og,) — dt ' 9, dt — 9g '
oL 0A; . oH

a_gJ - 8_&51_0_5]7

thus, (4.6) gives

0A; 8AJ> . oH
el Al =, 4.7
(5 %) b= g, )
or else
: oH
f]JfI:— ; [,le,....,n+R, (48)
o€ ;
where
0A; 0A; (4.9)

fIJ:a_SJ _0_617
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is the element of Faddeev-Jackiw matrix f .This matrix is antisymmetric since f;; = —f;;.
Thus, two cases arise
i) if the matrix f is invertible, we can deduce from (4.8) the expression
. oOH
= frl—. 4.10
g] fIJ aé-J ( )
On the other hand, Hamilton’s equations must be on the form
éI: {5[7]_]}7 (411)
recalling the general form of the Poisson bracket given by the equation (2.13)
0OH
{&, HY ={&, 65} %a (4.12)
J
it leads that
fI_J1 = {§I7§J}7 (413)

The bracket{{;,&;} Are nothing but just the Dirac brackets obtained by Faddeev-Jackiw

approach.
Exemple

Considering the nonlinear Lagrangian from [10], while we choosed m = 1

1.
L= 5612 —V(q)
the conjugate momentum
oL
P==-=4q
9q
The canonical Hamiltonian
H = pj—L
.1,
= pi—5¢"+V(g)
1
= 5172 +V(g).
Thus, the linear Lagrangian will be
L = pq—H

= pi—=p° —V(q).
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The independent variables ¢ and p .The (E-L) equations are

d (0L _ oL _ )
dt(aq) 9 = U N p+a—‘;=0 (4.14)
d (oL L _ o ’ '
i (%) - % =0 p=q=0
the matrix form of (4.14) is given by
: av
0 - T |, (4.15)
10 p p
where f is
0 —1
f=
1 0

f is invertible, thus its inverse is

1 0 1Y) _ [ {egr {ep}
-1 0 —{e¢,p} {p,p}

As we have no constraints, we get the from f~! directly, the canonical Poisson brackets

{04} =0, {g,p} =1, {p.p} =0

ii) If f is not invertible, we may deal with two sub cases :

a- there exists supplementary conditions.

Since f is not invertible, it means that rank(f) < n + R, then this matrix admits n + R
—rank(f) independents zero mode v™ , m =1,....n+ R —rank(f). These modes are the line

vectors verifying the relation
v f =0, (4.16)

or explicitly
v f17 = 0. (4.17)

Multipling the equation (4.8) in the left side by v}* will principally give a rise to the

constraints

gbm:UTgTH:O, m=1,...,n+ R—rank(f), (4.18)
J

These constraints ¢,, are relations between ¢ ; that must be conserved with respect to time.

We can write their derivation as follows

_ 4w _ 00,
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Proceeding this path, we must add to the Lagrangian (4.5) terms of the form ( m ag =2=E J>

or in the form ()\m¢m> . We obtain a new linear Lagrangian according to & ; and Am having
the expression

L=A;&;+ Ano,, — H. (4.19)

The \,,are treated as new independent variables . Thus, (E-L) equations in this case will be

0A; 0A ) - gb 0H
—_— _— _ = 4.20
oo (G ~5) GG 0w
de,, _ 09y, . . :
Am — ot —m¢ —0 (conservation of ¢, with respect to time.) | (4.21)
J

in matrix form, the equations will be

041 _ 945 06y, ¢ o
9y os;  09¢, 1 — 0¢ 5
by, \
s 0 b 0
the m‘artrix I

This new matrix f is an antisymmetric square matrix of dimension n+R+(n + R — rank(f)) =
2(n+ R) —rank(f).
Exemple

Considering the linear Lagrangian

L.,

L= ix —axy, a=cte#0. (4.22)
The conjugate momenta
oL .
- = - =X
b ot
oL
p = 4J. = —ax,
Y ay

where the primary constraint is p, + ax = 0. The canonical Hamiltonian is

H = p,a+py—L

: : 1., .
= DaT +DpyY — §$ —ary

2 . 1 2 .
=z%+my—§m+ﬂm1
1 )
= —p2+(p, +ax)y (4.23)

