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Abstract

In this thesis, we are interested in studying the well posedness and the stability of some
linear one-dimensional porous-elastic systems. The first is a porous-thermoelastic system
with second sound and a distributed delay term acting on the transverse displacement,
where the heat flux of the system is governed by Cattaneo’s law. The second is a porous-
elastic system with microtemperatures and varying delay term, and the last is a swelling
porous thermoelastic soils mixture with second sound, where the thermal conduction is
given by the theory of Green and Naghdi called thermoelasticity type III.

Under suitable assumptions, we prove the well-posedness of the systems by using semig-
roups theory. For the stability of these systems, we use a multipliers technique which is

based on the construction of a Lyapunov functional equivalent to energy.

Keywords: Porous system, swelling porous systems, Cattaneo’s law, second sound,
distributed delay, varying delay, semigroup theory, exponential stability, polynomial sta-

bility, Lyapunov functional.
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Résumé

Dans cette thése, nous nous intéressons a 1’étude de 'existence, de 1'unicité de la solution
et de la stabilité de certains systémes poreux-élastiques unidimensionnels linéaires. Le
premier est un systéme poreux thermoélastique avec un second son et un terme de retard
distribué agissant sur le déplacement transversal, ot le flux thermique du systéme est
régi par la loi de Cattaneo. Le second est un systéme poreux élastique avec micro-
températures et un terme de retard variant, et le dernier est un mélange d’un systéme
poreux thermoélastique gonflé avec deuxiéme son, ol la conduction thermique est donnée

par la théorie de Green et Naghdi appelée thermoélasticité de type III.
Sous des hypothéses appropriées, nous prouvons ’existence et 'unicité de la solution

par la théorie des Semi-groupes. Pour la stabilité de ses systémes, nous utilisons une tech-
nique des multiplicateurs qui se base sur la construction d’une fonctionnelle de Lyapunov

équivalente a l’énergie.

Mots-clés: Systéme poreux, systémes poreux gonflés, loi de Cattaneo, deuxiéme son,
retard distribué, retard varié, théorie de semi-groupe, stabilité exponentielle, stabilité

polynomiale, fonction de Lyapunov.
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Chapter

Introduction

In recent years, elastic materials with voids, which have nice physical properties, are
used widely in engineering, such as vehicles, aeroplanes, and large space structures. Due
to their extensive applications, the elasticity problems of these kinds of materials have
become hot issues, which have attracted the attention of many authors, and numerous

stability results have been established (see [8],[19],[56],[57],[63]).
The classical thermoelasticity theory, based on Fourier’s law of heat conduction, suffers

from the deficiency of admitting thermal signals propagating with infinite speed. To
overcome this deficiency many theories were developed, one of which would allow heat
to propagate as wave with finite speed. Results concerning existence, nonexistence and
stability in this regard have established by many mathematicians.

By the end of last century Green and Naghdi [47, 48] introduced three new types of
thermoelastic theories in the aim of replacing the usual entropy production inequality with
an entropy balance law. In each of these theories, the heat flux is given by a different
constitutive assumption. As a result, three theories were obtained and respectively called
thermoelasticity type I, type II and type III. When the theory of type I is linearized we
obtain the classical system of thermoelasticity. The systems arising in thermoelasticity of
type III are of dissipative nature whereas those of type II thermoelasticity do not sustain

energy dissipation.
The theory of porous materials is an important generalization of the classical theory of

elasticity for the treatment of porous solids in which the skeletal materials is thermoelastic
and the interstices are void of material. This theory deals with materials containing small
pores or voids.

An extension of this theory to linear thermoelastic bodies was proposed by Iesan [27].
In addition, Tesan [28], [29] added the microtemperature element to this theory.

On the basic of micromorphic continua theory, Grot [34] developed a theory of ther-

modynamics of elastic material with inner structure whose micro-elements, in addition to
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micro-deformations, possess micro-temperatures. The importance of materials with mi-
crostructure has been demonstrated by huge number of papers appeared in different fields

of applications such as petroleum industry, material science, biology and many others.
The basic evolution equations for one-dimensional theories of porous materials with

temperature and micro-temperature are given by

puy =Ty, PN = G

Joy=H,+G, pk=P +q—Q,

where T' is the stress tensor, H is the equilibrated stress vector, GG is the equilibrated
body force, q is the heat flux, P is the first heat flux moment, () is the mean heat flux, £
is the first moment of energy, and 7 the entropy. The variables u and ¢ are, respectively,
the displacement of the solid elastic material and the volume fraction. The constitutive

equations are

(T = pu, + by — 56, q = kb, + kw,
H=4ép, —dw, P = —kow,,

G=—bu, —&p+mb—T1p,, Q=ksw+ k40,,

| 1= Bug +cd +my, pE = —aw — dp,,

where p, J, 1, o, 8,6, &, b, d, m, 7, ¢, k, ki, ko, k3 and k4 are the constitutive coefficients
whose physical meaning is well known, # and w are the temperature and microtemperat-

ure, respectively.
Introducing the delay term makes the problem different from those considered in the

literatures. Delay effect arises in many applications depending not only on the present
state but also on some past occurrences. It may turn a well-behaved system into a wild
one. The presence of delay may be a source of instability. For example, it was showed
in [[3]-[6],[40], [51],[70]] that an arbitrarily small decay may destabilize a system, which is
uniformly asymptotically stable in the absence of delay unless additional conditions or

control terms have been used.

1.1 Delay differential equations

It is generally know that many systems in science and engineering can be described by
models that include past effects. These systems, where the rate of change in a state is not

only determined by the present states but also by the past states, are described by delay

1.1. Delay differential equations
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differential equations (DDEs). In other words, DDes are differential equations in which
the derivatives of some unknown functions at present time depend on the values of the

functions at previous times.
A simple delay differential equation for z(¢) € R™ takes the form

d

Sat) = f(ta),

where x; = {z(7) : 7 < t} represents the trajectory of the solution in the past.
The functional operator f takes a time input and continuous function z; and generates

a real number ax(t) as its output.
Examples of such equation include:

(1) discrete/ constant delay %x(t) = f(t,z(t — 7)),
(2) time-varying delay %x(t) = f(t,z(t — 7(1))),

d
(3) distributed delay aaz F (@ ) n(s)z(t — s)ds) .

(see Tijani [62]).

1.2 Stabilization of evolution problems

Problems of global existence and stability in time of Partial Differential Equations are
subject, recently, of many works. In this thesis we are interested in the study of the
global existence and the stabilization of some evolution equations. The purpose of the
stabilization is to attenuate the vibrations by feedback, thus consists in guaranteeing the
decrease of energy of the solutions to 0 in a more or less fast way by a mechanism of
dissipation.

More precisely, the problem of stabilization consists in determining the asymptotic
behavior of the energy by F (t), to study its limits in order to determine if this limit is
null or not and if this limit is null, to give an estimate of the decay rate of the energy to

Z€ero.
This problem has been studied by many authors for various systems. They are several

type of stabilization,

1.2. Stabilization of evolution problems
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(1) Strong stabilization:
E(t) — 0, as t — oo.

(2) Logarithmic stabilization:
E(t) < c(logt) ™Vt >0,(c,6 > 0).
(3) Polynomial stabilization:
E(t) <t Vt>0,(c,;6 >0).
(4) Uniform stabilization:
E(t) <ce™® Vt>0,(c,6 >0).

The subject of this thesis is study the well-posedness of a linear one-dimensional porous-
elastic system by using the theory of semi-groups to establish the existence and uniqueness
of the solutions. For the stability results, we used the multiplier method based on the

construction of a Lyapunov function.

1.3 Methodology

In this thesis, to ensure the well-posed of our problems, we use the theory of semi-groups
to establish the existence and uniqueness of the solutions. In semigroups theory, the
Hille-Yosida theorem is a powerful and fundamental tool relating the energy dissipation
properties of an unbounded operator A : D(A) C H — H to the existence, uniqueness
and regularity of the solutions of a stationary differential equation (Cauchy problem)

!

o' (1) = A)D(), t >0

For the stability results, we use the multiplier method based on the construction of a
Lyapunov function £ equivalent to the energy E of the solution. We denote by £ ~ E

the equivalence
aE(t) < £(t) < cE(t), Yt >0, (1.1)

for two positive constants c;and cy. To establish exponential stability, it suffices to show
that

!

£(t) < —c£(t), ¥t >0, (1.2)

for some ¢ > 0. A simple integration of (1.2)) over [0,¢] with (1.1)) leads to the desired
result of exponential stability.
It is worth noting that Lyapunov theorems are only sufficient conditions for the stability

and the difficulty here is to find the adequate Lyapunov function.

1.3. Methodology
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1.4 The main results of this thesis

This thesis contains five chapters.
Chapter 3. In this chapter, we consider the thermoelastic system of porous type with

a linear frictional damping and an internal distributed delay acting on the transverse
displacement, where the heat flux is given by Cattaneo’s law. The system is written as:

(

PUtt = [ Uzy + b(;Dm — MUt — f,:lz H (3) Uy (l‘, t— S) dS, in (O, ].) X (0, —|—OO)7

Jgptt = Oy — bu, — ggp + 502?7 in (O, 1) X (0, +OO),
(1.3)

by = —qu + By, — 00, in (0,1) x (0, 400),

| Toqt +q+ k0, =0, in (0,1) x (0, +00).

Under suitable assumptions on the weight of distributed delay, we first prove the well-
posedness of the system by using the semigroup theory. Also, we establish the exponential
stability of the solution by introducing a suitable Lyapunov functional. It was published

in an international journal:

F. Foughali, S. Zitouni, H. E. Khouchemane, A. Djebabla; Well-posedness
and exponential decay for a porous-thermoelastic system with second sound
and distributed delay. Mathematics in Engineering, Science and Aerospace
(MESA). Vol. 11, No. 4, 2020: 1003-1020.

Chapter 4. In this chapter, we are concerned with the one-dimensional porous-elastic

system with microtemparatures and a time-varying delay, the system is written as

;

Py = Mgy + b, — vy — Youg (z,t — 7(¢)),  in (0,1) x (0, 4+00),

‘]Sptt = 590:m - bux - &;0 - dwxa in (07 1) X (Oa +OO)7 (14)

awy = Pw, — dpy, — kw, in (0,1) x (0, 400).

