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Abstract

The aim of this thesis, is to study some types of inverse problems for Laplacian and Bi-
Laplacian operators in the planar domain, which occurs in many engineering applications
and describes various phenomena in the applied sciences.

In the first type, we establish a new regularized Trefftz method to solve an inverse
problem for the Harmonic equation with Dirichlet-Neumann conditions given on an ac-
cessible part of an annulus.

In the second type, we will be interested in the Biharmonic equation to find an un-
known boundary in a doubly connected domain from a mixed Cauchy data on a known
part of the boundary.

The third type, addresses the Biharmonic equation to reconstruct Robin’s coefficients
on a non-accessible part of the boundary from partial Cauchy data on an accessible part
of that boundary.

keywords. Harmonic equation, Biharmonic equation, Inverse problems, Data comple-
tion, Nonlinear integral equation, Tikhonov regularization, Non-accessible boundary,
Robin boundary condition, Cauchy problems, Ill-posed problems, New regularized Trefftz
method.
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Résumé

L’ objectif de cette these est d’étudier certains types de problemes inverses pour les opéra-
teurs Laplacien et Bi-Laplacien dans un domaine planaire. Ces problemes interviennent
dans de nombreuses applications d’ingénierie et décrivent divers phénomenes dans les
sciences appliquées.

Dans le premier type, nous mettrons en évidence une nouvelle méthode de Trefftz
régularisée pour résoudre un probleme inverse pour I’équation Harmonique avec des con-
ditions de Dirichlet-Neumann données sur une partie accessible d’un anneau.

Dans le second type, nous nous intéresserons a I’équation Biharmonique pour trouver
une frontiere inconnue dans un domaine doublement connexe a partir de données mixtes
de Cauchy sur une partie connue de la frontiere.

Au troisieme type, on s’intéressera a I’équation Biharmonique pour reconstruire des
coefficients de Robin sur une frontiere non accessible a partir de données de Cauchy
partielles sur une frontiere accessible.

mots clés. Harmonic equation, Biharmonic equation, Inverse problems, Data comple-
tion, Nonlinear integral equation, Tikhonov regularization, Non-accessible boundary,
Robin boundary condition, Cauchy problems, Ill-posed problems, New regularized Trefftz
method.
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List of Symbols

N: set of all positive natural numbers
R: of all real numbers

R": set of all real n-tuples

Q: an open, nonempty subset of R?

0Q : the boundary of Q
Q: the closure of Q

B(r): open disk in R" with center at 0 and radius r > 0

N stands for is approximately equal to

B(r) : closed disk in R” with center at 0 and radius » > 0

X,Y: are sets

L(X,Y): the set of all the bounded linear operators from X to Y
L(X) := L(X, X)

D(A) : the domain of the (linear) operator A

I: the identity operator in a Banach space X

I, : the identity matrix in R”

Oij: the Kronecker symbol

T:X->Y mapping whose X is a domain of definition, Y is a set

TX)cY range of T
V: the gradient

A Laplacian operator

AA = A?: Bi-Laplacian operator

G-, : the usual Euclidian inner product

0,=V-n: differentiation with respect to the outward unit normal n
Cc(Q): set of continuous functions on

C™(Q) : set of m times continuously differentiable functions on Q
C*(Q) : set of functions that belong to C*(Q) for every k

Cy Q) cC?(Q): with all of their derivatives, have compact support in €2
c(Q) c C"(Q) : with m-th order derivatives are locally Holder on Q2
suppu : support of a given function u

C>(Q): space of infinitely differentiable functions on

D(Q) : space of functions in C*(Q) having support in

S(R™) : schwartz class of rapidly decreasing C* functions on R"
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MTM
MCTM
NRTM
NRCTM
BIE
BIEMs
IBIEMs
MEFS
BVP
FDM
FEM
BEM
2D

List of Abbreviations

Trefftz Method

Collocation Trefftz Method

Modified Trefftz Method

Modified Collocation Trefftz Method

New Regularized Trefftz Method

New Regularized Collocation Trefftz Method
Boundary Integral Equation

Boundary Integral equation methods
Indirect boundary integral equation methods
The method of fundamental solution
Boundary Value Problem

Finite Difference Method

Finite Element Method

Boundary Element Method
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General Introduction

Starting from the middle of the 20th century, the terms “inverse problems” and “ill-posed
problems” have been introducing and surely gaining popularity in modern science [12,
23.165]]. Both causality and reversibility lead to a sort of several patterns in science, which
can be summarized mathematically in two classes of problems: well-posed and ill-posed
problems.

The direct problem can be described in the standard way:

input (cause) — process (model) — output (effect)

An inverse problem is a situation on which from experimental observations, one tries
to determine the cause of a phenomenon. It’s studies and applications began systemati-
cally in physics, geophysics, medicine, astronomy, and all other areas of knowledge where
mathematical methods are used. The reason is that solutions to inverse problems describe
important properties of media under study, such as density and velocity of wave propaga-
tion, elasticity parameters, conductivity, electric permittivity, magnetic permeability, and
properties of inhomogeneities in inaccessible areas, etc.[76]. One can classify the inverse
problems in two categories: problems that aim to determine the boundary conditions or
unknown sources, and those related to the estimation of the parameters of the system.

The class of ill-posed problems was first identified by Jacques Hadamard (1902). As
well, examples were treated later in the well-known courses of mathematics [[12]]. The
necessity in studying ill-posed problems stems from one of the main problems in ap-
plied mathematics, gaining reliable computing results with due allowance for errors that
inevitably occur in setting coefficients and parameters of a mathematical model used to
perform computations. According to [62, 163, |65]], a problem is ill-posed if at least one
of the following three conditions is messed: the solution exists, the solution is unique,
the solution is stable, i.e., arbitrarily small variations of coeflicients, parameters, initial or
boundary conditions give rise to arbitrarily small solution changes.

On the contrary of direct problems, which are generally well posed, the ill-posed
problems, often specific to inverse problems render their mathematical resolution rather
delicate, because the experimental measurements are not sufficient to determine the pa-
rameters of the model exactly, and because the numerical solution remains very sensitive
to a slight perturbation of these often inaccurate measurements due to uncertainty errors.
To reduce the sensibility of the solution with respect to the final measured data, it is nec-
essary to add to the mathematical problem that models the physical phenomenon to invert
a priory information or constraints on the solution.

We shall analyze the three conditions of a well-posed problem in the context of inverse
problems. First of all, the fact that the solution of the inverse problem may not exist is not
a great difficulty. It is generally possible to recover the existence by relaxing the notion
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of solution (see example [0.1.2)). Second, the fact that the solution of the inverse problem
is not unique is a slightly more serious problem. If a problem has several solutions, then
we need a way to choose between them, and for this reason it is necessary to provide
additional information (for examples see the chapter 2). The third problem is the lack of
continuity, which is the most important one (see example [0.1.1). To solve this problem,
several techniques, called regularization methods, have been developed [85]], which aim
to approximate the problem under study by a family of well-posed problems depending
on regularization parameters.

The linear elliptic equations arise in several models describing various phenomena in
the applied sciences, the harmonic and Poly-harmonic operators A”,m > 2, of order m
are the prototype of an elliptic operator which play a crucial role in many areas of math-
ematics, physics and engineering. The classical 2D Harmonic and Biharmonic problems
occur in several physical applications, such as: temperature distributions, potentials of
electrostatic, magneto-static fields, velocity potentials of incompressible irrotational fluid
flows, the electrostatic problems, in-compressible fluid, the deformation of thin plates,
the motion of fluids, free boundary problems, non-linear elasticity and elastic bending
beam,...(for more historical information, we refer to [2, 5, [7, 25, 31}, 411 166, 67, 87]).

The knowledge of appropriate boundary conditions over the boundary regarding the
considered domain of the solution leads to direct problems managed by the harmonic
and Biharmonic equation. However, numerous experimental situations do not belong to
this category, because of physical difficulties or geometrical inaccessibility, as: (1) the
boundary conditions are often incomplete; (2) in the form of under- and over-specified
boundary conditions on different parts of the boundary; (3) the solution is prescribed at
some internal points in the domain. These are an important class of inverse problems
known to be generally ill-posed problems, i.e., the existence, uniqueness, and stability of
their solutions are not always guaranteed. (For more details, we refer to [3, 5, 19, 10, [12,
23, 133]]).

0.1 Examples of inverse and ill-posed problems.

Example 0.1.1 (calculus; summing Fourier series.). The problem of summing a Fourier
series consists in finding a function f(x) from its Fourier coeflicients.

We show that the problem of summing a Fourier series is unstable with respect to
small variations in the Fourier coefficients in the /> metric if the variations of the sum are
estimated in the C space. Let

[>9)

f(x) =) arcoskx

k=1
and let the Fourier coeflicients g of the function f(x) have small perturbations: a; = a;+ %
Set

[ee)

f(x) = Z ay cos kx

k=1
The difference between the coefficients of these series in the /* metric is

-~ R % o) 1 % 5
||f - f”l2 = {Z(ak - Elk)z} = G{Z ﬁ} =€ %
k=1 k=1
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which vanishes as e — 0. However, the difference

cos kx

| =

fo-fw=e)
k=1
can be as large as desired because the series diverges for x = 0.
Thus, if the C metric is used to estimate variations in the sum of the series, then
summation of the Fourier series is not stable.

Example 0.1.2 (For the Laplacian [[1]). Let  be a doubly connect planar domain with
boundary 0Q2 = T',, UT.. In a partial differential equation:

Au =0, inQ
u=up, onT, (0.1.1)
du = U, on I_‘m

on

and one of the following equations are satisfies

u=0, onl, (0.1.2)
Or

2 =0, onT, (0.1.3)

We consider the inverse problem: find I'. from the knowledge of the accessible part
I',,, and ug, u; on I,,.

The existence of a solution to problem (0.1.1)-(0.1.2)) cannot be guaranteed for arbi-
trary data ug, u;. Let uy = 0 and u = O on I';, then u = 0 in 9Q, from [1], we obtain u = 0
in Q, and u; = 0. Therefore, equation (0.1.2) has no solution if uy = 0 and u; # 0, and the
inverse problem turn to be ill-posed (for more detail see [2.1)).

Example 0.1.3 (For the Bi-Laplacian). The Biharmonic equation in an open bounded
domain Q € R?, namely

Au(x)=0, inQ 0.1.4)
or, equivalently the system of equations
Au(x) = v(x), Au(x) = v(x), in Q (0.1.5)

is a well-known example of a mathematical model governing the interior 2D flow of
viscous fluids at small Reynolds numbers, i.e., the Stokes flow, or the Kirchhoff theory of
plates in elasticity. For example, in viscous fluids, functions u and v satisfying equations
(0.1.5)) are called the stream-function and the vorticity of the fluid flow, whilst for plate
bending problems, they represent the deflection and the bending moment of the plate,
respectively.

If 4 and its normal derivative d,u, or u and v, or u and 0,v, are prescribed at all points
of the boundary 9€, then u and v can be uniquely determined everywhere in the domain
Q. Moreover, the solution depends continuously on the input boundary data, i.e., the
so-called direct problem is well posed [33]].



However, many experimental situations where it is not always possible to measure the
boundary conditions at all points on the boundary 0€2. But, some other interior or bound-
ary information may be given elsewhere. If a boundary portion I',, C 0Q is accessible
to measurements, and the remaining boundary portion I'. = 0Q \ I, is non-accessible to
measurements. Then, the problem is known to be an inverse boundary value problem for
the Biharmonic equation and it becomes ill-posed (for more information see [33]).

0.2 Thesis problem

The purpose of this thesis is to consider the analysis of certain inverse problems re-
lated to recover some missing informations for Harmonic and Biharmonic equation. We
mainly focus on: Vthe completion of boundary value; ®finding an unknown boundary;
®reconstructing of Robin’s coefficients.

These problems describe methods based on quantified partial measures in one way or
another, and search for ways to complete missing data. This naturally leads to mathemati-
cal models expressed by inverse problems, and offers the possibility to introduce many in-
teresting mathematical techniques. For example, Tikhonov’s regularization method, inte-
gral equation methods, Trefftz method, least squares method, conjugate gradient method,
collocation methods, numerical interpolation.

0.3 Bibliographical note

Physicists refer to the movement of a point on a vibrating string as "harmonic motion".
Such motion can be described using sine and cosine functions. In this context, sine and
cosine functions are sometimes called harmonics. Harmonic and Biharmonic functions
are the solutions of the Laplace and Bilaplace equations, respectively. They play a crucial
role in many areas of mathematics, physics and engineering [2, 13, 9, [15} 25 29| 31} 135,
39,221,145, 71,1877, 95]].

Harmonic and Biharmonic problems are defined by their boundary conditions. Many
types of boundary conditions are adopted for studies, such as: Dirichlet’s problem, Neu-
mann’s problem, mixed or Dirichlet-Neumann’s problems, Robin’s boundary value prob-
lems, which are well-known boundary value problems for Harmonic and Biharmonic
equations. Recently, other types of boundary value problems for the Biharmonic equation
have been introduced, such as: the Navier and Riquier-Neumann’s boundary conditions
(26, 46|, 48, 149].

There are a different methods for solving problems in applied science. One of the
best adopted is the integral equations method, that reducing the dimensions, and instead
of solving a problem in a defined region, we can solve a boundary integral equation [91].
This has several applications for a large class of direct boundary value problems and also
for inverse problems (for more detail we refer to [[17, (18} [19, 20} 21}, 128, 143}, 44] 51} 158,
60, 611]).

The Trefftz method (TM) was developed since 1926, it has been widely studied and
applied to many engineering problems. The main idea of this method is to extend the
numerical solution in terms of T-complete functions that satisfy the governing equation.
The TM is less popular than other numerical methods such as: FDM, FEM, BEM, BIE,



etc. Because, the system of linear equations resulting from the TM is an ill-posed prob-
lem, even for a well-posed boundary value problem, also for multi-connected domains,
the conventional TM fails (for more details, see [[78,92]).

Many scientific researches devoted to the data completion problems. Some of which
have been encountered through our bibliographical research, for example, in [1] it is pro-
posed a method to determine the bottom of reservoir in an in-compressible fluid modeled
by Laplace’s equation. In [[71] it is presented a method to detect the boundary of a crack in
the plane static problems of elasticity. Detecting the corrosion of complex metal assem-
blies in aircraft structures, in [68] it is used a numerical method based on the fundamental
solution to determine material loss on an inaccessible material. In [17, [19, 20] the au-
thors proposed a method to recover shape and impedance function based on the integral
equation method. For the problem of reconstruction an interior boundary curve from the
knowledge of temperature and thermal flux on the exterior boundary curve see [58].

Recently, Young, Chen and Kao (2007) have proposed the modified collocation Trefftz
method (MCTM), for solving the Laplace problems, that provide a very interest method
which make converge the serie expansion of solution and decreased the condition number
of discretization matrices, compared with the CTM, (see [4, (13} [15, 22]). There is a
considerable scientific research in studying inverse problems using the MCTM, such as:
detection of corrosion inside the pip, determine the robin coefficients, detect the cracks
position inside the disc and boundary identification, etc. (for more information see [, 7,
9,110, 114,130} 133}, 136} 75, [78,, [79} 180, |81}, 182} 83, [841]).

Numerical calculation is an important aspect in the evaluation of studies. Several
methods are available to solve inverse problems, e.g., Thikhonov method, quasi reversibil-
ity method, iterative Methods, the KMF method, the iterative solution of finite difference
approximation, finite element treatment, iterative method of Kozlov, method of approxi-
mate by the fundamental solutions, the Trefftz collocation method, the modified colloca-
tion Trefftz method. [28],42, 151, 58163, 85].

0.4 Thesis content

The remainder of this thesis is divided into four chapters which are organized as follows:

The first chapter contains a general notions and basic tools required in the development
of our study.

The second chapter is composed of two parts addressing a geometrical inverse prob-
lem. In the first one, we present an inverse problem that was suggested in [1]], which is
to find an unknown boundary for the harmonic equation from the extra boundary condi-
tions. In the remaining part, we discuss the extension of the first part to the Biharmonic
equation.

In the third chapter, we address the data completion problem and here a new regular-
ized Trefftz method will be presented and discussed in detail. A new solution scheme is
constructed and an estimation of errors is obtained under data with and without noise, we
consider the finite term truncation and the collocation method to obtain a linear equation
system that can be solved by the conjugate gradient method to obtain the coefficients, and
to complete the data on the whole boundary.

In the last chapter of the thesis, we are interested in the Biharmonic equation to recover
Robin’s coeflicients on an inaccessible part of the boundary in a simply connected domain,

9



from Riquier-Neumann measurements on an accessible part of the boundary. Here, the
integral equation methods will be considered to derive a system of non-linear and ill-
posed integral equations that can be solved by the Tikhonov regularization method. Thus,
to complete the missing Cauchy data, and eventually to recover the Robin coefficients by
the least squares method.
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Chapter 1

Preliminaries and general concepts

In this introductory chapter, we recall some necessary background material from func-
tional analysis and numerical analysis. This chapter can be long due to the numerous
mathematical tools that are employed in our approach. So, we will recall all the tools
required for our development based on renowned publications in the field [4, 9, [16, 20,
21,122, 231124, 28] 381,140, 41, 14211431, 144/ 145,147, 1551156, 159, 164, 166, 169! [70, 75, [79, 80, [88]].
The proofs of the basic theorems, will be referred at the end of each theorem.

1.1 Initial concepts

Definition 1.1.1 (Harmonic and Biharmonic Functions). A real function u defined on an
open subset ) of R" is called Harmonic (respectively Biharmonic) if it is two times con-
tinuously differentiable (respectively four times continuously differentiable) and verifies:

Au=0, (respectively A’u = 0)

2 .
where A = 37, D}, A* = ¥, ¥, D;D3, and D} = 6% denotes the second partial
derivative, with respect to the j” coordinate variable. The operators A, A? are called

Laplace, Bi-Laplace, respectively.

Definition 1.1.2 (The Dirac’s function). The Dirac’s function § which is not exactly a
function, was presented by the British physicist Paul Adrien-Maurice Dirac (1902-1984)
as a device technique in the mathematical formulation of quantum mechanics. The Dirac
function is set by the following properties

_Joeo, ifx=0
6(x)—{0’ if x+0

and

fé(x)dx: 1,if 0 € Q.
Q

Definition 1.1.3 (The Fundamental Solution). Technically, a fundamental solution for a
linear differential operator £ with constant coefficients which is defined on the distribution
space D’(R") is a distribution E satisfying:

LE =6 inD'[R"), (1.1.1)
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where ¢ is the Dirac’s function, originally centered. The interest of the fundamental solu-
tion consists in the fact that if convolution makes sense, then for a given function f, the
solution of the equation:

Lu=f inD'[R"), (1.1.2)

is given by:
u=EFExf. (1.1.3)

The linearity of £, as well as E being a fundamental solution, and ¢ is the neutral
element of the convolution, yields:

Lu=LE*f)=LE«f=06%f=F (1.1.4)

Definition 1.1.4 (Green’s function). In the case of the Green’s function, the fundamental
solution considers homogeneous boundary conditions, and the Dirac delta function is not
centered at the origin, but at some fixed source point. Thus, a Green’s function of a linear
partial differential operator £, of constant coeflicients relative to y defined on D’(R"),
with homogeneous boundary conditions, is a distribution G such that:

L(G(x,y)) = 6,(y) in D' (R, (1.1.5)

where ¢, is the Dirac function with Dirac mass centered at the source point x, i.e., d,(y) =
0(y — x). The Green’s function also represents the impulse response of the operator £,
with respect to a source point x, which is the kernel of the inverse operator of £, noted
L3 ! that corresponds to an integral operator where G(x,y) = L3 '6:(y)). The Green’s
function differs as a fundamental solution, it is searched in a certain particular domain
which satisfies certain boundary conditions, but for simplicity we consider here only Q =
R".
The solution of non-homogeneous differential boundary problem

L,(u(x)) = f(x) inD'(R"), (1.1.6)
in the sense of convolution, it is given as:
u(x) = G(x,y) = f(y), (1.1.7)
where G is the Green’s function of the operator £,, which is symmetrical, i.e.,
G(x,y) = G(y, x). (1.1.8)
as in the fundamental solution, we take
Lx(ux)) = L(G(x, y) * f() = 6:(») * f(y) = f(0). (1.1.9)

We observe that the Green’s function of free space or all space, i.e., without boundary
conditions, is related to the fundamental solution by the relation

G(x,y) = E(x—y) = E(y - x). (1.1.10)

Recall that |x| denotes the Euclidean norm of a vector x € R". We now consider some
examples of a Green’s function in a free space as follow:

12



1. Laplace’s equation satisfied in the sense of distributions
AG(x,y) = 0,(y), in D'(R"),

which is given by

1
G(xy) = 5-Inlx =yl n=2, (1.1.11)

2. Bi-laplace’s equation satisfied in the sense of distributions
2 _ . ’ n
ASG(x,y) = 6.(y), in D'(R"),

which is given by
1
G(x,y) = 8—|x—y|21n|x—y|, n=2. (1.1.12)
Vs

Most of the basic properties of Harmonic and bi-harmonic functions can be deduced
from the fundamental solution that is introduced in the following theorem:

Theorem 1.1.1. The functions
1
Ei(x,y) = 5-In|x —yl, n=2
2n
1
Ey(x,y) = 8—|x —yPInlx-y, n=2
Vs

defined for all x # y in R? is called the fundamental solution of Laplace, Bilaplace’s
equation. For fixed y € R" it is Harmonic, bi-harmonic in R? \ y, which satisfies

AE((x,y) = 0(x — ), in R?
AEy(x,y) =8(x—y), inR?

Proof. See [21,42] O

Basic Properties
e Each Harmonic function can be considered as a bi-harmonic.

e Sums, translations, dilates and scalar multiples of Harmonic, Biharmonic functions
are Harmonic, Biharmonic, respectively.

e Many basic properties of Harmonic functions follow from Green’s identity, for u
and v are C? functions on a neighborhood of Q we have that

f(uAv —vAu)dQ = f (u0,v — vo,u)do) (1.1.13)
Q 00

e Many basic properties of bi-harmonic functions follow from Green’s and second

Green’s identities, for # and v are C* functions on a neighborhood of Q we have
that

f (uA>v — vA*u)dQ = f (U0 (AV) — AvOnu + vO,(Au) — Aud,v) doQ (1.1.14)
Q o0Q
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Definition 1.1.5 (Simply Connected Domain). A two-dimensional region Q of the plane
consisting of one connected piece is called simply-connected if it has this property: when-
ever a simple closed curve I' lies entirely in €, then its interior also lies entirely in Q.
Except that, it is "double connected domain" or "multiply connected domain".

Theorem 1.1.2 (Local Maximum Principle). Suppose Q is connected, u is real valued
and Harmonic on Q, and u has a local maximum in Q. Then u is constant.