2
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Since p, + ax = 0, the Hamiltonian becomes

H=-p
gPa

Thus, the linear Lagrangien is

L = p,2+py—H
) .1,
= Dol Py = Pk

1
= P& —axry — Epi (4.24)

The independent variables here are x, y et p,. The corresponding (E-L) equations

p:)c + ay =0
—axr = 0

The matrix form of the system is given by

0 a1 T 0
—a 0 0 Y = 0o 1, (4.25)
-1 00 D P

~ N — N —

£(0 5 OH/0¢

f© is singular rank (f(”) = 2. Thus, this matrix admits one zero mode ; n+R —rank(f?) =

2+ 1—2 =1 that is given as follows ( check the annex)

v=(0 -1 1). (4.26)

Multiplying (4.25) by (4.26) on the left side, we get the next supplementary constraint
Pz = 07

that must be preserved with respect to time, therefore we may add the term }\p$ to the linear
Lagrangian

1 .
L =p, & — axy — §pi+)\px
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The independent variables now are x, y , p, and A. The corresponding (E-L) equations

—azrx = 0
—G4+p—A = 0
paz = 07
or else
0 a1 0 T 0
—a 0 0 0 0
- , (4.27)
-1 0 0 -1 D Dz
0 01 0 A 0
f‘(q)
M is invertible, where the inverse is
0 -1 0 0
_ i 0 o -1
(fo)y =1 “ (4.28)
0 0 0 1
0 X -1 0

The generalized Poisson brackets (that are identical to Dirac’s one ) between the dynamic

variables according to the Lagrangian of the begining are

1
{xay} = _57 {xapa:}:()a {y7pa:}:0
b-There exists no supplementary constraints, but only identities of the type (0 = 0) produced
by multiplying the equation (4.8) in the left side by v7*. This is due to the presence of gauge
symmetry that we lead us to add term coincide with the Lagrangian, where we fix the gauge

in certain conditions.

To make it clear, we recall the previous example mentioned in (4.4)

1
L=yt +wy)® —ay, (4.29)

where its linear form was as follows
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L=pi+—9— (=) —ay.

y 2'y
The independent variables are then x,y and p,, while the momentum p, depends on the other
variables through the mentioned constraint above p, = § ps- the (E-L) equations apply on the

independent variables as follows

De .
Yy——"Dz = Y
)
Pe | . T P
Tt P~ = ——5+
) )
Pty =
Y
their matrix form is given by
0 % -1 T Yy
P — ' — | _2
” 0 ; U 7 +z |, (4.30)
1 5 0 Da %
N ~~ N——  —
7 ¢ OH/o¢

f© is singular of rank (f(®) = 2. Thus the matrix admits one zero mode; n+ R —rank(f(?)) =
2+1—2=1is given as follows

v= (= ) 31
Multiplying (4.30) by (4.31) in the left side, we get only identities of the type (0 = 0), so there
is no generated constraint in this case, and the matrix keeps singular to express that we are
dealing exactely with the presence of gauge symmetry. We choose the gauge condition y = 1

by adding the term w(y — 1) to the Lagrangian as follows

2
The indepandent variables now z, y , p, and w.The corresponding (E-L) equations

TPy . 1 (px

L=p. &+ ?)2—xy~|—u')(y—1).

Pz .

—Y—Px = Y
Yy
Po. T. P2
—— T —PptwW = ——=+T
Y Yy Y
. T . z
T+ -y = p_2
Yy Yy
_y - 07
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using the matrix form we get

0 % -1 0 T Y
N | ' —Z4g
y y = . , (4.32)
0O -1 0 0 w 0
R
M is invertible, and it inverse is given by

00 1 2 {z,2} {z.yt A{zp} {z.w}
—z 1 L 0 {w,a} A{w,y} {w.p.} {w w}

where then we can extract the following brackets

{z,p.} =1, {y,p,} =0, and {z,y} =0.

