
Annexe A

Performances de AVBP multiclasse

L’implémentation du module multi-fluide dans AVBP a nécessité un profond remaniement du code

pour permettre de prendre en compte plusieurs sections ou classes de la phase liquide. Le calcul associé

soulève donc la question de la performance des calculs multi-classes par rapport aux calculs monodis-

perses. Le temps d’un calcul multi-fluide est très proche d’un calcul multi-classe, étant donné que la

seule différence est une routine supplémentaire pour l’évaporation. On parlera donc ici de classes pour

le liquide. On se propose d’évaluer cette performance sur le cas test de la THI présenté dans le chapitre

4. Les calculs sont effectués sur le cluster de l’IFP. Il est composé de 114 noeuds de calcul possédant

chacun 4 processeurs quadri-coeurs AMD opteron barcelona 8356 cadencés à 2.3ghz. Ces processeurs

possèdent 4x512ko de cache L2, et 2Mo de cache L3.

On analyse ici les effets de deux paramètres : le nombre de classes et le ncgroup, qui est un paramètre

fixé par l’utilisateur dans AVBP, et permet de grouper des séries de calculs sur les cellules avant de

les envoyer aux processeurs : plutôt que d’envoyer les cellules une par une, ou toutes d’un coup, on

choisit de les envoyer par petits paquets, pour optimiser l’utilisation de la mémoire cache du processeur.

L’importance du choix de ce paramètre est connue, et ses effets dépendent du cas utilisé, du nombre de

modèles activés (qui fait varier la quantité de calculs par cellule), et surtout du processeur utilisé. Ils ne

dépendent cependant pas du nombre de processeurs utilisés. On ne s’intéresse pas ici à la performance

parallèle du code, considérant que le rapport entre les communications et les calculs de chaque processeur

ne change pas avec le nombre de sections.

On définit l’efficacité réduite :

E = T.
Nproc

Ncell ∗Nite
(A.1)

où T est le temps de calcul. L’efficacité réduite est tracée sur la Fig. A.1 en fonction du nombre de

classes, pour trois ncgroup différents. On remarque qu’à ncgroup=5, l’augmentation de l’efficacité ré-

duite est proportionnelle au nombre de classes dans le calcul. Cela confirme un bon comportement du

code en fonction du nombre de classes. Cependant, pour des ncgroup supérieurs (ici 40 et 90), l’augmen-

tation n’est plus linéaire. La figure A.2 confirme ce comportement, où l’efficacité réduite en fonction du
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ANNEXE A : Performances de AVBP multiclasse

ncgroup, pour 0, 1, 5, et 10 classes est tracée. On remarque qu’à 0 et 1 classes, le temps de calcul varie

peu avec le ncgroup, alors qu’à 5 et 10 classes, le temps de calcul varie fortement, rendant nécessaire

une optimisation du paramètre. En pratique, il semble que le nombre d’équation à résoudre par cellule

est tellement important que la stratégie de groupage des cellules ne soit pas optimale, et qu’une approche

séquentielle est préférable.

FIGURE A.1 – Efficacité réduite en fonction du nombre de classes pour un ncgroup de 5 (cercles), 40

(carrés) et 90 (triangles), obtenue sur 16 processeurs AMD Opteron Barcelona 8356 à 2.3 ghz.

Pour évaluer l’influence des processeurs sur l’optimisation du cache, on effectue le même test sur 4

processeurs Intel Xeon W3520 cadencés à 2.66ghz, et ayant 4x256ko de cache L2 et 8Mo de cache L3.

Ces processeurs sont intrinsèquement plus puissants que les processeurs utilisés précédemment. La figure

A.3 montre l’efficacité réduite en fonction du nombre de classes pour différents ncgroup. La puissance

supérieure de ces processeurs conduit à un facteur 2 sur l’efficacité réduite. L’augmentation de l’efficacité

réduite reste ici relativement linéaire pour tous les ncgroup, même si le coût par classe augmente avec le

ncgroup.

D’après la figure A.4, on remarque que l’effet du ncgroup sur l’efficacité réduite est en effet beaucoup

moins important qu’avec les opteron, et ce quel que soit le nombre de classe. L’augmentation de l’effica-

cité entre ncgroup=5 et ncgroup=90 pour un calcul à 10 classes est seulement de 30%, alors qu’elle était

de 92% avec les opteron. Cet effet du ncgroup est donc bien caractéristique de la machine, et ne pose pas

de gros problème d’optimisation sur des processeurs de dernière génération. Le ncgroup reste cependant

un paramètre à contrôler et optimiser systématiquement, quelle que soit la machine ou le type de calcul.

On s’intéresse enfin à la mémoire vive utilisée par le calcul, avec le même cas test de la THI. La figure

A.5 montre la place occupée en mémoire vive par AVBP en fonction du nombre de classe. On remarque

190



FIGURE A.2 – Efficacité réduite en fonction du ncgroup pour 0 (cercles), 1 (carrés), 5 (triangles vers le

haut) et 10 classes (triangles vers la droite), obtenue sur 16 processeurs AMD Opteron Barcelona 8356 à

2.3 ghz.

FIGURE A.3 – Efficacité réduite en fonction du nombre de classes pour un ncgroup de 5 (cercles), 40

(carrés) et 90 (triangles), obtenue sur 4 processeurs Intel Xeon W3520 cadencés à 2.66ghz.

que l’évolution est bien linéaire, confirmant une bonne implémentation de l’architecture multiclasse.
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ANNEXE A : Performances de AVBP multiclasse

FIGURE A.4 – Efficacité réduite en fonction du ncgroup pour 0 (cercles), 1 (carrés), 5 (triangles vers

le haut) et 10 classes (triangles vers la droite), obtenue sur 4 processeurs Intel Xeon W3520 cadencés à

2.66ghz.