Proof. See [45] O

Theorem 1.1.3 (Maximum-Minimum Principle). Suppose Q is connected, u is real val-
ued and Harmonic on Q, and u has a maximum or a minimum in €. Then u is constant.ie.,
a Harmonic function on a domain cannot attain its maximum or its minimum unless it is
constant.

Proof. See [41}, 45]] O

Corollary 1.1.1. Suppose Q is bounded and u is a continuous real valued function on )
that is Harmonic on Q. Then u attains its maximum and minimum values over Q on 0Q).

Proof. See [43]] |

Remark 1.1.1. The corollary (I.1.1) implies that on a bounded domain a Harmonic func-
tion is determined by its boundary values.

Theorem 1.1.4. Suppose u is Harmonic on Q and a € €. Then there exist Harmonic
homogeneous polynomials p,, of degree m such that

u@) = ) pulx = a)
m=0

Proof. See [45] O

Theorem 1.1.5. Suppose Q is connected, u is Harmonic in €, and u = 0 on a nonempty
open subset of Q. Then u = 0 in Q.

Proof. Let w be a non-empty open subset of € such as
w={x€in(Q) : ulx) =0}

If a € dw C Q is a limit point of w, from the corollary then u attains its maximum
values over w on dw, i.e., all derivatives of u vanish at a by continuity, implying that the
power series of u at a is identically zero, therefore a € w. Thus w is closed in Q. As
consequence we must have w = € by connectivity of domain, giving u = 0 in Q. O

Lemma 1.1.1. Suppose Q is connected, u is Harmonic in Q, and % = 0 on a nonempty
open subset of Q. Then u = Constant in Q.
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Proof. Let w be a nonempty open subset of Q such as
0
w:{xeint(Q) . :0}
on

If a € 0w c Qs a limit point of w, while u Harmonic then is real analytic. Then u attains
its maximum values over w on dw, i.e., Vu(a) = 0 and %(a) = 0 thus u(a) = constant by
continuity, implying that the power series of Z—Z(a) at a is identically zero and the power
series of u(a) at a is identically constant, therefore a € w. Thus w is closed non empty in
Q and u has a local maximum in €2, as consequence from the theorem of Local Maximum
Principle (I.1.2)) we have that u is constant in it’s domain of definition. O

Theorem 1.1.6 (Cauchy-Kovalevskaya). In a simply connected domain Q. Suppose I
is a real-analytic non-trivial arc of 0Q. Then if f;, for j = 1,...,2N, are real-analytic
Jfunctions on 1, there is a function u with AN = 0 in a (planar) neighborhood of I , having
o), = fifor j=1,...,2N. The solution u is unique among the real-analytic functions.

Proof. See [56] O

Theorem 1.1.7 (Holmgren). In a simply connected domain Q. Suppose I is a real-
analytic non-trivial arc of 0Q. Then if u is smooth on a planar neighbourhood O of 1
and A¥u = 0, N > 1 holds on O N Q, with Hf;_lull =0forj=1,..,2N, then u = 0 on
O N Q, provided that the open set O N Q is connected.

Proof. See [56]] O

1.2 Basic facts from functional analysis

1.2.1 Normed spaces and Hilbert spaces

Definition 1.2.1 (Scalar Product, Pre-Hilbert Space). Let X be a real linear space (vector
space) over the field K = R or K = C. A scalar product or inner product is a mapping

(,): XxX—R

with the following properties:

(H1) (x,x) > 0, forall x € X (positivity)
(H2) (x,x) = 0 if and only if x = 0, for all x € X (definiteness)
(H3) (x,y) = (y,x), forall x,y e X (symmetry)

(H4) (ax + By, z2) = a(y,2) + B(y,z), forall x,y € X, and @, € K (linearity)
A vector space X over K with inner product (-, -) is called a pre-Hilbert space over K.

Definition 1.2.2 (Norm). Let X be a real linear space (vector space) over the field K = R
or K = C. A norm on X is a mapping

[-]: X =R
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(ND) [Ix]l = 0, for all x € X (positivity)

(N2) ||x|| = O if and only if x = 0, (definiteness)

(N3) |lax|| = |a|.||x]], for all, x € X , @ € K (homogeneity)
(N4) |lx + yl| < ||lx|| + |[yll, for all x,y € X  (triangle inequality)

A vector space X over K equipped with norm || - || is called normed space over K. For
X = R" we will also call the norm a vector norm. Some examples of norms on R” are
given by

1
2
lxll = X" Ixl lxll = (X 1) s lIxllo = max;—y,__, |x;l
J J

for x = (x1, ..., x,)!. The three norms are special cases of the norm

n »
Il = [Z |xj|”]
j=1
defined for any real number 1 < p < oco. For two elements x,y in a normed space

d(x,y) = ||x — y|| is called the distance between x and y.

Definition 1.2.3 (Convergence). A sequence (x,) of elements in a normed space X is
called convergent if there exists an element x € X such that

lim ||x, — x|| = 0,
n—oo

i.e., if for every € > 0 there exists an integer N(€) such that ||x, — x|| < € for all n > N(e).
The element x is called the limit of the sequence (x,), and we write

lim x, = x

n—oo

A sequence that does not converge is called divergent.

Theorem 1.2.1. Let X be a pre-Hilbert space. The mapping: ||x|| : X — R defined by

Ixl = v(x,x), xeX

is a norm, i.e., it has properties (N1), (N2), (N3) and (N4) of Definition[I.2.2] Further-

more,

(NS) (x,y) < |Ix|| Ill, for all x,y € X (Cauchy—Schwarz inequality)
(N6) |lx + yI* < 2IxI* + 2IIxI1%, for all x,y € X  (binomial formula)

Proof. See [4]] O
Theorem 1.2.2. (i) The limit of a convergent sequence is uniquely determined.

(ii) Two norms || - ||, and || - ||, on a linear space X are equivalent if and only if there
exist positive numbers c and C such that

cllxlla < llxlly < Cllxlla

for all x € X. The limits with respect to the two norms coincide.
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(iii) On a finite-dimensional linear space all norms are equivalent.

(iv) Any bounded sequence in a finite-dimensional normed space X contains a conver-
gent sub-sequence.

Proof. See [41}'42,[77] O

Example 1.2.1. In this example we list some of the most important pre-Hilbert and
normed spaces.

(a) R"is a pre-Hilbert space of dimension n over R” with inner product

n

(x,y) = Z XiYi

i=1

(b) Define the linear space ¢* of (real-valued) sequences by

e = {(xk) CR: )Y xp< oo}
k=1

[

(x,y) = Z Xy X =(x),y = () €

k=1

and

defines an inner product on £2. It is well-defined by the Cauchy-Schwarz inequality.

(c) The space Cla, b] of (real or complex-valued) continuous functions on [a, b] is a
pre-Hilbert space over R with inner product

b —_—
(X,Y)LZ = f x(t)}’(t)dt, X,y € Lz([a7 b])

The corresponding norm is called the Euclidean norm and is denoted by

h —_—
Xl = v (x, %) = f x(y(nydt,  x € L*(la, b))

(c) On the same vector space C|a, b] as in example (b), we introduce a norm by

Il = max (0l,  x € L([a,b])

that we call the supremum norm.

(d) Let m € N. We define the spaces C"([a, b]) and C"*([a, b]) as:

x € C([a, b)) : xis m times continuously differentiable
C"(la,b]) = on [a,b] equiped with the norm ||x[|cn := gnkax 1% oo
<k<m
x € C"([a, b)) : equiped with the norm
Cm,k([a’ b)) = |X(m)(t) _ )C(m)(S)|
t#£s |t - S|
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Definition 1.2.4 (Banach space, Hilbert space). A normed space X over K is called com-
plete or a Banach space if every Cauchy sequence converges in X. A complete pre-Hilbert
space is called a Hilbert space.

Definition 1.2.5 (L” Spaces). Let X be a measured space and let u be a positive, not
necessarily finite, measure on X. For 0 < p < oo. The space L”(X) is a Banach space with

the norm )
|mmm:(fquMy
X

Il = ess.sup|f| =inf{c >0 : [f(¥)] < ¢, Vxe X}

and for p = oo by

For p = 2 the space L*(X) is a Hilbert space with the inner product

(fs 8)L2(X>,L2(X) = fx f(x)g(x)dx

and the norm induced

WMW=JMﬁ=(£mmMﬁ2

It is well known that Minkowski’s (or the triangle) inequality , holds for all f, g €
LP(X), whenever 1 < p < oo by

ILf + glleecry < N fllzecy + llgllzrcx

Holder’s inequality says that for all 1 < p < oo and all measurable functions f €
LP(X), g € LX), where ;17 + cl] = 1 we have

gl < Iflleaollgllizax

Definition 1.2.6 (Compactness). A subset of a normed space is called relatively compact
if it’s closure is compact.

Definition 1.2.7 (dual space). Let X be a normed vector space. A functional on X is a map
from X to the scalars. The dual X’ of X is the Banach space of bounded linear functional
on X; that is, X’ = (X,Y), where Y is the Banach space of scalars with absolute value
taken as norm.

Remark 1.2.1 (see [4]). The spaces C" and R" are Hilbert spaces with respect to their
canonical inner products. The space Cla, b] is not complete with respect to the inner
product (-,-);2. We denote the completion of the pre-Hilbert space (Cla, b], (+,-);2) by
L*(a,b).

Definition 1.2.8 (Orthonormal System). A countable set of elements
A ={x:k=1,2,3,...} is called an orthonormal system (ONS) if

0, k+#j

(-xk’xj):{l’ k:]
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Definition 1.2.9. For any set B C X, let
span B := {Zakxk oy €K x, € B,n e N}
k=1
be the subspace of X spanned by B.
Theorem 1.2.3. Let B = {x; : k= 1,2,....} be an orthonormal system. Then
(a) If B is finite, i.e., B = {x; : k=1,2,...,n}, then for every x € X there exist uniquely
determined coefficients oy € K, k = 1, ..., n, such that
[|lx — Z a x| < |lx = all, forall a € span B.
k=1
The coefficients ay are given by a; = (a, x), fork=1,...,n.

(b) For every x € X, the following Bessel inequality holds:
P < " G x) P
k=1

and the series converges in X.
(c) B is complete if and only if span B is dense in X.

(d) B is complete if and only if every x € X has a (generalized) Fourier expansion of

the form
x= Z (x, X)) X

k=1
where the convergence is understood in the norm of X. In this case, the Parseval
equation holds in the following more general form:

(5)) = ) 0620 05 %)
k=1

Proof. See [4}[77] |

Example 1.2.2 (Fourier series expansion [4, [52]]). We denote by ¢; the trigonometric
monomials

ou(1) = e

for t € R and k € Z. Then the set {¢; : k € Z} form a complete system of orthonormal
functions in L?[0, 27]. For a function x,y € L*[0, 2rr] the series

o0

E ckezkt’

k=—00
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where

X, 1 2 )
i = ( (pkng — _f x(t)e—tktdt
llpll;» 27 Jo

is called the Fourier series of x, its coefficients ¢y, are called the Fourier coefficients of x.
On L?[0, 27], as usual, the mean square norm is introduced by the scalar product

27
(X, Y)121027) = ‘fo x()y(t)dt.

If x is a periodic, piecewise continuous function with period 7', then the associated
trigonometric Fourier series is defined as an infinite series of the form

e 2k - 2%
X0 =ag+ Y a cos(Tﬂt) £ by sin(Tﬂt)
k=1 k=1

1 T
ag = ¢co = Tf x(t)dt
0

2 (T 2k
ay=cCy+c_y = T fo x(1) cos(Tﬂt)dt

where

and, fork =1,2,3, ...,

2 (T 2k
bi = (e =i = 7 fo x(t) sin(Tﬂt)dt

and the infinite series all converge,

In addition the two infinite series Y2, |ax[* and 32, |bi|* are converges. Then 32, aiby,
is absolutely convergent with

1 1
[ [ b [} 2
IZ apby| < (Z Iak|2] [Z |bkl2) (Schwartz inequality)
k=1 k=1

k=1

Z leePllorll* < 11xl> (Bessel’s inequality)
k=1

In finite sequences of n real or complex numbers both inequality are verified.

1.2.2 Linear Bounded and Compact Operators

For this subsection, let X and Y always be normed spaces and A : X — Y be a linear
operator, i.e., verify the property (H4) in definition|1.2.1
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Definition 1.2.10 (Boundedness, Non-boundedness, Norm of A). The linear operator A
is called bounded if there exists ¢ > 0 such that

[Ax|| < c||x]| forall x € X.

The smallest of these constants is called the norm of A, i.e.,

lAX]ly
”AHL(X,Y) = sup
w0 |Ixllx

Any linear application T defined on a vector subspace D(T) C X is called a non-bounded
linear operator, to values in Y, D(T) is the domain of T'.

Definition 1.2.11 (Adjoint Operator). Let A : X — Y be a linear and bounded operator
between Hilbert spaces. Then there exists one and only one linear bounded operator
A* 1 Y — X with the property

(Ax,y) = (x,A"y) forallxe X,yeY.

This operator A* : ¥ — X is called the adjoint operator of A. For X = Y, the operator A
is called self-adjoint if A* = A.

Theorem 1.2.4 ([4] A.18. p255). The following assertions are equivalent:

(a) A is bounded.
(b) A is continuous at x = 0, i.e., x; — 0 implies that Ax; — 0.
(c) A is continuous for every x € X.

The space L(X,Y) of all linear bounded mappings from X to Y with the operator norm
is a normed space, i.e., the operator norm has properties (N1), (N2), (N3) and (N4) of
Definition [1.2.2 and the following: Let B € L(X,Y) and A € L(Y,Z) then AB € L(X,Z)
and ||AB|| < ||A]l ||BI.

Definition 1.2.12 (Jordan measures). A subset G C R™ is said to be measurable in Jor-
dan’s sense when its interior and exterior Jordan measurements coincide,

A/(G) = sup mesure(E) = inf mesure(E) = A5(G)
EcG EcG

Theorem 1.2.5. Let G C R™ be a nonempty compact and Jordan measurable set that
coincides with the closure of its interior. Let K : G X G — R be a continuous function.
Then the linear operator T : C(G) — C(G) defined by

(Te)(x) = f KGoy)eO)dy, x€G (1.2.1)
G

is called an integral operator with continuous kernel K. It is a bounded linear operator
with

1Tl = maXflK(x,y)ldy-
xG Jg
Can be extended to the integral operator T : C(G) — C(M) given by
Tow = [ Koy, xem (122)
G

where K : M X G — C is continuous, M C R" is a compact set and n can be different
Jfrom m.
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Proof. See [42]] O

Definition 1.2.13. We said weakly singular kernel, i.e., the kernel K is defined and con-
tinuous for all x,y € G € R™, x # y, and there exist positive constants M and a € [0, m]
such that

IK(x,y)| < Mlx—y*™, x,y€G, x#y.

Definition 1.2.14 (Compact operator). A linear operator 7 : X — Y from a normed
space X into a normed space Y is called compact if it maps each bounded set in X into
a relatively compact set in Y. We recall that a set M C Yis called relatively compact if
every bounded sequence (y;) C M has an accumulation point in M, i.e., if the closure M
is compact.

Theorem 1.2.6. (i) LetT : X — Y be a bounded linear operator with finite-dimensional
range T(X). Then T is compact.

(ii) A compact linear operator T : X — Y cannot have a bounded inverse unless X has
finite dimension.

(iii) Integral operators with continuous kernel are compact linear operators on C(G).
(iv) Integral operators with continuous kernel are compact linear operators on L*(G).

(v) The integral operator with a weakly singular kernel is a compact operator on C(G).
Proof. See [40,142]] m]

Theorem 1.2.7 (Riesz.). Let X be a normed space and A : X — X be a linear compact
operator.

(a) The null space N(I — A) = {x € X : x = Ax} is finite-dimensional and the range
(I — A)(X) is closed in X.

(b) If the homogeneous equation x — Ax = 0 admits only the trivial solution x = 0, then
the in-homogeneous equation x — Ax =y is uniquely solvable for every y € Y and
the solution x depends continuously on y.

1.2.3 Boundary Integral operator

Integral operators are an important examples for our thesis. From the schwartz kernel
theorem [57]], for a given operator T on Q, there is a single distribution K € D’(Q x Q)
such as

(Tu,v) ={K,u®v), Yu,ve D) (1.2.3)
Definition 1.2.15. Given a function ¢ € C(9Q), the functions
u(x) = f E\(x,y)p()ds(y), xe€R*\Q, (1.2.4)
oQ
OE (x,
v(x) = f Mgo(y)ds(y), xeR?\ 4Q (1.2.5)
s on(y)

are called, respectively, single-layer and double-layer potential with density ¢. In two
dimensions, occasionally, for obvious reasons we will call them logarithmic single-layer
and logarithmic double-layer potential.
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Theorem 1.2.8. Let 0Q be of class C* and ¢ € C(0Q). Then the single-layer potential u
with density ¢ is continuous throughout R". On the boundary we have

u(x) = j(; E\(x,y)p(y)ds(y), xe€0Q,
Q

where the integral exists as an improper integral.

Definition 1.2.16. From [21} 41]] we define the integral operators A, B, B’, S, K, K’ from
C(0Q) to C(0Q) as

(Ap)(x) = ﬁ N Ex(x, y)e()ds(y),  x€0Q

O0E,(x,
(Bo)(x) = fa ) 2050) s, x € o0

on(y)
0E>(x,
@ow = [ Do), xeon
- (1.2.6)
S = [ Eunensn.  xea
Q
0E | (x,
ko = [ ZEDoyas0), xeon
s on(y)
E
Kow= [ LD a5, xean
s On(x)
Lemma 1.2.1. The boundary integral operators A, B, B', S are continuous.
Proof. See [53]]. O

Lemma 1.2.2. The integral operators K and K’ have weakly singular kernels and there-
fore are compact. In two dimensions for C* boundaries the kernels of K and K’ actually
turn out to be continuous.

Proof. See [42]]. O

Remark 1.2.2. For the double-layer potential with constant density we have

1, xeQ
OE(x, 1
fﬂds(y): S xedQ
FTe) al’ly 2 .
0, xeR*\Q

Theorem 1.2.9 (Jump relation 1). For 0Q of class C?, the double-layer potential v with
continuous density ¢ can be continuously extended from Q to Q and from R" \ Q to R" \ Q
with limiting values

[ OEixy) 1
v(x)y = L . o) e(y)ds(y) = 2t,o(x), X € 0Q2

and where the integral exists as an improper integral.
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Theorem 1.2.10 (Jump relation 2). Let dQ be of class C*>. Then for the single-layer
potential u with continuous density ¢ can be continuously extended from € to Q and from
R*\ Q to R" \ Q with limiting values

us [ OE(xy) 1
on (x) = fm an(x) e(y)ds(y) ¥ 2<,a(x), x € 0Q

where the integral exists as an improper integral, and, if n = 2, also satisfies

f e(y)ds(y) =0
0Q

Proof. See [42] O

Lemma 1.2.3. If |x — xo| # 1 for a some xy € Q, and for all x € 0 the operator S is
injective.

Proof. See [41]]. O

Theorem 1.2.11 (Theorem 7.38. [40] and 3.16. [4]]). We assume there exist xy € €, such
that |x — xo| # 1 for all x € 0Q. Then the single-layer operator S : C(0Q) — C(0Q) is
injective.

Theorem 1.2.12. The operators I — K and I — K’ have trivial null-spaces
N(I -K)=N{I-K') = {0}
Proof. See [41] O

Lemma 1.2.4. Suppose Q is a bounded open subset of R" with smooth boundary 0€)
simply or doubly-connected, and u is a smooth function on € then the following properties
are verified

(i) If Au=01in Q and u = 0 on 0Q. therefore u = 0 in Q.
(ii) If A(Au) =0in Qand u = Z_Z = 0 on 0L therefore u = 0 in Q.
(iii) If A(Au) = 0 in Q and u = Au = 0 on 0Q. therefore u = 0 in Q.

Proof. 1t is a consequence of theorem to obtain the property (i). Take Au = v with
Av = 0, and we consider the problem

{Au:v, in Q

u=9%=0, ondQ @

Using the Green formula (I.1.13) and from theorem [[.2.T1] then the problem (a) have a
solution u# = 0 in Q that prove (if). We consider the coupled system

Au=v, inQ Av=0, inQ b)
u=0, ondQ "’ v=0, ondQ

It is a consequence of property (i) applying in (b) to obtain # = 0 in Q which prove
(iii). ]
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1.2.4 Sobolev spaces

Let Q c R" be an open set, m > 2, and p € R with 1 < p < co. In studying boundary value
problems, we shall need to make sense of the restriction u|r as an element of a Sobolev
space on ' C 0Q) when u belongs to a Sobolev space on Q.

Definition 1.2.17 (W™? Spaces). The Sobolev space W7 is defined by

W™P(Q) = {u e L7(Q)

Y |a| < m, g, € LP(Q) such that }
JquD% = (=1 [ gatp, Yo € C(Q)

where we use the standard multi-index notation @ = (a1, @;..., @,) with @; > 0 an integer,

ol %
Ox{'0x57....0xy"

la] = Za/i, and D% =

i=1

We set D*u = g,. The space W"7(Q) equipped with the norm

%
ooy :[ D ||D”ullu<m]

O<|al<m
is a Banach space.
The space H™(Q) = W™2(Q) = {u € L*(Q); D%u € L*(Q), |a| < m} equipped with the

scalar product

V) = > (D"u, D)2

O<lalsm

is a Hilbert space.

Theorem 1.2.13 (Rellich’s). Suppose that Q is of class C' with 6Q bounded (or else
Q =R ). Then there exists a linear extension operator

P W"P(Q)— W"P(R"), 1<p<oo
such that for all u € W™P(Q),

(l) PI/t|Q =u
(1i) ||Pullprry < Cllullzr o)
(iii) [|[Pullwn.r@ny < Cllullwnr)

where C depends only on Q.
Proof. see [40] O

Definition 1.2.18 (The spaces H*(€2)). The same approach can be used for defining the
Sobolev space W*(2) for non-integer real positive s. Let s = m + o, with m € N, and
0 < o < 1, and let us introduce the function space

C.(Q) ={ueC"(Q) : |lulwsq < oo}
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where i

@ R a1 2 2
‘fmum D“”dm%
Q

|.X _ y|n+20'

2
llullws) = {“ullW’”(Q) + Z f

lal=m ¥
As consequence of Strong extension property [21], we have that H*(Q2) = W*() and
the norms ||ul|gsq). [lullwsq) are equivalent. As consequence from (theorem 3.18 [88]) we
denote that for s > 0 then H*(R") = W*(R").
A second definition of the spaces H*(R") for all s € R by using the Bessel potential of
order s and F[.] the Fourier transform (see [|88]]) we define H*(R"), as

H'R") = {ue SR"Y : (1+[¢M?|Full € L*(RM)
and the associated norm:
wmmng+mmeh@?
in addition, H*(R") is an isometric realization of the dual space of H*(R"), i.e.,
H”[R") = H'R"Y, forseR

and the following norm for u € H~*(R") is given by

_ |(u, v)|
lullg-swny = sup
(V1175 (ny 20 |IV[[z2s gy

whereas we define the spaces H*(2) of order s as
H(Q) ={ueDQ) : u=vlg for someve H'R")} (1.2.7)

and the induced norm satisfies

lullgs) = V@, Was@) = inf IVl | u = vig}

veHS(R")
Definition 1.2.19. We also define two other Sobolev spaces on Q

H(Q) = closure of D(Q) in H(R"),
Hy(Q) = closure of D(Q) in H*(Q)

which we make into Hilbert spaces in the obvious way, by restriction of the inner products
in H*(R") and in H*(Q), respectively. The above definitions imply that

Q) ={ue H'®R") | sppuc Q)
Hy(Q) ={u € H'(Q) | sppuc Q}
respectively, with the following inclusion holds,
H(Q) C Hé(Q) , H(Q) CH)Q)
and
H(Q) = {u € H'Q) : suppuc Q)
in addition the spaces
DQ) = {u : u=vlo for some v € DR")} (1.2.8)
is dense in H*(Q) because D(R") is dense in H*(R").
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Theorem 1.2.14 (Rellich’s). Let s,t € R and Q C R" be a bounded domain. Then the
imbedding

H(Q) — H'R") s<t.