At this level, we can summarize the existence of three cases that characterize Faddeev and
Jackiw method as follows

i) f is invertible and the brackets are obtained using f~'as a matrix elements, and the
algorithm ends here.

ii) f is not invertible and there is no generated constraints, this is a sign of gauge symmetry
presence. In this case ,the supplementary conditions (,, () = 0 are necessary in order to fix
the gauge and have an invertible matrix f . We add terms to the Lagrangian (4.5) as w,(,, (§)
where w,, represent multipliers. Then we have to write the E-L equations with respect to these
variables &; , \,, and w,. Algorithm ends when we find f~!.

iii) f is not invertible and the zero modes give new constraints. We must then add them to

the Lagrangian (4.19) with a different lagrangian multipliers, and restart the zero procedure.



Chapter 5

Special applications

There is no doubt that the comparaison study between Dirac’s method and (F-J) approach in
introducing correct brackets supposed to be the bridge to the quantize theory for constrained
systems highlights effectively under the shadow of illustrative applications more than giving
analysis to the general principles. In order that, we will show two applications of particle
moving on circle and other one moving on ellipse. These two applications will be studied by

those methods mentioned above for giving remarks later.

5.1 Applications treated by Dirac’s method

5.1.1 Particale moving on a circle

Considering here a particle of mass m moving on a circle of radius (r = a). We will calculate

the Dirac brackets for this system. Thus, the corresponding Lagrangian is written

1
L(w,d,y,9,p) = 5m (& +97) — p (2° +¢° = a’) (5.1)

where the quantity p is treated here as an independent dynamic variable that called Lagrangian

multiplier. The corresponding conjugate momenta are

_ oL _ .
0L .
pyzﬁ_y:my
oL .

puz%_
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The Hessian matrix W corresponding is

9%L 9%L 9%L
90F 030y 0i0p m 0 0
_ 9L 9L 9L _
W= 9y0: ooy ogon | 0 m 0 (5.2)
82L 82L 8%2L 0 0 0

dpdi 0udy Oudh

det (W) = 0, therefore Lagrangian (5.1) is singular. We pose the relation p, ~ 0 as a primary

constraint
¢1 = pu = 0. (5.3)

The constraint ¢,is our only primary constraint, then we construct the canonical Hamil-

tonian
1 .
= 5 (P24 py) +puit 4 p (2 +y* —a?),
m
then the total Hamiltonian
HT = Hc + )\1¢17 (54)
where A; is Dirac’s multiplier. Explicitly Hr is
1
Hyp = 5 (P2 +p2) + (2% +y* — a®) +vpp, (5.5)
where A\ + [t = . The consistency condition for ¢, is
~ 0, (5.6)

<bl = {¢17HT} ~0= {pM,HT} ~0= — (1"2_'_3/2 _az)
which is a new constraint, that the Lagrange multiplier had already implicitly imposed. So, we

(5.7)

write
_ 22 2
pyo=a"—x"—y =0

Likewise, the consistency condition for ¢, gives

1 2
2+ } = 0= =2 (o b ) =0,

by = {¢g, Hr} = 0 22—y
by = (ontir) = 0= (@ =2 = o

which also a new constraint that we note by

9
03 =—— (zps + ypy) = 0, (5.8)
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we do the same for ¢;, we obtain
. 2
¢35 = {b3, Hr}~0= {_E (2pa +ypy) s 53— (P2 +py) + 1 (27 +y2)} ~0
Ap oo 2 2 2
= — (2 +y) = — (0l +p)) *0,
which is also a new constraint, can be defined as
4 2
by =— (2 +9°) = — (0l +p)) ~0. (5.9)
Finally, if we apply again the consistency condition for ¢,, we get expression for v (or else
for )\1)
4p
- _ — (ap, . 5.10
Uiy oy (2pe + ypy) (5.10)

The algorithm ends.