FIGURE A.5 – Mémoire vive utilisée par AVBP en fonction du nombre de classes.
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Annexe B

Modèles de trainée et d’évaporation

B.1 Forces extérieures

La trajectographie des particules est la conséquence de nombreuses forces, dues à l’interaction entre

le fluide porteur et les particules immergées. Ces forces sont résumées dans Maxey and Riley [1983].

Pour les écoulements qui nous intéressent, où le rapport entre la masse volumique des gouttes et du fluide

porteur est très grand, Hinze [2005] et Desjonqueres et al. [1986] ont montré que les uniques forces à

prendre en compte sont la trainée et la gravité. Nous négligerons ici la gravité, et nous ne modéliserons

que les efforts de trainée.

FIGURE B.1 – Ecoulement autour d’une sphère en fonction du nombre de Stokes.

La force de traînée s’exprime dans sa forme générale par :
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ANNEXE B : Modèles de trainée et d’évaporation

FD,i =
1
2

CDρgSi|Vr|(Ug,i− cp,i) (B.1)

où |Vr| =
√
(Ug,i− cp,i)

2 est la norme de la vitesse relative entre le gaz et la goutte, Si est la surface de

la goutte projetée sur le plan perpendiculaire à l’axe i, appelée aussi surface efficace, et Ug,i est la vitesse

du gaz.

Pour des gouttes sphériques de diamètre d et de masse mp, la force de traînée s’écrit :

FD,i =
1
2

CDρg
πd2

4
|Vr|(Ug,i− cp,i) (B.2)

d’où

FD,i

mp
=

6FD,i

ρlπd3 =
3
4

ρg

ρl
CD|Vr|

(Ug,i− cp,i)

d
(B.3)

Le temps de relaxation de la particule, ou temps caractéristique de Stokes τp est défini par la formule :

τp =
4
3

ρl

ρg

d
CD|Vr|

(B.4)

Le type d’écoulement autour de la goutte évolue en fonction du nombre de Reynolds (fig. B.1). Pour

prendre en compte cet effet, le coefficient de traînée CD pour une goutte isolée est donné par la corrélation

empirique de Schiller and Nauman [1935] dans le cas turbulent :

CD =
24

Red

(
1+0.15Re0.687

d
)

(B.5)

avec Red le nombre de Reynolds particulaire :

Red =
ρgd|Vr|

µg
(B.6)

où µg est la viscosité dynamique du gaz. Cette corrélation a été validée comparativement aux résultats

expérimentaux de Roos and Wilmarth [1971]. Le temps de relaxation devient donc :

τp =
ρld2

18µg

(
1+0.15Red

0.687)−1
(B.7)

.

et on peut écrire :

FD,i =
mp

τp
(Ug,i− cp,i) (B.8)
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B.1 Forces extérieures

FIGURE B.2 – Corrélation empirique du coefficient de trainée de Schiller and Nauman [1935], en com-

paraison aux résultats expérimentaux de Roos and Wilmarth [1971].

Le temps de relaxation τp est un paramètre capital concernant le comportement de la phase dispersée

dans un écoulement turbulent. Dans un tel écoulement, on peut caractériser le comportement des parti-

cules par le nombre de Stokes, qui est le rapport entre le temps de relaxation des particules et une échelle

de temps du champ turbulent :

StK =
τp

τK
(B.9)

StL =
τp

τl
(B.10)

Stε =
τp

τε

(B.11)

StK est le nombre de Stokes relatif au temps de Kolmogorov, StL est le nombre de Stokes relatif au temps

Lagrangien et Stε est le nombre de Stokes relatif au temps de l’échelle de coupure. Si le nombre de Stokes

est «1, la particule pourra être capturée par l’échelle du gaz considérée, si le Stokes est »1, la particule ne

sera pas influencé par le gaz. Pour les Stokes intermédiaires, la particule sera seulement dévié par le gaz.

Ces échelles ont une grande importance quand on s’interesse au two-way coupling entre le liquide et le

gaz. En effet, d’après Fig. B.3 (Elgobashi and Truesdell [1993]), pour une certaine fraction volumique

de liquide, on doit prendre en compte l’effet du gaz sur le liquide, mais aussi celui du liquide sur le gaz.

Des considérations sur la modélisation seront abordées dans le chapitre 2.4.
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ANNEXE B : Modèles de trainée et d’évaporation

FIGURE B.3 – Niveau de couplage entre la phase dispersée et la phase gazeuse en fonction de la fraction

volumique de liquide selon Elgobashi and Truesdell [1993].

B.2 Évaporation

L’évaporation des gouttes est capitale dans les applications énergétiques, et de nombreux modèles

existent, avec chacun leur degré de précision. Une revue des modèles existants est disponible dans Sazhin

[2006]. On détaille le modèle utilisé ici. Le modèle d’évaporation utilisé est un modèle hydrodynamique,

écrit sous l’hypothèse de goutte isolée dans un milieu gazeux sans combustion et de température de la

goutte uniforme Spalding [1953], Abramzon and Sirignano [1989] (hypothèse d’une conductivité ther-

mique infinie). L’interface liquide/gaz est supposée en état d’équilibre thermodynamique, ce qui permet

d’utiliser la relation de Clausius-Clapeyron :

gasr

!T
Y

! r

!F,

T

F,Y

liquid

FIGURE B.4 – Goutte isolée à la température Tζ s’évaporant dans un écoulement de gaz à la température

T∞ et avec une fraction massique de carburant YF,∞.
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B.2 Évaporation

La température de la goutte est calculée par l’équation de l’enthalpie de la phase liquide qui prend

bien en compte les phases de réchauffement et d’évaporation.

Transfert massique

Le taux de transfert de masse ṁp dépend seulement des variables à r = rζ et r→ ∞ Kuo [2005] :

ṁp =−πd Sh [ρDF ] ln(1+BM) (B.12)

Sh est le nombre de Sherwood donné par :

Sh = 2+KRe1/2
p ScF

1/3 (B.13)

où le terme KRe1/2
p ScF

1/3 prend en compte les effets convectifs liés à la vitesse relative entre les phases.