H(Q) — A Q) s<t.

H'(Q) — H(Q) s<t.

is bounded and compact, the symbol — will be used for compact imbedding.
Proof. See [21] O

Definition 1.2.20 (Lipschitz Domains). The open set Q is a Lipschitz domain if its bound-
ary which denoted by 9Q2 = Q N (R"\Q) is compact and if there exist finite families {WJ-}

and {Q j} having the following properties:

(i) The family W; is a finite open cover of 9L, i.e., each W; is an open subset of R",
and 9Q C U]Wj

(1) Each Q; can be transformed to a Lipschitz hypograph by a rigid motion.
(iii) The set Q; satisfies W; N Q = Q; N W; for each j.
Notice that if Q is a Lipschitz hypograph [88], then
oQ = {x eR™ 1 x, = &) forall ¥ = (xq,..., %,_1) € R”_l}
with £ is Lipschitz, i.e., if there is a constant M such that
() = €00 < MY —y'|, forall v,y € R™™!

Any Lipschitz domain Q has a surface measure o, and an outward unit normal 7 that
exists o-almost everywhere on I'. If Q is the Lipschitz hypograph, then (see theorem 3.34

[831)

do, = A1 +|VEX)dX', n(x) = L. D) , for x € 0Q (1.2.9)
1 +[VEW)

Example 1.2.3. (a) Likewise, for 0 < k < 1, we define a C"* domain by adding the
requirement that the mth — order partial derivatives of be Holder-continuous with
exponent k, i.e.,

107E(x") — 0% < MIx' —y'|F, forall X',y e R" ' and |a| = m

A Lipschitz domain is the same thing as a C*!. If ' € C*! the boundary is called
a Lipschitz boundary with a strong Lipschitz property and Q is called a strong
Lipschitz domain [21].

(b) Any polygon in R? is a Lipschitz domain.
(c) In the case of simply-connected domain, the ellipse is a Lipschitz domain.

(d) In the case of doubly connected domain the annulus is not a Lipschitz domain any-
more. [21]].
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() If 0Q € C™ then we say that JQ is a smooth boundary.

Example 1.2.4 (Parametrization). A parameterized planar curve is a path in the plane
traced out by the point
2(1) = (21(0), 22(0)), 0<t<L (1.2.10)

For a regular boundary A<, the parameterized curve taken z € C(0, L), with |2'(¢)| # 0,
as the parameter ¢ ranges over an interval [0, L].

We define surface measure df, and the exterior unit normal n(¢) that is orthogonal to
the curve 0Q at z(¢) as:

— [Z(O]*
do, = |2+ Z,()*dt, n() = , fortel0,L] (1.2.11)
1 ? Vzi (02 + 25(2)2

with the notation [z'(f)]* is the vector orthogonal of [7'(#)].

Theorem 1.2.15. If Q is a C° domain, then, D(Q) is dense in H%(Q) or in other words
H(Q) is dense in H%(Q) for s € R.

Proof. see [88]] O

Theorem 1.2.16. Ler Q be a Lipschitz domain, then
H(Q) = H*(Q) and H (Q) = H*(Q) forall s € R
For s > 0 define the spaces
A(©Q) ={ue LX(Q) : ie H'R"| C H)Q)

where it denotes the extension of u by zero:

oo Jux) if xeQ
i(x) = { 0 if x € R\Q (1.2.12)
In fact,
A°(Q) = H(Q) provided s ¢ 4+, 2.2
= Hy(Q) provided s 2 505
Proof. see theorem 3.30 and theorem 3.33 in [|88]]. |

Definition 1.2.21 (The Spaces L*(I')). We are introducing by definition of L*(I') be the
completion of C°(T") , the space of all continuous functions on I', with respect to the norm

%
ey = { f Iu(X)Izdsx}
r

Definition 1.2.22 (The Trace Spaces H*(I')). Let Q C R” be a bounded domain and

I' := 9Q, we define
{ulr: ue H 2R}, s > 0
H'T) =1 L)), s=0
(H™*(T")" ( dual space), s < 0
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If s > 0and I' € 9Q be an open subset of the boundary, from [I.2.19|then [19, 20]],
H' ) = {ulr : u € H(0Q)},
HT) = {u e H'(I') : Suppu C l:}
() = H(0Q) = {ue H(0Q) : suppu T}

with the norm

ul|lgsoy = inf Y|y
lulery = inf (M)

We define by H*(I') the dual space of H*(), in addition the following inclusion are
satisfies N
HT) c HT), fors=>0.
AT) c H*@) c L)T) c H*@) c H*@T), fors> 0.
For s < 0, we can define the boundary spaces of negative orders H*(I') as the dual of
H~*(I') with respect to the L*(I") scalar product; i.e. the completion of L*(I') with respect
to the norm: [21]]

letllzsary = sup  |(u, @)
||<PHH—S(1")=1

Theorem 1.2.17 (The Trace Operator). Define the trace operator by
y @ DEQ) — D)
u — yu = ulr

If Qis a C*"! domain, and if 3 < s < k, then y has a unique extension to a bounded
linear operator

y : H(Q) — H"1(T) c LAT)
and this extension has a continuous right inverse. With respect to the norm

||M||Ha-_%(r) = )}L?:i; 117 ()

Proof. [88] O

Definition 1.2.23 (Trace Spaces on Curved Polygons in R?). Let dQ € C%! be a curved
polygon which is composed of m simple C*-arcs I';, j = 1, ..., m such that their closures
r jare C%. The curve I'j;; follows I'; according to the positive orientation. We denote by
Z; the vertex being the end point of I'; and the starting point of I'j,;.

For s € R let H*(I';) be the standard Sobolev spaces on the pieces I';,j = 1,...,m
which are defined as follows. Without loss of generality, we assume for each of the I'; we
have a parametric representation

x=2zit) fort€Q;=la;,bj] CR

with zj(aj) = Zj—b Zj(bj) = Zj, Qj = (Clj,bj), j = 1,...,m, where Zj € Coo(ﬁ), then we
define the space (see [21] pp 186)

AT =gl poz; e H(Q))
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to be equipped with the norm
lellgs;) == lle o zjllus@;)

where ||-||gs(q;) 18 defined as in definition|1.2.18, Then AT ;) 1s a Hilbert space with inner
product

(0. V) = (‘P °zpy¥e Zf)Hs(Q,-)

1.3 Regularization method

It’s well known that many inverse problems can be formulated as operator equations [4]]
of the form

Tx=y (1.3.1)

where T is a linear compact operator between Hilbert spaces X and Y. In what follows, the
regularization parameter @ = @(d) is chosen a priori; that is, before we start to compute
the regularized solution.

In practice, the right-hand side y € Y is never known exactly but only up to an error
of, say, 6 > 0. Therefore, we assume that we know § > 0 and y° € Y with

Iy’ =yl <6 (1.3.2)
It is our aim to solve the perturbed equation
Tx’ =y° (1.3.3)

In general, is not solvable because we cannot assume that the measured data
y° is in the range R(T) of T. Therefore, the best we can hope is to determine an approxi-
mation x° € X to the exact solution x. In other words, it is our aim to construct a suitable
bounded approximation R : ¥ — X of the (unbounded) inverse operator 77! : R(X) — X.

Definition 1.3.1. A regularization strategy is a family of linear and bounded operators
R,:Y—>X

such that
ImR,Tx=x,VxeX

a—0

A regularization strategy a(0) is called admissible if a(6) — 0 and

sup {IRa@y’ — 21l 1 y° € ¥, ITx° = xfl}
xeX

We define
Xo = R(1y§

as an approximation of the solution x to the eq.(I.3.1).
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Definition 1.3.2. Let X, Y be Hilbert spaces, T : X — Y be a compact linear operator,
and T* : Y — X be its adjoint. The non-negative square roots of the eigenvalues of the
nonnegative self-adjoint compact operator 7°T : X — X are called singular values of T'.

Theorem 1.3.1. Let X, Y be Hilbert spaces, (u,) denote the sequence of the nonzero
singular values of the compact linear operator T (with T # 0) repeated according to
their multiplicity, i.e., according to the dimension of the nullspaces N(u>I — T*T). Then
there exist orthonormal sequences (¢,) in X and () in Y such that

TQOn = UnPn, T*wn = Unlln

for all n € N. For each x € X we have the singular value decomposition

x= Z_;u, O)n + Ox

with the orthogonal projection operator Q : X — N(T) and

Tx= Zﬂn(xa %)lﬁn
n=1

Each system (W,, ., ¥,), n € N, with these properties is called a singular system of
T. When there are only finitely many singular values, this previous series degenerate into
finite sums. (Note that for an injective operator T the orthonormal system ¢, : n € N
provided by the singular system is complete in X.)

Proof. [42] O

Theorem 1.3.2 (Picard). Let X, Y be Hilbert spaces, and T : X — Y be a compact linear

operator with singular system (U, ¢, ¥,). The equation of the first kind[I.3.1]is solvable
if and only if y belongs to the orthogonal complement N(T*)* and satisfies

1
> S, unP < oo
n=1 l'ln

In this case a solution is given by

B!
X= DO (1.3.4)

n=1
Proof. see [4]]. O
Theorem 1.3.3. Let X, Y be Hilbert spaces, and T : X — Y be an injective compact
linear operator with singular system (W,, ,, ¥,), n € N and let g : (0,00) X (0, ||T|]] — R

be a bounded function such that for each @ > 0 there exists a positive constant c(a) with
the properties

lg(a, | < cla)u, 0 <pu<||T|| (1.3.5)
lim g(a, p) = 1, O<u<|T (1.3.6)
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Then the bounded linear operators R, : Y — X, a > 0, defined by

|
Rof = 3 -a@ i) ogn €Y (13.7)
n=1 7"
describe a regularization scheme with
IRl < (). (1.3.8)
Proof. See [4}42] O

1.3.1 Tikhonov regularization

The Tikhonov’s method is one of the most important regularization strategies, as intro-
duced independently by Phillips in 1962 and Tikhonov 1963 is obtained from (I.3.4) by
multiplying - by the damping factor

2
My
a+ u?

My

where « is some positive regularization parameter.

Definition 1.3.3. A sequence (x,) of elements from a Hilbert space X is called weakly
convergent to an element x € X if

’}Lrgo (@, x,) = (¢, x)

For a weakly convergent sequence we will write x, — x, n — oco. Note that norm
convergence x,, — X, n — oo, always implies weak convergence x,, — x, n — oo.

Theorem 1.3.4. Let X, Y be Hilbert spaces, and T : X — Y be a bounded linear operator
and let « > 0. Then for each y € Y there exists a unique x, € X such that

ITx0 = YIP + @llx,|? = inf {II T = yI* + ellel?}
oeX
The minimizer x, is given by the unique solution of the equation
axe+ T Tx, =Ty
and depends continuously on y .
Proof. See [4]] m|

Theorem 1.3.5. Let X, Y be Hilbert spaces, and T : X — Y be an injective bounded
linear operator. Then

R,=(al +T*T)'T"
describes a regularization scheme with

IRl < Ll
a

Proof. See [42]] O

Theorem 1.3.6 (Theorem 16.8. p327 [41]). Let X, Y be Hilbert spaces, and T : X — Y
be an injective bounded linear operator with dense range. Then

ITxe — fll = 0, a—0
forallyeY.
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1.3.2 Least squares approximations

The term least squares describes a frequently used approach to solving over-determined
or inexactly specified systems of equations in an approximate sense. Instead of solving
the equations exactly, we seek only to minimize the sum of the squares of the residuals.

Definition 1.3.4 (Best Approximation). Let U C X be a subset of a normed space X and
let x € X. Anelement it € U is called a best approximation to x with respect to U if

||x — @t|| = inf ||x — ul| (1.3.9)
uelU

1. e., if &1 € U has smallest distance from x.

Theorem 1.3.7. Let U be a finite-dimensional subspace of a normed space X. Then for
every element in normed space X there exists a best approximation with respect to U.

Proof. See [42]] O

Corollary 1.3.1. Let U be a finite-dimensional linear subspace of a preHilbert space H
with basis uy, ..., u,. The linear combination

= Uy (1310)

is the best approximation to x € X with respect to U if and only if the coefficients ay, ..., @,
satisfy the normal equations

D ewou) = (xup,  j=1,n (1.3.11)
k=1

Proof. See [42] O

Definition 1.3.5 (Least Squares Problem). Let X, Y be Hilbert spaces, with T € L(X,Y)
and y € Y. We call the linear least squares problem associated with the equation (I.3.1),
the following minimization problem

min |y — T'x| (1.3.12)
The equation system
T"Tx=T"y (1.3.13)

is called a system of normal equations for the least squares problem.

Theorem 1.3.8. Let X, Y be Hilbert spaces, T € L(X,Y), andy € Y, an element x € X is
a solution to the least square problem (I.3.12)), if and only if, % is a solution to the normal

equation ([I.3.13).
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Proof. Let X € X a solution to the normal equation, for all x € X we have
O=y-Tx=y-Tx+T(x-x) (%)
The normal equation involves that the two terms of the equation are orthogonal,

indeed
Y=Tx,T(X—x))=(T"(y—-Tx),x— x)

=0
and
ly = T« = lly = TR + IT(% = 0)II°
therefore
ly = T3> < lly = T, VxeR"
Then x resolve the least square problem. O

Lemma 1.3.1 (Existence and uniqueness). Let X, Y be Hilbert spaces, T € L(X,Y), and
y € Y. The following properties are satisfied

(i) The normal equation (|1.3.13) accepts a solution if and only if y € R(T) + R(T)*.
(ii) The solution of the problem ([I.3.13) is unique if and only if T is injective.
Proof. (1) Let X a solution to the normal equation then

T"(TR-y)=0=>Tx-ye NT") =R(T)*
and
y=Ti+(y-T%) € R(T)+R(T)"

Inverting, let y = y; + y,, with y; € R(T) and y, € R(T)* = N(T*), then there exists
X € X such that

Tx = y1 = T"T% = T*y]
ST TX=Ty+T 'y, =T"y
Therefore X solve the normal equation.

(i) For x € N(T*T) & x € N(T), then T*T and T both are injective.
O

Definition 1.3.6 (Curve Fitting). A very common source of least squares problems is
curve fitting. Let 7 be the independent variable and let y(¢) denote an real unknown func-
tion of € R that we want to approximate. Assume there are m observations, i.e. values
of y measured at specified values of 7.

yi=yt), i=1,..,m (1.3.14)
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The idea is to model y(#) by a linear combination of n basis functions,
()~ > wig(0) (1.3.15)
j=1

The design matrix A is a rectangular matrix of order m-by-n with elements a; ; = ¢;(;).
The design matrix usually has more rows than columns. In matrix-vector notation the
model is:

Aw~y (1.3.16)

The basis functions ¢ ;(¢) can be nonlinear functions of ¢, but the unknown parameters,
w; , appear in the model linearly. For examples [[74]

(a) Gaussian basis example: The means and variances appear non-linearly:

1=Hj )2

¢i(1) = 6_( 7

V(1) = Z a)je_(?j)
=1

(b) Polynomials: The coefficients w; appear linearly:
i) = 1", j=1,..,n

y(t) =~ Zn:wjtn_j

=

Remark 1.3.1. The residuals are the differences between the observations and the model,
ri :)’i—ij%‘(f), i=1,..,m,
j=1

or, in matrix-vector notation,
r=y-—Aw

We want to find w that make the residuals as small as possible. Least squares sens
method consist to minimize the squares sum of the residuals (research on the best approx-

imation of y).
n

2 2
2 =7

1.4 Numerical methods

1.4.1 Trefftz method (TM) - Modified Trefftz method (MTM)

The Trefftz method (TM) was first proposed in 1926 . The method can be classified as a
boundary-type solution procedure. The main idea of the TM is to use particular solutions
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as the admissible functions, which satisfy the partial differential equation (PDE) exactly.
The numerical effort is required only to approximate the boundary conditions [79].

For example, the general solution, for the two-dimensional Laplace equation in simply-
connected planar domain can express by the series form [75]]

u(r,0) = co + Z e, cos(nf) + d,r" sin(nf) (1.4.1)
n=1

In the conventional Trefftz method, the numerical solution for the two-dimensional
Laplace equation in simply-connected planar domain is expressed by linear summation of

the following bases [80, 81} 82].
{1, 7" cos(nf), r" sin(nf),n =1,2...} (1.4.2)

Recently, Liu [10, 83 84] had modified the T-complete functions in (I.4.2)) by con-
sidering the characteristic length of the computational domain is R; = maXg<y<z, (6) to
stabilize the numerical scheme,

r n r n ) B
{1’(R_1) cos(n@),(ITl) sin(nf),n = 1,2...} (1.4.3)

Hence, the following admissible functions with finite terms truncation m can be used to obtain
the Trefftz method (TM) and the modified Trefftz method (MTM), respectively as follows:

co + Z 1" cos(né) + d, 1" sin(nf) (1.4.4)
n=1
m r n r n
co + cp|—=—1| cos(nf) + d, (—) sin(n0) (1.4.5)
0 Zl ( Rl) ( 7;) sinc

Definition 1.4.1 (Collocation Method). The collocation method has a great advantage to apply on
different geometric shapes, and the simplicity for computer programming. In order to applying
the collocation method for approximately solving the equations (1.4.4) and (1.4.5)) we seek an ap-
proximate solution from a finite-dimensional subspace by requiring that the equations (I.4.4) and
(T.4.5) be satisfied at only a finite number of so-called collocation points.

We choose m + 1 points 0 < 6y < 6y,...,< 6, < 2m such that the interpolation at these
grid points with respect to the subspace X, is uniquely solvable. For example define 6; are the
equidistant collocated points on [0, 27] given by

2
0; = ih, fori=0,...,m, and, h=-" . (1.4.6)
m+1
In both Eq. (I.4.4) and (1.4.3) respectively, for each one there are 2m + 1 unknown coef-
ficients, can be obtained by imposing the different collocated points with [ro(6)), 8;], for

i=1,...,2m+ 1, then the collocation Trefftz method (CTM) ia given by

m
co + Z cnro(0;)" cos(n8;) + d,ro(6,)" sin(nb;) = u(ro(6;), 6;) (1.4.7)
n=1
and the modified collocation Trefftz method (MCTM) ia given by
m n n
0; 0;
co+ Y e (m( ’)) cosi8y) + dy [ 292 singnr) = u(ro(6:). 6:) (1.4.8)
o R, R,

We obtain a linear equations systems with dimensions n = 2m + 1 can be solved for example
by the conjugate gradient method to obtain the coefficients ¢, d,,, for n € N.
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1.4.2 The conjugate gradient method

The classical conjugate gradient method is restricted to solving linear systems Ax = b with matrix
A symmetric and positive definite. But recently, many generalizations have been given for solving
linear systems that are not symmetric and positive definite. We consider an approach to handling
non-symmetric linear systems is to convert them to symmetric linear systems and to then use the
original conjugate gradient method [28].

We consider the normal equation A’ Ax = ATy such that The matrix of coefficients B = ATA
is symmetric and positive definite, and therefore, the conjugate gradient method is applicable.

Let xo be an initial guess for the solution x* = B~'ATy. Define ry = ATy — Bxg and sg = ry.
For k > 0, define

X+l = Xk + @Sk CYk_M
" ’ (Bsi, si)
T
kel = ATy = Bxgy (1.4.9)
sl
Skl = Thel +BiSks Pr = T
k

with the norm and the inner product are both in L?.

Theorem 1.4.1. Let B be a self-adjoint matrix. Assume C = I — B is a symmetric positive def-
inite operator. Let x; be generated by the conjugate gradient iteration ([.4.9). Then x; — x*
superlinearly:

Il = xell < (el = xoll, k>0 (1.4.10)

with ¢, — 0, as k — oo.

1.4.3 Numerical integration

Numerical integration formula, or quadrature formula, are methods for the approximate evaluation
of definite integrals.

Definition 1.4.2. In general, a quadrature formula is a numerical method for approximating an
integral of the form

b
o(f) = f S(x)dx (1.4.11)

of a continuous function f over the interval [a, b] with a < b by a weighted sum

0u(f) = D dif(xh)

J=0

with quadrature points xg, ..., X € [a, b] and real quadrature weights ag, s .
1.4.4 Trigonometric interpolation

One important method of constructing degenerate kernels that approximate a given continuous
kernel is the interpolation, for which we recall the following theorems.
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Definition 1.4.3. For n € N we denote by T, the linear space of trigonometric polynomials

n

n
q(t) = ) aycosmt+ )" by sinmt (1.4.12)

m=0 m=1

with real (or complex) coefficients ay, ..., a, and by, ..., b,. A trigonometric polynomial g € T}, is
said to be of degree n if |a,| + |b,| > 0.

Theorem 1.4.2. Given 2n + 1 distinct points ty, ..., th, € [0,2n1) and 2n + 1 values yy, ..., yo, € R,
there exists a uniquely determined trigonometric polynomial q,, € T, with the property

Qn(tj) =DYj j=0,..2n.
Proof. [42] g

Theorem 1.4.3. Lett; = % j=0,...,2n — 1, be an equidistant subdivision of the interval [0, 2r]
with an even number of grid points. Then, given the values Yy, ..., yan—1, there exists a unique
trigonometric polynomial of the form

n—1
gn(®) = 2+ Y [y cos kt + By sin k] + < cos nr (1.4.13)
2 L 2

satisfying the interpolation property

Qrt(tj) =Y j=0,...,2n—-1

It’s coefficients are given by

Proof. See [41,142] O

Remark 1.4.1. As consequence from theorem [I.4.3] The Lagrange basis for the trigonometric
interpolation has the form (see [41]])

1 n—1
L) = 2_n{1+2Zcosk(z—t,)+sinn(t—zj)} (1.4.14)
k=1
fort € [0,2n]and j=0,...2n — 1.