\

The aim of this chapter is that under suitable assumptions on the weight of the damping
and the weight of the delay term, we prove the well-posedness of the system by using the
semigroup method. We then investigate the asymptotic behavior of the system through
the perturbed energy method. Also, by using the multiplier method, we prove that
the energy of system decays exponentially in the case of equal wave speeds and decays
polynomially in the case of nonequal wave speeds. Under the case of nonequal wave

speeds, we also investigate the lack of exponential stability of the system.
Chapter 5. This chapter is devoted to the study of swelling porous thermoelastic soils

with second sound, where the heat conduction is given by Cattaneo’s law, which has the

1.4. The main results of this thesis
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form )

PUt = A1Ugg + Q2P in (0,1) x (0, 400),

‘]tht = 3Py + QoUyy + 59w ’ in (07 1) X (07 +OO)7
(1.5)
&et = —(Qy + ngtx - 7‘97 in (07 1) X (07 +OO)7

| T¢=—q— kO, , in (0,1) x (0, 400).

The aim of this chapter is that , we study the existence and the uniqueness of the
solution using the semigroup theory. Also, we show that the energy associated with
the system is dissipative and we establish the exponential stability of the solution by

introducing a suitable Lyapunov functional.

1.4. The main results of this thesis



Chapter 2

Preliminary

In this preliminary we shall introduce and state some necessary notations needed in the
proof of our results, and some the basic results which concerning the well-posed of our
problems, the semi-groupe theory and Layponov functionals and other theorems. The

knowledge of all these notations and results are important for our study, see, e.g., ([1]),

(I54]), ([13]) and ([66])-

2.1 Some functional analysis concepts

Let €2 be an open subset of R", n € N supplied with the Lebesgue measure dzx.

2.1.1 Hilbert space

Definition 2.1 A Hilbert space H is a vectorial space supplied with inner product (u, v),

such that [jul| = (u, u)% is the norm which let H complete.

2.1.2 L7(Q) space

Definition 2.2 Let 1 < p < oo, and let 2 be an open domain in R", n € N. Define the
standard lebesgue space L¥'(€), by

LP(Q) = {u : Q0 — R: f is measurable and / lul” dz < oo} :
Q

The functional ||.||,» defined by

full = | [ 1ot as]

is a norm on L¥(Q).
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Definition 2.3 For p = oo, we have

[2(Q) = u: ) — R: u is measurable and there exists a constant C' such that
B lu] < C a.ein . '

We denote
|ull, =inf{C, |u| < C aein Q}.

Remark 2.1 For p =2, L?(Q) equipped with the scalar product

(1, v) = /Q (@) (z)da

is a Hilbert space. Then

2
||U||L2(Q) = (u, u) .

2.1.3 Sobolev space W™ ?(Q)

Definition 2.4 (Sobolev Space) For any positive integer m and 1 < p < oo , the
W™ P(Q) is the space defined by

WmP(Q)={ue LP() : D e LP(Q) for 0 < |a| <m},
where D%u is the weak (or distributional) partial derivative, and
W P(2) = the closure of C§°(€2) in the space W™ P(Q).

Clearly W% ?(Q) = LP(Q), and if 1 < p < oo, Wy *(Q) = LP(Q) because C°(R) is
dense in LP(12).

Definition 2.5 ( The Sobolev Norms) We define a norm ||.||yym, ») , Where m is a

positive integer and 1 < p < o0, as follows:

1/p
[ullwm. vy = Z HDQUHIEP(Q) if 1<p<oo,
0<[al<m
[llyym, @) = OgﬁgmHD%Iloo-

Definition 2.6 For p = 2, we denote
H™Q) = W™3(Q), and HJ(Q) = W] (Q).

Theorem 2.1 Let u € Wb P(I), then u € Wy P(Q) if and only if u =0 on 0.

2.1. Some functional analysis concepts
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2.2 Existence and uniqueness theorem

The existence and uniqueness of a solution to weak formulation of the problem can be
proved by using the Lax-Milgram’s Lemma. This states that the weak formulation admits

a unique solution.

Lemma 2.1 (Laz-Milgram’s Lemma) Let a(.,.) be a bilinear form on a Hilbert space
H equipped with norm ||.||; and the following properties:
1) a(.,.) is continuous, that is

3y, > 0 such that |a(w,v)| < v, ||wl g vz , YVw, v e H,
2) a(.,.) coercive (or H-elliptic), that is
Ja > 0 such that |a(v,v)| > « ||v||§{ , Vv e H,
3) L is a linear mapping on H (thus L is continuous), that is
vy, > 0 such that |L(w)| < v, ||w]ly , Vw € H.
Then there exists a unique uw € H such that
a(w,u) = L(w), Yw € H.
Definition 2.7 An unbounded linear operator A : D(A) C H — H is said to be mono-
tone if it satisfies
(Au,u) > 0, Vu € D(A).
It is called maximal monotone if, in addition
R(I+A)=H ie.
Vf e H,Ju € D(A) such that u + Au = f,
where R(I + A) is the range of (I 4 A).

Proposition 2.1 Let A be a mazimal monotone operator. Then D(A) is dense in H.

Theorem 2.2 (Hille-Yosida) Let A be a mazximal monotone operator. Then, given any

ug € D(A) there exists a unique function

u € C([0,00), D(A) N C*([0,00), H)

satisfying
du
b -0
7 + Au
u(0) = ug.
Moreover,
du

)| < d
u()] < uo  and |5

—(t)‘ = |Au(t)| < |Auo| , V¥t > 0.

2.2. Existence and uniqueness theorem
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2.3 Semigroups of bounded linear operators

In this chapter we will present some definitions, some results on Cy-semigroups, including

some theorems on exponential stability.

2.3.1 Some definitions

Definition 2.8 Let H be a real or complex Hilbert space equipped with the inner product
(,) and the induced norm ||.||. Let A be a densely defined linear operator on H, i.e., A :
D(A) C H — H. We say that is dissipative if for any = € D(A),

Re (Az,z) < 0.

Definition 2.9 A family S(¢) (0 < > 00) of bounded linear operators in a Hilbert space
H is called a strongly continuous semigroup (in short, a Cy-semigroups) if

(i) 5(0) = Ida,

(i) S (t1 +t2) = S (t1) S (t2), Vt1,ta > 0,

(iii) For each z € H, S (t) x is continuous in ¢ on [0, c0) .

For such a semigroup S (), we define an operator .4 with domain D(.A) consisting of
points x such that the limit
S (h)x—
Ap = lim 2T

h—0

, © € D(A)

exists. Then A is called the infinitesimal generator of the semigroup S (¢). Given an
operator A, if A coincides with the infinitesimal generator of S(t), then we say that it
generates a strongly continuous semigroup S(t), t > 0. Sometimes we also denote S(t) by
et

Definition 2.10 {e“‘“} +>0 18 said to be exponentially stable if there exists positive con-
stants o and M > 0 such that

|e*]| < Me* , vt > 0.

If & = 0, the semigroup (S(t)):>o is called uniformly bounded and if moreover M = 1,

then it is called a Cy-semigroup of contractions.

2.3.2 (-semigroup generated by dissipative operator

Suppose that the linear operator A generates a Cy-semigroup e** on a Hilbert space H.
Then we have (see Pazy [54]):

2.3. Semigroups of bounded linear operators
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Theorem 2.3 (Hille-Yosida) A linear (unbounded) operator A is the infinitesimal gen-
erator of a Cy- semigroup of contraction S(t), t > 0, if and only if

(i) A is closed and D(A) = H ,
(ii) the resolvent set p(A) of A contains RY and for every A > 0,

Ly 1
| =A<+

Theorem 2.4 (Lumer-Phillips) Let A be a linear operator with dense domain D(A) in
a Hilbert space H. If A is dissipative and there is Ay > 0 such that the range, R(\gI — A),
of \oI — A is H, then A is the infinitesimal generator of a Cy- semigroup of contractions
on H.

As a collorary of the above theorem, the following result will be frequently used in this

thesis:

Theorem 2.5 Let A be a linear operator with dense domain D(A) in a Hilbert space
H. If A is dissipative and 0 € p(A), the resolvent set of A, then A is the infinitesimal

generator of a Cy- semigroup of contractions on H.

2.3.3 Exponential stability

By collect some result in the literature concerning the necessary and sufficient conditions
for a Cp- semigroup being exponentially stable. The result was obtained by Gearhart and

Huang [25], independently (see also Priiss [55]).

Theorem 2.6 Let S(t) = et be a Cy- semigroup of contractions on Hilbert space. Then
S(t) is exponentially stable if and only if

p(A) D {iA, e R} =R
and

lim H(MI_A)_le(H) < 00

|A| =00

hold.

We use the above theorem to prove the lack of exponential stability.

2.4 Some useful inequalities

Our study based on some important inequalities, These inequalities is very useful in

applied mathematics.

2.4. Some useful inequalities
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1 1

Theorem 2.7 (Hoélder’s Inequality) Let 1 < p, ¢ < oo such that — + — = 1, assume
P q

that f € LP(Q) and g € LY(Q) then, fg € L*(Q) and

1Fglly < 171, gl -

If p = g = 2 then we obtain the Cauchy-Schwarz inequality:

JNEE (/QLﬂde>; (j£|gfdx)é.

Lemma 2.2 (Poincaré’s inequality) Suppose I is a bounded interval. Then there exists

a constant C' (depending on |I| > oc0) such that

! 1,
Jullyroy < C o], + for allwe wi(1),

Lemma 2.3 (Inequality of Poincaré-Friedrich’s type) Let u is a function satisfies

the following conditions: u € C*(Q) where Q is a domain in R™ and u\sq = 0, then

/|u|2 dx < c/ \Vul? dz,
Q Q

where ¢ is a constant depends only on the domain is €.

Lemma 2.4 (Young’s inequality) For all a, b € R™ | we have

b2
ab < ea® + —,
4e

where € > 0.

2.4. Some useful inequalities



Chapter 3

Well-posedness and exponential decay for a

porous-thermoelastic system with second

sound and a distributed delay term

3.1 Introduction

In this chapter we are concerned with the thermoelastic system of porous type with

a linear frictional damping and an internal distributed delay acting on the transverse

displacement, where the heat flux is given by Cattaneo’s law. The system is written as:

Pyt = HyUgy + Do, — foUy — f:f w(s)u (z,t —s)ds, in (0,1) x (0, +00),
Joy = ap,, — buy — o + B0, in (0,1) x (0, 400),
by = —qu + B, — 00, in (0,1) x (0,400),
Toqt +q+ kO, =0, in (0,1) x (0, +00),
with the following initial and boundary conditions
[ w(2,0) = ug (), w (z,0) =uy (7)), x € (0,1),
©(2,0) =py (z), ¢ (7,0) = ¢ (2), z € (0,1),
0(x,0) =06y (x), q(z,0)=qo(z), xz € (0,1),
u(0,t) =, (0,t) =6(0,t) =0, t € (0, +00),
u(l,t) =¢, (1,t) =60(1,t) =¢q(1,t) =0, te (0,+00),
[ w(z, —t) = folx, —1), (x,t) € (0,1) x (0,72),

(3.1)

(3.2)

where v is the transversal displacement, ¢ is the volume fraction difference, 0 is the

temperature difference, ¢ is the heat flux and the coefficients. The parameter p is the

mass density and J equals to the product of the equilibrated inertia by the mass density.