We have four constraints, ¢;, ¢,, ¢; and ¢, and the Poisson brackets between these con-

straints can be written in the form of an antisymmetric matrix A whose elements are noted

A = {(bi, ¢j} . This matrix is known as the constraints matrix. Explicitly

-A 0
A= 12
Az —Ay

A Ay
Agz Ay
0 Ag |

—Ayy —Agyy —Agzy 0

where

Ap = {¢1,¢2}={pma2—x2—y2}:0
B = {0065} = {2 (ot m) | =0

Ay = {dy,¢4) = - (x Ty )
Az = {dy, 3} = — (x —i—y)

4a2

8
Aoy = {g, 04} = (xpx+ypy) 0

Agy = {¢37¢4}— (x +y)

8 32a?
+ oo (Pi +p§) =t

(5.11)

where we used the constraints as strong equalities after the computation of these brackets .
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Therefore the constraints matrix is going to be

0 0 0 4a”
o o 0
A = ra? 4202 (5.12)
O I O m2
4,::112 0 i 3,31%2 0
the inverse is
0 % 0 4%
—2 me
ATl = o da (5.13)
0 1 0 0
-5 0 0 0

Calculating now the Dirac’s brackets of the dynamic variables using the formula (3.36) to

know that A

ij=1
For example, we calculate the bracket {u,p,},

{,Lbypu}D =1- Z {m, &} A;jl {¢japu}

4,j=1

=1—{u, o} Aﬂl {¢4apu}

m [ 4u
_1—{M,PM}E{E($2+Q2) ; pu}

Likewise we can obtain the bracket

{z.p:}p = 1- Z {xvqsi}A;jl {¢j7px}

1,j=1

4 4
= 1- Z {7, 95} A?le {¢j7pw} - Z {7, ¢4} AZjl {¢j7pac}
j=1 j=1
= 1- {fL’, ¢3} A?TQI {¢27px}

2 m 2 2 2
= 1—{x,—5(xpx+ypy)}@{a —2® =y p.}

72
= 1-—.
a
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We can equaly verify that we have the Dirac’s brackets as follows

2
Y Yy Ty
{y’py}D = 1_5 ’ {xapy}D:_Ea {yapx}pz_ﬁ,
1 1

where Ly is the angular momentum for the component Z.

5.1.2 Particale moving on ellipse

Considering here a particle of mass m moving on a ellipse that was centered at the origin with
width 2a and height 2b. We will calculate the Dirac brackets for this system.

Thus, the corresponding Lagrangian is written
1
Ly, gom) = 5m (i +37) = (P + a®y® — a®?). (5.16)

where the quantity p is treated here as an independent dynamic variable.

The corresponding conjugate momenta are

oL )
r — . — NI
P 0%
oL )
Py=7-=my
Yy 8y
oL
pp=—5-=0
1 a'u
The Hessian matrix W is
0L 82 92L
0z0: 010y OxOL m 0 0
— 82L 8L H%L _
W= 9505 o505 o | — | 0 m O (5.17)
92L 92L 92L 0 0 0

0i0z  Opdy  OLdf
det (W) = 0, therefore Lagrangian (5.16) is singular. We pose the relation p,, ~ 0 as a primary

constraint.i.e

¢1=pu =0 (5.18)

The constraint ¢,is our only primary constraint. then we construct the canonical Hamil-

tonian

H.=p.&+pyy+pupp — L

1
= o (02 +0)) + puit+ p (0%2% + ay? — a®07),
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while, the total Hamiltonian

Hpy = H.+ Moy, (5.19)
where \; is Dirac’s multiplier. Explicitly Hr is
1
Hp = 5 (p? —|—pz2/) + p (VP2 + a®y® — a®b?) + vp, (5.20)
where Ay + [t = . The consistency condition for ¢, is
¢, = {dy, Hr} ~ 0= {p,, Hr} ~ 0 = — (b*2* + a®y® — a®b?) ~ 0, 5.21
”w

which is a new constraint, that the Lagrangian multiplier had already implicitly imposed. So

we write

by = a’b® — b*x? — a’y® =~ 0, (5.22)
Likewise, the consistency condition for ¢, gives