1.4.5 The Nystrom method

The Nystrom method or quadrature method, was originally introduced to handle approximations
based on numerical integration of the integral operator, the resulting solution is found first at the
set of quadrature node points, and then it is extended to all points in Q by means of a special,
and generally quite accurate, interpolation formula. The numerical method is much simpler to
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implement on a computer, but the error analysis is more sophisticated.

We choose a convergent sequence Q, of quadrature formula for the integral in definition[I.4.2]
With quadrature points x{, ..., x; € [a, b] and real quadrature weights aj, ..., @;. We approximate
the integral operator

b
(Te)(x) = f K(x,y)p()dy, x € [a,b];

with continuous kernel K by a sequence of numerical integration operators

n

(Tu)(x) = ) ajK(x,y)e0),  x€la,bl;

=0

i.e., we apply the quadrature formula for g = K(x,.)¢. Then the solution to the integral
equation of the second kind is approximated by the solution of

on—Tupn = f
which reduces to solving a finite-dimensional linear system.

Theorem 1.4.4. Let ¢, be a solution of

en(x) = ) KX, yden(yi) = f(x), s €la,b].

n
i=1

Then the values 90;? = u(x)), j = 1,...,n, at the quadrature points satisfy the linear system

n
G- ) Kaeydgl = f), = 1n,
i=1
Theorem 1.4.5. Assume the quadrature formulas (Q,) are convergent. Then the sequence (T}) is
collectively compact and pointwise convergent (i.e., Tpo — T, n — oo, for all ¢ € C([a,b))),
but not norm convergent.

Corollary 1.4.1. For a uniquely solvable integral equation of the second kind with a continu-
ous kernel and a continuous right-hand side, the Nystrom method with a convergent sequence of
quadrature formulas is uniformly convergent.

Remark 1.4.2 (see [41]). We will now describe the application of Nystrom’s method for the
approximate solution of integral equations of the second kind with weakly singular kernels of the
form

b
(Te)(x) = f Hlx = yDK(x, y)e(y)dy, x€Q;

H is continuous and satisfies |H(r)] < Mt*™™ for all t > 0 and some positive constants M and a.
Then we approximate the weakly singular integral operator by a sequence of numerical integration

operators
n

(T = >~ a;K(x,y)e())
j=1
We confine ourselves to a special case by considering a weakly singular operator with a loga-
rithmic singularity

21
(TY)(t) = f In(4 sin’ I_TT)K(t, De(tdr,  0<t<2m (1.4.15)
0
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in the space C(0,2n1) ¢ C(R) of 2m-periodic continuous functions. The kernel function K is
assumed to be continuous and 2z-periodic with respect to both variables. We construct numerical
quadratures for the improper integral

21
t —_
(09)(t) = f In(4 sin TT)(p(T)dT, 0<t<2m (1.4.16)
0
Using the Lagrange basis [[.4.14] we obtain that [41]]

2n—1
Q)0 = " aiRID(t), 0 <1< 2m; (1.4.17)

=0

with the quadrature weights, for j =0, ...,2n — 1.

R';(t) =—

SRR
1=

1
cosk(t—1t;) + 2—cosn(t—tj)}, (1.4.18)
n

and

]
—

e
RA0)| < —=
Jj=0 ' V2
Remark 1.4.3. Because of singularities in equation at the two points # = 0 and ¢ = n,
we discretizing the equations with equidistant points on [0, 2] would lead to a poor accuracy.
For this reason, it is more appropriate to use a mesh that is graded towards the intersection points.
Such a grading can be achieved most efficiently by using a sigmoidal transformation, i.e., a strictly
monotonically increasing function as the follows [[19].

Definition 1.4.4 (Sigmoidal Transformation). [43] We define the quadrature weights given by
wy 1 [0,27] — [0, 27]

_ [v(®]”
wp(t) =2 O + v =D 0<t<2n (1.4.19)

with v,, is a cubic polynomial given by

=ty 1 t-n
ol
p
the function w), is strictly monotonically increasing, with derivatives vanishing up to a certain
order p — 1, p > 2, at the two intersection points t = 0 and ¢ = 7 with w;,(ﬂ) =2, v,(0) =0,
vp(2m) = 1.

1 1 1
v == 3| )+ 3

v/ Y/

Remark 1.4.4. The parameter p in the substitution functions is the so-called grading parameter.
For larger values of p the grid points are more densely accumulated at the end points of the
integration interval (see [11]). To this end we take the weights a;, and the mesh t;as: a; = w;,(t i)
l‘j = Wp(lj), ] =0,..,2n—-1.

1.4.6 Spline interpolation

In our cases approximation, consists of problems where it is required to construct an approximation
to an unknown function based on some finite amount of data. We define

n
P = {P(x) cp(x) = Z Cixi_l, X, Cly ey Cpy real}
i=1

The space of polynomials of order m, which has played an important role in approximation
theory and numerical analysis.
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Theorem 1.4.6. P, is a linear subspace of C*(R). Moreover, given any real number a, the
functions 1,x — a, ..., (x — a)"~! form a basis for P,

Proof. See [47]]] O
Example 1.4.1. A given function f € Cla, b] can be approximated by a continuous piece-wise

linear function by linear interpolation on each of the sub-intervals, by

1
sn(x) = ——[f (xj-)(x; = 0) + fx)x — x;-D],  x € [xj-1, xj].
)Cj —)Cj_l

Theorem 1.4.7 (Hermite Interpolation). Let 71, T2, ..., T, and positive integers {1, (s, ..., {;, be pre-

scribed with ]!, €; = m. Then for any given set of real numbers {zi,j}ii:’l';:l. there exists a unique
p € Py, with

Dlp(r) =zijy  j=1.20, i=12,..n
Proof. See [47]]] O

Remark 1.4.5. The practical significance of Theorem [3.1.1]is that once having chosen a basis
for P,, each polynomial will have a unique set of coefficients associated with it. This formally
establishes the fact that polynomials can be stored on a digital computer.

Definition 1.4.5 (Piecewise Polynomials). Leta = xp < x; < - -+ < xx < x+1 = b, and write
A = {xi}](‘)“. The set A partitions the interval [a, b] into k + 1 subintervals, I; = [x;, xi+1), i =
0,1,...,k—1,and I = [xg, xx+1]. Given a positive integer m, let

there exist polynomials :
PPm =1 PPu(A) = po, p1,-» p € Pwith f(x) = pi(x),
forxe I, i=0,1,..,k

We call PP, the space of piecewise polynomials of order m with knots xp, - - - - , Xk

Definition 1.4.6 (Polynomial Splines With Simple Knots). Let d be a partition of the interval [a, b]
as in Definition [[.4.5] and let m be a positive integer. Let

Sim(A) = PP, (A) N C™ [a, b],

where PP,,(A) is the space of piecewise polynomials defined in We call §,,(A) the space of
polynomial splines of order m with simple knots at the points xq,- - - - s Xk

In particular, suppose that our problem are located at the points (x;,y;),i = 1,2,...,k in the
Cartesian plane. Then the centerline of the spline is approximately given by the function s with
the following properties:

1. s is a piecewise cubic polynomial with knots at x,- - - - s Xk
2. sis alinear polynomial for x < x; and x > x; ;

3. s has two continuous derivatives everywhere

4, s(xp) =y, i=1,2,..,k;

The function s is a kind of best interpolating function. By S¥ we denote the set of all splines of
degree m for a fixed subdivision

Theorem 1.4.8. S% is a linear space of dimension k + m.
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Theorem 1.4.9. Let m = 2 — 1 with € € N and € > 2. Then, given k + 1 values yy, ..., yx and
m — 1 boundary data ay, ...,ar—1 and by, ..., be_1 , there exists a unique spline s € Sf;, satisfying the
interpolation conditions

sxp) =y, Jj=0,1,..,k

and the boundary conditions
sa)=a;, sPb)=b;, j=1,.,6-1

For the sake of simplicity we confine our analysis of B-splines to the case of an equidistant
subdivision of step length h. We set

1, I1<05
BO‘{ 0, |x>0.5

and define recursively

1

X+ 5
Bmﬂ(x)zf1 Bn(y), x€R, m=0,1,...
1

2

Corollary 1.4.2. Let x; = a + hk, k = 0, ...,n, be an equidistant subdivision of the interval |a, b]
of step size h = (b — a)/n with n > 2, and let m = 2€ — 1 with € € N. Then the B-splines

x—a-—hk
Bm,k(x) = BM(T)’ X € [a’ b]

Fork=—-C+1,...,n+{+ 1, from a basis for B, .
Proof. See [42] O

Therefore, the cubic spline

n+l
X — Xk

s() = ) By (— ). x€lab]
k=-1

with
| 2 - |xl)® - 401 - [x])?, X <1
Bs(x) = ¢y (2- Ix])?, 1<|x<2 (1.4.20)
0, [x] =2

satisfies the interpolation conditions and the boundary conditions in theorem [[.4.9]if and only if
the n + 3 coefficients a_y, ..., @,4+1 satisfy the system

1 1
—Eaf_l + an = ha;
1 2 1
ga’j_l + §Q’J + ECYJ'+1 =Y ] =0,..,n, (1421)
1
_Ean—l + Ean+] = hbl
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Chapter 2

Inverse Problem of Identifying an
Unknown Boundary

Introduction

This chapter deals with the study of a geometrical inverse problem for the Biharmonic equation to
find an unknown boundary from the measured data on the remaining known part of the boundary.
Here, we can determine the solution uniquely, everywhere in its domain of definition, by assuming
that the available data have a Fourier expansion. The question of the existence and uniqueness of
this inverse problem will be answered, and we will conclude with some simple analytical exam-
ples.

Theoretical results are standard and well known for the Laplace case. The question of the exis-
tence and the uniqueness of the unknown curve is discussed [[1]], in the case of a doubly connected
domain. Further, in the simply connected domain, the results of uniqueness and reconstructions
have been demonstrated in [34]. We follow these works and we extend the techniques to our case.

In the first part of this chapter, we present a method that has been suggested in [[1], and we
show the extension of this method in the remaining part.

2.1 Identifying an unknown boundary for the Harmonic
equation

2.1.1 Problem formulation and modeling

Let Q c R?, be a bounded domain, and doubly-connected, with regular boundary 4Q =T, U T,
where I, and I, are two curves, smooth and closed of class C2. By n we denote the outward unit
normal to 0Q, and u is a solution to the following boundary value problem

Au=0 in Q (2.1.1)
with mixed Cauchy data

U= ugp, onl,,

ou (2.1.2)

— = u, onT,,

on



Definition 2.1.1. We call a function u € C'(Q) N C?(Q) satisfying Equation (2.1.1) and the bound-
ary conditions (2.1.2)) a classical solution to the problem (2.1.1)-(2.1.2).

Theorem 2.1.1 ([86]). The mixed boundary value problem ([2.1.1)-([2.1.2) in doubly connected

domain with smooth boundary components and boundary data in L, have unique solution.

In what follow we consider u € C'(Q) N C%(Q) as a solution to the problem (2.1.1)-(2.1.2),
and assume that I',,, is a known inner curve and I'. an unknown outer curve.

The inverse problem we are considered with is : given I',,;, ug and u;, determine the curve I',
such that:

u=0, surl, (2.1.3)

=0, surl, (2.1.4)

The problem @2.1.1)-(2.1.2)-(2.1.3)-(2.1.4) can be interpreted as follows: find the curve I,
on which the function u or the normal component of its derivatives vanishes. For example, in

incompressible fluid, determine the bottom of reservoir, from the knowledge of the velocity u and
the pressure g—z on [',. In other, one can measure the pressure and velocity potential on the surface
of the water and determine the surface of a submarine [[1]].

2.1.2 Polar coordinate representation

It is advantageous [92] to apply the variable change x = rcos, y = rsiné on the problem (2.1.1)-
(2.1.2), where the radial coordinate is denoted by r and the angular coordinate is denoted by 6.
The following change can be obtained

0 d Fr 1 #r 1

I cos(0), &z sin(6), gr_z- sin2(0), gr_Z cos2(0)

0x dy oxz r oy r 2.15)
46 _ sin(0) 96 _cos(d) 90 _sin26) 90 _ sin(26) o
ox r 8y T ax2 2 T gy r2

By applying (2.1.5) in (2.1.1)) therefore, the Laplace equation in polar coordinate system is
given as:

Pu 10u 1 0%u

o2 ror T Roe

Using the variables separation method. Then, the solution is given as:

=0 (2.1.6)

u(r,6) = f(r).g(0) (2.1.7)

with f € C2(]0, oo[), and g € C2([0, 27]), by replacing (2.1.7) in (2.1.6) this one can be rewritten
as two differential equations by
) ) g0
r +r =- =n
fry  f) 8@0)

We assume that the function g(6) can be represented by the Fourier series (see definition[T.2.2)).
Therefore, the function g(6) can be written as

(2.1.8)

[

8(6) = )" ey cos(n) + d sin(n6) 2.1.9)
n=0
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By substituting u(r, 8) = f(r) cos(n8) and u(r,8) = f(r) sin(nf) and the variable change r = ¢
is used on (2.1.8)) to obtain that
[0 -rfH=0 (2.1.10)

The characteristic equation m> — n?> = 0 have a roots m = +n. Clearly, the roots are not
repeating if n > 1 then solution of (2.1.10) is given by

2

f@®) = cpar™ +cpor” .1.11)
The general solution for n > 1
u(r,0) = Z (Cnar™ + cuor™) cos(nd) + (dp 7™ + dyor") sin(nd) (2.1.12)
n=1

The general solution for the repeating roots n = 0 is
u(r,6) = co,1 + co2In(r) (2.1.13)

Combining the solution shown in (2.1.13), (2.1.12), then, the numerical solution of the Har-
monic equation in 2D doubly-connected region [72, /5] is given by

u(r,0) = co1 + conIn(r) + Z (cnar™ + cpor™) cos(nb)
" (2.1.14)
+ 3 (dn1r™ + dy 2r") sin(n6)

n=1

Without loss of generality, we assume that I, is a circle of radius Ry, and (ug, 1) € L*(T,,) X
L*(T",,) then both of them have a Fourier expansion as follows (see in chapter 1).

uy =Ag + Z A, cos(nf) + B, sin(nf)
"l (2.1.15)
up =Aj + Z A, cos(nb) + Bj, sin(n)

n=1

Lemma 2.1.1. The solution of problem - in the exterior of a circle with radius Ry is
given by

u(r, 0) = Ag + AlyroIn(—)
ro

) An RO n r o, R()A;l r . RO n

+,,Z=; 7((7) R )+ 2n ((R_o) - )]COS(”Q) (2.1.16)
N Bn RO n r n ROBI; r n RO n .

+ Z 5 ((7) + (R_O) ) + o ((R_O) - (7) )] sin(n6)

where the constants ¢, 1, Cn2,dn,1, dn2 are uniquely determined by

Co,1 = AQ - A6R() lnR(), d()’l =0
co2 = AyRo, dop =0

’ , ’ , 2.1.17
Cnt = %AnRg - ﬁlAnjol, dp = %B,IRS - ﬁanjol nzl ( )
Cp2 = EAnRan + ﬂAnRO_n’ dn,2 = EBnR(;n + %BnRO_n n>1
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Proof. If r = Ry the equation (2.1.T4) take the form

u(Ro,0) = co,1 + co2 In(Rp) +

e

(cn, 1Ry + cn,zRg) cos(nd)

n=1

+

Ms

(dn1Rg" + dy2RG) sin(nd)

S
Il
—_

and

0 c =
a_Z(RO, 0) :RL;)Z + Z n (—Cn,lRan_l + Cn,2R8_1> COS(nQ)

n=1

* i n (_dmlR(;"_l + dn,zRS_l) sin(n)

n=1

One can match the boundary conditions (2.1.2) and by considering the Fourier expansion
(2.1.15), render to a linear system equations that is uniquely solved to obtain the coefficients

(2.1.17). By substituting in (2.1.14), the expression (2.1.16]) can be obtained. i

2.1.3 Existence and uniqueness

Starting from a trivial case and based on the lemma[2.1.T]one can verify that the problem (2.1.1)-
(2.1.2) accept a solution u = 0 if and only if uy = u; = 0, that means both equations (2.1.3)-(2.1.4)
admits an infinite number of solution I'.. To avoid the trivial case we confine ourselves in the
following hypothesis |ug| + |u;| # 0, i.e., at least one of the given data does not vanish identically.

The existence of a solution to the inverse problem (2.1.1)-(2.1.2)-(2.1.3)-(2.1.4) is not assured
for arbitrary data ug, u;. For example, if u = 0 on ', and ug = 0 on I, then u = 0 on 9Q. The
maximum-minimum principle (see theorem [I.1.3] and [I.1.1)in Chapter 1) imply that = 0 in its
domain of definition, and u#; = 0. Therefore the problem (2.1.1)-(2.1.2)-(2.1.3) has no solution if
up = 0 and u; # 0. See example[2.1.2]

If g—fz =0onTI,and u; = 0 on I,.ie., g—z = 0 on 0Q. Then, lemma imply that
u = constant, everywhere in its domain of definition, and ug = constant. Therefore problem
@.T.1)-@2.1.2)-2.1.4) has no solution if uy # constant and u; = 0, for example.(See example

2.1.2).

Theorem 2.1.2. Let u be a solution to the problem (2.1.1)-(2.1.2), ifu = 0 on T, then the boundary
I'. is uniquely determined provided that (ugy, u;) # (0,0).

Proof. Suppose that I, and I',. are two separate solutions, then there exists a domain Q’, bounded
by some parts of I'. and I'.., in which there exists a harmonic function, u , which vanishes on 9.
The maximum-minimum principle imply that, u = 0 in ©’. From theorem (I.1.5)), then u = 0 in
it’s domain of definition. Therefore ug = u; = 0, which contradicts our assumption. See example

2111 o

Theorem 2.1.3. Let u be a solution to the problem (2.1.1)-(2-1.2), if u = 0 on T, then the boundary
I'; is uniquely determined provided that ug # constant or u; # Q0.

Proof. Suppose there are two different surfaces, I'. and I"., on which g—z = 0. Then there is a
domain Q' bounded by parts of I'. and I'., in which Au and g—z = 0 on 9Q’. The lemma
imply that, u = constant everywhere in it’s domain of definition, and uy = constant, u; = 0.
Therefore, there is at most one solution I'. on which % = 0 provided that ug # constant or u; # 0.

See example[2.1.3] i
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2.1.4 Determination of a non-accessible curve I',
Definition 2.1.2. Let r = f(0) be a representation of I';, the following equation

u(f(6),6) =0 (2.1.18)
is a transcendental equation for f(6).

Remark 2.1.1. In order to solve (2.1.3) and determine I';, the equation (2.1.18) allows us to
determine the unknown function f(6) numerically, in some cases analytically, and the following
equivalence is satisfy:

u(f(0),0) =0 o r= f(0) (2.1.19)

Remark 2.1.2. The equation (2.1.4) is equivalent to

ou ou 1 0udf
—lr=f0) = — — 5= —==lr=r09) = 0 2.1.20
an" = 5 " 2606 (2120
with
ou 10u
Vu=—e +——ep, n=e,—1f
u 8re + r@@eﬁ n=-e-—+f"(0)eq

where e, and ey are the polar coordinates of unit vectors.

2.1.5 Numerical illustrations

In what follows we assume that I', is the unit circle, in which the coefficients ¢, 1, cy2,dn.1, dn 1
can be obtained by replacing Ry = 1 in (2.1.17).

Example 2.1.1. Let up = -1, u; = 1. According to (2.1.17) we obtain that co; = —1, cop = 0.
Therefore : u = -1 +1Inr.
Equation (2.1.3) takes the form : Inr = 1. and I, is a circle of radius e.
1
Equation (2.1.4) takes the form : — = 0. and has no solutions.
r
Example 2.1.2. Let: up = 0, u; = 1. According to (2.1.17) we obtain that co; = 0, cop = 1.

Therefore : u(r,0) = Inr.
According to the equation (2.1.3]) and (2.1.4) there are no external solution.

Example 2.1.3. Let uyp = u; = sin(6). According to we obtain that : dy; = 0, djp = 1.
Therefore : u = rsin(0).

Equation (2.1.3), has no external solution .

Equation take the form :

005(9)% = f(6) sin(0)

And has solution f(6) = %, with ¢ = constant, which is no bounded. Therefore problem
cos
(2.1.4) have no solution.
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2.2 Identifying an unknown boundary for the Biharmonic
equation

2.2.1 Problem formulation and modeling

Let Q c R?, be a bounded doubly-connected domain with piece-wise smooth boundary dQ =
[, UT,, where I',, and T, are two curves, smooth and closed of class C2, by n we denote the
outward unit normal to 9Q. Let u € C(Q) N C*Q) to be a solution of the following boundary
value problem:

ANu=0, inQ (2.2.1)

that is equivalent to system of equations:

Au=w, in Q)
(2.2.2)

Aw = 0, inQ
This mathematical model is well known in 2D Stokes flows, and in elasticity, where the func-

tions # and w represent the stream function and vorticity in Stokes flows, whilst they represent
deflection and bending moment in elasticity.

Figure 2.1: Example of doubly connected planar domain.

In [33], it is presented that, if u and its normal derivative g—:‘l or u and w or u and g—: are

prescribed at all points of the boundary 9Q, this enables us to uniquely identified the solutions u
and w everywhere in its definition domain €, then it is well-posed direct problem [9,168]. However,
in the practice it is not always possible to specify boundary conditions at all points on the boundary
of the considered domain and some other boundary information may be given elsewhere [33}196]],
in this case, the problem is called an inverse problem for the Biharmonic equation which is ill-
posed. We address the situation where the boundary conditions , %, Au, % are given on a part
I';,, of the boundary, and the unknown part has assumed additional information.

In what follow, we are interested in the Biharmonic equation with mixed boundary conditions

given on the accessible part [, of the boundary as:

u = up, onl,,

0

(,)—u =uy, onl,,
n (2.2.3)
W = up, onl,,

0

a—:: = us, onT,,

48



where % denote the outward unit normal to JQ, we assume that I',,, is an inside (internal) curve
and I'; is an outside (external) curve, both have a polar coordinates representations of the form
r = f(0), where f is a differentiable function and 2z-periodic (see figure [2.T). We assume that I,
is known, and I, is unknown.

Remark 2.2.1 (see [7]). The mixed boundary value problem (2.2.1)-(2.2.3) admits a unique solu-
tion for a compatible data in LX(T,).

Inverse problem The inverse problem we are consider with is: given I', and ug, uy, u>, u3, to
find the shape I'. such as:

u=2%=0, onT, (2.2.4)
Or

u=w=0, onT, (2.2.5)
Or

W—w=0, onT. (2.2.6)

This inverse problem is generally encountered in elastic plate [71} 93], in particular, finding
the cracks in a medium from the measurements of the elastic field on the surface of the medium.

2.2.2 Polar coordinates Representation

In two-dimensional plane problems, the Biharmonic equation can be solved by a repeated applica-
tion of variables separation procedures, when, the dependency in one of the coordinate variables
is Harmonic.[87]. Each Biharmonic function also called (Airy stress function) has a polar coordi-
nates representation in the plane [37].