The coeflicients b, g, 11, @, 3, &, To, k are positive constant coefficients. The parameters

13
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with b, p, & satisfying ;& > b? and 7y, 75 are two real numbers where 0 < 7; < 75, and

@ |11, 2] — R is a bounded function verify the following assumption

%z/ﬂmmw. (3.3)

T1
The initial data (ug, u1, ©g, ¢1, 0o, o, fo) are assumed to belong to a suitable functional

space.
We see that it is better to start our literature review with the pioneer work of Goodman

and Cowin [17], where they introduced the concept of a continuum theory of granular ma-
terials with interstitial voids into the theory of elastic solids with voids. The importance
of such materials often arise in many practical problems, for instance, in petroleum in-
dustry, soil mechanics, engineering, power technology, biology, material science. We refer
the reader to Cowin and Nunziato [I8, [19] and the references therein for more details.
The system — arises in the theory of linear elastic materials, which governs the
mechanical deformations in elastic structures, where the heat flux is given by Cattaneo’s
law. Many results in this contests can be obtained, and numerous stability have been
established |21, 41, ?]. For the porous thermoelectricity systems coupled with the heat

equation by Cattaneo’s law, Messaoudi and Fareh [44] considered the following system

PUip = [Ugy + DO, — YUy, in (0,1) x (0,4+00),
T = 00,y btz — €0+ B, in (0,1) x (0, +0), 5
by = —q. + B, — 0, in (0,1) x (0,400),
Toq +q+ k0, =0, in (0,1) x (0, 4+00),

they established an exponential stability result by using the spectral theory.
On the other hand, the systems with delay term have attracted extensive attention

due to the evolution tendency depends not only on the current state but also on a certain
or some past occurrence (see [5]-[68]). An arbitrarily small delay may be the source
of instability, see [26, 53, 58]. In [40] Wenjun Liu and Miaomiao Chen, considered the

following porous thermoelastic system with second sound and time-varying delay term

PU = fllze + by — Yiue — Your (v, 6 — 7 (1)), (2,t) € (0,1) x (0, 00),
T = 0y, — bug — €6+ P, @0 €O x 00 o
ctly = —q, + 5¢m~ — 00, (:C,Zf) S (07 1) X (Oa 00)7
Tog + q + kb, = 0, (z,) € (0,1) x (0, 00)

The authors established the global existence and uniqueness of the system (3.5) by
using the semigroup theory and variable norm technique of Kato and proved that the

system is exponentially stable under a certain condition on the weight of the delay term.
Introducing a distributed delay term makes our problem different from those considered

so far in the literatures, importance of this term appears in many works and this is due

3.1. Introduction
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to the fact on it’s influence on the asymptotic behavior of the solution for the different
types of PDEs problems for this we refer the readers to [4]-[67].
Recently, Khochemane and Bouzettouta [38] considered a one-dimensional porous-

elastic system with distributed delay

{ PUy — gy — bP, = 0, in (0,1) x (0, 00),
SOy = 00y + bug + £ + 10y + f:f [y () ¢y (t — s)ds =0, in (0,1) x (0, 00),

(3.6)
and studied the well-posedness of the system by using the semigroup theory and they
showed that the dissipation given by this complementary control stabilizes exponentially
the system for the case of equal speeds of wave propagation.

Motivate and inspired by above works we consider the porous-thermoelastic system
—, and prove the existence and uniqueness of the solution. By construct some
Lyapunov functionals, we obtain the exponential decay result under the assumption .
Our work extends the stability results in [44] 40} [38] to porous systems with second sound
and distributed delay acting on the displacement equation.

The rest of this chapter is organized as follows. In Section 2, we prove the well-
posedness result of the system by using the semigroup theory. In Section 3, we establish

an exponential stability result of the energy.

3.2 Preliminaries
We introduce as in [50] the new variable
z2(x, p,t,8) =uy (z,t — ps), x€(0,1), pe(0,1), s € (r1,72), t >0.
Then, we have
sz(z, pot,s) + z,(z, p,t,s) =0, xze€(0,1), pe(0,1), s€ (r1,72), t > 0. (3.7)

Therefore, problem (3.1)) takes the form

PUst = [y Uze + b, — oty — f:lz w(s)z(z,1,t,s)ds, in (0,1) x (0, +00),

J@tt = a(pmc - buw - 590 _'_ 59307 in (07 1) X (07 +OO)> (3 8)
Cet = —q; + ngtw - 597 in (07 1) X (07 +OO)7 .
Todqt + q + kax = 07 in (07 1) X (07 +OO)7

3.2. Preliminaries



Chapter 3. Well-posedness and exponential decay for a porous-thermoelastic
system with second sound and a distributed delay term 16

with the following initial and boundary conditions

(

u(z,0) =wug (), u(z,0) =u (), xz € (0,1),

@ (2,0) = py (z), ¢ (2,0) = ¢ (2), z € (0,1),

0(x,0)=0q(x), q(x,0) = qo (), xz € (0,1),

u(0,t) =, (0,t) =0(0,t) =0, , t € (0,00),

u(l,t)y =9, (1,t)=0(1,t) =q(1,t) =0, te€ (0,00),

2 (z,0,t,8) = w (z,t), (x,t,8) € (0,1) x (0,00) X (71, 7T2),
| 2 (6,0,0,9) = fo(@0,5). (2,9,5) € (0,1) x (0,1) X (71,72).

(3.9)
By using (3.8)2, (3.8)4 and the boundary conditions, we conclude that
d2 1 5 1 d 1 1 1
i |, o (x,t)de + j/o ¢ (z,t)dx =0 and E/O q(z,t)dx + 7_—0/0 q(z,t)dx = 0.
(3.10)
So, By solving (3.10]) and using the initial data of ¢ and ¢, we obtain

/01%0(m,t)dx = /Olwo(x,t)dxCOS\/gt—i- \/g </01901 (l')dx) Sin\/gt
/01 g(w, t)dz = </01 qo(x,t)dx> exp(_Tiot),

Consequently, if we let

Bat) = (o t)— (/Olgoo(x)dx) COS\/gt—\/%(/Olwl(x)dx) sm\/?g

.0) = ate) = ([t ) eo-L0)

——t
To

and

Then it follows that

1 1
/ p(x,t)de =0 and / Gz, t)de =0, Vt>0.
0 0

Therefore, the use of Poincare’s inequality is applicable for @ and ¢ is justified. in
addition, simple substitution shows that (u,®,6,q, z) satisfies system(3.8) with initial
data for p and ¢ but write ¢ and ¢ given as

Bolt) = o (a,t) — / oo (@)dz | By(0,t) = oy (2,1) - / o1 () d,
Go(z,t) = qo(x,t)—/o qo () dz,

instead of ¢,, ¢, for ¢ and ¢o for ¢, respectively. Henceforth, we work with ¢ and ¢
instead of ¢ and ¢ but write ¢ and ¢ for simplicity of notation.
Throughout this chapter, ¢, is used to denote the Poincaré-type constant.

3.2. Preliminaries
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3.3 Well-posedness of the problem

In this section, we give a brief idea about the existence and uniqueness of solutions for

(3-1)-(3.2) using the semigroup theory [54].
We set v = uy, ¢ = @, and let

U= (’U,, Ut, P, Pty 4, 97 Z)T )

then
at[J = (uta Uty Pty th, qt, 8157 Zt)T
Therefore, problem (3.8)-(3.9) can be rewritten as

oU = AU,
! . (3.11)
U (0) = UO = (u07 U1, Yo, P15 90, 907 fO) )
where the operator A is defined by
Uy
u
L .-
B e + —p, — Ry — = Sp(s)z(w,1,t,5)ds
Ut P
0 Pt
o b £ I6]
Al ¢ | = TP — e = 79+ S0a . (3.12)
q _i — ﬁgw
To To
0
1 I6; )
==y + — Py — -0
c c c
z
—s71z,
We define the energy space as
H . =H}(0,1)x L*(0,1) x H!(0,1) x L*(0,1) x L*(0,1)

x L*(0,1) x L?((0,1) x (0,1) x (71,72)),

where

H!(0,1):={¢p € H (0,1): ¢, (0) = ¢, (1) =0},

3.3. Well-posedness of the problem
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be the Hilbert space equipped with the inner product
~ 1 1 1 1
<U, U> = ,0/ uupdr + J/ 0P dx + c/ 00dz + 1, / Uyl d
H 0 0 0 0
1 o o [V L
—1—5/ podr + a/ O P dr + i’ / qqdx + b/ (Ug@ + Upp)dz
0 0 0 0

1 T2 1
s [T [ 2 ) Z o) dpdsi
0 T1 0

The domain of A is

(U e (H2(0,1) N HL(0,1)) x HE (0,1) x (H2(0,1) N HL (0,1))

D(A) =< xH!(0,1)x H' (0,1) x H} (0,1) x L*((0,1) x (0,1) X (71,72)),

| w(z,t) =z (2,0,t,8) in (0,1)

Clearly, D (A) is dense in H.

Using semigroup arguments, we can obtain a the following well-posedness result.

Theorem 3.1 Suppose that f:f |\ (s)| ds < py. For all Uy € 'H, problem possesses

then a unique solution U € C (R*;H).
Moreover, if Uy € D (A), the solution satisfies

UeCRYDA)NC (R H)).

Proof. We use the semigroup approach. So, we prove that A is a maximal monotone
operator. First, we prove that the operator A is dissipative.

For any U = (u,us, ¢, ¢,,q,0,2)" € D(A), by using the inner product and integrating
by parts

3.3. Well-posedness of the problem
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Uy
U
1
= — Uy + — (pm—@ut—— p(s)z(x,1,t,5)d
P Uy
Pt ©
& b 8§ 5
_i — ﬁgw q
To To
0
1 6] )
~ga+ S — 20
c c c
z
—s1z,

Then

1
(AU U),, = —/LO/ utd;ﬁ—é/ 0*dx — / 2dyc—// z(x,1,t,8) wpdsdr
/ / \/ 2, (z,p,t,8) 2 (x, p, t, s) dpdsdz.