Dans la littérature, K varie entre 0.552 et 0.6 Ranz and Marshall [1952]. Dans AVBP la valeur K = 0.55

a été retenue.

Le produit [ρDF ] est obtenu à partir du nombre de Schmidt du carburant ScF :

[ρDF ] =
µ

ScF
(B.14)

BM est le nombre de Spalding de masse lié à la différence de fraction massique de carburant (indice F)

entre l’interface et l’infini :

cpEBM =
YF,ζ−YF,∞

1−YF,ζ
(B.15)

où YF,ζ peut être écrit en fonction de la fraction molaire XF,ζ :

YF,ζ =
XF,ζWF

XF,ζWF +
(
1−XF,ζ

)
W nF,ζ

(B.16)

où W nF,ζ est la masse molaire moyenne du pseudo-mélange constitué de toutes les espèces sauf le carbu-

rant. En faisant l’hypothèse que la composition de ce mélange n’évolue pas entre ζ et ∞, on obtient :

W nF,ζ =W nF,∞ =
1−YF,∞

1−YF,∞
W
WF

W (B.17)

où XF,ζ est donnée par la loi de Raoult pour un mélange idéal de gaz parfaits :

XF,ζ =
PF,ζ

P
(B.18)

où PF,ζ est la pression partielle de carburant gazeux à l’interface donnée par la relation de Clausius-

Clapeyron :

PF,ζ = Pcc exp
(

WFLv

R

(
1

Tcc
− 1

Tζ

))
(B.19)
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ANNEXE B : Modèles de trainée et d’évaporation

Pcc et Tcc sont respectivement la pression et la température de référence correspondant à un point sur

la courbe de saturation du carburant. Lv est la chaleur latente massique d’évaporation représentant la

différence d’enthalpie entre les phases à la température de référence Tre f :

Lv = ∆hs,F (Tre f ) = hs,F (Tre f )−hs,p (Tre f ) (B.20)

Dans Eq. B.19, la température de l’interface Tζ a été supposée égale à la température de la goutte :

Tζ = Tp. Dans Eq. B.15 et B.17, la condition à l’infini correspond à l’état thermodynamique du gaz non

perturbé par la goutte. Pour des écoulements dilués, la distance entre les gouttes est suffisament grande

pour garantir que les gouttes n’interagissent pas entre elles. En conséquence l’état infini (∞) correspond

aux valeurs moyennes locales Eulériennes du gaz dans la cellule.

Échange de chaleur

Le flux conductif de gaz à l’interface est approché par l’expression obtenue pour une particule sans

changement de phase :

φ
c
g =−φ

c
l = πdNuλ

(
Tζ−T∞

) ln(1+BT )

BT
(B.21)

où

BT =
Cp
(
Tζ−T∞

)

∆hs,F
(
Tζ

)
+φc

l /ṁp
(B.22)

est le nombre de Spalding de température et est évalué par BT = max{ε,(1+BM)Sh/(NuLeF )− 1}, où ε

est un petit nombre utilisé pour éviter les erreurs numériques quand BT tend vers 0 dans Eq. B.21. φc
l

est le flux conductif entrant dans la goutte. Nu est le nombre de Nusselt exprimé de manière similaire au

nombre de Sherwood (Eq. B.13) :

Nu = 2+0.55Re1/2
p Pr1/3 (B.23)

La conductivité thermique du gaz λ est obtenue à partir du nombre de Prandtl Pr :

λ =
µCp

Pr
(B.24)

Coefficient de transport : la règle des 2/3

Dans Eq. B.12 et B.21, les propriétes de transport [ρDF ] et λ sont supposées constantes dans l’in-

tégration des équations de conservation. En réalité, ces propriétées varient à cause des variations de

composition et de température entre rζ et l’infini. Cette variation peut être prise en compte si les valeurs

de référence sont judicieusement choisies :

Tre f = (1−a)Tζ +aT∞ (B.25)

Yk,re f = (1−a)Yk,ζ +aYk,∞ (B.26)

où a = 1/3 Hubbard et al. [1975], Versaevel [1996].
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B.2 Évaporation

Traitement numérique de l’ébullition

Le nombre de Spalding de masse (Eq. B.15) présente une singularité quand YF,ζ = 1. Cette valeur

est atteinte quand la température à l’interface atteint la température d’ébullition à la pression considérée

Tb(P) donnée par la relation de Clausius-Clapeyron (Eq. B.19) :

Tb =

(
1

Tcc
− R

WFLv
ln
(

P
Pcc

))−1

(B.27)

Analytiquement la loi d’évaporation (Eq. B.12) ne permet pas d’atteindre la température d’ébullition

puisque le flux de chaleur pour le liquide devient nul juste avant. Numériquement, le manque de résolu-

tion spatiale ou temporelle peut conduire à des températures supérieures à Tb. Dans ce cas, la température

de liquide est fixée à la température d’ébullition et le flux conductif de liquide est fixé à zéro. Le taux

d’évaporation est alors :

ṁp
(
Tζ = Tb

)
=

φc
g

∆hs,F (Tb)
(B.28)

Valeur de référence pour l’enthalpie liquide

L’enthalpie liquide hs,p
(
Tζ

)
est définie à partir d’une valeur de référence différente de celle utilisée

pour l’enthalpie du gaz hs,F
(
Tζ

)
. Il faut donc ajouter un terme additionnel dans l’expression du flux

d’enthalpie de la phase liquide : +ṁphs,corr avec hs,corr = hs,F
(
Tl,re f

)
−Lv.
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Annexe C

Publications

-A.Vié, L. Martinez, S. Jay, A. Benkenida and B. Cuenot, Validation of the eulerian mesoscopic

approach in particle-charged homogeneous isotropic decaying turbulence in the scope of large eddy

simulation of fuel sprays, 11th International Conference on Liquid Atomization and Sprays Systems,

Vail, USA, 2009

-A.Vié, M. Sanjosé, S. Jay, B. Cuenot, C. Angelberger and M. Massot, Evaluation of a multifluid

mesoscopic eulerian formalism on the large eddy simulation of an aeronautical-type configuration,