It is natural [87] to apply the variable change x = rcos6, y = rsinf on the problem (2.2.1))-
(2:2.3), where the radial coordinate is denoted by r and the angular coordinate is denoted by 6.
By using the variables change (2.1.5)) thus, we have the Biharmonic operator in polar coordinates
given as:

# 10 18\(# 18 108
AN=|l—=s+-=+s—]|l=+-=+== 2.2.7
o ror r? 602) (8r2 ror  r? 802) ( )
In addition, the following variables change can be obtained.
»’r 3 3xy? »’r 3 3x%y
ox3 P -
&=_3y2r2_5xz’ &:_3x2r2—5y2
ox* r! oy* r!
3 2 2 3 2 2 (2.2.8)
0°0 ) re—4x 0°60 ) re—4y
_— = s —_— = —2X
03 T 6 0y? ro
a0 24x3 — 12xr? a0 24y® — 12yr?
— =2y, — =2
ox* r8 oy* r8
Therefore, the Biharmonic function (2.2.1)) in polar coordinates is given by
Au 20%u 10Pu 10u 2 3u 2 du 4 0%u 10 0 (2.2.9)

e b e o ——— f ——— =
ot rord r2or? r3or rPore?  rror2e?: 08> rtoet
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Let the solution for Biharmonic equation (2.2.1), is separable, i.e., the Airy stress function
(see [53])
u(r, ) = e(t)y(0) (2.2.10)

We assume that the function ¥(6) can be represented by the Fourier series. Therefore, the
function ¥(6) can be written as

W(®) = > pacosnd) + ) gy sin(nf) (2.2.11)

n=0 n=0

From (2.2.17)) and to obtain the function ¢(r) we depond on the both cases when the solution
to be in the form of ¢(7) cos(n6) or ¢(t) sin(nb).

i. Solution involving the terms cos(n)

Take the case when the solution u(r, 6) = ¢(r) cos(nf),n € N and substituting in (2.2.9) then we

obtain that
d*p . 2d% (1 +2n%) d%p . (1+2n>)de n*(4-n?)

— - - — =0 22.12
dr*  rdr rr2 dr? B dr A7 ( )
Use variable change r = ¢’ then (2.2.12) yieldz
d4—(’0—4d3—¢+(4—n2)dz—¢+4n2d—¢—n2(4—n2)<p20 (2.2.13)
dr# dr3 dr? dr -

The characteristic equation is
m* —4m® + (4 — nH)m® + 4n’m - n*(4 - n?) = 0.

and can written as
(m* —n*)((m—2)* = n?) = 0.

Thus, roots of characteristic equation can be written as
m=+n, m=2+n.

Clearly, the roots are not repeating if n > 2. For repeating roots we need to find some other
independent solutions.

i.1. Roots are not reapeting n > 2
If n > 2 then, by substituting r = €', we get

o(r) = cpir" + o’ + cn,3r2_" + cn,4r2+"

The general solution for n > 2 take the form

[59)

u(r,0) = Z (cn,lr_” + Caol" + 3t + cn,4r2+”) cos(n6) (2.2.14)
n=2
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i.2. Roots repeating

i.2.1 Casen =10

By replacing n = 0, we obtain the roots m = 0,0,2,2. Therefore, a solution for the dif-
ferential equation are ¢ 170 + coor?. We now apply the same technique that was
used in above problem to get the general solution. The independent solutions from roots
information are 7 cos(nf), r'*** cos(n6). Additional independent solutions can be obtained
from [53] as:

[i(r” cos(n@))] =Inr
dn =0

d
[—(r’“r2 cos(n@))] =rInr
dn =0

The general solution for n = 0 is:

u(r,6) = co1 + co,zr2 +cozlnr+ co,4r2 Inr

i.2.2 Casen=1
By replacing n = 1, we obtain the roots m = —1, 1, 1, 3. Therefore, a solution for the differ-
ential equation (2.2.12) is (¢, ot ciar+ c1,3r3) cos 6. We now apply the same technique
that was used in above problem to get the general solution. The independent solutions from
roots information are " cos(nf), "+ cos(nf). The other independent solutions

[di(r” cos(n@))] =rlnrcosd — rfsin 6
n

n=1

d
[d—(rz_” cos(nd)) = —rInrcosd — rfsind
n

n=1
The general solution for n = 1 is:

u(r,0) = cl,lr_l +cior+ cl,3r3 + c1a(rInr)cos 6 + drfsinf

ii. Solution involving terms sin(n6)

Following similar steps that of previous solution procedure, for the case when the solution u(r, ) =
©(r) sin(nd), n € N, we obtain the general solution for case n > 0

(o)

u(r,0) = > (dur™" + dnor” + dy 3™ + dy ar®*") sin(n6) (2.2.15)
n=2

We present solution for the cases n = 0 and n = 1 as there are repeated roots.
ii.1 Casen=10

By replacing n = 0, we obtain the roots m = 0,0,2,2. Therefore, a solution for the dif-
ferential equation are c 11" + coor?. We now apply the same technique that was
used in above problem to get the general solution. The independent solutions from roots
information are " sin(n6), r"** sin(n6). The other independent solutions

[%(r” sin(n@))]n_o =6
=0

[i(r”+2 sin(nd))
dn n=0
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The general solution for n = 0 is

u(r,8) = (do,1 + door?) sin(00) + do 30r + dor*0 = do30r + do 216

ii.2 Casen=1
By replacing n = 1, we obtain the roots m = —1, 1, 1, 3. Therefore, a solution for the differ-
ential equation (2.2.12)) is (cl,lr‘1 +c1or + cl’3r3) sin 6. We now apply the same technique
that was used in above problem to get the general solution. The independent solutions from
roots information are " sin(n6), *2 sin(n6). The other independent solutions

d
[%(r” sin(n@))} =rinrsin + rfcos 6

n=1
d
[—(rz_” sin(nf)) = —rlnrsinf + rfsin
dn n=1

The general solution for n = 1 is

u(r,0) = dl,lr_] +dior+ d1,3r3 +djarinr)cosf + crfsin 6

The complete general solution of the Biharmonic equation (2.2.1)) in polar coordinates appli-
cable to plane elastic regions with a doubly connected domain was first introduced by Michell
(1863 -1940), and thus it is given as follows: (for more details we refer to [37, 87]).

u(r, 9) = (0,1 + C()’Zr2 + 0,3 111(1") + C(),4l"2 1n(r) + d0’39 + d0’4r20
+ (01_1 +cror+ c1,3r3 +cra(rinr) + cr@) cos(6)
r
di, 3 .
+|— + dl,zl" + d1,3}" + d174(rln i‘) +drf s1n(0)
(2.2.16)

+

2—n 2+n) Cos(ne)

(cn,lr_" + cpot" + cn3r " + cpar

+

s L0127

(dng 7™ + dnor" + dy 37" + dygr™™) sin(n6)

S
Il
[\8}

where ¢, d, and cp.1,Cn2,Cn3sCnasdnt,dn2,dn3,dna, for n €N, are an unknown coefficients,
which, will be retrieved uniquely from to the uniqueness of solution to the Cauchy problem (2.2.1)-
(2.2.3), and by satisfying the boundary conditions. [7,29, 72, 87].

2.2.3 Determination of coefficients

To determine the coeflicients in (2.2.16)), one must determine the functions ‘9—’;, % %. Here, we
consider the variables change (2.1.5)-(2.2.8) then we obtain that

0 c
a—”(r, 0) = 2007 + —2 + cou(r + 2rIn(r)) + 2do 470
n r

C
+ (_% fers+3cia? +era(l +Inn) + d@) cos(6)
-

d
+ (—% +dyo+3di3r +dia(l+1nr) + ce) sin(6)
" (2.2.17)

1-n

(o]
+ Z (—ncn,lr_”_l + e, o+ 2 = n)caar T+ 2 n)cn,4r1+”) cos(n)
n=2

+ 3 (~ndu 1"+ ndy 2+ 2 = )y + (2 + )y ar'") sin(n6)
=2

n
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The representations of the function Au is given as:
Au(r, 9) = 400,2 + 00,4(4 11’1(1”) + 4) + 4d0740

2 2d 2 2
+ (801,31” + —cra+ —)cos(@) + (Sdl,lr +—dj4— —C) sin(6)
r r r r

+ Z (4 = dn)c, 37" + (4 + 4n)c, 41") cos(nb) (2.2.18)
n=2

+ (4= 4n)d, 377" + (4 + 4n)dy, 41" sin(n6)

n=2
The representations of the function % is given as:
a(A 4 2 2d 2 2
( u)(l’, 9) = —Co4 t+ 8C1 3— —=Cl4— —5 COS(@) + Sdl 3 — —d14 + _C sin(@)
on r ’ 2 72 ’ 2 72
+ > (@n? = dn)c, 37! + (@n + dn)cy 4" cos(n6) (2.2.19)
n=2

+ > (@n? = 4n)d, 37" + (4n® + dn)d, 1) sin(n6)

S
Il
[\$)

In order to simplify the expression and without loss of generality, assume that I',,, is the unit
circle, in a conformal manner, one first map the exterior of I', on the exterior of the unit circle.
The functions uo(6), u;(0), ur(6), uz(f) are assumed to be L> integrable on the interval [0, 27].
Hence, all of them admit a development in terms of the Fourier expansion as: [1}36]

o =Ag + Z A, cos(nf) + B, sin(nf)

n=1

uy =A} + Z A/, cos(nf) + B, sin(n)
n=1

o (2.2.20)
1y =AY + ) Al cos(nd) + B, sin(n6)

n=1

us =AY + Z A" cos(nf) + B sin(nf)

n=1

Therefore, the coefficients of expression (2.2.16) are the solutions of the algebraic systems,
which are obtained by matching the boundary condition (2.2.20) as follows:

co,1 +co2 =Ag
ci,1+cip+ci3 =A;

Cn1+cCnpt+cen3tcona=A, nx?2 (2.2.21)
di,g +dip+diz =B
dn,l + dn,z + dn,3 + dn’4 = Bn n>2

2(,‘(),2 +Ccp3 + Co4 = AE)

—C1,1 +C1p + 36‘1’3 +Cl4 = All

—ncy +ncpa+ 2 -n)cp3+ 2+ n)cpa=A, nx=2 (2.2.22)
_dl,l + dl,z + 3d1,3 + d1’4 = B,l

—ndyy +ndys + (2 —=n)dps + 2 +n)dys =B, n>2
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460’2 + 46‘0’4 = AE)’

86‘1,3 + 26‘1,4 = A;’

(4= 4n)cps + (4 +4n)cps = A7 n>2 (2.2.23)
8d1,3 + 2d1,4 = B/ll

(4= 4n)dy3 + (4 +4n)dys = B! n>2

4eoq = Ay’
861’3 - 2C1,4 = A'l"
(4n* — 4n)cp3 + (4n* +4n)cyg = A n>2 (2224

8d13 —2d14 = BY”
(4n® — 4n)d, 5 + (4n + 4n)d,,4 B n>2

Thus, the solution of the boundary value problem (2.2.1)-(2:2.3) in the exterior of the unit
circle is given as

u(r,6) = co1 + co,zr2 + co3 In(r) + C0’4r2 In(r)
C1,1 3
+|—— +ciar+c13r +crarinr|cos(9)
r

di
+ (1— + d 2r+ d; gr + di 4rln r) sm(@)

,
. (2.2.25)
+ Z (cn,lr_” + Col" + Ccp3rt " + cn,4r2+") cos(nf)
n=2
(o)
+ 3 (7™ + dnor” + dy 3+ dy 1) sin(n6)
n=2
with their coefficients given as:
1
co1 = Ao + (A — A, doy =dop =do3 =dos=0
Con = 4(A” Ay, c=d=0
co3 = A/ 4(A//I _ A//)
|2
Co4 = A
_1 1 _1 1
Cci,1 = ?Al - ?A' 16(3A” —A'IN), dl,l = ?Bl 1B’ + —(3BN B’l”)
_1 1 Ar _ 1 panm _ 1 v _ 1 pn
Cl1p2 = 21A1 + 2A A d1,2 = 2131 + B B (2 > 26)
144 n’ 44 //’ .
13 = E(Al +A1 ) d1,3 = E(Bl + B1 )
Cla = ‘l‘( /1/ _A///) d1,4 — i(BN B///)
- 1 1
Cnl = 1A - ﬂA; + _Cn3 + %Cn,4’ dn,l = lB an;: ”dnS + ldn4
Cn2 = A + 2nA;l - _Cn3 - n:l— Cnd, dnp = B + 2n B, dn,3 o dn4
—_ n’ ” —_ /// 44
3 = gy (A7 =AY, i3 = g B LB
—_ n’ —_ 4 474
Cnd = 8nz+8n(n +A,)), dna = 8n2+8n(nB +B,")

One can state the following result:

Lemma 2.2.1. The numerical solution of the problem (2.2.1)-(2.2.3)) in the exterior of unit disc is
given by (2.2.25)), with the coefficients (2.2.26).

Remark 2.2.2. It can be seen that, if uy = u3 = 0, then by substituting in (2.2.20) and (2.2.26))
one can obtains:

u(r,0) = co1 + co3In(r) + Z (cnar™ + cpar) cos(nb) + (dp1r™" + dpor") sin(n)

n=1

which correspond to the polar coordinates representation of the Harmonic function in the exterior
of the unit circle (see section 1 in chapter 2).
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2.2.4 Existence and uniqueness

Starting from trivial case, if ugp = u; = up = uz = 0, then by substituting in (2.2.20) and {2.2.26))
one obtain that # = 0 in , it means, there are infinite numbers of solutions I'; that satisfy the
equations (2.2.4)-(2.2.5)-(2.2.6). In what follow, we assume that [, is known, and |ug| + |u1| +
lua| + lus| # 0, i.e., at least one of the given data does not vanish identically.

Lemma 2.2.2. The existence of a solution to (2.2.1)-(2.2.3)-(2.2.4)-(2.2.5)-(2.2.6) cannot be guar-
anteed for arbitrary data ug, uy, us, u3.

Proof. Ifu = g—z =0onl,.anduy =u; =0,ie., u = g—,’z = 0 on 9Q, therefore, u = 0 in Q and

uy = u; = up = uz = 0, however, this provides a contradiction if u, # 0 and uy = u; = 0, for
example.

Ifu=w=0onTl;and uy =u; =0, i.e.,u =w = 0on dQ. The maximum-minimum principle
for Harmonic functions implies that w = 0 in €, then, Au = 0 in Q and u = 0 on 0Q, therefore,
u=0in Qand uyp = u; = up = uz = 0 however, this provides a contradiction if #; # 0 and
uy = up = 0, for example.

In the case where g—r”l =w=0onl.andu; =uy =0, 1i.e., % = w = 0 on 0Q. We have already
obtained that Au = 0 in Q, and satisfy % = 0 on 0Q. Thus, u = constant in Q and consequently
uop = constant and u; = up = uz = 0. However, this contradicts if ug # constant and u; = up = 0,
for example. O

The uniqueness of solution to (2.2.1)-(2.2.3)-(2.2.4) is guaranteed, let ', . two separate
solutions, then, there exist 2" a domain bounded by certain parts of I'. and I, in which there exist
a Biharmonic function, u, verify A = 0in Q' and u = g—"z = 0 on the boundary of Q’, then u = 0
in Q. This and the unique continuation property for Biharmonic functions [94] imply that u = 0
in it’s definition domain Q and uy = u; = up = uz = 0. However, this contradicts our assumption.

(see example[2.2.1)). we can state the following result:

Theorem 2.2.1. Assume that in (2.2.1)-(2.2.4)-(2.2.5)-(2.2.6) we have u = 94 = 0 on T, then the

data uy, uy, up, uz uniquely determine I, provided that, \ug| + |uy| + |uz| + lus| # 0.

The uniqueness of solution to (2.2.2)-(2.2.3)-(2.2.5) is guaranteed, let I'., I, two separate
solutions then, there exist Q" a domain bounded by certain parts of I'. and I',,, in which there exist
a Biharmonic function ,u, verify A%y = Aw = 0 in Q' and satisfy u = w = 0 on the boundary of
Q', now, the maximum-minimum principle for Harmonic functions implies that w = 0 in " and
Au = 01in ', then, u = 0in Q’. Thus, by the unique continuation property for Harmonic functions
[94] we obtain that u = 0 in it’s definition domain €, and uy = u; = up = uz = 0. However, this
contradicts our assumption. (see example[2.2.2). We have the following result:

Theorem 2.2.2. Suppose that in ([2.2.2)-(2.2.4)-(2.2.3)-(2.2.6) we have u = w = 0 on T, then
ulr,, = uo, g—,’:lrm = uj, wlr,, = up and g—:lvlrm = u3 uniquely determine I'. provided that, |ug| + |u;| +
lun| + |uz| # 0.

For the uniqueness of solution to (2.2.2)-(2.2.3)-(2.2.6) , let I';, I". two separate solutions, then,
there exist Q" a domain bounded by certain parts of I'. and I'., in which there exist a Biharmonic
function, u, verify A%u = Aw = 0in Q’ and satisfy % = w = 0 on the boundary of ', therefore,

w =0inQ’, and Au = 0 in Q’ and satisfy g—z = 0 on the boundary of ', therefore, u = constant in
Q' and based on the unique property of continuity of an elliptical function we found u = constant
in it’s definition domain Q, thus, ug = constant and u; = uy = uz = 0, then, there is at most one
solution I, provided that ug # constant or |uj| + |uz| + luz| # 0, (see example[2.2.3), and we can
state the following result:
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Theorem 2.2.3. Suppose that in (|2.2.2|)—(IZ.2.4|)-(|2.2.5|)—(|2.2.6|) we have g—z =w=0onT, then
ulr,, = uo, %Irm = uy, wlr,, = up and g—:lr,n = u3 uniquely determine I provided that uy # constant
or luy| + |ua| + lus| # 0.

2.2.5 Determination of a non-accessible curve I'.

Suppose that r = f(6) is a representation of I'.. From (2.2.4)), (2.2.5)) and (2.2.6), we can find the
unknown function f(#) numerically, by solving the equations:

0
u(f(0).0) = Z-(f(6).0) = 0 (2.227)
if condition (2.2.4) is considered, and
u(f(6),6) = w(f(6),6) =0 (2.2.28)

if condition (2.2.3) is considered, and

0
Z2(f(6).6) = w(f(6).6) = 0 (2.2.29)

if condition (2.2.6) is considered, by applying the formula

ou o1 auof
or 1290 96

on |V=f(9) -

where 9 10 1
u u v
Vi = 5t 2% andn = e, — ;f (B)eq

and the vectors e, and ey are unit vectors in polar coordinates.

This Cauchy’s problem is ill-posed and its numerical solution is difficult. For some simple
cases, we try to describe (2.2.27), (2.2.28)) and (2.2.29) as a transcendental equations, which can
be solved analytically using the inverse functions.

2.2.6 Numerical illustrations

In what follows, we consider that I',,, to be the unit circle and we wish to find I'.. Here, u(r, 0) is
given by (2.2.25) and the coeflicients can be determined by (2.2.26).

Example 2.2.1. Let ug = -2 — €%, u; = =2 + 2¢%, up = —4,u3 = 0. From lb we obtain:
co1 = —e, cop = —1, co3 = 2¢%, co4 = 0. Therefore : u = —e*> — 1> +2¢*Inr.

Equations take the forms —e? — r> + 2¢?Inr = 0 and —2r + % =0, then I, is a circle
of radius e as shown in Figure[2.2a]

Equations take the forms —e*> — r> + 2¢*Inr = 0 and Au = —4 # 0. They have no
common solutions.

Equations take the forms —2r + g = 0 and Au = -4 # 0. They have no common
solutions.

Example 2.2.2. Let ug = -2, u; = =3 — €, up = 4, u3 = —4. According to (2.2.26) we obtain
co,1 =0,c02=2,c03 = —e?, co4 = —1. Therefore u = 2r2 —e*Inr—r2lnr.

The equations li become 272 — e*Inr — r?Inr = 0 and 3r — é —2rlnr = 0. They have
no common solutions.

The equations , take the forms 2r2 —e2Inr—r2Inr = 0,4 —41Inr = 0, then I, is a circle
of radius e as shown in Figure[2.2a]

The equations become 3r — é —2rlnr =0and 4 —41Inr = 0. They have no common
solutions.
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Example 2.2.3. Let ug = (3 +4In2)cos(®), u; = (3 + 4In2)cos®), uy = -6, uz = 10. Ac-

cording to (2.2.26) we obtain: c¢1; = 0, c12

u=[(1+4In2)r + 5 - 4rinr|cos(®).

= 1+4+4In2, c13 = }1, c14 = —4. Therefore:

The equations (2.2.4), become [(1 +41In2)r + é —4rin r] cos(d) =0and (-3 +4In2 + 37’2 -
41nr)cos(8) = 0. They have no common solutions.
The equations (2.2.5)), take the forms [(1 +41In2)r + % —4rln r] cos(d) = Oand (2r—§) cosd =

0. They have no common solutions.

The equations 1) become (-3 +41n2+ 34L2 —41Inr)cos(d) = 0and 2r — %) cos @ = 0 then
I'. is a circle of radius 2 union the dash-dotted line in the annular space as shown in Figure [2.2b]
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(a) For the examples and
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(b) For the example

Figure 2.2: For examples (2.2.1)-(2.2.2)-(2.2.3). The geometric shape of the boundary I'..
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Chapter 3

Regularization Method of the Mixed
Problem for the Harmonic

Introduction

In this chapter, we will be interested in an ill-posed inverse problem for the Laplace equation in an
annulus domain, with Dirichlet-Neumann data on an internal boundary. The first section contains
the problem formulation and modeling. In section two, the polar coordinates representation of the
solution and some tools for our development will be presented. In section three, we examine the
convergence of this solution and its stability with and without noise. In section four, the finite term
truncation and the collocation method were considered to approximate the solution and allow us
to construct our new regularized collocation Trefftz method (NRCTM). In addition, the conjugate
gradient method was used to solve the linear system and determine the coefficients. Numerical
examples are provided in section five to test our NRCTM and to compare it with the modified
collocation Trefftz method (MCTM) to show its feasibility.

3.1 Modeling and problem formulation

The study of flow through an annular region defined by two coaxial pipes has found considerable
practical application in many fields such as bio-medical, petroleum, aerospace and processing
industries [93]]. Here we consider a mathematical modeling of this problem and give an effective
numerical algorithm for a method to detect the velocity in the annular space from a measurements
of flow field on the accessible boundary.

Let Q c R2, be an annulus domain with boundary 0Q =T, UI';, where I'y and I'; are a circles
with a radius Ry and R, respectively. By n we denote the outward unit normal to 9€2, and consider
u € C1(Q) N C*(Q) a solution to the following boundary value problem

1 1
Au:urr+—u,+—2u9920 3.1.1)
r I
u(Ro, 0) = up(®),  0<6<2n (3.1.2)
o
a—”(RO, 0) =u (0, 0<0<2n (3.1.3)
.