Integrating by parts in p, we have

1 T2 1
/ / 1 (5) / 4 (2.0,,5) 2 (2, .1, 5) dpdsda
/ / *(x,1,t,8) — 2% (2,0,1, s)} dsdzx.

We can imply that

1 T2
(AU U),, = / dx—é/ 02d:17——/ de—/ / w(s)z(z,1,t,s) updsdx
——// ?(x,1,t,8)dsdx + = // (s)| uZdsdz.

Now, using Young’s inequality, we can estimate

1 T2 1
/ / z(x,1,t,8) wpdsdr < 5/ | (s )|ds/ uldzx
/ / (z,1,t,s)dsdz.

3.3. Well-posedness of the problem
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Therefore, from the assumption (3.3]) we have

T2 1 1 1
(AU U),, < — <,u0 —/ | ()] ds) / uidr — 5/ 0*dx — %/ ¢*dr < 0.
T1 0 0 0

Consequently, A is a dissipative operator.
Next, we prove the operator A is maximal. It is sufficient to show that the operator

(I; — A) is surjective. Indeed, given G = (g1, g2, g3: 4, 95+ g6, g7). € H, we prove that
there exists a unique U = (u, us, ¢, ¢4, q, 0, z)T € D (A) such that

(I,— AU =G, (3.13)

That is

p
U —=v=4gi,

JI2 1 (s) we (2,8 — 8) ds — pyuge — bp, + (p+ p1o)v = pga,

©— ¢ = gs,

¢ — Py, +buy + & — B0, = Jga, (3.14)
(1+70)q + kb, = T09s,

4z — ﬁgptx + (1 + 5)0 = Cgs,

| sz + 2, = s97.

From (3.14)1,(3.14)3 and (3.14)s we have

(

v=u—g,
925:90—93,
49__ﬁm4)+@ (3.15)
T /{Z q kgf)?
0 (TO+1) T d To rz d
= = Jo aW)dy + 5= J§ 95(y)dy.

3.3. Well-posedness of the problem
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Inserting (3.15)) into (3.14)9, (3.14), and (3.14)¢, we get

(

Uz — bSO:v + Hou = hl € L2(O7 1)7

+1
—ap,, +bu, + (14+ e+ B(Tok )q = hy € L?(0,1),
(3.16)
To+1) .z
0~ fow— (04 0) Y o)y = iy € 120,1),
| 2+ sz, = g7 € L*((0,1) x (0,1) x (71,72)),
where
= ot + [ uo)eds
m T2 1
hi = pgs — jag1 — / se’p (s)/ g7 (z,7,5) e *Tdrds,
T1 0
h
hy = g3—Jgs+ 5%95,
To r
b =~ [ gslw)dy -+ eon
0
and, by (3.14) we can find as
2 (x,0,t,8) = u (x,t) =v(x,t) forz e (0,1),t € (0,1),s € (71,72), (3.17)

and from , we have
z(x,p,t,8)—s 'z, (2, p,t,8) = g7 (2, p,s) for x € (0,1), pe (0,1), s € (r1,72). (3.18)
Then, by and , we obtain
z(z,p,t,s) = (g1 — u) e — se’ /P g7 (z,7,8) e *"dr.
0
So, from on (0,1) x (0,1) x (71, 72),
z(x, p,t,s) = ver — se®f /p g7 (x,7,8) e *Tdr, (3.19)
0

and in particular,
z(z,1,t,8) =ve® — 2z (x, s),
with
20 € L2 ((O, 1) X (7'1,7'2))

3.3. Well-posedness of the problem
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defined by

1
20 (z,8) = —868/ g7 (x,7,8) e °dr.
0

Multlplying the third equations of system (3.16):,(3.16)> and (3.16); by u, @ and
fo y)dy) respectively, and integrating over (0 1), we arrive at

(1, fol UppUdT — bfol 0, UdT + LUy fol utdr = fol hytidz,

1
—a [} e @da + b [ uppda 4+ (1+€) [i ppda + 5(70 /: ) iy apda = — [ hapdr,

— Iy @ [y dy)dydz + B [y ¢, [y a(y)dydz + (1 + 5)< ;1) Jo U a)dy [ a(y)dy)de

= — fo hs fo y)dydz.
(3.20)
Consequently, problem ((3.20)) is equivalent to the problem

a((u,p,9),(w,¢,q)=F(u9,q), (3.21)

where

a: [H?(0,1) N H(0,1) x H?(0,1) N H! (0,1) x H' (0,1)]* — R
is the bilinear form given by

1 1 1 1
a (e, 0,9), (@3,) = / wyiind + b / piiadr + 1 / wiidz + a / 02pude
0 0 0 0
1 1 1
- - +1 -
—I—b/ uxgodx+(1+£)/ gogodx—l—ﬁ(To—k)/ qpdx
0 0 0
1 1
—l—/ q(jdx—ﬁ/ pqdx
0 0
T + 1 2 1 x x ~
=0T L gy [ atyanas
0 0 0

F: [H?(0,1) N Hy (0,1) x H*(0,1) N H} (0,1) x H' (0,1)]
is the linear form defined by

A) / hludx—/ h2<pd$—/ hg/ y)dydz.

and

_>R

3.3. Well-posedness of the problem
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New, for V.= H?(0,1)N H} (0,1) x H*(0,1)N H! (0,1) x H* (0, 1) equipped with the

norm
2

2 2 2
+ llully + e llz + llally -
2

One easily to see that a (.,.) and F'(.) are bounded. Furthermore, using integration by

2
||(U, 907Q)||V =

b
Uy + —@
(e + =)

parts, we obtain
1 1 1 1
a((u,,9),(u,p,q) = ul/ U§dx+u2/ u2dw+26/ uxsbdera/ phdx
0 0 0 0
1 1 1
+1
+(1+§)/ 902da:+ﬁ<7—0k )/ qudx+/ ¢*dx
0 0 0
1 T + 1 1 x
+ﬁ/ soqdfv+(1+5)( Ok, )/ (/ q(y)dy)*dz
0 o Jo

2

b b 1 1
= py(ue + —@)* + (£ — —)902+u2/ udeJra/ phdx
Hq 1 0 0

+/01<,02dx+ (Tok_l) /Oqudx
+00)TE L sanas

. 2
2 CH(U,Q@, q)HV )

for some ¢ > 0, for all 79 > 1, § €0, 1] and p, > 0, thus a is coercive.

Consequently, by the Lax-Milgram theorem, we deduce that problem admits a
unique solution (u,p,q) € H*(0,1) N Hy (0,1) x H?(0,1) N H! (0,1) x H'(0,1) for all
(w,9,q) € H*(0,1) N H} (0,1) x H*(0,1) N H!(0,1) x H* (0, 1).

Substituting u, ¢ and ¢ in , we obtain

(

v e H2(0,1) N H(0,1),

¢ € H*(0,1)N HL(0,1),

{ 6 e H}(0,1).
Inserting v in (3.19) and bearing in mind (3.16)), , we obtain
2 2 € L2((0,1) x (0,1) x (71, 72)).

Now, if (a,q) = (0,0) € (H*(0,1) N Hy (0,1)) x H'(0,1), then (3.20)), reduces to

1 R 1 ~ 1 ~ (TO + 1) 1 R 1 ~
a/ 0, P Adr + b/ uzpdr + (14 §) / wodr + B r / qpdx = —/ hspdzx,
0 0 0 0 0

Ve e H?(0,1)N HX(0,1), (3.22)

3.3. Well-posedness of the problem
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which implies

s = b + (14 g + 6(702 :

Equation (3.22) is also true for any ® € C*([0,1]), ®,(0) = ®,(1) = 0 which is in
[H2 (0,1) N H2 (0, 1))
Hence, we have

q+hy € L*(0,1). (3.23)

1 1
1

a/ g0$<1>xdx+/(bu$+(1+§)<p+ﬁ(7—0]:_ )q—i-hg)q)da::O,

0 0

for any ® € C*([0,1]), ®,(0) = @,(1) = 0.
Thus, using integration by parts and bearing in mind (3.23)), we get

. (1)2(1) — ¢,(0)2(0) = 0,¥2 € C*([0,1]) , D4(0) = D4(1) =0,
therefore, ¢, (1) = ¢,(0) = 0. Consequently, we obtain
o€ H*(0,1)NH!(0,1).
Similarly, we obtain

MUz = _bgpx + Lo + hl S L2(07 1)7

e = 0= 1+ [“atyay g e 20.1),
0

thus, we have
we H?(0,1)NH}(0,1), g H'(0,1).

Finally, the application of the regularity theory for the linear elliptic equations guaran-
tees the existence of unique U € D(A) such that (3.13) is satisfied. Hence, the operator
(I; — A) is surjective. Therefore, A is a maximal monotone operator, by Hille-Yousida

theorem (see [54, [13]) we have the well-posedness result stated in the theorem 3.1. m

3.4 Exponential stability of solution

In this section, we state and prove the stability result for the energy of the system (3.8))-
(3.9). For the regular solution of the system (3.8)-(3.9)),we define the energy functional
E (t) as

1
E(t) = 3 fol [puf + Jp? + cb* + %q2 + ap? + put + EQ* + 2buxgo] dx

(3.24)

]' 1 T2 1
5 Jo [Ty s1i(9)| 2 (2. p.t. ) dpdsde.

3.4. Exponential stability of solution
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Remark 3.1 Note that E(t) is stirctly positive. In fact, by considering

i+ 2tgep + €67 = iyt + ) + (€ — ﬁ) ’
Hq H1
and using the fact ;& > b%, we get
U2 4 2bugp + Ep* > 0.
Consequently, it follows that E(t) > 0.
The stability result reads as follows.
Theorem 3.2 Suppose that f s)| ds < py. Then, the classical solution of (3

satisfies, for two positive constants co and o, the following estimate:
E(t) < cpe™ ™, t>0. (3.25)
In order to prove this result, we need the following lemmas.