7th International Conference on Multiphase Flow, Tampa, USA, 2010
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Abstract
This work describes the evaluation of a fully eulerian method to simulate polydisperse turbulent two phase flows:
the Multifluid Mesoscopic Eulerian Formalism (MMEF). This approach is derived from the coupling between the
Mesoscopic Eulerian Formalism (MEF) of Février et al. (2005), and the Multifluid Approach (MA) of Laurent and
Massot (2001). The MA handles polydispersion by using a discretization of the droplet size space, whereas the
MEF describes the velocity dispersion of monodisperse turbulent particle flows. The coupling of the two methods is
expected to capture both behaviors. A first step toward this kind of approach was initially studied in Massot (2007),
and the differences with the present work lie in the closure and modelling assumptions.
MMEF is integrated into the AVBP code from CERFACS/IFP, which solves the compressible Navier-Stokes equations
for reactive flows with low dissipation schemes adapted to Large Eddy Simulation. These schemes encounter some
difficulty for the Eulerian description of the liquid dispersed spray, highly compressible and showing stiff gradients
and vacuum areas of droplet density. Specific numerical procedures are used to stabilize locally the solution, with
limited effect on the accuracy.
The model is applied to the MERCATO aeronautical-type configuration. An analysis of characteristic time scales
allows to evaluate the importance of polydispersion in this test rig. A preliminary test case consists in the evaporation
of a chosen distribution in one computational cell. Physical conditions are the same as in MERCATO. Results are
compared to the evaporation strategy used with MEF, and show the necessity to account for polydispersion description
in order to capture size-velocity correlations.
A second test case is a two-dimensional vortex entraining droplets, in which droplets are injected uniformly. Due to
the polydispersion of the liquid and its resulting centrifugal force, a spatial distribution of droplet mean diameter is
observed, and confirms again the necessity of polydispersion.
Finally, the MMEF is applied to the MERCATO test rig, for which both experimental and numerical data are available.
Comparisons of velocity profiles at selected downstream positions show a good agreement with measurements of
MEF and MMEF in the central zone, whereas only the MMEF is able to capture the external zone. Comparisons
of Droplet Number Density function at selected volumes inside the chamber also show a good agreement between
MMEF and experiments.
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Nomenclature

Roman symbols
cp droplet velocity (m.s−1)
fp Number Density Function
N number of sections
S droplet surface (m2)
D deformation tensor (s−1)
T droplet temperature (K)
u phase velocity

Greek symbols
µ kinetic viscosity (m2.s−1)
ρ density (kg.m−3)
τp relaxation time (s)
Θl Random Uncorrelated Energy (m2.s−2)

Subscripts
g gas
l liquid
p particle

Superscripts
(p) section p

Others
δcp uncorrelated droplet velocity (m.s−1)
δRl 2nd order velocity correlations tensor (m2.s−2)
δSl 3rd order velocity correlations tensor (m3.s−3)
.̂ Favre averaged quantity
.̄ Reynolds averaged quantity

Introduction

Large Eddy Simulation (LES) is a promising tool to
improve the prediction of the mixture inside aeronau-
tical combustion chambers. Indeed, its ability to solve a
wide range of the turbulence spectrum, modelling only
the smallest scales, allows to reproduce more accuratly
interactions between the turbulence and the liquid fuel
droplets.

This work aims at evaluating performance for liquid
injection inside an aeronautical combustor. Lagrangian
particle tracking methods are classically used but they
suffer from numerical issues (parallelisation, statisti-
cal convergence, high number of particles) and special
care must be taken for the liquid/gas coupling problems
(interpolation of gas velocity, distribution of liquid/gas
source terms)(Garcia (2009)). An alternative is eule-
rian methods, which use the same numerical methods
for the gas and the liquid phases, and can be efficiently
parallelized. So it seems well suited for complex indus-
trial applications. However, it raises a number of mod-
elling issues. In particular, the modelling of polydisper-

sion is a difficult question. The Mesoscopic Eulerian
Formalism (MEF)(Février et al. (2005)) is based on a
locally monodisperse assumption, so it has no particle
size distribution. To tackle this problem, the Multifluid
Approach (MA) of Laurent and Massot (2001) has been
coupled with the MEF. This formalism, called Multifluid
Mesoscopic Eulerian Formalism (MMEF), is integrated
in the AVBP code. After presenting the model equa-
tions and preliminary test cases, MMEF is applied to
an aeronautical-type configuration. This application was
simulated with lagrangian and eulerian methods (San-
josé et al. (2008)), but never with a polydisperse eulerian
formalism.

Model equations

The MEF is a statistical approach based on the droplet
number density function (NDF) fp:

fp = fp(x, t, cp, S, T ) (1)

where t, x, cp, S, T are respectively the time, droplet
position, velocity, surface and temperature. The evo-
lution of this NDF is driven by a Williams-Boltzmann
equation (WBE) (Williams (1958)):

∂fp
∂t

+
∂cp,jfp
∂xj

+
∂Fd,jfp
∂cp,j

+
∂RSfp
∂S

+
∂ET fp
∂T

= 0 (2)

where Fd, RS and ET correspond to drag force, mass
and heat transfer. The drag force Fd is written as :

Fd =
cp − ug@l

τp
(3)

where ug@l is the gas velocity at droplet position, and
τp = ρlS/18πµg is the particle relaxation time. RS and
EΘ are defined as:

RS =
dS

dt
=

4
√
π

ρlS1/2
ṁp (4)

ET =
dT

dt
=

Qp

mpCp,l
(5)

where ṁp is the mass rate, and Qp is the heating flux.
Those source terms are modeled using a finite liquid
conductivity with a gas spherical symmetry diffusion
model (Kuo (2005), Sirignano (1999)).