This Cauchy’s problem provide a severely ill-posed problem in Hadamard sense, when the
experimental measurements are partial available and a small perturbation of these measures in-
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Figure 3.1: Schematic description of annular space bounded by concentric pipes (radius
of the inner pipe: R, and radius of the outer pipe: R).

fluence the comportment of solution, and here the direct methods are very difficult to apply, in
addition, it leads to very unstable solutions [|85]].
We can replace Eqs. (3.1.2)) by the following boundary conditions [10, [84]

{u(Ro,e): upd, 0<6<2rm

0<6<2r G.14

u(R1,60) = g(0),
where g(6) is an unknown function assumed to be determined, then the Dirichlet data are com-
pleted on the whole boundary, in addition the solution of Laplace equation can be obtained in the
whole domain. Therefore, we face the following inverse problem:

Inverse problem. Given the data I'y, ug and u;, determine the function g(6).

3.2 Preliminaries

As shown in chapter2, the numerical solution of the Harmonic equation in doubly-connected pla-
nar domain is given as:

u(r,6) = > (fulr) cos(nf) + gu(r) sin(n6))

n=0

3.2.1)

where

go(r)=0
gn(r) = dp 1" + dyor", pour n>1

Jo(r) = co1 + cop In(r),

fn(r) = Cn,lr_n + Cn,Zrn’

(3.2.2)

We assume that both functions uo(6#) and u; () are L? integrable on the interval [0, 27]. Hence,
both of them admit development in terms of the Fourier expansion as:

oy =Ag + Z A, cos(nf) + B, sin(nf)
"= (3.2.3)
uy =Aj + Z A/, cos(nf) + B, sin(n)

n=1

Therefore, the coefficients ¢y, 1, cn2,dn1,dy are uniquely determined [86] by matching the
boundaries condition (3.2.3) as:

co,1 = AO - A67’0 In ro, d()’l =0
co2 = Ayro, do2 =0 (3.2.4)
ent = SAurt — A dyy = 1Bt - LB n> 1 -

Cno = %Anro_" + LA re", dnp = %Bnr(;" + 1B " nx>1

2n°n

2nn

59



From the lemma [2.1.1] (in Chapter 2), then the numerical solution of problem (3.1.1)-(3.1.2)-
(3.1.3) in region Ry < r < R can be obtained as:

u(r, 0) = Ag + ARy 1n(i)
RoA! R
N ((—)" >") + ot ((Rior - (70)")] cos(n6) (32.5)

n=1
((—) ) )

+Z

Definition 3.2.1. For u(r,.) € L*(0, 27, r > 0 the following norm can be defined

((—) -(— ))] sin(nd)

. 21 %
llee(r, DIl = Nle(r, Ilz20,270) = )2 = (fo u(r, 9)2d9) (3.2.6)

Lemma 3.2.1. For n € N\ {0} the sequence
1 cos(nf)  sin(nd)

, , . 327
Vir VR G20
is a Hilbert basis for L*(0,2r), and the function u given by and verify:
la(r, DI = 27fo(r) + 70 3 (£ + ga(r)?) (3.2.8)

n=1

Proof. for n,m € N\ {0}, using integration by Party therefore the following properties are satisfies

27 21
f cos(nd) sin(m6)do = f cos(mb) sin(n6)do = 0,
0 0

2 2 . {0, if m#n
f cos(n#) cos(mé)dod = f sin(m#) sin(nd)do = ;
0 0 , if m=n
that mean’s if m # n
(cos(nd), sin(md)) = {cos(mb), sin(nd)) = {(cos(nd), cos(mb)) = (sin(mh), sin(nd)) =
ifm=n

{cos(nb), cos(nd)) = (sin(nh), sin(nb)) = «

for n = 0 we have that (1,1) = 02” df = 2m, then for n € N the sequence (3.2.7) is a Hilbert basis
for L*(0, 2r).
Secondly, we have that

lutr, I = <Z<fn<r> cos(n6) + g,(r) sin(n6)), Z(fmm cos(mb) + gu(r) sin(m6)))

n=0

= Z Z( Jfu(r) cos(nd) + g, (r) sin(nd), f,,(r) cos(m) + g,,(r) sin(m#))

n=0 m=0

= Z Fu()X(cos(nh), cos(nb)) + gu(r)X(sin(nf), sin(nd))
n=0

= 2mfo(r)? + 7 ) (fulr) + ga(r)?)

n=1
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Example of instability

Example 3.2.1. From to [23| 40] the classic example of an ill-posed problem given by Hadamard
is an initial value problem for the Laplace equation.

In our situation, take Ry = 1, R; = 2, and the Fourier series associated to uy and u; are given
as:

1o () = ZA,, cos(nf), uj = 0.

n>1
From (3.2.4) then the solution u associated to the data g and u; is given as:
1
u(r,9) = Z A, (r’"+r")cos(nd), 1<r<2
n>1 2

Let the Fourier coefficients Ay of the function uy have small perturbations: A, = A, + %, we
consider the norm

lcr,.) = u(r, P =6 ) # G+, 1<r<2 (32.9)

nx1

(efnln2+enln2)
4n?

Note that for r = 2 the series (3.2.9)) take the form ¢ > , which is diverge.

3.3 Regularization method and convergence estimates

3.3.1 Regularized problem

We define the regularized problem associated to the ill-posed problem (3.1.1)-(3.1.2)-(3.1.3)) with
a > 0 is the regularization parameter

Auy =0, inQ
Uy = U, onT), (3.3.1)
% =u, onl,,

The main idea of the regularization problem is to approximate the considered ill-posed prob-
lem by a family of well-posed problems depending on a (small) regularization parameter [2[]. As
similar we consider the regularized problem associated to the ill-posed problem (3.1.1)-(3.1.2))-
(3.1.3) with @ > 0 is the regularization parameter and ¢ is the noisy level resulting from the
measurements of the given data ug, 11, with condition [4]

llud — uoll < 6, 4 = wll < 6 (3.3.2)

In what follow we consider that u is the exact solution obtained from the exact data ug, u,
and u° the approximate solution obtained from the noisy data ug, u‘f. We note by u, is the regular-
ized solution associated to ug, #; and ug is the regularized solution associated to ug, u‘ls , thus the
following regularized problem can be defined as:

Au =0, (3.3.3)
uy=u), 0<6<2n (3.3.4)

0 0

% =, 0<0<2n (33.5)
n



From li and the property li then ug, u‘ls are L? integrable on the interval [0, 27], and
both have a Fourier expansion as:

uy = A+ > Ab cos(nd) + B sin(n6)

"=l (3.3.6)
Wy =AY+ )" A7 cos(nd) + By sin(nd)
n=1

Definition 3.3.1. Define the suite of functions g,(a, u), for @ > 0 and 0 < u < oo defined as:

IJ—Zn

gn(a,p) = ———-, ¥n €N (3.3.7)
a+u"

which satisfy the following properties [4, 32}, 140, 41]]
(@) gn(a,p) <1 and gy(a,u) — 1, where @ — 0.

(b) gula,p) < *ﬂ#—n
©) lgn(a, ) — 1] < X0,

Regularized scheme

The properties of function allow to insert it legibly into (3.2.1) for the parameter @ > 0,
here y is considered as a damping factor for the expression [3.3.8] which can be chosen by trial
under the condition u > g—é. Thus, a new regularized scheme associated to the noisy data uf), u§
can be constructed as:

sl -2n
ul, ,(r,0) = Z; aﬁ—,ﬂn( £5(r) cos(nd) + g°(r) sin(nh)) (3.3.8)

where

f(‘)s(r) = c&l + Cg,z In(7), gg(r) =0

(3.3.9)
f,‘f(r) = ci’lr_" + cizr", gfl(r) = dfl’lr_" + di,z’ﬂ’ pourn > 1

Remark 3.3.1. It can be seen that A(f,(r) cos(nf)) = A(g,(r)sin(nf)) = 0, for n € N. Therefore
Aug, = 0, thus u, , provide a solution to the equation (3.3.3)) and the following convergence can
be obtained

Ua u(1,0) — u(r,0), where a — 0,
Ottg g
on

0
(r,0) — a—u(r, 0), wherea — 0.
n

3.3.2 Convergence estimates under exact data

Lemma 3.3.1. Let ug, u; € L*(Ty), foru > 2—(‘), a > 0 then |lug,(r, )l is bounded.
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Proof. Let ug,(r,6) given by (3.3.8), for Ry < r < Ry, then from (3.2.8)) we have that

Mt (r, M = 27q0(t, 1> o) + 7 D gl 1) (£ ) + ga(r)?)

n>1

< o)+ o= D (i) + ga(?)

n>1

T
= 2 (co.1 + co In(r))*
104

T _ _ _
4 E Z/J 2n ((Cn,lr n +Cn,2}"n)2 + (dpr n +dn,21”n)2)

n>1

2
T 2 2p2 r
Z; [[40 +'/40 }?0 (ln ;a;) ]
oo R%n A2 Ro 5, I 25 R%A;tz roon . Roo,
+ — —)" + (— + —)" +(—
Ta 2o [ GO+ G |+ = G+ )

(R0 7 o) REBE (7 oy Ro,
Bn((T) +(R—0) )+ 2 (R—O) +(7)

IA

D (A2 + B+ RIAZ + R3BYY)
n>1

21 2y, T2 2, w2 ”2 2
< GG+ AD) + =C > (A2+ B2+ A7 +B))

n>1

AN
21N
—
N
o
+
o
3y
=
o
—

Z| 2
N —
N ——
+
[(\®)
B

RZ 2 R .. .
where Cé = max {%, - (ln 1%) } and C% = max {%, -’ ( are positive constants. By taking C% =

max {C%, C %} and from the Bessel’s inequality (see Chapter 1) one obtain that

Cy 1
I < 7= (loll® + llr I?)?

Lemma 3.3.2. [f||u(r,.)|| is bounded and u > 2—(‘) , then u,, converge to u as « tends to zero.

Proof. We have that liII(l) gn(.,.) = 1, therefore lir% Uqy = u. Using the limit definition then:
a—> a—>

Ve > 0,dag >0, for:0 < a < ag, we have that : |q,(a, 1) — 11> < e. We can choose that

€= ;\z/f’ where there exists ag(n), such as 0 < @ < ap(n), for ap(n) < sup ag(n) = ayp, then from

neN

the lemma [3.3.1] we have the estimation
ot () = 0, I = 27 (o, o) = 12 o) + 70 > (gl ) = 1P (u(r)? + ga(r)?)
n=0
< 21aC2(A2 + AD) + maC? Z (A2+B2+A7+B?)
n>1
R2 2 R2
where C2 = max{%, 2 (ln 1%) } and C? = max{%, =

C? = max {C(z), C%} we obtain that

} are positive constants. By taking
1
et (1) = 1, M < Co Ve (lluoll” + lar]P)” —> 0, where @ — 0
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Lemma 3.3.3. Let {ug,u1} € L*(Ty), the following normes |luq ,(Ro,.) — uollr2(ry) | M‘Y”(Ro, ) —
utllr2r,) converges to zero when a — 0.

Proof. The effect that u > 1% , from the property li we obtain that

it (Ro, ) = ol = 11D gl 1)1 fu(Ro) c0s(n) + gu(Ro) sin(nh)] = uol P

n>0
= Z [gn(e, 1) = 1] [3(Ro) cos(n) + gu(Ro) sin(né)]||*
n>0
= 27 (o, ) = 1 fo(Ro)® + 7 " (gl 1) = 1) (£u(Ro)® + gu(Ro)?)

n>0

<7 IZﬂfo(Ro)z +7) (F(Ro) + gu(Ro)?)

n>0

a
< Z||u0||2 -0, as, a—0.

By the same way one obtain that:

ou,
1= R0, ) =l =1 Y g m[

n>0

2
]—bh”

a
Sz||“1||2 -0, as, a—0.

3.3.3 Error estimate under noisy data

Lemma 3.3.4 (Uniqueness of solution). For all noisy data {ug, uf} € L*(T'y) the function given by

(3-3.8) is the unique solution to the problem (3.3.3)-(3.3.4)-(3.3.3) and it’s continuously dependent

5 .6
on up, uj.

Proof. Let um, 2 be two solutions to the problem (]3.3.3[)-(]3.3.4[)—(]3.3.5[), which is corresponding
to the given data (ug, u‘ls ), (vg, vf), respectively, given as

(1, e)—Z i T (13() cosnb) + g3(r) sin(n6))

vg’#(r, 0) = ; #(cpﬁ(r) cos(nb) + ¢ (r) sin(nd))

6665

where Uupy, U3, Vo, Vi

are assumed to have Fourier expansions as:

ud = AO + Z A cos(nf) + BY sin(n)

n=1

W) =AY + )" AP cos(nd) + By sin(n6)

n=1

vg = Eg + Z Eﬁ cos(nd) + F,f sin(n6)

n=1

= E(’f + Z E? cos(nf) + F/? sin(nf)

n=1
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and

) =c), +c),In(r), gy =0

o) = cﬁ’lr_" + ci’zr", 2= dﬁ,lr_" + dﬁ,z"n’ pourn > 1
@) = ¥01 + Y5, In(r), ¥ =0
goz(r) = yz’lr_” + yi’zr", I,[/i(l’) = Zpa "+ Zu2r", pourn > 1

By substituting the coefficients as in the expression 1' For u > g—(‘) and from the lemma
3.3 T one obtain that:

llul, (r,0) = ul, (r, O)I* = || Z gu(a, IF2(r) = (1) cos(nb) + (g5(r) — 5 (r) sin(nd)]|I*

n>0

< S0 = O+ 1o Y () = 00 + (85 ~ i)

n>1

C2
2 o 5112 ) 5112
< —(vo = ugll” + vy = ull")

3252
2°C56
< — 0, when, 6—0
1%
2 1R (10 RV 2 1 RS 2 2 2 -
where Cj; = max {3, 5 (ln R_o) , €1 = max {5, 5 and C; = max {CO, C1} are a positive constants. m]

Theorem 3.3.1. If ||u(r, .)|| is bounded and y > g—(‘) , then ug’# converge to u as o tends to zero.
Proof. We have that

. (r, 0) = u(r, O)II <N, (> 0) = 1t yu (1, O)| + 1t o (1 0) = ui(r, O]

1
<1, (7 6) = theryu(r, O] + Ca Ve (lluol* + ller|)?

R 2 R} .
where C(Z) = max{%, 70 (ln Ilg—(‘)) }, C% = max{%, 7" and C% = maX{C(Z),C%} are a positive con-
stants given in lemma [3.3.1] Frome the property and the lemma [3.3.4] one can obtain

that:
143 (7, 6) = 1t (1, O = 11 D gl i) [(£2) = Fulr)) cos(n) + (g3(r) = gu(r)) sin(n6) | |1
n>0
< %(fg(r) - fo(r))* + % le B ((F20) = £ + (g5(r) = ga(r))’)
2
< 2l = woll” + iy = aal®)
< 2C36°
a
Then
2
[15,,(r, 6) = tta (. O] < V2
’ a
Therefore

V2C !
\an + Co Ve (JluolP + llr|)°

I 6) — utr. )] < =

take a(0) = C50, where C; is a constant to be determined, then we obtain that

V2
VGC;

1
I ,(r,0) = u(r, )|l < Cs ( VG (1ol + e I?)” + ] V6 — 0, as 6 — 0.
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3.4 Collocation method

We are already acquainted with the Trefftz method and the modified Trefftz method presented in
[[.4.T] of Chapter 1. Here, we are interested in the numerical solution for the two-dimensional
Laplace equation in doubly-connected planar domain which is expressed by linear summation of
the following bases [[79, 81} [82].

{1,Inr, 7" cos(nb), r*" sin(nf),n = 1,2...} (3.4.1)
In, [9, 10, 83]], the modified T-complete functions in (3.4.1) is defined by considering the

characteristic length of the computational domain to stabilize the numerical scheme as:

{1,1nr,(Ril) cos(nQ),(I%)n cos(no),(Ril) sin(n@),(l%)n sin(n), n = 1,2...} (3.4.2)

Our starting point in Eq. (3.2.2)) by inserting the damping function noted by g, (a, )
for the regularization parameter o and the damping factor u > g—é. Therefore the new set
of T-complete bases is taken as

{qo(, 1), go(a, ) In r, g, (a, ()r*" cos(nb), g,(a, Wr*" sin(nd),n = 1,2...} (3.4.3)

In the NRCTM, we approximate the regularized scheme (3.3.8) by a linear combina-
tion of T-complete functions (3.4.3) given on the form of admissible functions in finite
term with regularized parameter @ and a damping factor u as:

Uo (T, 0) = Z gn(a, )(fu(r) cos(nb) + g,(r) sin(nd)) (3.4.4)
n=0

It is known that the collocation method has a great advantage to apply on different
geometric shapes, and the simplicity for computer programming. In order to apply the
collocation method, we define 6; as the collocated points on Iy given by

2
6, =ih,  fori=0,..m, and, h=—2—. (3.4.5)
m+1

In Eq. (3.4.4) there are 4m +2 unknown coefficients, which can be obtained by impos-
ing the different collocated points (3.4.3) in (3.4.4) for i = 1,...,2m + 1, and by matching
the boundary conditions (3.1.2)-(3.1.3)) one can obtain that:

qn(a, p)(fu(Ro) cos(nb;) + g,(Ro) sin(nb;)) = uo(6;) (3.4.6)

D 1

gn(a, W(f, (Ro) cos(ndy) + g,,(Ro) sin(nf)) = u,(6;) (3.4.7)

I
o

n

we obtain a linear equations system with dimensions n = 4m + 2 denoted by:

Ax=Db (3.4.8)
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where the matrix A € R*"*2 x R¥"*2 ig given by

(g0  qgoIn(Ry) q1Rocos by qu(;l cos by q1Ro sin 6y qua] sin Gy

0 l‘{,—‘(’] gicosfp  —qiRy*cosy  qisinfy  —qiR,*sinby
g0 qoln(Ro) ¢qiRocos®  qiR;'cost  qiRosind,  qR;'sin6,

0 Z—z q1 cos 6 —q1R62 cos@;  gsiné, —quaz sin 6,

g0 qoln(Ro) qiRocosb, qR;'cosB, qiRysinb, qR;'sin6,

K Z—z q1cos6,, —q1R62 cosf, gisinf, —qu(;z sin 6,, (3.4.9)
qmR{ cos 6y gmRy"™ cos 6y qmRy sin by gmRy"™ sin by
mguRy ' cosy  —mg,Ry" ! cos@y  mguRy ' sinfy  —mg, R, sin6y
qmRy cos 6, q1R;"™ cos 6, q1R sin 6, q1R;" sin 6,
mquE’f‘l cos 0, —mqu(;m‘1 cos 0, mqug"1 sin 6, —mqua’"‘l sin 6,
qmR{ cos Oy, gmRy"™ cos O, qmRy sin 6y, gmRy"™ sin 6y,
mguRy~" cos 6,  —mgq,Ry" " cos 0, mg, Ry sing,  —mg, Ry sin6,]
and
4m+2
x = [co,1, €02, C1,15C125 d1,1 , dl,z, <5 Cm,15Cm,25 dm,l > dm,z] e R (3.4.10)
b = [uo(8o), u1(0o), to(601), U1 (61), ..., tg(Oam), g(02,)] € R*"H? (3.4.11)

The conjugate gradient method can be used to solve the following normal equation:
ATAx=A"b (3.4.12)

By inserting the calculated x into Eq. (3.4.§), thus we find a semi-analytical solution
for u(r, 0) as:

15,1, 0) = qole, f)(x0 + X1 In(r)) + " gl 1) (xan27™" + Xap17") cOS(16)
. (3.4.13)
£ 3 gl ) (g™ + agr7”) sin(nf)

n=1

where x = (xg, X1, X2, X3, X4, .., X4ms1) € R¥"*? are the components of x.

3.5 Numerical tests

In order to test numerical stability of the NRCTM, the parameter a and the damping factor
= fg—é are chosen by trial and error. In the following examples we give a simple exact
solution u for the equation (3.1.1)) and we verify the boundary condition (3.1.2)-(3.1.3),
we consider the approximate solution which corresponds to the data with and without
noise (see section [3.4), we show the comparison between this one with the MCTM. Here
we consider an annulus domain with radius Ry and R;. The solution of Eq. (3.4.12) is
obtained under a stopping criterion 107>, The noisy data has been generated
with noise added to the Dirichlet-Neumann data in the form.

Upl|2 u 2
N L S 11
1112 €112

3 (3.5.1)
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— exact solution
= ==NRCTM
e MICTM

- = =error under NRCTM

error under MCTM

15 | | | | | | , 10710
0

(a) (b)

Figure 3.2: For Example m Comparing the exact solution and numerical solutions
without noise, in (3.2a)), and the numerical errors are plotted in (3.2b). For m = 40,
a=0.1.

where ¢ is a normally distributed random variable and € is the relative noisy level.

In our algorithm, we note with Error, the evaluate relative error between the exact
solution u, and its computed approximations ufw, and can be given in the sense of Root
Mean Square Error (RMSE) by

lud,, — ullz2
Error, =2 " (3.5.2)
[loal] 2

with Ry < r < Ry, and using the collocate points 6; given in (3.4.5).

Example 3.5.1. We start with a simple example of an annulus defined by the radius Ry =
%, R, =1, and we consider the exact solution given by

u(r,0) = x> — y2 = r?cos 26 (3.5.3)
Therefore, the data on the circle with a radius Ry = % are given by

uo(6) = Rj cos 26, 0<6<2n (3.5.4)
u1(6) = 2Ry cos 20, 0<6<2n (3.5.5)

We solve this problem by the new regularized collocation Trefftz method NRCTM
presented in Section [3.4] whose the results along a unit circle » = 1 are shown by chosen
the damping factor as u = 2.

In Fig. [3.2a] we show the comparisons between the exact solution u, and its computed
approximations by using the MCTM and the NRCTM, without noise , the errors was
ploted in [3.2b] respectively with regularization parameter chosen by the trial as @ = 0.1
for m = 40.

We can compare the NRCTM and MCTM on this example with very high accuracy, as
shown in fig[3.3bland[3.3a] respectively, for the cases m = 5; 10;40; 120 with a regularized
parameter chosen by trial as @ = 1072, 107!, 107!, 107!, respectively. It can be seen that
by the NRCTM the error decreases when m increases, but this is contrary by the MCTM.
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Figure 3.3: Plotting the numerical errors for example m

——Exact solution
- - =NRCTM with ¢=0.01
wens NRCTM with €=0.1

= = =error under ¢=0.01
error under ¢=0.1

(a) (b)

Figure 3.4: For example Exact solution and numerical solution by NRCTM with
noises in (3.4al), the numerical errors are plotted in (3.4b). For m = 70, a(0.01) = 107°
and a(0.1) = 1073

In Fig. we compare the exact solution with the numerical solutions by using
the NRCTM under the noises € = 0.01 and 0.1, the corresponding errors was plotted in
the regularization parameter was chosen by trial and error by @ = 107 and 1073
respectively, with truncation number m = 70. It can be seen that the numerical solutions
are close to the exact solution, which indicates that the present method is robust against
the noise, and even whose level was taken up to 1% (0.01) and 10% (0.1), the numerical
error was still with an L? error smaller than 0.8% (0.008) and 5% (0.05) respectively.