. 1 2
¢y = {0, Hr} =~ 0 = {a2b2 — V2% =’y o (P +p§)} ~ 0= —— (Pap, +a’yp,) ~0,
m m

which also is a new constraint that we note by
2 9 2
by = —— (Vap: + a’yp,) = 0, (5.23)

We do the same for ¢;, we obtain

y 2
03 = {03 Hr}=0= {_E (0*xp. + a®ypy) , om (P2 + 1)) +p (b°2° + a®y” — a2b2)} ~ 0
= %“ (b4m2 + a4y2) _ % (b2pi + a2p§) ~ 0,

which is also a new constraint, can be defined as

on= 0 (97 ) 5 (2 ) w0 521

m

Finally, if we apply again the consistency condition for ¢,, we get expression for v (or else
for )\1)
4p
m (b*x? + ay

v =— 3) (b4xpx + a4ypy) ) (5.25)

The algorithm ends.
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We have four constraints, ¢;, ¢,, ¢; and ¢, and the Poisson brackets between these con-
straints can be written in the form of an antisymmetric matrix A whose elements are noted

Ay = {(bl, ¢j} . This matrix is known as the constraints matrix. Explicitly

0 A12 A13 A14

—A 0 A A
A= 12 23 24 | (5.26)
—Ay3 —Ay 0 Asy

—Ay —DAy —Azy 0
where
Ay = {dy, 05} = {pu, a’b? — v?z? — a2y2} =0
Az = {9y, ¢3} = {P;u —% (52952%; + &2Z/py)} =0
Ay = {dy, 04} = —% (54532 + a4y2)

Aoz = {dy,d3} = % (641’2 + a4y2)

8
Doy = {0y, 04} = — (V'ap. + a'yp,)

16 ]
Bu = (g0} = 5 (10" +0") + 5 (09 + '),

Where we have used the constraints as strong equalities after the computation of these brackets

. Therefore the constraints matrix is

4(brz2 raty?
0 0 0 _X ki )
0 0 4(b412+a4y2> 8(b4zpz+a4ypy)
_ m m?2
A= 0 4(b4x2+a4y2) 0 16u(b6w2+a6y2) 1 8(b4p§+a4p§)
- m m?2 m3
4(b4x2+a4y2) 8(1)4.’17]) +CL4 ) 16 (b6 2 6,2 8 b4 2 4,2
z YPy ulb”x+a’y Pz t+a=py 0
m - m?2 - m?2 - m3
The inverse is
0 p(b0a?+ady?) N (b'p2+a’p}) (b*aps+atypy) m
(bAa2+aty?)? 2m(bte2+aty?)? 2(bta24aty?)?  4(b*zZ4aty?)
s(eea?) (et .
Al = (biz2+aty?)®  2m(bia?+aty?)’ 0 1T 1 aly?) 0
oty . 0 0
2(bta2+aty?)? 4(b 2+ a%y?)

- 4(b4x2n}ra4y2) 0 0 0
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Calculating now the Dirac’s brackets of the dynamic variables in the same frequency of

circle application, for example, we calculate the bracket {s,p,}

{,uapu}D =1- Z {:ua ¢z} A;Jl {(bjapu}

ij=1
=1- {#>¢1}A1_41 {¢47pu}
4
=1—{mput g b4x2+a4 o (Ve p”}
m 4
L 2 (4?4 g
4 (b*x? + aty? {'Up“ m( )
m 4
—1_ = b4 2 2
4(b4m2+a4y2)m( x +ay)
= 0.

Likewise we can obtain the bracket

{I7piv}D = 1_Z{xv¢i}Ai_jl{¢j’p$}

1,j=1
4 4
= 1- Z {.CE, ¢3} A?le {¢]7p1‘} - Z {.CE, ¢4} AZJl {¢]7pa?}
j=1 j=1
= 1- {x7 ¢3} A?)_21 {¢27p$}
2
= 1- {93 —— (Vap. + a2ypy)} (b4x2njr i {a262 —a*y?, e}

bta?