Using < Φ >= 1/nl

∫
R ΦfpdcpdT as an averaging
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operator, some characteristic quantities are defined:

nl(x, t, S) =

∫

R
fpdcpdT

ul,i(x, t, S) = < cp,i >

Tl(x, t, S) = < T >

δcp,i(x, t, S) = cp,i − ul,i
δRl,ij(x, t, S) = < δcp,iδcp,j >

δΘl(x, t, S) = δRl,ii(x, t, S)/2

δSl,ijk(x, t, S) = < δcp,iδcp,jδcp,k >

where ul,i is the mesoscopic eulerian velocity field,
shared by all particles of size S at position x and time
t and δcp is a residual velocity, proper to each particle.
Tl, δRl,ij , δSl,ijk and δΘl are respectively the liquid
mean temperature, the second and third order velocity
correlation tensors, and the Random Uncorrelated En-
ergy (RUE), corresponding to the residual velocity.

Multiplying the WBE (Eq. 2) by any function Ψ, and
integrating over particles velocities and temperatures,
one can obtain the equation of Enskog:

∂

∂t
nl〈Ψ〉+

∂

∂xj
nlul,j〈Ψ〉+

∂

∂S
nl〈RSΨ〉 =

+ nl〈Fd,j
∂Ψ

∂cp,j
〉+ nl〈RS

∂Ψ

∂S
〉+ nl〈ET

∂Ψ

∂T
〉

+ nl〈
∂Ψ

∂t
〉+ nl〈cp,j

∂Ψ

∂xj
〉+

∂

∂xj
nl〈δcp,jΨ〉

(6)

Replacing Ψ by target quantities, the semi-kinetic sys-
tem (Laurent et al. (2004)) is obtained:

∂

∂t
nl +

∂

∂xm
nlul,m = − ∂

∂S
nlRS (7)

∂

∂t
nlul,i +

∂

∂xm
nlul,iul,m = − ∂

∂S
npul,iRS

− nl
τp

(ul,i − ug,i)−
∂

∂xm
nlδRl,im (8)

∂

∂t
nlΘl +

∂

∂xm
nlΘlul,m = − ∂

∂S
nlΘlRS

− 2
nl
τp

Θl − nlδRl,ij
∂

∂xj
ul,i −

∂

∂xj
nlδSl,iij

(9)
∂

∂t
nlHl +

∂

∂xm
nlHlul,m = − ∂

∂S
nlRSHl + nCp,lET

(10)

where Hl = CpTl is the liquid enthalpy. The approach
described here is similar to the one used in Reveillon
et al. (2002) and Massot (2004), as they start from a
decomposition into mean and uncorrelated velocities,

but differences appear when the uncorrelated terms are
closed.

To obtain the multi-fluid system, the semi-kinetic sys-
tem (Eq. 7-10) is integrated over particule size, assuming
a discretization in N intervals [Sp, Sp+1] called section
from Greenberg et al. (1993): superscript (p) designates
mass-weighted averaged quantities in interval p. Sec-
tionnal quantities are then defined:

nl(x, t, S) = m
(p)
l (x, t)κ

(p)
S (S) (11)

m
(p)
l (x, t) =

∫ Sp+1

Sp

ρl
S3/2

6
√
π
nldS (12)

where κ(p)
S (S) is the shape of the distribution function

over each section. Multiplying the kinetic system (Eq. 7-

10) by ρl
S3/2

6
√
π

and integrating over sections gives:

∂

∂t
m

(p)
l +

∂

∂xm
m

(p)
l u

(p)
l,m = E(p)(1) (13)

∂

∂t
m

(p)
l u

(p)
l,i +

∂

∂xm
m

(p)
l u

(p)
l,i u

(p)
l,m = E(p)(u

(p)
l,i )

− m
(p)
l

τ
(p)
p

(
u

(p)
l,i − ug,i

)
− ∂

∂xm
m

(p)
l δR

(p)
l,im (14)

∂

∂t
m

(p)
l δΘ

(p)
l +

∂

∂xm
m

(p)
l δΘ

(p)
l u

(p)
l,m = E(p)(δΘ

(p)
l )

− 2
m

(p)
l

τ
(p)
p

δΘ
(p)
l + Ξ(p) (15)

∂

∂t
m

(p)
l H

(p)
l +

∂

∂xm
m

(p)
l H

(p)
l u

(p)
l,m = E(p)(H

(p)
l )

+m
(p)
l Cp,lE

(p)
T (16)

where E(p)(Φ) is the evaporation source term defined
as:

E(p)(Φ(p)) =−
(
E

(p)
1 + E

(p)
2

)
m

(p)
l Φ(p)

+ E
(p+1)
1 m

(p+1)
l Φ(p+1) (17)

and Ξ(p) is the uncorrelated flux of δΘ(p)
l defined as:

Ξ(p) =−m(p)
l δR

(p)
l,ij

∂

∂xj
u

(p)
l,i −

∂

∂xm
m

(p)
l δS

(p)
l,iim

(18)

In Massot (2004), δS(p)
l,iim is neglected, whereas only

the isotropic part of δR(p)
l,ij is considered in Eq. 14 and

Eq. 18. For the isotropic test cases studied in Massot
(2004), these assumptions have been verified by eule-
rian filtering of lagrangian computations. In the final
application studied here, it is not possible to use these
assumptions, due to the anisotropy of shear flows. So
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the uncorrelated flux δR(p)
l,ij is decomposed into spheri-

cal and deviatoric parts:

δR
(p)
l,ij = P

(p)
RUMδij + δΣ

(p)
l,ij (19)

where P (p)
RUM = 2/3δ̂Θ

(p)

l is the pressure due to Ran-
dom Uncorrelated Motion. δΣ(p)

l,ij and δS(p)
l,iimare closed

using respectively a viscous assumption and a diffusion
term similar to Fick’s law (Kaufmann et al. (2008)):

δΣ
(p)
l,ij = −ν(p)

RUMD
(p)
l,ij (20)

δS
(p)
l,iim = −κ(p)

RUM

∂δΘ
(p)
l

∂xm
(21)

where D
(p)
l,ij =

(
∂u

(p)
l,i

∂xj
+
∂u

(p)
l,j

∂xi
−
∂u

(p)
l,k

∂xk

δij
3

)
,

ν
(p)
RUM = τ

(p)
p δΘ

(p)
l /3, and κ(p)

RUM = 2Θ
(p)
l /3. Those

closures are derived from the assumption of a velocity
distribution close to the maxwellian equilibrium one,
which has been validated on Homogeneous Isotropic
Turbulence for low Stokes Number (Vié et al. (2009)).
But its validity for high Stokes numbers or shear flows
is quite questionable, because the near-equilibrium
assumption would not be verified. This issue is investi-
gated in Masi (2010). It is shown that the anisotropy of
the shear stress has to be accounted for.