Lemma 3.1 Let (u,p,60,q) be the solution of (@- and assume holds. Then
the enerqy functional, defined by satisfies

T2 1 1 1
dE()S—(,uO—/ ]u(s)\ds)/ ufdm—é/ 92dx—%/ ¢*dr < 0,¥t > 0. (3.26)

dt T1 0 0 0

Proof. Multiplying the first equation in (3.8) by u;, the second by ¢, , the third by 6
and the fourth by %, integrating over (0, 1) with respect to x, we obtain

1

d 1 !
- [— / [puf + Jp? + b + %q2 + a? + pul + &02] de + b/ umgodx]
0
= / (Mo“t +06% + q )dx —/ / z(z,1,t, s) wpdsdx. (3.27)

On the other hand, multiplying (3.7) by |x (s)| z (z, p, t, s) and integrating over (0,1) x

(0,1) x (71, 72) with respect to p,  and s, we obtain

/ / / sl (s)|z (z,p,t,s)z (z,p,t, s) dsdpdx

/ / / z(x,p,t, )z, (x,p,t, ) dsdpdx = 0,
which gives

th/ / / s|p (s (x,p,t,s)dsdpdr = _§d_,0/ / / (z,p, s,t) dsdpdz.

3.4. Exponential stability of solution
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Thus, we have

- - 1
2dt/ / / slu(s (z,p,t,s)dsdpdx / / (z,1,t,s)dsdx

—I——/ |l (s )|ds/ urdz. (3.28)
2 T1 0
Summing up (3.27)-(3.28), we arrive at

d 1
LB = /(uouf+592 d:c—// 2 (z, 1,1, s) wydsdz

1 1
——/ / 2(x,1,t,5) dsdx + 2/ | (S)|d8/ urdz.
T1 0

(3.29)

Using integration by parts and Young’s inequality, we have

1 T9 1
/ / z(x,1,t,8) uypdsdr < 5/ | (s )|ds/ uldx
/ / 2(x,1,t,5) dsdx.

(3.30)

Simple substitution of (3.30]) into (3.29) and using (3.3) give (3.26]), which concludes

the proof. m
Now, we are going to construct a Lyapunov functional equivalent to the energy. For
this, we will prove several lemmas with the purpose of creating negative counterparts of

the terms that appear in the energy.

Lemma 3.2 Let (u,¢,0,q) be the solution of (5.8)-(3.9). Then the functional

1 1 1
Ky (t) = p/ uudx + J/ wp,dr + % u?dzx (3.31)
0 0 0

satisfies, for any & > 0, the estimate

1 1 1
Ki(t) < —g/ uidw—f—p/ ufd:v—l—J/ ©2dx
0 0 0
1 1
¢, / o2da 4+ 2 / 2o+ o 5 HQdm
2 Jo
—i—co/ / (x,1,t,s)dsdx, (3.32)

Ho b b
— & =—— and l=p; — —.
20, ’ 1y bo¢

3.4. Exponential stability of solution

where ¢y =
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Proof. By differentiating K (¢) with respect to ¢, using the first and the second equation

of (3.8), and integrating by parts, we obtain
1

1 1 T2
K () = ,0/0 ufd:v—l—/o u(ulum—l—bgpr—uout—/ p(s)z(z,1,t,s) ds)dx—l—J/ rdx

7’1 0

1

= / dx—ul/ uda:—?b/ uxgoda:—/ / s)up(z,t — s)dsdx
+J/ @fdx—a/ (pxda:'—ff de—ﬁ/ p fdz.

By using Young’s inequalities, we obtain

—5/01%96193 = /1% (80)d /f%(f—)

1 Q 1 5
—5/ @, 0dr < —/ ©2dr + = /9%
0 2 Jo 2a0 Jg

on the other hand we have

' ! ! 1 B2 1 b
_“1/ uid:v—Qb/ ugpdr—¢ [ pPde < —= (Ml — —) / uldr—— (f — —) / oide.
0 0 0 2 6 0 1 0

By using Young’s Poincaré’s and Cauchy Schwartz inequalities , we obtain

/ / z(z,1,t,s)dsdx
1 [l e 2
< 5/0 u?(w, t)dx—{—T (/ p(s)z(z,1,t, s)d) dx
< €/l 2(z, 75)al:15—|—L ]u ]ds/ / ?(x,1,t,5) dsdx
2/, 20c,

Y 1
< 5/ (:ctda:—i— // ?(z,1,t,5) dsdx.
0

Then, (3.32)) is established. m

Lemma 3.3 Let (u,¢,0,q) be the solution of (5.8)-(3.9). Then the functional

K, (t) == —CJ/O QOt(/Ow 0(y,t)dy)dx (3.33)

satisfies, for any € > 0, the estimate

+C (¢) / 1 0*dz, (3.34)

3.4. Exponential stability of solution
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ca? I8 282 A
h = .
where C' (g) = ¢ + " + 3 + 1 + e

Proof. By differentiating K5 (t) with respect to t, then exploiting the second and the

third equation in (3.8)), and integrating by parts, we obtain

1 x
K1) = —J / ol / e+ By, — 06)d
1 x
_ by — 6,) | 00y, t)dy)d
c/«wm bu, — €+ 3 >/0 (4, 1)dy)dz

1
= —Jﬁ/ da:+cﬁ/ 02dx+J/ @tqu—l—ca/ @, 0dx
0

+J(5/0 25(/0 0(y,t)dy)dx — bc/o1 u0d$+c§/0 go(/o O(y, t)dy)dx.

By using Young’s, Chauchy-Schwartz and Poincaré inequalities, we obtain for any

e >0,
1
J/ pqdr < Jﬁ/ 2dx+ /
0 5
1
ca/ p0dr < /gpm " 92d:1:
0
' S5 2 2
Jo [ o, (| Oy, t)dy)de < vh prdx +— 9 dz,
0 0

IN

S~ S~

1 2
O(y, t)dy)dx 5/ gonx—i-—g/ 6dzx,
0 de Jo

1 1 202 1
—bc/ ubdr < cps/ uZdz + —/ 0%dx.
0 0 de Jo

Combining all the above inequalities, we obtain (3.34). m

c&/glw(

Lemma 3.4 Let (u,p,0,q) be the solution of (@)— and . Then the functional

1 1 T2
= / / / se” |u(s)| 22 (x, p, t, 5) dsdpdzx (3.35)
0 0 T1

satisfies, for some positive constant my, the following estimate

K;(t) < —ml/ / / s|p(s (x, p,t,s)dsdpdx (3.36)

1
// (s x,l,ts)dsdx—i—,uo/ urde.
0

3.4. Exponential stability of solution
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Proof. By differentiating K73 (¢) with respect to ¢, and using the equation (3 , we obtain,

Kit) = -2 / / / 5214 ()| 2 (2, 1, 5) 25 (@ py 1, ) dsddpd

a4 / / e | ()| 22 (2, pr 1, 5) dsdpda

0 0 T1

1
_ / / se % | ()] 22 (2 p, , ) dsdpde
0 0

1

|

/1

1 T2
/ se | (s)| 22 (z, p, t, 8) dsdpda.

A

I

/: | (s)| [e7°2 (2, 1,t,5) — 2° (2,0, ¢, 5)] dsdpda
/

0,¢

Using the fact that z (x,0,

1 T2 T2 1
—/ / e % | (s)] 22 (z,1,t, 8) dsdpdx—l—/ | (3)|d5/ uldx
0 Jr T 0
1 11 T2 '
- / / / se”® | (s)| 2% (z, p,t, ) dsdpda.
0 0 T1

Because —e™* is an increasing function, we have —e™* < —e~72 | for all s € |11, T2].

Finally, setting m; = e~ and recalling (3.3)), we obtain (3.36[). m

,8) =u; and e® < e ¥ < 1, for all 0 < p < 1, we obtain

Next, we define a Lyapunov function L and show that it is equivalent to the energy

functional FE.
Lemma 3.5 For N sufficiently large, the functional defined by
L(t):=NE(t)+ Ky (t) + N1 Ky (t) + No K3 (1), (3.37)
where N, N1, Ny are positive constants to be chosen appropriately later, satisfies
aE(t) < L(t)<cFE(t), Vt>0, (3.38)

for two positive constants ¢; and cs.

Proof. Let

£(t) = |L(t) = NE1)| = Ky (t) + N\ Ks () + NoK (1)

1 1 1 1 @
p/ |uut\da:+J/ \gogot]dx—i-@/ |u2|d$+Nch/ @t/ 0(y,t)dy
0 0 0

+N2/ / / ‘e *u (x,p,t,s)dsdpdz.

3.4. Exponential stability of solution

then

dx
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Exploiting Young’s, Cauchy-schwartz inequalities, we obtain for all ¢ > 0

1 . [l 1 1
/ uugdr < —/ ufdm—f——/ u?dz
0 -
/ o dr < —/ da:+—/
0 2
1 T B
/ got/ O(y,t)dydr < —/ fdac—l——/ 62dz.
0 0 0 5 Jo
By (3.24)) and the fact that |e=*?| <1 for all p € [0, 1], we obtain
I eJ  NicJp
£1t) < =+ ’d prdr + —
0l < L [ it 2>/u:c+<2+45>/ vy [ i

N )
ICJ /92d:c—|—N2/// sl (s)| 2% (z, p,t, 5) dsdpdx

< C/ u? +ud + o? + Q2w+ 07+ p?)da
/// sl (s)| 2% (x, p,t, s) dsdpdx
T1
< M >0,
where C' > 0.

Consequently, |L(t) — NE(t)| < M E(t) which yields

(N —M)E(t) < L(t) < (N + M)E(t).