Example 3.5.2. Next, we consider Ry = 1, Ry = 3, and the damping factor is choosen by
u = 5. Let the following Harmonic function be an exact solution to our problem, given by

u(r,0) = —r’ sin 360 + r? cos 26 (3.5.6)
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Figure 3.5: For Example Comparing the exact solution and numerical solutions
without noise, in (3.5a), and the numerical errors are plotted in (3.5b). For m = 80 ,
a=0.1.

Therefore, the data on the circle with a radius Ry = 1 are given by

up(0) = — Ry sin36 + Ricos26, 0<6<2n (3.5.7)
ui(0) = —3R3sin360 + 2Ry cos20, 0<6<2n (3.5.8)

We solve this problem by the NRCTM, whose result along a circle with the radius
R, = 3 and the damping factor is chosen by u = 5.

In Fig. [3.5a) we show the comparisons between the exact solution u, and its com-
puted approximations by using the MCTM and the NRCTM, without noise, the errors
was ploted in [3.5b] respectively with regularization parameter chosen by the trial as 0.1
for m = 80.

We can compare the NRCTM and MCTM on this example with very high accuracy,
as shown in fig [3.6b| and respectively , for the cases m = 4;20;50;150 with a
regularized parameter chosen by trial as & = 1072, 1075, 107, 1072, respectively. It can
be seen that by the NRCTM the error decreases when m increases, on the contrary in the
MCTM.

In Fig. we compare the exact solution with the numerical solutions by using
the NRCTM under the noises € = 0.01 and 0.07, the corresponding errors was plotedd
in the regularization parameter was chosen by trial and error by @ = 0.5 and 0.1
respectively, with truncation number m = 50. It can be seen that the numerical solutions
are close to the exact solution, which indicates that the present method is robust against
the noise, and even whose level was taken up to 1% (0.01) and 7% (0.07), the numerical
error was still with an L? error smaller than 2% (0.02) and 8% (0.08) respectively.

Example 3.5.3. For this example the domain is considered between the radius Ry = 2 and
R, =5, the damping factor is chosen by u = 4. To illustrate the accuracy and stability of
the new method we consider the following analytical solution

u(r,6) = cos xcoshy + sin x cosh y.
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Figure 3.7: For example m Exact solution and numerical solution by NRCTM with

noises in (3.7a)), the numerical errors are plotted in (3.7b). For m = 50, @(0.01) = 0.5 and
a(0.07) = 0.1

The exact boundary data can be derived as:

uo(6) = cos(Ry cos 0) cosh(Ry sin 6) + sin(Ry cos 8) cosh(R sin )
u1(6) = — cos 8 sin(Ry cos 6) cosh(R sin ) + sin 6 cos(R cos 6) sinh(R sin )

+ cos 6 cos(Ry cos ) sinh(Rg sin 6) + sin d sin(R cos 6) cosh(Ry sin 8)

We apply the NRCTM on this example as was done in examples 1 and 2. In Fig.
[3.84] we show the comparisons between the exact solution u, and its computed approx-
imations by using the MCTM and the NRCTM, without noise, the errors was ploted in
3.8b| respectively with regularization parameter chosen by the trial as 10~ for m = 30.

The result is accurate by using the NRCTM as shown in Fig. 3.9} where m = 60, the
regularization parameter for the numerical reconstruction is @ = 10~ and @ = 107! for
noisy data with € = 0.08. The boundary data g(6) as shown in [3.9a] were plotted for the
circle with radius R = 5, and the errors were plotted in Fig. 3.9 Also, it can be seen
that in Fig[3.8b| the errors are larger than in Fig[3.9b when the truncation number changes
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Figure 3.8: For Example m Comparing the exact solution and numerical solutions
without noise, in (3.8a)), and the numerical errors are plotted in (3.8b). For m = 30,
a=10"°.
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Figure 3.9: For example m Exact solution and numerical solution by NRCTM with
and without noises in (3.9a)), the numerical errors are plotted in (3.9b). For m = 60,
a =107 and (0.08) = 0.1.

from m = 30 to m = 60, respectively.
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Chapter 4

Inverse Problem for the Biharmonic
Equation in Detection of Robin
Coefficients.

Introduction

In this chapter, we are interested in an inverse problem for a Biharmonic function u to
recover Robin coefficients on a non-accessible boundary I'. of a simply connected pla-
nar domain . From a measured Riquier-Neumann data on the remaining part 6Q2/I',,
we search to determine Robins coefficients on I'., when u satisfies homogeneous Robin
boundary conditions. Our approach extends a method for the Harmonic equation that has
been suggested in [17].

This chapter is organized as follows: The section {.1] contains a modeling and a
general formulation of the problem. In section [4.2] we briefly discuss the open issue of
existence and uniqueness to determine the non-accessible portion and the Robin coeffi-
cients. The section 4.3]is devoted to recover the Robin coefficients by assuming that the
non-accessible part is known. Here, the ill-posed non linear integral equations system
equivalent to our inverse problem will be derived. In section 4.4 we deal with complet-
ing the missing Cauchy data. The main condition to apply the Tikhonov regularization
method will be treated in an L? space that is appropriate for quantifying errors on the
measured data u;, us, in the image space £2. In section 4.5, we describ the solution of the
inverse problem by the least square sense method, and we conclude with some numerical
examples to show the feasibility of the algorithm and the smoothness of boundary.

4.1 Modeling and problem formulation

The problem arises from the static deflection of an elastic bending beam in the plate are
subject to a linear boundary conditions that include all types of the conventional boundary
conditions, which modeling by Robin coefficients types [48, 49]. In this study we deal
with determining this Robin coefficients on a known boundary non-accessible to mea-
surements from an available data on an accessible boundary, via an important step which
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is the completion of missing Cauchy data on the whole boundary.

In what follow, we assume that Q is a simply connected bounded domain in the plane,
with piece-wise smooth boundary dQ = T, UT,, where I',, and T are two open disjoint
portions of the boundary, and u is a solution of the boundary value problem :

ANu=0 inQ 4.1.1)

with Navier-boundary condition [46] on the Party I,

u = up, onl,,
(4.1.2)
Au = u, onl,,
and homogeneous robin-conditions [3| 48] on the Party I,
0
8_u + uu =0, onl,
n
4.1.3)
A
o(Au) +AAu = 0, onT,
on

where (u, 1) € (L) x L*(I";)) and u > 0, 2 > 0 are two specified functions [14}97].
Inverse problem. The inverse problem we are concerned with is to determine the
functions A and u from a given Navier data (u, u,) and the measured Riquier-Neumann

data [49]

0
a_u = uy, onl,,
n
d(Au) 4.1.4)
= Us, onl,,
on

Figure 4.1: Accessible and non-accessible part of the boundary of a simply connected
domain

The problem (4.1.1)-(4.1.3)) resulting from the study of static deflection of an elastic
bending beam, where u denotes the transverse deflection of the beam. This case is known
by a linear quasi-static plate problem with unit stiffness, and here, the fictitious force
distribution (also called, the transverse loading force) may depend on the deflection and
the curvature [14, 97] is assumed to be zero. The coefficients A and u are a specified
at the boundary of the beam. Therefore, the above inverse problem can be interpreted
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to determine the specified coefficients A and y from the knowledge of deflection u]r,,
the curvature Aulr,, the measured resulting for each of bending moment %|rm, and the

effective shear force %l]‘m on the accessible part I',,, (for more detail see 14,154} 97, 98]]).

Remark 4.1.1. It should be pointed out that, V.V. Karachik [48,49]] gives certain sufficient
conditions of resolvability to the problem of Robin types for Biharmonic Equation. In
particular, the Robin’s problem (.1.1)-@.1.3) is unconditionally resolvable in the unit
ball, and its solution is unique. This can be shown by verifying that hypothesis 4 > 0 and
u > 0 satisty the conditions of (Theorem1 in [49]).

Remark 4.1.2. From both equations in (4.1.3)), one can distinguish particular cases on the
portion I', as follows:

(1) g =A=oco0andu = A =0, which correspond to the homogeneous Navier boundary
condition, and homogeneous Riquier—Neumann boundary condition.

(2) The remainder cases ¢ = o0, 4 = O and u = 0, 4 = oo are correspond to the
homogeneous mixed boundary condition.

Resolution Methods

Most of the methods which developed for solving data completion problem are based
on a control approach, ie., minimization of a functional by taking functions of the non-
accessible part of the boundary as minimization parameters. The regularization methods
are the most known and interesting, another class of methods includes the iterative meth-
ods. In [83]], the advantages and disadvantages of each of them had presented. Having
distinguished this different methods, we opted for the group of regularization methods.

Recently, in [7], an iterative method based on the boundary element method (BEM)
for the Biharmonic data completion has been proposed. Further, in [44], a single-layer
approach is proposed for the Biharmonic data completion using the Tikhonov regulariza-
tion method that provide higher accuracy than the iterative procedure with respect to the
exact data, however, the hyper singular integral arising from some derivatives [21] leads
to instability [60].

We undertake the task of deriving an integral equation system that equivalent to our
inverse problem by using an indirect integral equation approch based on the fundamental
solution method to avoid the hyper singular integral. A numerical solution strategy is
based on the quadrature to compute the integral equations and the Tikhonov regularization
method to complete missing data.

The completion of missing Cauchy data in the Tikhonov scheme is represented by
the indirect integral equations method with densities to be determined. Matching the
given data on the accessible part of the boundary, leads to a system of boundary integral
equations that can be solved to obtain the densities. This system is discretised using the
Nystrom method. After completing data, the least squares sense method is used to obtain
the functions A and u on the non-accessible portion of the boundary.

As a byproduct, we will discuss the question of existence and uniqueness of the non-
accessible portion I', in practice, the reconstruction of the shape I'. this is not our case.
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Inverse Problem for Harmonic Equation in Detecting Robin’s Coefficient

The inverse problem of detecting a Robin’s coeflicient for the Harmonic equation is
widely addressed, so that many scientific researches are devoted to this problem. The
uniqueness was obtained using Holmgren’s [17, (56] theorem (see also theorem [I.1.6/and
theorem . Various stability estimates have been studied in the literature [6, [8]. Con-
cerning the numerical computations, we can find some research works. For example, in
[S0] the Maz’ya iterative algorithm, a regularized BEM method is considered to obtain the
corrosion occurring in an inaccessible interior part of a pipe from the measurements on
the outer boundary. In [17, 18} 19, 20|, the authors use the direct and indirect boundary
integral equations method to recover the impedance for the Harmonic equation. More-
over, in [27], the author transforms the inverse problem into an optimization problem
based on the MFS and the Tikhonov’s regularization method to recover the impedance for
the Harmonic equation. We follow these works and we extend the techniques to (.1.1))-

Problem Formulation using Sobolev Spaces

Obviously, to conduct our study, we need to formulate the boundary value problem (#.1.1)-

(4.1.3)) and the inverse problems (4.1.1)-(#.1.2)-@.1.3)-(@.1.4) more precisely [17, 18] [19]

20]. We recall the definitions of some usual Sobolev spaces (see Chapter 1 subsection
1.2.4).

Remark 4.1.3 (Direct problem). It is known [7, 99, 45], that for (up,u,) € H %(Fm) X
H™:(T,,), there exists a unique solution u € H*(Q) to the problem 1H|

In what follows, we consider that both A and u are functions in space on the non-
accessible portion I',. of the boundary. We understand the inverse problem of determine
A and u from a given quad of the Cauchy data ug, u;, u, u3 on I', by assuming that the
whole boundary 0€ is known. That means, given I'. and uy, € H %(Fm), uy € H %(Fm), Up €
H‘%(Fm), Uz € H‘%(Fm), we determine A and y such that the unique solution u € H*(Q)

of (4.1.1)-(4.1.2)-(4.1.3)-(4.1.4) again satisfies 3“|r,, = uy and 2|, = u;.

4.2 Preliminary results

In this entry section, we show that it is impossible to recover the non-accessible portion I',
and the Robin coefficients simultaneously for a single quad of Cauchy data u, u;, us, u3 is
given on the accessible part I',,, in addition the case when the portion I, is known will be
considered. As byproduct, if A and y are assumed to be knowns, we discuss the question
of whether a single quad of Cauchy data is given on I',, uniquely determines the portion
I'. , also we show that for a fixed constants A and u a single quad of Cauchy data on I,
can gives rise to infinitely many different domains €2 and we can not assure the existence
of portion I',. for an arbitrary data on I',,,.

Begin with the following example to show that we can’t determine the portion I'. and
the functions A , u simultaneously.
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Example 4.2.1. Let Q = {(x,y) eER?:-1<x<0,0<y< t} for t > 0, and

T, ={(x0): -1 <x<0JU{(0,y):0<y<iU{(=1,y):0<y<1},
T, ={(x6:-1<x<0}.

Let the Biharmonic function u(x,y) = %(x3 +y?). According to the equations ) we
obtain the following system:

32 +u(x* +1) =0,
1+Ax+1) =0

with 7 = (0,1)". This homogeneous non-linear system did not have a fixed solution
(u, 4,1) for all x € I'.. We observe that each equation provides only one equation for two
unknowns, that mean’s, we cannot recover simultaneously both ¢ and ¢ or A and . Also,
it can be shown that the above system is equivalent to solve the equation

32+ (t+ 1) (u(® - tx + 27 = ) = 1 =0

which provides only one equation for three unknowns, therefore, we cannot recover si-
multaneously all A, p and 1.

We consider an example used in [[19] to indicates that if we have fixed only u or (both
p and A) by a constants, we can’t ensure the uniqueness of I'..

Example 4.2.2. Let Q be a rectangular domain, given For ¢ > 0 by
Q= {(x, VER*:0<x<m—-t<y< 1}, with the portions I',,, I'. given as

F,={0,y): —t<y<1}JU{(x,1):0<x<a}U{(my): —t<y<l},
I.={(x,-1):0<x<n}.

Let the Harmonic function u(x,y) = €’(cos(x) + sin(x)), therefore, u is Biharmonic. We
choose u = 1, then, some simple calculations in li show that Z—Z +u =0, and % +
AAu = 0 for A > 0, with 7 = (0,—1)T is the normal orthogonal vector on I, , we can see
that both equations are satisfies for all (x,y) € I'. and ¢ > 0, it mean’s, there are infinite
numbers of portion I'. that satisfy the above equations.

Remark 4.2.1. By the coupled equation technique [7], we make that the Biharmonic
equation (4.1.1)) is equivalent to system of equations:

Au=w, inQ
Aw =0, in Q
where w is uniquely determined. Thus we obtain two inverse Cauchy problems associated

with the Laplace and Poisson equations that equivalent to our inverse problem (@.1.T))-

#.1.2)-@.1.3)-@.1.4) as

Au=w, inQ Aw =0, in Q

u = uop, onl,, w = up, onl,,

0 0

ou _ "l onT,, (Pl), and {9V _ s, onT,, (P2).
on on

0 0

—u+uu:0, onT, —W+/lw:0, onT,

on on
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Existence of the non-accessible part I'.

The existence of a portion I'. cannot be guaranteed for arbitrary data ug,u;,u,,u;. Indeed,
if we fixed the domain Q in which I'. is exist and known, for example, we take uy = u, =0
and u = A = oo which correspond to u = w = 0 on I';, then the Harmonic function w
given in (P2) satisfy w = 0 on 9Q =T, UT,. Let v be another solution to the problem
(P2) verify Av = 0 in Q and satlsfy v=w=0o0ndQand & o = g;f = uz on I',. Then
Holmgren’s theorem implies that v = w in Q, and necessarily forces w = 0 in Q (see
[S6]). By replacing w = 0 in (P1) on the same way, then we obtain that # = 0 in Q and
uy = uy = uy = uz = 0. However, this provides a contradiction if uy = u, = 0 and u; # 0
or uz # 0 for example.

Uniqueness of the non-accessible part I,

We investigate the uniqueness of the portion I'. from a single quad of Cauchy data in the
particular cases when A = y = oo, and A = oo, u = 0. The following results can be shown.

Theorem 4.2.1. Let u be a solution to the problem @ 1.1)-(#1.3), ifu = Au =0onT,,
then ulr, = uy, %Irm = uy, Aulr,, = up, %Ipm = u3 uniquely determine the portion T,
provided that |ug| + |uy| # 0.

Proof. Let Q; and Q, are two bounded domains having I',, as part of their boundary
in which their corresponding solutions f and g, respectively, verify A’>f = 0 in Q; and
A’g = o in Q, and satisfy f = Af = 00n dQ\I,y, g = Ag = 00n I \T,, and f = g = u
on Fm, = g—ﬁ =uyonl,,,Af =Ag =u,onl,, aaAnf = a{;ﬁ = uz on I',,. Then Holmgren’s
theorem [56] implies that f = g in Q; N Q.

By applying the coupled equation technique, we take Af = w; in Q; where Aw; = 0
in Q;, and we take Ag = w; in Q; where Aw, = 0 in Qz, and the Harmonic functions
v;zl and9 wy satisfy w; = 0 on 0Q; \ T,, w, = 0on dQ, \ [,and w, = wy = u, on T,
owy _ Owy _

G = 52 = uszonl,. In particulary, and without loss of generality, we suppose that there

exists a nonempty connected component D of € \ Q,. From f = g in Q, N, and by
considering the boundary conditions of f and g then we can conclude that f = w; = 0
on the boundary of D (see [17]). Now the maximum-minimum principle for Harmonic
functions (see corollary 1.9 in [45]) implies that w; = 0 in D, by substituting in the above
equation, we obtain Af = 0 in D, and satisfay f = 0 on the boundary of D, thus, f = 0
in D, and consequently, by analyticity (see theorem 1.27 in [43]]), f = w; = 0 in Q; and
uy = up = 0. However, this contradicts our assumption |ug| + |us| # O, i.e., at least one of

the functions u, or u, does not vanish identically. O
Theorem 4.2.2. Let u be a solution to the problem — , if 2—Z = Au = 0O on
I, then ulr, = uo, g—ZIrm = uy, Aulr, = u, %Irm = usz uniquely determine the part T,

provided that uy # constant or u, # 0.

Proof. We assume that there are two bounded domains €, and €, having I',, as part of
their boundary such that the corresponding solutions f and g, respectively, verify A%f = 0

in Q; and A2g = OianandsatisfyZ =Af=00n0Q \T,, % =Ag=00n0Q\T,

and f =g=uyonT =% -y onl,,Af=Ag=uwonTl,,, &L =2 — 4. onT,,

m,% on m’ﬁn on

respectively. Then Holmgren’s theorem [56] implies that f = g in Q; N Q.
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We take Af = w; in Q; where Aw; = 0 in Q,, and we take Ag = w, in Q, where
Aw, = 0 in Q,. In particulary, and without loss of generality, we suppose that there
exists a nonempty connected component D of Q; \ Q,. From f = gin Q; N Q,, and by
considering the boundary conditions of f and g then we can conclude that % =w; =0o0n
the boundary of D. Then, w; = 0 in D, by substituting in the above equation, we obtain
Af = 0in D, and satisfay g—ﬁ = 0 on the boundary of D. Therefore (see proof of theorem
B.2.1), wy = 0in Q; and f = constant in D, and by the unique continuation property
for solutions to elliptic equations, f = constant in Q; (see [1]). Consequently we obtain
uy = constant and u, = 0, which contradicts our assumption. Then we conclude that,
there exist at most one portion I'. provided that uy # constant or u, # 0. O

Lemma 4.2.1. A single quad of data ulr, = uy, g—ZIrm = uy, Aulr, = up, %Irm = u3 is

uniquely determine the Robin coefficients A and u as functions of space on the known
non-accessible portion I, of the boundary 0€).

Proof. Let Q is a bounded domain having I',, and I'. as parts of their boundary where

0Q =T,, UT,,. We assume that f and g are two different solutions, verify A’f = A’g =0
in Q and satisfy f = g = uy, g—f = % =u;, Af = Ag = u,, and 6;1‘ = % = uz onl,,.

Then Holmgren’s theorem (1.1.7|implies that f = g in Q. Thus, the uniqueness of solution

u to the problem {@.1.1)-@.1.2)-@.1.4)) is guarantied

By pointed out that, f and Af required a quantitative control of possible vanishing.
Hence, the functions u and A are uniquely determined as: A = —ﬁ 6(6Anf > and u= —%g—ﬁ on

I.. a

4.3 Non linear integral equation

The method of fundamental solutions (MFS) is a form of IBIEMs, which belongs to the
class of BIEMs [35, [89]]. According to [90]], any Biharmonic function can be expressed
by the MFS based on Chakrabarty or Almansi formulas. The unique solvability results of
these formulas were given in [[13]. The MFS has another advantage based on a boundary
integral representation, so that, a quadrature is required in order to compute its value at
any point in the region of interest and similarly for its derivatives [13]]. On the other hand,
the form of approximation used by the MFS can be evaluated in a straightforward manner,
derivative values can also be obtained by a direct evaluation process (see [2} 16, 89]).

In this section, we derive the equivalent systems of integral equations that we employ
for the solution of the inverse problem to determine the functions A and y, here the formu-
lations given in Chapter 1 subsection will be recalled. We have seen in section
it is impossible to determine the portion I'. and the Robin coefficients simultaneously, in
addition, if I'. is known then the functions A and u are uniquely determined from a single
quad of Cauchy data (see lemma @, that, allows us to continue by assuming that the
portion I, is known.

Remark 4.3.1. One can see that our inverse problem is linked with Cauchy’s problem,
which is defined as follows: given the single quad uy, € H %(Fm), u € H %(Fm), Uy €
HZ[T,), u3 € H2(T,,) to find ap € H3(T,), a; € HX(T,), a» € H?(T,), a3 € HZ (T,),
such that there exists a Biharmonic function u € H*(Q) which provide a solution to the
equation and satisfying ul. = uo, g—erm = uy, Aul, = uy, % n, = uz and ul. = ayo,
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2 =ay, Aul, = @, 2| = @3. This Cauchy problem admits at most one solution (see
theorem [I.1.6] and theorem in chapter 1), and is known to be ill-posed [7]. From
the Green’s representation theorem, many nonlinear integral equations can be obtained to

represent our inverse problem [21]].

Definition 4.3.1. Our solution method for the Cauchy problem by the indirect boundary
integral equation is based on Chakrabarty representation [60]. Here we represent the
solution u of (@.1.1)-@.1.2)-@.1.3)-(@.1.4) as surface superposition of the point sources
[19] given by the standard fundamental solutions E; and E, of the Laplacian and Bi-
Laplacian, respectively as:

u(x) = fa B WO)0) + f Ex(ryedds(),  xeQ @3.1)

0Q

where

1 1
El(x,y):glnr, Ez(x,y):grzlnr, r=lx—-y, x#y

and (Y, p) e H -3 (0Q)x H 2 (0Q), are an unknown densities which assumed to be continu-

ous functions verify fag e(y)ds(y) = faa Y(y)ds(y) = 0 (see also theorem|1.2.10|in chapter
1).