As proposed in de Chaisemartin (2009) and advised in
Laurent (2006), a distribution constant in radius is cho-
sen. The function κ(p)

S (S) is then:

κ
(p)
S (S) =

12

ρl(S2
p+1 − S2

p)

√
π

S
(22)

Evaporation terms are derived by an integration by
part

∫ Sp+1

Sp
ρlS

3/2/(6
√
π)RSnldS (de Chaisemartin

(2009)):

E
(p)
1 = ρl

S
3/2
p

6
√
π
R

(p)
S κ

(p)
S =

2Sp

S2
p+1 − S2

p

R
(p)
S (23)

E
(p)
2 =

∫ Sp+1

Sp

ρl
dS(S3/2)

6
√
π

RSnldS

=
3

Sp + Sp+1
R

(p)
S (24)

where E(p)
1 is the mass exchange between sections, and

E
(p)
2 is the mass exchange with the gas phase.
Gas phase equations are the classical Navier-Stokes

equations, with the coupling terms between liquid and
gas phases due to drag and evaporation. As the liquid
volume fraction is very low in the final application, the

volume occupied by the liquid is neglected:

∂

∂t
ρg +

∂

∂xm
ρgug,m =

N∑

p=1

E
(p)
2 m

(p)
l (25)

∂

∂t
ρgug,i +

∂

∂xm
ρgug,iug,m =

− ∂P

∂xi
+

∂

∂xm
ρgνgDg,im

+
N∑

p=1

(
m

(p)
l

τ
(p)
p

(
u

(p)
l,i − ug,i

)
+ E

(p)
2 m

(p)
l u

(p)
l,i

)

(26)
∂

∂t
ρgEg +

∂

∂xm
(ρgEg + P )ug,m =

+
∂

∂xm
ρgνgDg,imug,i +

∂

∂xm
Qg,ij

+
N∑

p=1



E

(p)
2 m

(p)
l ug,iu

(p)
l,i −m

(p)
l Cp,lE

(p)
T

+
m

(p)
l

τ
(p)
p

(
u

(p)
l,i − ug,i

)
ug,i




(27)

where Eg is the total energy and Qg,ij is the heat flux.
In the LES approach, liquid and gas equations are fil-

tered through a Favre averaging procedure (Moreau et
al. (2010)). The resulting set of equations for the liquid
phase is:

∂

∂t
m

(p)
l +

∂

∂xm
m

(p)
l û

(p)
l,m = Ê(p)(1) (28)

∂

∂t
m

(p)
l û

(p)
l,i +

∂

∂xm
m

(p)
l û

(p)
l,i û

(p)
l,m = Ê(p)(u

(p)
l,i )

− m
(p)
l

τp

(
û

(p)
l,i − ûf@l,i

)
+ Ω

(p)
i (29)

∂

∂t
m

(p)
l δ̂Θ

(p)

l +
∂

∂xm
m

(p)
l δ̂Θ

(p)

l û
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(p)
l û
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where Ω
(p)
i and Ξ̂(p) are defined as:
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where T (p)
l,ij is the subgrid scale tensor modeled using a

Smagorinski-Yoshizawa model (Moreau et al. (2010)).
The resulting set of equations for the gas phase is:

∂
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ρg +

∂

∂xm
ρgûg,m =
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E
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2 m

(p)
l (34)
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(
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
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(36)

where Tg,ij is the subgrid scale tensor modeled using the
WALE model (Nicoud et Ducros (1999)).

Numerical Context in the AVBP
Code

The AVBP code solves compressible Navier-Stokes
equation for reactive flows on unstructured grids in a
cell-vertex formulation. To perform Large Eddy Sim-
ulations, a 3rd order in time and space scheme is used
(TTGC)(Colin et al. (2000)).

The eulerian liquid phase is similar to the eulerian
gas phase in terms of equations, but has different be-
haviours. It is highly compressible, so that vacuum
and strong gradients occurs. As the TTGC scheme
doesn’t preserve positivity, it encounters difficulties in
such zones. A classical way to handle such numerical
problems is to use artificial viscosity. This methodol-
ogy has been applied to the simulation of a decaying
Homogeneous Isotropic Turbulence (Vié et al. (2009)),
and seems to be very accurate. However more adapted
schemes are needed, like kinetic schemes in de Chaise-
martin (2009). But their adaptation to unstructured cell
vertex 3-dimensional formulation is not straightforward
and requires important developments.

The MERCATO test rig

The test rig is an experimental swirl combustor (Fig. 1).
Air is injected inside the plenum and enters the combus-
tion chamber through the swirler. The liquid injection is
located at the end of the swirler stage, and at the center
of the swirled gaseous jet. The case studied is a two-
phase evaporating flow without combustion. Pressure
and temperature of the gas phase are 1bar and 463K. Ex-
perimental data obtained by PDA and LDA is available
(Garcia-Rosa (2008)).

The injection system is a pressure-swirl atomizer. It
generates a hollow cone spray with an half angle of 40◦

and orthoradial motion, which produces a polydisperse
cloud of droplets. The NDF at 13mm downstream the
injector is shown in Fig. 2. The injected fuel is a sur-
rogate for kerosene JP10 for which thermodynamic and
transport properties are taken from Boileau (2007).