(t)
Choosing N such that (N — M) >0. =
Proof. (Of Theorem (3.2))

By differentiating (3.37) and recalling (3.32)), (3.34)), (3.36) and ([3.26) we arrive at

1 J N 1
L'(t) < —[le—Nzuo—p]/ U?dw—{ 6 I—J}/ pidx
0 0

2

r 1
— |NG& — N,C (e) — —] 0*dx
L 0

1 1 T2
—N, / / slu(s)] 22 (x, p,t, s) dsdpdz. (3.39)
0 0 T

3.4. Exponential stability of solution
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At this point, we need to choose our constants very carefully. First, we choose N; and

N large enough such that
2J

N- —
1>J67

N2 > é() s
then, we pick £ small enough such that

< mi Q 4 &1
9 mm-< —,——,— (-
2N17 2CpN1’ Nl

Finally, we choose N large enough, so that

le—Ng,uo—p>()andN5—NlC(5)—%>0.
Therefore, we deduce that there exist a positive constant ag such that becomes
L' (t) < —aE(t), (3.40)
and, further, for some ¢, c5 > 0, we have
aFE(t) < L(t)<cE(t), Vt>0. (3.41)
A Combining and the right-hand side of (3.41]), we conclude that
L'(t) < —ayL(t), Vt >0, (3.42)

Qo
where av; = —.

c
A simple igtegration of (3.42)) over (0, %) leads to
L(t) < L(0)e ™ Vt>0. (3.43)

Finally, by combining (3.41]) and (3.43)) we obtain (3.25). m

3.4. Exponential stability of solution



Chapter I

Well-posedness and general decay for a

porous-elastic system with

microtemperatures and a time-varying delay

term

4.1 Introduction

In this chapter, we are concerned with the one-dimensional porous-elastic system with

micro-temperatures and a time-varying delay, the system is written as

where (x,t) €

/

\

( Py = Mgy + b, — YU — YoUy (ffa t— 7'(75» )

| qw = Bwye — dip,, — kw,

(0,1) x (0, +00),with the initial datum and boundary conditions

u(z,0) =wug (), u (2,0)=wuy (z), z€(0,1),

gp(.T,O):(pO([L’), (pt($,0)—301 (.%), S (071)7

w (z,0) = wy (), z € (0,1),

u(0,t) =, (0,t) =w(0,t) =0, t € (0,+00), (42)
u(l,t) =@, (1,t) =w(l,t) =0, t € (0,+00),

u(z,t —7(0)) = folz,t — 7(0)), (x,t) € (0,1) x (0,7(0)),

where u the transversal displacement, ¢ is the volume fraction difference, w is the mi-

crotemperature difference and the coefficients, py, b 1, v¢, 74, J, @, 8, &, d, § and k are

32
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positive constant coefficients where

Ju

_ = X7 4.3
P1 (43)

<l

and
pé > b2, (4.4)

The initial data (ug,u1, @y, @1, Wo, fo) are assumed to belong to a suitable functional
space.

System - arises in the theory of linear elastic materials with voids, the study
of this problems had stimulated the interest of many researchers due to the extensive
practical applications of such materials in different fields of human endeavors most im-
portantly, in petroleum industry, foundation engineering, biology, material science and

many others.
To construct the system (4.1]), we consider the following three basic evolution equations

of the one-dimensional porous materials with micro-temperatures theory

(
prug =T, — R,

Joy=H, + G,

L plEt:Px+q_Q7

where T is the stress tensor, H is the equilibrated stress vector, GG is the equilibrated
body force, ¢ is the heat flux, P is the first heat flux moment, () is the mean heat flux,
and F is the first moment of energy with the following constitutive equations:

( T = puy +bp , R=vyyu+vu (2,6 —7(t))

H=bp,—dw , G=—bu,—E&p,

L plE:—aw—dgox, P:_wa7 q:klwa Q:k2w7

where k£ = k1 — ky > 0.
We assume as in [51], that there exist positive constants 71, 79, such that

0<71<7(t) <79, Vt>0. (4.5)
Moreover, we assume that the speed of the delay satisfies
7O <d <1, Vt>0 (4.6)

and
€ W2>([0,T]), VT >0, (4.7)

4.1. Introduction
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where d; is a positive constant, and that v, v, satisfy

Vs < V1—di, (4.8)

Several results concerning the exponential or the polynomial decay of solutions for the
thermoelastic systems were obtained [15], 16, B0, 32}, 43|, 44, [60]. A sample model describing
the one-dimensional porous-elasticity with micro-temperatures, which was developed in
[7], is given by the following system:

(

Py — gy —bp, =0 in (0,1) x (0, +00),

T — 8puy + by + €9+ dw, =0 in (0,1) x (0, +00),

awy — Pwee +dp, +kw =0 in (0,1) x (0,+00).

\

Under suitable conditions, the authors used the semi-groupe method to prove that the
system is exponentially stable if and only if x = 0.

When x # 0, they proved that the system is stable polynomially decaying at a rate in
the form —, which is proved to be optimal.

Time delays so often arise in many physical, chemical, thermal and economical phe-
nomena (see [40, 52] [65, [70]). The presence of delay may be a source of instability. In
recent years, the control of PDEs with time-varying delay effects has become an active
area of research. For example, Zitouni and Ardjouni [68] studied the transmission system

with varying delay in R of the form:
(g (2, 1) — AUge(2,1) + pyus(z,1) + pouy (v, — 7(¢)) =0 in Q x (0, +00),
Vi (2, 1) — buge(z,t) =0 in (I3, 1) x (0,4+00),
u(0,t) =u(ls,t) =0, t >0,
(4.9)

u(ly,t) =v(l;,t), au(l;,t)=0bv(l;t), 1=1,2,

(u(x,0),v(x,0)) = (ug (x),v0 (x)), = €Q,

\ ( Ut (:C,O) ) Ut (IJC,O)) = (ul (:ZJ) » U1 (33’)), LS ]ll7l2[7

where 0 < I} < ly < 3, Q2 =10, 11[U]ls, 3], a, b, piy, p15 are positive constants, and they used
the semigroup theory to prove the well-posedness and the uniqueness of solution. Also

they showed the exponential stability by introducing an appropriate Lyapunov functional.

4.1. Introduction
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On the other hand, in [69], Zitouni and Ardjouni considered a linear damped wave

equation with interior delays where two feedback terms have a delay of the form:

u(x,t) — Au(z, t) + apue (v, 1) + aquy (2,6 — 71(1)) + ague (2,1 — 72(t)) =0

in Q x (0, 4+00),
uw(z,t) = 0 on I'x (0,+00),
u(z,0) = wug(x), u(x,0)==uy(x) in Q,
us (2,t) = go(z,t) in Q x (—max(71(0),72(0)),0),

where 71(t) > 0 and 79(t) > 0 are the time-varying delays, ag, a; and ay are real numbers
with ay > 0, and the initial datum (ug, u1, go) belongs to a suitable space. By using
semigroup arguments, they proved the well-posednes and uniqueness of the solution for
the initial-boundary value problem and they showed the exponential stability of solution
by introducing suitable Lyapunov functionals.

The asymptotic behavior of the solution of porous-elastic system with time varying
delay effects has been studied by many researchers. For example, in [I2], Borges Filho
and Santos considered the following one-dimensional equations of an homogeneous and

isotropic porous-elastic solid with interior time-dependent delay term feedbacks:

PUy — [z — b, =0 in (0,1) x (0, +00),

Joy — 00, + bug + £ + +p0, + oty (@, — T(t)) =0 in (0, 1) X (07 +OO)-

They proved that the system is well-posed under some hypothesis adopted by using the
variable norm technique of T. Kato. And they also showed that the system is exponentially

stable via a suitable Lyapunov functional under suitable conditions.
In [24], Hao and Wang studied the viscoelastic porous-thermoelastic system of the type

IIT with boundary time-varying delay of the form:

.

PrPy — k(o + )z + 0, =0, in (0,1) x (0, +00),
oty — b, + k(p, + 1) — 0 + f(f g(t — s)t,.(z,8)ds =0, in (0,1) x (0,4+00),
P30 — kOpw — 0044 + By, = 0, in (0,1) x (0,400),
(p(2,0),9(z,0),0(z,0)) = (po(x), Yo(@), bo(2)), z € (0,1),
(p(2,0),¥,(2,0),0:(x,0)) = (¢1(2), Y1 (x), b1 (x )) z € (0,1),
©(0,2) = (0,8) = 0(0,1) = v(1,¢) = 0(1,t) = t € (0, +00),
0o (1,1) = —k1py(1,1) — katp(1, ¢ — 7(1)), t € (0,+00),

L @1t —7(0) = fO(L,t — 7(0)), t € (0,7(0)).

They established the exponential decay result of the system in which the damping is

strong enough to stabilize the thermoelastic system in the presence of time delay.

4.1. Introduction
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In this work, we considered the porous- elastic system — with a time-varying
delay term. we proved the well-posedness and uniqueness of the solution by using the
variable norm technique of Kato. By introducing an appropriate Lyapunov functional, we
proved the exponential decay for the case of equal speeds of propagation. Furthermore,

0
when Ll + 7 we obtain the lack of exponential stability by using Gearhart- Herbst-
p

Priiss-Huang theorem. For this case, by introducing the second-order energy, we proved

the polynomial decay result.
This chapter is organized as follows. In Section 2, we present some assumptions and

prove the well-posedness of problem (4.1)-(4.2)). In Section 3, we use the energy method
to prove the exponential stability result under the condition x = 0 and (4.4]). In Section 4,
we show that the system is not exponentially stable if y # 0. Finally, Section 5 is devoted

to the statement and proof of the polynomial stability.
Throughout this chapter, C, is used to denote the Poincaré-type constant and c a

generic positive constant. We use the standard Lebesgue space L?(0,1) and the Sobolev

space H}(0,1) with their usual scalar products and norms.
Meanwhile, from the second equation in (4.1]) and the boundary conditions, we obtain

d2 1 5 1
o o(x,t)dx + j/ o(x,t)dx = 0. (4.10)
0 0

By solving Eq. (4.10) and using the initial data of ¢, we obtain

/01 oz, t)dr = (/01 soo(:c,t)dx) cos (\/§t> + % (/01 gol(x,t)d:v> sin (@t) ,

consequently, if we set

B, t)de — go(x,t)da:—( /0 lgoo(x,t)dx> cos (@Q
L ([ etear) s ()

1
/ o(x,t)dr =0, Vt > 0.
0

Hence, the use of Poincaré’s inequality for @ is justified. In addition, (u, @, w) satisfies

we obtain

system Eqgs. (4.1) with initial data of @ given by

Po(z) = po(2) _/o Po(z)dz and @y () = ¢y (z) — /0 Py (w)dx.

In what follows in this chapter, we will work with @ but write ¢ for simplicity of

notation.