4.3.1 Integral equations representation

To set up a system of integral equations that represents our inverse problem we restrict
lj to the boundary €2 from inside Q requiring that ulr, = u, g—erm = uy, Aulr,, = uy,
r, = us and by using the properties of the single and double layer potential (see
theorem [I.2.9)and theorem [I.2.10]in Chapter 1). Thus we obtain:

Ay + S = uy, onl,
1
By + K¢ - 2% = U, onT,
4.3.2)
SY = u,, onl,,

1
K’w—zw = us, onT,,

where
A H7Y(0Q) — H™(0Q), B : H'(0Q) — H™(0Q),
S : H1(0Q) — H*(0Q), K’ : H1(0Q) — H*1(6Q)
for —% <s< %, are continuous boundary integral operators [55] defined for x € 0Q by:

AY)(0) = f ExayWdsy) . (S@)) = f E\ (7)o )ds(),
o e (4.3.3)

I, , OF .
o= [ a0 . &ow = [ Dy,
Q Nx oQ Ny
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with their following kernels: (see G.C.Hsiao[21]] Chapt. 10.4.4)
OBy (x,y) 1 OE\(x,y) 1 n.-(x—y)
e - - (x—y) (21 1), ) 2
on, 87Tn =) @lnr+1) on, 2r r?

1 anE X, aE X,
AEy(x,y) = 3 (4Inr+4), 0’21( Y _ (19; y)

Note that if |[x— x| # 1 for a some x, € Q, and for all x € 9€ the operator § is injective
(see lemma([I.2.3]in Chapter 1). 3
In addition, the equations on the non-accessible part I'. = 0Q \ I',, is given by :

By+Kg- g +AY+Seu=0, onT, (4.3.4)
Ky - % +(S¥A1=0, onT. 4.3.5)

Inversely, we suppose that (¢, ¢) € H ‘%(89) X H? (0Q) are satisfy the system (4.3.2)
and —, then A and u solve the inverse problem. Indeed, if we define u € H*(Q)
as in (4.3.1)), then u is Biharmonic function [60]. By approaching the boundary 6Q from
inside Q and according to (4.3.2)) and (4.3.4)-(#.3.5) we also have that u verify the mixed
boundary value problem #.1.1)-(@.1.3)-@.1.4). Therefore, A and u are a solutions of the
inverse problem. Thus, we can state the following lemma.

Lemma 4.3.1. The inverse problem (@.1.1)-|.1.2)-(.1.3)-(.1.4) and the system of inte-
gral equations ({4.3.2)-([4.3.4)-(.3.5) are equivalent.

Remark 4.3.2. The system (@.3.2)-(4.3.4)-(@.3.5) equivalent to our inverse problem is
not unique. For example, representing the solution # as a combination of a single-layer
and double-layer potential (see in chapter 1) one can derive a different system of
integral equations equivalent to our inverse problem. The advantage of this aproch is to
avoids the hyper singularity of integral operator kernels (for more detail see [21}160]).

4.3.2 Paremeterization of integral equations

Investigations have been carried out into the integral equations and their numerical solu-
tion using the parameterization (see [17, 18,119, 20] andin chapter 1). In this study,
for the sake of simplicity we assume that the boundary dQ is smooth of class C? that is,
we represent:

0Q = {z(t) : t € [0, 27]} (4.3.6)

with z : R — RZ is an injective of class C2, and 2x periodic such as z'(f) # 0,V ¢ € R.
Without loss of generality, suppose that:

I, = {z(t) : t € [0, 7]}, I, = {z(t):¢t€[n2nr]} 4.3.7)
According to (4.3.6), we introduce the setting:

() = O@) -, @) = 2 (Dle((1)
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then, we obtain from (#.3.3)) the following parameterized integral operators:
- 1 [ .
(A0 = = fo l2(t) = 2(DF In |2(2) = (D)W ()dT

. 1 27 B
(BY)D) = c——— f [Z (O] - [2(t) — 2(0)] 21n|z(t) — 2(D)| + D P(r)dr
Brlz' (O Jo (43.8)

B 1 21
SoH0 = 5- fo InJ2() — 2(OIp(Dd

L TR0 0 - 20
&) = 2n|z'<r>|fo O—p PO

for t € [0.27] and ['(1)] = (Z}(#),25(1))7, with the notation a* = (a»,—a;)" is the vector
orthogonal of a = (a;,a>)". Therefore, we have obtained the parameterized form of

(4.3.2)-@.3.4)-@.3.3) as:

Al/?+§¢:uooz, on [0, 7]
L 1
BY+K§— §¢ = uj oz, on [0, x]
o 4.3.9)
S¢=u oz, on [0, 7]
Lo~ 1.
K"J’—E'ﬁ: uz oz, on [0, n]
and
Lo - 1 o~
By +K'o— §¢ + Ay +So)u =0, on [r,2r] (4.3.10)
L. 1. ~ -~
K"y — El// +SyY)1 =0, on [, 2n] 4.3.11)

The decomposition of kernels

The discretizations of the integral operators defined in (4.3.8) are given by their 27 peri-
odic kernels that decomposed as [[19, 41]:

ll() ()|_1| t2 | 1 |Sl IZT
n |z(¢ T njsin n
|Z(t) Z(Z)|

where the second term is smooth with diagonal value

. | sin 57|
—limIn 2

A e~ - AR O

The 27 periodic kernel k(z, 7) of the integral operator K’ is smooth, given by their
diagonal value as [28]]:

[Z (O] - [2(t) — 2(7)]

t#T
_ lz(r) =z
k(t, T) - [Z/(t)]L . Z”(t) N
2 ()
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The kernels a(t, T) and b(t, T) associated to the integrals operator A and B’ respectively,
are smooth with vanish diagonals values given as:

{Iz(t) — 2P Infz(t) —z(), t#7T
a(t,7) =
0, t=1

[Z O - [2(8) — z2(7)]
b(t,7) = 1z (D]
0, =1

Clnlz@®) —z@OI+ 1D, t#7

Algorithm

In order to solve the inverse problem (4.1.1)-@.1.2)-@.1.3)-(4.1.4) via equations (.3.9)-
(4.3.10)-@.3.11)), this last can be summarized by the following algorithm which based on

the above discussion,

1 Let Q be a simply connected domain in which the portions I',, and I'. are knowns
parameterized by (4.3.7). Given a single quad of Cauchy data ug,u;,u,,uz on I',,.

2 Then, we find the densities ¥ and @ on dQ by solving the ill-posed system (4.3.9)).
For this, we propose the Tikhonov regularization method in order to achieve stabil-

1ty.

3 From the knowledge of the densities ¢ and @ on AQ. Therefore, the Cquchy data
@,@1,@2,@3 can be obtained on I'c by (AJ + S@)Ir, = a0, (B'Y + K'¢ - Dlr, = a1,
SPlr, = a2 and (K'Y — Dr, = as.

4 Thus, the unknowns functions A and u can be uniquely determined from the equa-
tions (@.3.10)) and (4.3.11) by a; + puay = 0 and a3 + Ada, = 0, respectively.

4.4 Data completion

In order to determine the unknown functions A and u, we will be interested in an important
step which is the completion of the missing Cauchy data. For this, we recall the inverse
problem which is : given (uo, u, 2, u3) € H2(T'y) X H2(T,,) X H2(T,,) X H3(T,,), and
determine (o, @1, @2, @3) € H3([) x H*(T.) x H™3(T)) x H™3(T,.) such that, there exists
a Biharmonic function u € H*(Q) satisfaying

ou O0Au
ulrm = Uy 5 % T = U 5 Aulrm =U s al’l Tm us
and
ou O0Au
ul, =ao %In =ar , Aul, =ar , e lr, = @s.

It’s known that, this Cauchy problem is ill-posed, and admits at most one solution. In
particular, if (4, ) € H™2(Q) x H2(8Q) solve (4.3.2) then the solution u € H*(Q) given

oo A
by (4.3.1) verify : ulr, = a0, 2Ir, = 1, Aulr, = @z, 24, = a3. [19].
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Practically, we give (g, u1, ua, u3) € H?(T,y) X H2(T,) X H™2(T,)) X H~3(T,,) and solve
(4.3.2) by a Tikhonov regularization method applying in the space of square integrable
functions, with L2-norm is the appropriate norm to measure the data error, For this we
recall the ill-posed linear system (4.3.2), and consider the corresponding operator (see
[19,220,21]) T : X — Y defined by:

Ay + Sy
By +Kyp-£%
Sy
Ky-1%

T, ) =

with : X = L?(0Q) X L*(0Q), et Y = L*(I',,) X L*([',,) X L*(T',,) X L*(T,,).
In order to apply the Tikhonov regularization scheme to (4.3.2)), the following result
must be verified (see theorem [[.3.6]in Chapter 1) :

Theorem 4.4.1. The operator T is injective with a dense range.

Proof. f T(, ) = 0 for some (i, ¢) € L*(0Q) x L*(Q) then u is given by (4.3.1) and

verify ulr, = %Irm = Aulr, = 6661“ I, = O from inside Q. The trace theorem implies

that Ay + S¢ = B'Yy + K'p — % =S¢y =K'y - % = 0. The geometry assumed on €,
ensured the injectivity of the operator S therefore ¥ = 0 and we deduce that ¢ = O, this
proves that 7 is injective.

Next, to prove that T has a dense image, we need to show that 7" is injective. For that,
we consider the adjoint operator 7 : Y — X which is given by:

(T(l//’ (p)’ [a()’ ap, s, a:’l])Y,Y = ((‘P’ lr//)’ T* [QO’ ay, @y, a’:a’])X,X

where, (.,.) denotes the respective inner prgduct in L. Let &y, @, @&,, a3 be the extensions
of @y, a1, as, @3 by zero to boundary 9Q /T, (see subsection . Then, for all (¢, ) €
L*(0Q) x L*(0Q) we have that :

~ ) ~ ~ ) ~ d
UW&LWN%@%%MW=(%A%+Bm+5@+Kay"§kx

~ ) ~ 1 ~
+ (g, Sap + K'ay — Ea'l)X,X

therefore, we have obtained that

as
A, + B;na1+Smoz2 + K,,na’3 - ?
T"ag, a1, a2, 3] = 1
SmCZ()-l-K;nCZ] — 5&1

where A,,, B, S ., K, are defined for x € 0Q by

m?

OE>(x,
(Amao)(x) = fr Ex(x.pao0)dse).  (Bya)(x) = fr 2D 0, (s o),

OE:(x,y)
0

X

(Sma2)(x) = j; Ei(x, y)ar(nds(y),  (K,a3)(x) = j; a1(y)ds(y)

Let T*(ag, a1, as, a3) = 0, for some (ag, a1, @z, @3) € Y. We define the Harmonic
function given by
v=_Sua+K,a,
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which is a solution of the Laplace equation in R?/T,,. Letting x — 9 from outside Q
and using the jump relations for single and double-layer potentials (see theorem[I.2.9]and
theorem[1.2.10)) with L? densities we obtain that

Vl()g = SmQ’O + K,’nal - Eal =0.

From the logarithmic behavior of the single-layer potential at infinity (see theorem
in Chapter 1) we deduce that v = 0 in R?\ Q, and consequently, by analyticity [17]]
(see also theorem[I.1.5]) we obtain that v = 0 in the definition domain Q. As consequence,
the jump relations across 9€2 imply that oy = @ = 0.

By substituting this last result into the first component of 7" we obtain that

1
S + K;na’3 - 5&’3 =0.

Using the same steps we saw above leads to @, = @3 = 0, finally we conclude that
ap = a1 = @ = a3 = 0 which proves that 7™ is injective. O

4.5 Numerical methods and examples

For the numerical methods, the Nystrom method provides a highly efficient method for
the approximate solution of the boundary integral equations of the second kind for two-
dimensional boundary value problems [44]. In our situation we take into account the pa-
rameterized decomposition of the kernels given in section4.3]and applying the Nystroom
method to (4.3.9) based on the following trigonometric quadrature rules (see [41},43]] and

[[.4.5]in chapter 1).

1 2 1 2n—1
55 |, fuo =50 ) dP )
i=0
. 1 .- (4.5.1)
— f(a')ln( sin2(Z ))d(m — > a”R;(0)f(s")
2n 2 2n ]Z:(; J J
on an equidistant mesh points
tj=jh, for: j=0,..2n—1, and h="—. (4.5.2)
n

The weights functions are given by

21— 1
R(t) = - TN 2 cos (m(t - s("))) — —cos (n(t - s(")))
n &m n"
ai.ﬂ) = W,(tj)7
(n
sj) = w(t))

with a sigmoidal transformation defined as (see [43]] and[T.4.4]in chapter 1). w : [0, 271] +—
[0, 27]
) [v(®)]?
Vs
[v(®)]? + [v2r — D)]?

W) = , 0<1t<o2nm, (4.5.3)
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and v is a cubic polynomial given by

0 1 1 (n—t)3+ 1 (t—zr)+ 1
v(t)=|——-z||— —|—+=.
p 2 /4 p\ m 2
the parameter p in the substitution functions is the so-called grading parameter. For larger

values of p the grid points are more densely accumulated at the end points of the integra-
tion interval (see [[19]] and [I.4.4]in chapter 1).

Method description

To show the feasibility of this method to complete Cauchy data we want to use it for the
inverse problem of determining the functions A, u for a fixed domain Q, i.e. we want to
recover the specified functions 4, u on I';, from a single quad of Cauchy data (u, u;, u,, us)
on I, (see [17, (18} [19]]). To this end, using the notations that are introduced in section 3,
we observed that after the determination of ¥, ¢, and having completed the Cauchy data
Qp, @1, @7, @3 on I'., we obtained the functions A, u from the following equations :

ay +uay = 0, onT,

asz+ Adapy = 0, onT,

We follow these three steps: first, we need to solve the ill-posed equation (#.3.9),
for example, by Tikhonov regularization (see in chapter 1) for the densities ¥, ¢ on
0Q. For this, of course, we use the parameterized version (¢.3.9)-@.3.10)-@.3.11) and
trigonometric quadrature (4.5.1)) with sigmoidal transformation (4.5.3). Then we obtain
the densities ¢ and ¢ on 9€2, and we can deduce the traces of u on T, 1.e. (Ay+S@)Ir, = o,
BY +K'¢—Dlr. = ar, (SY)Ir, = @ and (K'y — %)Irf = 3. Finally, we calculate the
functions A and u at collocation points x; = z(t,4;), i = 1, ...,n, on I'. by resolving

ai(x;) + u(x)ap(x;) = 0, i=1,..,n 4.5.4)
az(x;) + A(x)ar(x;) = 0, i=1,...n 4.5.5)
To avoid instabilities arising from dividing by small values of ay(x;) and a,(x;), as

mentioned in [[17, 18, 19], we represent the unknowns A and u as a linear combinations of
the Gaussian basis functions e; (see [31,74] and[1.3.6]in chapter 1).

K

p(x) ~ > cjei(x) (4.5.6)
=1
jM

Ax) = Y djej(x) (4.5.7)

=1
In matrix-vector notation, the models (4.5.6) and (4.5.7) are given

Ac =~ pu (4.5.8)
Bd ~ A (4.5.9)
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The residuals associated to (4.5.8) and (4.5.9) are given by

rp=u—Ac (4.5.10)
r=A1-Bd 4.5.11)

Least squares sens method (see [I.3.2] in chapter 1) consist to research on the best
approximation of A and y, i.e., we solve the equations that is obtained by inserting (4.5.6),

(4.5.7) into (#.5.4), (.5.5), in the least squares sense for the coefficients ¢; and d; that
makes the residuals | and r, , respectively, smallest possible, as follow

K

ay(x;) + Z cjej(xp)ao(x;) = 1y, i=1,...n 4.5.12)
=1
M

az(x;) + Z djej(xi)ar(x;) = 1y, i=1,...,n (4.5.13)
=1

In the numerical examples, we used cubic B-splines (see [[.4.6] in chapter 1) on an

equidistant subdivision (4.5.2)) with respecting ¢ parameter in (4.3.6)-(4.3.7) and the fol-
lowing parameterization is considered

= {zw, ), tel0al},  To={zw, @), telr2x}.

In order to test the numerical stability of our method, the noisy data uf, ug has been
generated with arbitrary small noise level ¢ added to the Riquier-Neumann data in the
form [4,[19]]

lerllz2r, lusllzr,,
W=y + e—e =y e (4.5.14)
”f”Lz(Fm) ||§||L2(rm)
with
0 0
et} — willr2r,) < 6, e — usllr2r,) <0 (4.5.15)

where ¢ is a normally distributed random variable and e is the relative noise level. The
discrete norm ||.||» associated to the norm ||.||2(r,,, with respect to the mesh points (4.5.2))
on I, is defined for v € £2 by

1 n+1
Wil = (—n 2 v?] (4.5.16)

4.5.1 Numerical examples

Example 4.5.1. We start with smooth boundary by consider an ellipse with the parame-
terization

I, =(.1cost, 0.4sinr), te€][0,nx],
I'. =(0.1cost, 04sint), te€[r2nx].
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Secondly, we make a slightly change in the smoothness of boundary by consider cor-
ners at the connection of the two parts of the boundary [[19]], that parameterized by half of
a bowl shaped contour

I, = +sin?)(0.1cost, 0.4sinr), te€]0,n],
and by half of an ellipse
I'. = (0.1cost, 0.4sint), te€ [n,2n].

In both examples, the profiles of specified functions are given as:

® 0, t€[0,m]

1) = y

H |+ sin‘t,  reln2n]
0, t€[0,m]

A1) = A ,
1 + cos™t, t € |m, 2n]

and the synthetic Cauchy data (uo, u;, up, u3) on I', were obtained by solving the Robin
problem in €, with the boundary conditions

ou 0Au
%+,uu—h , E+/1Au—g,
with

1 + sin*s, t € [0, n]
h(t) = ,

0, t € [m,2n]

1 + cos*s, t e [0, n]
g =

0, t € [m,2n]

Based on the double-layer boundary integral equation approach, with double number
of discretization points, the characteristics of the sigmoidal transformation (4.5.3)) allow
us to avoiding singularities arising in two intersection points [19]. In addition, (to avoid
an inverse crime) we choose the grading parameter p; = 10 for the forward problem and
p> = 8 for the inverse algorithms.

The reconstructions were performed using 2n = 64 grid points for discretizing the
integral operators on the boundary. Figures 4.2b] 4.2¢| and {4.3b] [@.3c| show the recon-
structed profile for both exact data and for relative noise level € = 0.01 (with respect to
the L? norm). The exact functions profiles are represented by the full lines (black) and
the reconstructions are represented by the dash-dotted lines (blue), and the dotted lines
(red) for the noise. To obtain the densities ¥, ¢ we solve the two equations correspond
to the Riquier-Neumann data u;, u3 in (4.3.9), by the Tikhonov’s regularization method
with parameters 10~ for the exact data and 108 for the noisy data, respectively. For the
B-spline approximation of the functions profile, we take the dimensions K = M = 21. In
4.2d| [4.3d) and [.2¢] [4.3¢] we plot the errors between exact functions u and A with their
computed approximations, respectively, with and without noise.

We can summarize that the numerical experiments show satisfactory reconstructions
for the functions u and A also with reasonable stability against noisy data. By comparing
errors plotting in Fig. 4.2d| and Fig. with Fig. 4.3d)and Fig. we can note, the
quality of the reconstructions in the case of the bowl-ellipse shaped contour (#.34) is not
as accurate as in the smooth boundary {.2a).
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Figure 4.2: For examplem Reconstruction of a function specified profile for an ellipse
with the semi-axis a = 0.1, 0.4.

Example 4.5.2. For this example we consider an ellipse with the parameterization

I, =(0.2cost, 0.3sin7), te€][0,nx],
I'. =(0.2cost, 0.3sin?), tE€ [m2n].

and we make corners at the connection of the two parts of the boundary, that parameter-
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Figure 4.3: For example Reconstruction of a function specified profile for a bowl-
ellipse shaped contour.

ized by half of a bowl shaped contour as:
I, = +sint)(0.2cost, 0.3sint), ¢te[0,nx],
and by half of an ellipse
I'. = (0.2cost, 0.3sin¢), te€ [m2n].
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The profiles of specified functions are given as:

0, t € [0, 7]
u(t)={ 5 i

sint, tenm2n]’

0, 0,
0 - { t €[0,n]

cos’t, ten2n]’

and the synthetic Cauchy data (u, u;, u,, u3) on I',, were obtained by solving the Robin
problem in €, with the boundary conditions

ou 0Au
Zvuu=h , —+u=g,
8n+,uu 6n+ u=g

with

. 2
h) = {sm t, t € [0, ]

0, teln,2n]’

cos’t, t €0, m]
g(t) =

0, t € [m,2n]

We choose the grading parameter p; = 8 for the forward problem and p, = 6 for the
inverse algorithms.

The reconstructions were performed using 2n = 128 grid points for discretizing the
integral operators on the boundary. Figures [4.4b] 4.4c| and [4.5b] [4.5¢| show the recon-
structed profile for both exact data and for relative noise level € = 0.05 (with respect to
the L? norm). The exact functions profiles are represented by the full lines (black) and
the reconstructions are represented by the dash-dotted lines (blue), and the dotted lines
(red) for the noise. To obtain the densities i, ¢ we solve the two equations correspond
to the Riquier-Neumann data uy, u3 in @), by the Tikhonov’s regularization method
with parameters 107!3 for the exact data and 10~° for the noisy data, respectively. For the
B-spline approximation of the functions profile, we take the dimensions K = M = 35. In
M.4d| [4.5d) and [@.4¢] [4.5¢| we plot the errors between exact functions u and A with their
computed approximations, respectively, with and without noise.

As shown in the example (4.5.1). The numerical experiments show satisfactory re-
constructions for the functions u and A also with reasonable stability against noisy data.
By comparing errors plotting in Fig. and Fig. with Fig. and Fig. we
can note, the quality of the reconstructions in the case of the bowl-ellipse shaped contour
(4.54)) is not as accurate as in the smooth boundary {.4a).
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Conclusion and prospects

In this thesis, two inverses problems caused by the Biharmonic were addressed the first
one is: Pto find a non-accessible boundary of doubly-connected planar domain, and the
second is: Pto recover the Robin coefficients on a non-accessible known part in a simply-
connected planar domain. As a result, ¥a method of regularization has been proposed
for an inverse Cauchy problem governed by the Harmonic, here we rely on Tikhonov’s
regularization method where the errors estimation have been established in appropriate
correction classes.

As a prospect, we are planning to "Explore the regularization approaches applied
to the Biharmonic problem. ®Reconstruct the non-accessible portion of the boundary.
¥ Although we have only considered our study in a disc or annulus, we are looking to
extend our study to other problems in a more complex region.
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