Figure 1: Scheme of the MERCATO test rig.

Figure 2: MERCATO: Number Density Function at
13mm downstream the injector location (his-
togram) and Multifluid representation with 10
sections (solid line).

Preliminary test cases

As evaporation modifies droplets size, it is a good test
for a multifluid approach. Such test case was already
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studied in Laurent (2006), Dufour et al. (2005), or de
Chaisemartin (2009). The same evaporation conditions
as in the MERCATO are used. Because of heating, no
analytical solution is available but MEF and MMEF are
compared. For MEF, the droplet distribution is reduced
to a Dirac distribution around the mean diameter which
evolves in time. For MMEF, the initial droplet distribu-
tion is discretized in sections, as shown on Fig. 2. The
initial mean diameter (d10) is 55µm. Figure 3 shows
the time evolution of the liquid phase with MEF, which
gives a total evaporation time of 50ms, with a heating
time of 25ms. As MEF does not take into account the
droplet number flux at size zero (as done for DQMOM
in Fox et al. (2008)), the droplet number density is con-
stant. Figure 4 shows the same quantites for MMEF, giv-
ing a total evaporation time of 400ms and a heating time
of 150ms, respectively eight times and six times higher
than from MEF. This is due to the presence of large
droplets which heat and evaporate very slowly compared
to smaller ones. As MMEF takes into account droplet
number flux at size zero, the total droplet number de-
creases. Figure 4 also shows that the mean diameter
does not become zero at the end of evaporation. This
is due to the 1st order of the multilfluid approach used
here, which causes diffusion in phase space. This draw-
back was already shown in Laurent (2006), and can be
tackle using higher order method with linear (Laurent
(2006)) or exponential (Dufour et al. (2005)) reconstruc-
tion. This last one is a special case of a more general
setting of Maximization of Entropy developped in Mas-
sot et al. (2010) and Kah et al. (2009). But this is not
the scope of this work. This test case shows clearly that
accounting for polydispersion is first order for the final
application, as a monodisperse formalism highly under-
estimates heating and evaporation times.

Another interesting test case is related to drag, which
also depend on droplet size and impacts the spatial dis-
persion. It is proposed here to analyse the spatial dis-
persion effects of a vortex having the same caracteris-
tics than the swirl motion in MERCATO. The test case
is then a two-dimensional frozen vortex, with a spa-
tially homogeneous initial droplet distribution having
the same velocity as the gas phase. Ten sections are
used, with the same droplet number in each section. Ra-
dial velocity profile for the test case and in MERCATO
at first position (13mm) are shown in Fig. 5. The com-
putation is run for 5ms, which is the time needed by the
liquid phase to impact the wall.

Figure 6 shows the number density and mean diame-
ter radial profiles for both MEF and MMEF. After 5ms,
droplet number density is widely distributed spatially
in MMEF, while concentrated around 0.038m in MEF.
Bigger droplets, due do the weaker influence of the gas
phase, keep their initial velocity out of the vortex, and so

Figure 3: MEF Evaporation test case in MERCATO
conditions. Evolution of total mass (upper
left), droplet number density (upper right),
liquid temperature (lower left) and mean di-
ameter (lower right).

Figure 4: MMEF Evaporation test case in MERCATO
conditions. Evolution of total mass (upper
left), droplet number density (upper right),
liquid temperature (lower left) and mean di-
ameter (lower right).

their initial radial deviation. Small droplets are in equi-
librium with the gas phase, so they reach a small velocity
out of the vortex. The mean diameters are affected, with
small diameters near the vortex center and big diameters
far from. Two drawbacks are shown in Fig.6. The first
drawback is linked to the mean diameter. In the center
of the vortex, it is supposed to have no droplet, and so a
mean diameter equal to zero. But the numerical scheme
used here imposes to keep a low droplet number density,
imposing a non-zero mean diameter. The second draw-
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Figure 5: Gas velocity profile for the 2D vortex (solid
line) and in MERCATO test case (13mm
downstream the injection location)(squares).

back concerns the spatial dispersion. Considering drag
force, each section behaves like its mean surface, and so
follow only one trajectory. This is resulting in discrete
accumulations for each class. In such a canonical test
case, it seems to be relevant to tackle this issue. But in
pratical cases, considering turbulent mixing and species
diffusion , it has no effect on the fuel spatial dispersion.

Figure 6: Radial distribution of droplet number density
for MEF (top left) and MMEF (top right), and
arithmetic mean diameter (bottom) for MEF
(dashed line) and MMEF (solid line).

Simulation of the MERCATO test
rig
Injecton is a keypoint in the simulation of two-phase
flow burners. Then the injection system is modeled by
the FIMUR model (Senoner et al. (2009a)), based on
the model of Cossali (2000), and using autosimilarity as-
sumptions for the velocity profiles. This model was ini-
tially designed for monodisperse injection, and the ex-
tension to multifluid injection is made by distributing the
liquid volume fraction and droplet number density at all
nodes over all diameters, following the size distribution
of Fig. 2.

The computational domain is discretized with
1351767 tetrahedrons (Fig. 7). Averages are calculated
during 40ms, which ensures statistical convergence.

Figure 7: Mesh and velocity profiles position.

Figure 8 shows the total liquid volume fraction for
MEF and MMEF computations. Firstly, due to its life
time in a polydisperse framework (as shown in the evap-
oration test case), the liquid phase exists in the whole
the combustion chamber for MMEF, whereas evaporates
faster with the MEF. Secondly, due do the bigger inertia
of large droplets, the liquid phase impacts the wall with
MMEF, but not with the MEF.

Figure 9 shows the fuel mass fraction for MEF and
MMEF computations, which is an important quantity for
combustion. The two formalism lead to very different
fuel repartitions. Due to the higher life time of droplet,
the fuel mass fraction near the injection location is lower
for the MMEF than for the MEF. More precisely, the
high mass fraction zone around the injection location
showed with MEF does not exist with the MMEF.