4.1. Introduction
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4.2 Well-posedness

In this section, we prove the existence and uniqueness of solutions for (4.1))-(4.2)) using

semigroup theory. As in [39], let us introduce the following new variable
z(z,p,t) = w(z,t —7(t)p), (x,p,t) €(0,1) x (0,1) x (0, +00), (4.11)

which satisfies
7(t)ze(x,p, t) + (1 = 7' ()p)2p(2, p, t) = 0 (4.12)

for (z,p,1) € (0,1) x (0,1) x (0, +00).
Therefore, Problem (4.1)) is equivalent to

;

plutt = :uuxa: + b‘px - Vlut - 72ut ({L‘, t— T(t)) ) ({E, t) € (07 1) X (07 OO)’
Jgott = 5()033:0 - bux - 590 - dwﬂw (l’,t) € (07 1) X (07 00)7

< (4.13)
QWwy = wam - dwt:c - kw7 (Z,L’,t) S (Oa 1) X (07 OO)’

| 7(D)ze(@,p, 1) + (1= 7'(D)p)2p(z,p,t) = 0, (2,p,1) € (0,1) x (0,1) x (0, 00),

with the initial data and boundary conditions

u(z,0) =wug (z), w (x,0) =uy (), xz€(0,1),
0 (2,0) =g (x), ¢ (2,0) = (x), x€(0,1)
w (x,0) = wp (), x € (0,1),
u(0,t) = ¢, (0,t) = w (0,t) =0, t € (0,+00), (4.14)
u(l,t) =p, (1,t) =w(1,t) =0, t € (0,4+00),
2(x,0,t) = uy(z,t) (x,t) € (0,1) x (0,00),
| 2(z,p,0) = fo(z,—p7(0)), (x,t) € (0,1) x (0,1)

Now, we set v = u;, ¥ = ¢, and let V = (u, v, 9,9, w, z)T, then — can be
written as
Vi) = AV (1), t>0,
(4.15)
V(0) = (uo, u1, @y, ¢1, wo, folz, —p7(0)))",

where the time-varying operator A(t) is defined by

4.2. Well-posedness
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U v
M b — Jig, — 22
v ,01ugﬁm - :01803c Piut pr(QJ, 17t>
@ (&
A(t) = )
w gwm — ggom — gw
z —(1=7"(t)p)2p/7(t)

with domain

(u,v, 0,0, w,2)T € (H*(0,1) N H(0,1)) x HL(0,1)
D(A(t)) = ¢ x(H2(0,1)n HL(0,1)) x H}(0,1) x (H?(0,1) N H}(0,1)) p, (4.16)
x L*((0,1) x H'(0,1)), 2(.,0) =v(.) in (0,1)

where
L%0,1) = {xy € L*(0,1) : /1 U(z)dr = o} , HX0,1) = H'(0,1) N L2(0,1),
HZ(0,1) = {¥ e H*0,1): @2(0) = U,(1)=0}.
We define the Hilbert space
H = {H;(0,1) x L*(0,1) x H}(0,1) x L*(0,1) x L*(0,1) x L*((0,1) x (0,1))}

endowed with the inner product
1
<V, V> = / uptiydx + J/
H 0 0
1 1 1
48 [ epudnre [ ppdntd [ (up+ pide
0 0 0

+/01 /01 2(z,p)Z(x, p)dzdp

for any V = (u,v, 0,1, w,2)", V = (8,3, %,9, @, 2)" € H.
Our well-posedness result was obtained in [37]:

1

1 1
o, P dx + a/ wwdx + ,u/ Uy Uy d
0 0

Theorem 4.1 Let — be satisfied and assume that (@ holds. Then for any
Vo € D(A(0)), there exist a unique solution V' of problem (4.13)- satisfying

V € 0([0,00), D(A(0)) N C*([0,00), H).

4.2. Well-posedness
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Proof of Theorem 4.1. The proof of the global existence and uniqueness of (4.13])-

(4.14) is given by:

Theorem 4.2 [37] Assume that

(1) D(A(0)) is dense subset of H;

(1) D(A(t)) = D(A(0)), ¥t > 0;

(iit) For all t € [0,t], A(t) generates a strongly continuous semi-group on H and the
family A= {A(t); t €[0,T)} is stable with stability constants ¢ and m independent of t,
i.e., the semi-group Si(s)s>0 generated by A(t) satisfied

1S:(8) (W)l < se™ |Jully , Yu€ H, s> 0;

() 0,A(t) € LL([0,T], B(D(A(0)), H)), where L ([0, T], B(D(A(0)), H) is the space
of equivalent class of essentially bounded, strongly measurable functions from [0,T] into
the set B(D(A(0)), H) of bounded operators from D(.A(0)) into H.

Then problem has a unique solution

V e C([0,T), D(A0)NCY[0,T), H)),

for any initial data in D(A(0)).

[ |
Proof of theorem 4.2. To prove Theorem 4.2, we will follow the method used in

[39, 40, [51] with the necessary modification imposed by the nature of our problem.
(i) First, we show that D(.A(0)) is dense in H. Let F' = (f1, fa, f3, f1, f5, fs) € H be
orthogonal to all elements of D(.A(0)) with respect to the inner product (, ) :

0 = (V,F)y

1
= /0 {plva + J¢f4 + OéU)f5 + ,uuﬂcfla: + 5<pzf3m + f@ofii + b(umfi% + flx(p)}dx

—|—/01 /01 z(z,p) fo(x, p)dxdp (4.17)

for all V = (u,v,p, v, w, 2)T € D(A(0)). Our goal is to prove that

Let us first take z € D((0,1) x (0,1)) and u = v = ¢ = ¢ = w = 0, so the vector
V =1(0,0,0,0,0,2)" € D(A(0)), and therefore, from (4.17), we deduce that

/01 /01 2(z,p) fo(x, p)dadp = 0.
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Since D((0,1) x (0,1)) is dense in L*((0,1) x (0,1)), it follows from then that fs = 0.
Then, let v € D(0,1), then V = (0,v,0,0,0,0)" € D(A(0)), which implies from (4.17)
so as above, fy = 0.

that )
/ v fadr =0,
0
Similarly, we have f5 = f, = 0.
Next, Let V = (u,0,0,0,0,0)%, then we obtain from (4.17)) that

1
/ Uy frzdx = 0.
0

It is obvious that (u,0,0,0,0,0)" € D(A(0)) if and only if u € H%(0,1) N H}(0,1) and
since H%(0,1) N H}(0,1) is dense in HE(0,1) with respect to the inner produce

1
(0:Wy = [ guhad,

we get f1 = 0. By the same ideas as above, we can also show that f3 = 0.
(ii) With our choice, D(A(t)) is independent of ¢, consequently

D(A(1)) = D(A(0)), ¥t > 0.

(iii) Now, we show that the operator A(t) generates a Cy-semigroup in H for a fixed ¢.

We define the time-dependent inner product on H
~ 1 ~
(ViP), = [ oo+ T+ awd + i, + 56,2, + 60
0

+b(ur® + Upp) yda 4+ n7(t) /0 /0 2(x, p)Z(x, p)dxdp (4.18)

where 7 satisfies

72| 72l
<M< 2y - — 4.19
T A Ry e n (4.19)
thanks to hypothesis (4.8)).
Let us set L
/ 2 1 2
iy - O+ D

27(t)
In this step, we prove the dissipativity of the operator A(t) = A(t) — h(t)I.
for a fixed t and V = (u,v, ¢, ¥, w, 2)T € D(A(t)), we have

AV, V), = -7 /Olvzdx—k;/olwzdx—fyz /Olz(a:,l)v(ac)da: (4.20)
.- /O 1 /0 (1= (0p) 2, p) () ddp.

4.2. Well-posedness



Chapter 4. Well-posedness and general decay for a porous-elastic system with
microtemperatures and a time-varying delay term 41

Observe that

/ / (1 —7'(t)p)z(z, p)zy(z,p)dadp = / / 58_]92 (1 —7'(t)p)dzdp (4.21)

— T/0 /0 22(z, p)dadp
+% /01 {2*(z,1)(1 = 7(t)) — 2*(x,0)} dx,

whereupon

ADV,V), = —71/1 20y k/ de—%/ozatl

Rd0) / / p)dzdp - ! /0 2, 1)(1 - 7(1)de
+g/0 v*(z)dz. (4.22)

By using Chauchy-Schwarz inequality and (4.6]), we get

AV, V), < (—’yl + \/% + g) /01 v (z)dx — k/ol widx

+<m|¢_21—di _77<1—2 dﬁ) / 2(a, 1)da + h(t) (V, V),

Condition (4.19) allows to write

el m
V1i—d;, 2
Consequently, the operator A(t) is dissipative.

Next, we prove the surjectivity of the operator (Al — A(t)) for fixed t > 0 and A > 0.
Let F = (f1, fa, f3, f1, [5, f6)T € H, we seek V € D(A) satisfying

Rl VIE 0=

<0
— ) 2 [—

-7+

(M — A)V =

This gives
Au—v=f,

b
)‘U_ﬁﬂumf_ (pz""ﬁ +7 ( ):f27
P1 P1 P1 P1

)\90 @D f?n

LW
AW — —wm -+ — Pt + —w = f57
Oé « «

L )\Z + T(t f6

d (4.23)
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Suppose that we have found u, ¢ and w. Then, the first and the third equations in

give
Alu—v = fi,
Ap—1 = [s.
Furthermore, by we can find z as
2(z,0) =v(x), x € (0,1).

Following the same approach as in [51],
1
2(z,p) = v(x)e ™ 4 T(t)e)‘pT(t)/ fo(x,0)e*™ Oda, if 7'(t) =0,
0

and

Y fe(z, 0)7(t)

2(z,p) = v(z)e?® 4 O e P Wda, if 7'(t) #0

o 1—="1'(t)o
t
where 9,(t) = A T’((t)) In(1 — 7'(t)p). Whereupon, from (4.24)), we obtain
T
[ Au(z)e P70 — e 7))
F7(t)e O [ fo(a,0)er " Odo, if 7(t) = 0,

z(z,p) =

1
t)
A Ip(t) _ £, o—0p(t) Ip(t) fo(x,0)7(
\ u(x)e fie +e g T’(t)a

Now, we have to find u, ¢, w as solution of the equations
b
Nu— 2 ptgy — o+ Pdut 22(,1) = fo+ M+ 2Af

P1 1 1 P1

b d
LIS IS S Y

J ko

(0% «Q (0%

Solving system (|4.27)) is equivalent to finding

e Ve Odg, if 7/(t) # 0.

(4.24)

(4.25)

(4.26)

(4.27)

u,,w € (H*(0,1) N Hy(0,1)) x (HZ(0,1) N H(0,1)) x (H?(0,1) N Hy(0,1)),

such that

pl)\Zuvl + pug U1, + bpvie + Y Auvg + Y92 (4, 1) Ul] dx
1
[p1f2U1 + p1)\f1U1 + '71>‘f1U1] dx ; U1 € H(%(Oa 1)7

S—

0

1

- i/[]\
[J/\2govg + 0, Vo + bu,vg + Epug — dwvh] dx

/1

/0

[‘]f4U2 + ‘])‘f?)UQ] dr , U2 € Hi(o’ 1)7

S~

0

(
1
/ [(aX + k) wuz + fw,vs, — dp,vs,| de = / afsvsdr , vz € Hy(0,1).