- (b a2 + a%y?)
We can equaly verify that we have the Dirac’s brackets as follows

a’b’yx
(b422 + a*y?)’

(5.27)

aty? a’b’zy
{y,py}D = 1—m ) {xapy}D:_M7 {y,px}pz—
Ly

ko = 00 Apendo = ~Gaag
5.2 Applications treated by Fadeev and Jackiw method

5.2.1 Particle moving on a circle

The Lagrangian of the system is given by

1
L(xai‘7yay7u) :§m ($2+y2) —u(x2+y2—a2). (528)
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The correspondant conjugate momenta are

oL oL oL
R mi ., Py 7 my , py o0 0, (5.29)

where p, = 0 is the primary constraints . The canonical Hamiltonian for the system is

Dz

H = po@+pyy+puft — L
1
= pr:'v—l—pyy’—l—pﬂ/l—ém(x'2+y2)+u(x2+y2—a2)

1
= 5o Ei4p) (@ +y*=a®) , p=0. (5.30)

Thus, the linear Lagrangian will be

L = pi+py—H

= p.d+pyy— (P2 +12) —p (2 +y> —a?). (5.31)

2m
We arrive to an important situation that deserves to be given some observations. if we follow
directly the algorithm above, we may find as follows in the next step using our independent

variables x, y, i, p, and p,. The correspondent (E-L) equations lead us to

Pr+2ur = 0
py+2py = 0
2?4y’ —a® = 0
i+ = 0
m
g+ — g
m
Under the matrix form, we have
000 -1 0 T 2z
000 0 -1 U 2y
000 0 O o | =1 a®>—22—-9% |. (5.32)
100 0 O Da bz
010 0 O Dy By
N ~ _

The calculation of the determinant of f leads that it is singular with rank ( f) = 4.
Therefore, this matrix admits one zero mode under this relation n+ R —rank(f) = 34+2—-4 =1,
that is given by

v=_(00100) (5.33)
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Multiplying( 5.32) on the left side by (5.33), we may obtain a supplementary constraint
¢ = CL2 — ,ZU2 — y2 = 0, (534)

which is nothing but expresses the circle equation as it should be. However, we know that this
constraint must be introduced in the Lagrangian (5.31) either like &¢ or a¢, where « is the
Lagrangian multiplier. Thus, it is now more practical to replace easily @ — & in the begining.

By doing this, we simply introduce a total derivative to the Lagrangian

d . -
o = po — — (ag) = (n— &) ¢ — ag. (5.35)
Choosing 1 = &. After this digression, we then write our Lagrangian (5.31) as follows
: . 1 :
L=pet +py = 5— (P2 +p,) = (" +y" = a”). (5.36)

Our independent variables become (z,y, p,, p, and «). The (E-L) equations give

Py + 224 = 0

i+ =
m

_y‘_|_@ = 0
m

—2zx —2yy = 0.

Under the matrix form, we get

0 0 -1 0 -2 T 0
0 0 0 -1 -2 Y 0
1 0 0 O 0 P | = | 2, (5.37)
0 1 0 0 0 Dy B
2¢ 2y 0 O 0 « 0
N ~; ”
f© is singular and rank ( f (0)) = 4, where it has one zero mode given by
v = < 00 —2z —2y 1 ) (5.38)

Multiplying the system (5.37) by that latter (5.38) , we obtain a new supplementary

constraint

2
_ .+ =0 5.39
m (zp ypy) ( )
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This constraint must be introduced in the Lagrangian of the starting (5.36). Thus, we write

b (xps + ypy) (5.40)

L=pi+pyi— = (P2 4+92) - (a? + 3 — ) -2

2m

Our independent variables now are x, y , p;, py, o and 5. The corresponding (E-L) equations
are
De +2x&+2—0 = 0
m
py+2ya+ 2228 = 0
m
R N A
m m
g+ y0ls — o
m m
—2xx —2yy = 0
2