Velocity profiles at three downstream positions
(13mm, 33mm and 63mm, Fig. 7) are compared to ex-
perimental data (Garcia-Rosa (2008)) for both MEF and
MMEF results in Fig. 10-12. The axial velocity cal-
culated with MEF and MMEF are in good agreement
with experiments for the two first positions, and slightly
underestimated inside the spray at the last position, al-
though the outer zone is well captured by MMEF. Good
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Figure 8: Instantaneous field of liquid volume fraction
for MEF (up) and MMEF (down).

Figure 9: Instantaneous field of fuel mass fraction
(JP10) for MEF (up) and MMEF (down).

agreement is also obtained for the radial velocity at the
first position, but some discrepancies appear at the two
other positions. MEF is not able to capture any be-
haviours, while MMEF reproduces the velocity in the
outer zone. Finally, concerning the orthoradial velocity,
it appears that MMEF reproduces the velocity profile ac-
curately, while MEF catpures tendancies, but with less
accurate results. Note that the good results for all veloc-
ity profiles at the first measurement location validate the
injection methodology for both MEF and MMEF.

The Number Density Function (NDF) is compared
to experimental data (Garcia-Rosa (2008)) at different
points inside the burner (Fig. 13). Fig.14 shows that the
NDF inside the spray (point 2) is well captured, whereas

Figure 10: Axial velocity at 13mm (right), 33mm
(center) and 63mm (left) for experiments
(squares), MEF (full line) and MMEF
(dashed line).

Figure 11: Radial velocity at 13mm (right), 33mm
(center) and 63mm (left) for experiments
(squares), MEF (full line) and MMEF
(dashed line).

Figure 12: Orthoradial velocity at 13mm (right), 33mm
(center) and 63mm (left) for experiments
(squares), MEF (full line) and MMEF
(dashed line).

the NDF in the center of the hollow cone (point 1) is
shifted to big diameters. In Fig.15, the NDF in the cen-
ter of the hollow cone (point 3) is not reproduced, but
there the droplet number density is low both in measure-
ments and computation. The NDF inside (point 4) and
outside (point 5) the spray are well captured, with a good
position of the maximum. In Fig.16, the NDF is well re-

8



7th International Conference on Multiphase Flow,
ICMF 2010, Tampa, FL, May 30 – June 4, 2010

produced at point 6 and point 8, especially considering
the maximum. The NDF at point 7 is relatively well
captured, but the position of the maximum is shifted to
small diameters.

Figure 13: Mesh and NDF measurement location (cir-
cles)

Figure 14: NDF at 13mm at point 1 (left) and point 2
(right) for MMEF (solid line) and experi-
ment (histogram).

Figure 15: NDF at 33mm at point 3 (left), point 4 (cen-
ter) and point 5 (right) for MMEF (solid line)
and experiment (histogram).

Conclusions
Starting from the coupling of MEF and MA, the Multi-
fluid Mesoscopic Eulerian Formalism (MMEF) has been

Figure 16: NDF at 63mm at point 6 (left), point 7 (cen-
ter) and point 8 (right) for MMEF (solid line)
and experiment (histogram).

derived. Preliminary test cases, designed to be repre-
sentative of the final application, highlight the necessity
to take into account polydispersion. However, they also
show the limitation of numerical schemes used here to
simulate a dispersed phase, especially in vaccum zones.
Available numerical procedures allow to limitate the in-
fluence of this weakness.

Application of MMEF to the MERCATO test rig
shows a good agreement between MMEF, MEF and ex-
periments for velocity profiles at 9mm, making a good
validation of the FIMUR injection strategy. For farther
profiles (33mm and 63mm), MEF and MMEF show sim-
ilar results in the central zone, but exhibit some discrep-
ancies for the radial velocity. Only MMEF is able to
capture the external zone, where mainly big droplets are
present.

MMEF is also able to capture NDF profiles in the
external zone (points 5 and 8). Results at other points
show some discrepancies, although MMEF captures the
global behaviour.

Such results confirm the necessity to take into ac-
count polydispersion in eulerian simulation of such
aeronautical-type application. The main effect is the
spatial segregation due to size/velocity correlations,
which drive the drag force.

The next step of this work is to apply higher order
multifluid approaches to the simulation of the MER-
CATO configuration. These methods use more than one
moment for the liquid phase. As MEF is a two-moment
method, the first step is to implement 2nd order multi-
fluid methods of Laurent (2006), Dufour et al. (2005).
But the increase of order is coupled with the problem
of the advection of moment sets, which needs to be
adressed (Kah et al. (2009), Wright (2007)).

An other interesting and promising approach for such
applications is the Direct Quadrature Method Of Mo-
ment Fox et al. (2008). In this approach, the pdf is not
discretized into fixed sections, but is defined through a
Gauss quadrature, and can be seen as a set of Diracs,
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linked by a linear system. This approach has proven
its ability to simulate evaporation and coalescence with
very low diffusion in phase space, allowing to limit the
number of Diracs compared to the number of sections
needed by the classical multifluid approach. The origi-
nal formalism has been extended by taking into account
a velocity dispersion in Belt et al. (2009), and applied to
the simulation of coalescence in Homogeneous Isotropic
Turbulence in Wunsch et al. (2009).

Considering the evaporation, the strong influence of
the droplet dissappearence with high order moment
method or DQMOM is demonstrated in Fox et al.
(2008). Modeled by a flux evaluated at zero size, a sta-
ble approach is shown in Fox et al. (2008), but its lack of
precision needs further studies. A solution is proposed in
Massot et al. (2010) with a high order moment method.
In this approach, the pdf is defined by its four first mo-
ments. A reconstruction by Entropy Maximization al-
lows to compute the evaporation flux at zero size. The
pdf is then evaporated using an integrated formulation
of the DQMOM approach. The robustness and the pre-
cision of this method has been proven in Massot et al.
(2010), and make it a good candidate for final applica-
tions since it only involves one section, as long as the
problem of moments set advection in complex industrial
applications is addressed.
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