- (Epy + Upy + xps +ypy) = 0

Under the matrix form, we get

0 0 -1 0 -2z —2= @ 0
0 0 0 -1 -2y -2 Y 0
1 0 0 0 0 2 pe | _ | B (5.41)
0 1 0 0 0 = Py L
2¢ 2y 0 O 0 0 « 0
memo o= ow oo o )\ p 0

Noting in the begining that the matrix f®contains the matrix f(© as a sub matrix. More-

over, ) is invertible and its inverse is

x Ty x
0 0 1-— P -2 542 0
2
_zy _ ¥y Y
0 0 =z 1= 55 0
2 Yy 0 L Pe oz
(f(l))_l _ a? a? a? 2a2 2a2 (5 42)
- T 2 L )
Yy Cp—| Lz 0 _Py my
a? a? a? 2a? 2a?
= ¥ Pa Py 0o _m
2a2 2a2 2a2 2a? 4a2
_mx _my _m_
0 0 2a? 2a2 4a? 0

The generalized Poisson brackets of the dynamic variables contained in the symplectic matrix

( f (1))_1 are identical to the Dirac’s brackets obtained by his method in the same treatment.
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For example, we mention the next brackets

{Iapx}GPB = 1-—= {xapx}p

{yapy}GPB = 1- 2 = {yvpy}D

5.2.2 Particle moving on ellipse

The Lagrangian of the system is given by
1
L(w,&,y,9,1) = 5m (¥ +§7) — p (ba® + a*y* — a’8?) . (5.43)

The correspondent conjugate momenta are

oL oL oL

x:—'i ; :—.: 5 :——O 544
p or e Py oy Y Pu o (5-44)

where p, = 0 is the primary constraints . The canonical Hamiltonian for the system is

H = p&+pyy+pur— L
) ) o1 . .
= Polt g+ Pt = 5m (i* + 9%) + p (b2® + a®y® — a®b?)
1

= o (1)) +u (b +a®y’ —a®’) , p=0. (5.45)

Thus, the linear Lagrangian will be

L = p2+py—H

= P+ pyy— % (02 +p2) — p (b2® + a®y* — a®b) . (5.46)

We arrive to an important situation that deserves to be given some observations. if we follow
directly the algorithm above, we may find as follows in the next step using our independent

variables x, y, i, p, and p,. The correspondent (E-L) equations lead us to

P+ 2ub’r = 0
Py +2ua’y = 0
(bx2 + a’y? — a2b2) = 0
7 + & = 0
m
_Z‘/ + & — 0
m
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Under the matrix form, we have

000 -1 0 T 22b2 1
000 0 -1 U 2ya’pu
000 0 O i | =1 a®? —v*a? —a?y? |- (5.47)
100 0 O Dy bz
010 0 O Dy By
) Ay

The calculation of the determinant of f leads that it is singular with rank ( f) = 4.
Therefore, this matrix admits one zero mode under this relation n+R —rank(f) = 3+2—-4 =1,
that is given by

v=(00100) (5.48)

Multiplying( 5.47) on the left side by (5.48), we may obtain a supplementary constraint
¢ = a*b® — b’2® — a’y* =0 (5.49)

which is nothing but expresses the ellipse equation as it should be. However, we know that
this constraint must be introduced in the Lagrangian (5.46). As in circle application we choose

i = ¢, and we write our Lagrangian (5.46) as follows

L =puit +pyj — 5~ (P2 + ) — & (VPa® + a’y® — a’b°) . (5.50)

Our independent variables becomes (z,y, p, , p, and «).
Pe +20%w6 = 0

Py +2a*ya = 0

i+ _
m

g+l = g
m

2%z — 2a’yy = 0.

Under the matrix form, we get

0 0 -1 0 =2 T 0
0 0 0 -1 —2a%y 7 0
1 0 0 O 0 P | = 2=, (5.51)
0 1 0 O 0 Dy By
20z 24’y 0 0 0 @ 0
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) is singular and rank ( f (0)) = 4, where it has one zero mode given by

v:(o 0 —20%z —2a2y 1 ) (5.52)

Multiplying the system (5.51) by that latter (5.52), we obtain a new supplementary

constraint

2
—= (V*zp, + a’yp,) = 0. (5.53)
m

This constraint must be introduced in the Lagrangian of the starting (5.50). Thus, we write

P (Vzp, + a’ypy) - (5.54)

L =p.&+pyy — L (pi—i—pi) — & (b2? +a®y* — a®) — QE

2m

Our variables now are z, v , p;, py, o and 3.The corresponding E-L equations are

Do + 2020+ 202223 = o
m
By + 2a%ya + 2a* 243 = 0
m
i—o?lp = D=
m m
j—2a2tp = v
m m
—2%xi —2a*yy = 0
2 . . . .
- [0 (ip, + xpe) + a® (ypy + ypy)] = 0O
Under the matrix form, we get
0 0 -1 0 -2z -~ @ 0
0 0 0 -1 —2a% -2m j 0
1 0 0 0 0 2z . ]
B Pl " (5.55)
o 1 0 0 0 < By By
2% 2% 0 0 0 0 é 0
Qbfrf?z 2a;Py ZI;nﬁ 2;121/ 0 0 5 0
£

Noting in the begining that the matrix f®contains the matrix f(© as a sub matrix. More-
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over, fMis invertible and its inverse is

0 0 aty? . a’b3zy b2z 0
a¥y2 1+ b2 a%y2 1 biz2 2(aty2+b%22)
2p2 4.2 2
O 0 _4a2 z4y2 42142 4(;3/42 0
aty?+biz aty?+biz 2(aty?+btx?)
- aty? a’b’xy 0 . a?b%L, . b2ps b2mz
(f(l))fl _ aty2 152 a%y2 1 biz2 aty2 1 biz2 2(a%y2+b3z2) 2(aty2+b22)
a?b3zy b4 a?b’L, 0 _ a’py a’my
aty2tbia? aTy2 1 big? aty2 1big? 2(a%y2+b%z2) 2(a%y2+b3z2)
_ b2z _ . a%y b*ps a’py 0 _ m
2(a%y2+b%22) 20t 2 +0%22)  2(a%y2+b%22)  2(afy+biz?) 4(a%y2+b372)
O 0 —b2ma —azmy m O
2(a4y2+b4:z:2) 2(a4y2+b4x2) 4(a4y2+b4x2)

The generalized Poisson brackets of the dynamic variables contained in the symplectic matrix
( f (1))_1 are identical to the Dirac’s brackets obtained by his method in the same treatment.

For example, we mention the next brackets

a4y2 b4l‘2

{x7pﬂc}GPB - aty? + bta? =1- (b2 + aty?) - {%%]’D
b4$2 a4y2

Wrders = Gop s =1 G g ae) - Wl

5.3 Notes and results

It must be noted that we dealt in the two above-mentioned applications with Lagrangians of the
first order with two ways that are technically different of Dirac and (F-J).These both methods
enabled us to reach the Dirac’s brackets which considerd as important entrance to the quantize
theory with fully compatible results. There is no doubt that the F-J method was much faster
and more economical .We can recognize that effictively in givinig us those Dirac’s brackets in
one fell swoop as a matrix elements, while Dirac’s conjecture gave us the same result, one by
one under many Poisson brackets calculations.

It is clear also that we didn’t use much steps and notions such as weak and strong equality,
constraint classifications, and there is also reduction in constraints number in F-J method.

We need to mention that it is axiomatic that the brackets obtained in the ellipse application
can lead us to the same one obtained for a particle moving on circle in specific condition where
a = b.Indeed, this is what we may get clearly in our brackets.

Finally we may say that the effective role of Dirac’s conjecture can’t be denied, but (F-J)

method is considered to be more successful and attractive in practice.