\ 0

0

(4.28)
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From (4.26)), we have
A —A(?) f =0
Z(I‘, 1) — U(l‘) s + ZO('I)?. 1 T ( ) ) (429)
Mu(z)er® + 2(2), if 7/(t) #0
where z € (0,1) and
—f1e7 M@ o (t)e M fo el ™ Wdg i 7'(t) = 0,
zo(x) = (4.30)

1
z,o0)7(t) _ .
— i) 4 M) —ff<_ le‘w—(a)e P Wdo | if () # 0.
0

From the above formula, zg depends only on f;, © = 1,6. Consequently, problem (4.28))

is equivalent to the problem

F((U, @, U)) 9 (Ulu V2, U3)) = l (U17 Vo, U3)

(4.31)

where the bilinear form ¥ : [H2(0,1) x H(0,1) x L2(0,1)]° — R and the linear form

[: H}0,1) x H}(0,1) x L?(0,1) — R are defined by
1
F((u, p,w), (v1,v2,v3)) = / [pl)\2uvl + pugvy, + b(,m)lx] dx
0

1
+/ (71 + 726_)\T(t)))\UU1de'
0

1
—i—/ [J)\ngvg + 0, Vo + buyvg + Epuy — dwvgx} dx
0

1
—i—/ (@A + k) wuz + fw,vs, — dp,vs,] de,
0
and

1 1
[(v1,v9,v3) = / [/)1f2U1+P1>\f1U1+71)\f1U1]d$—/WQZO(I)Uldx
0 0

1 1
+/ [Jf4'l)2 + J)\ngg} dr + / Ckfg)’l)gdl'
0 0

7'(t) = 0, where zy(z) satisfies the first equation in (4.30)).
fT();«éO we define
1

F((u, p,w), (v1,v2,v3)) = [p1 N2 uvy + pugvi, + bpvr,] da

S—

(v, + 72" ) Auvy da

(@A + k) wuz + Swyvs, — dp,vs,] de,

(4.32)

/

1
+/ [J)\ngvg + 0, Vo + buyvg + Epuy — dw’ng} dx

0

/
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and the operator [ is defined by the same formula (£.32)), where zo(x) satisfies the
second equation in (4.30). It is easy to verify that ¥ is continuous and coercive,
and [ is continuous. So applying the Lax-Milgram theorem, problem admits a
unique solution (u, ¢, w) € Hy(0,1) x H}(0,1) x L*(0,1) for all (v1,v2,v3) € Hy(0,1) x
H(0,1) x L*(0,1). Applying the classical elliptic regularity, it follows from that
(u, p,w) € (H?(0,1) N H}(0,1)) x (H2(0,1) N HL(0,1)) x (H*(0,1) N H3(0,1)).

Therefore, the operator \I — A(t) is surjective for any fixed ¢ > 0 and x > 0.Since
h(t) > 0 and

M — A(t) = (A4 h(t) I — A1),

we deduce that the operator A — A(t) is also surjective for any A > 0 and ¢ > 0.

To complete the proof of (iii), it’s suffices to show that

b
) —|t—s]
” \11||||t <e2Ti | ¥t se0,T] (4.33)

where b is a positive constant, ¥ = (u, v, ¢, ¥, w, 2)7 and ||.||, is the norm associated
with the inner product (4.18)). For ¢, s € [0,T], we have from (4.18]),

b
_‘ _
N[} — (1]l e
: [t—s] 1
—|t—s
= |1—eT1 / {p1v2+J¢2+aw2+,uui+5<pi+§g02+2buxg0}dx
0
—|t s
+n | 7(t) — 7(s)eT1 / / (x, p)dzdp. (4.34)
b b

—|t—s| —|t—s|

We notice that 1 —eT1 < 0. Now, we will prove that 7(t) — 7(s)e71 < 0 for

some b > 0. To do this, we have

7(t) = 7(s) + 7'(a)(t — 5)
where a € (s,t), which implies

7(t) ' (1)]
s) 7(s)
T and therefore, recalling also ( , we deduce that

[t —s].
By (4.6]), 7" is bounded on |0,

b
t —|t—s|
£§1+—|t—8‘<€7—1

s)
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which proves (4.33) and therefore (iii).
(iv) It is clear that

(r"(O)rp — ') (7'(H)p — 1))
73(1)

then by using (4.7) and (4.5)), (iv) holds exactly as in [51].
Consequently, from above analysis, we deduce that the problem

V= AtV
V(0) =V

has a unique solution V € C/([0,4+00), D(A(0))) and if V; € D(.A(0)), then

Dsz

V € C([0,4+00), D(A(0))) N C*([0, +-00), H).

Now, let
V(t) = POV (1)

with B(t) = [J h(s)ds, then we have by using (4.35)

Vi) = h()ePOV(t) + POV, (1)

Consequently, V (t) is the unique solution of (4.15)).
This ends the proof of Theorem 4.2. m

4.3 Exponential stability

To state our decay result, we introduce the following energy functional:

1 1
E(t) = 5/(plu?+Js@f+aw2+MU§+5s@i+€¢2+2bux¢)dw

/ / As=2(x, s)dxds

(4.35)

(4.36)
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where 77 and A are suitable positive constants. We will fix 1 such that

72| |7
2, — ——=2— = >0 and 5 — —2— >0 4.37
LY e A G (4.37)
and .
Y2
A< — |log ————|.
T9 gn\/l—dl

Remark 4.1 Note that E(t) is stirctly positive. In fact, by considering

b b
2 + £ + 2bug = p(u, + ;90) (= E) o

and using the fact ué > b2, we get
pu + E@* + 2bugp > 0.
Consequently, it follows that E(t) > 0.

If the wave speeds are equal, we have the following exponentially stable result.

4]

Theorem 4.3 Assume that - —= N hold. Let - be satisfied and holds,
P1

then there exist two positive constants \g and w such that the energy E(t) associated with

problem - satisfies
E(t) < Xe ™", Vt>0. (4.38)
To prove the Theorem3, we use the following lemmas.

Lemma 4.1 Assume that (@ holds and the hypotheses — are satisfied. Then
the energy E(t) is non-increasing, and there exists a positive constant Cy such that for

any solution of —, and for any t > 0, we have

E'(t) < —-C4 [/Oluf(x t)dm+/1 2, dx} 5/ w?dr  (4.39)

—k/ / / D2 (x, t)dsdx
®)

< 0.

Proof. Multiplying the first three equations of by ug, p,, and w respectively, and
integrating by parts over (0, 1), and using the boundary conditions, we obtain
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1d 1 1d 1 1 1
5%/0 pulde = —5%/0 ,uui—l—b/o gomutdx—%/o u(z, t)uy (x,t — 7(t)) do

1

_’71/ U?dl’,

0
L d 1J2d /5 +b/ d £2d+d/1 d
- r = ——— uaxr — X w xZ,
th 0 gpt 2dt pr 0 gort Zdt % got(ﬂ
1d [t 1 1 1
—— | awldr = —6/ widx—d/ gpmwdx—k/ wdx.
2dt Jo 0 0 0

As we have

N |3

1
/ ul(x,t)dx
/ / AED2(x, 8)dads.
t—7(

_5/0 e N OG22t — r(1)(1 — 7'(t))d.

By summing them and using (4.4) and (@, we obtain
dE 1 1
< B/ w2dr — / w?dxr — 7, / uldr — 72/ ug(z, t)uy (x,t — 7(t)) do
0 0

1
+Q/ ul(x,t)dr — ﬂ(l —dy)e " / ul(z,t —7(t))dx
2 Jo 2 0

A t 1
——77/ / A2 (x, s)dads.
2 Jiirwy Jo

Thinks to Young’s inequality, we obtain
1

1
72| 2
— t t—1(t))d < — t)d
/72/0 Ut(LU, )ut (ZE, T( )) T = 9 /—1_d1 0 Ut(ZE, ) x

1—d [
+h2’%/ ul(x,t — 7(t))dw.

dE<t) /1 2 /1 2 |72| n /1 2
— < = widr — k wdx — - — = uy (x,t)dx
> 5 0 T 0 (71 2m 2) 0 t( )

mwm)/o

(21— e -

/ / St)zxtdsdx

ul(x,t — 7(t))dx
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Combining , 1s established. m

Now, we will construct a Lyapunov functional L equivalent to F satisfying

%it) < —kL(t), Vt>0 (4.40)

where k is a positive constant. This needs several lemmas.

Lemma 4.2 Let (u,p,w) be the solution of eqs —. Then the functional
1 vy [
K (t) = —pl/ w.udr — —1/ ulde (4.41)
0 2 Jo
satisfies

1 1 1 1
Ki(t) < —p, / uldx + ZM/ uldr + c/ ©*dr + c/ ul (z,t —7(t)) dx. (4.42)
0 0 0 0

Proof. A differentiation of K,(t) leads to

1 1 1 1
Ki(t)=—p, / uldr + u/ udr + b/ uzpdr + 72/ w.ug (z,t — 7(t)) de.
0 0 0 0

Applying Young’s and Poincaré’s inequalities, we obtain

1 L 1 b2 1
b/ Ugpdr < —/ uidr + — orde,
0 2 Jo 21 Jo

1 u ! 2 1
¥ wa (x,t — 7(t dxg—/ uidasjt 2 /u2 r,t—7(t))dx.
[ v =) e < § [ atar e T2 [ — )

Then
' 2 ' 2 [ 2 73 ' 2
K (t) < — /udx+2 /uxdzb%——/ dx+—/u r,t—7(t))dx.
()< oy | e+ 2 | 5 |, g [t =)
Therefore, holds.
Lemma 4.3 Let (u, p,w) be the solution of eqs -. Then the functional
1 bp 1 T
Ky(t) =J / p.pde — — / Uy / e(y)dydx (4.43)
0 B Jo 0
satisfies
5 [t 1 1
Ky < =5 [ Gdo—(u-0) [ Pdoie [ g (149
0 0 0

1 1 1
+c/ w2d:€—|—c/ ufd:c—irc/ uf (w,t —7(t)) do
0 0 0

2
where i, =& — — > 0.
i
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]
Proof. A differentiation of Ky(t) leads to

1 1
Ky(t) = / dx—é/ dx—f/ g02dx—d/ ow,dx
0
b
/)1/ ut/ 0. (y dyda:——/ gpx/ y)dydz

+— ut/ dyda;+—/ w (x t—T(t))/Oxgo(y)dydx.

Using integration by parts, we get

1 1 p2 1 1
Ky(t) = J/ dx—&/ goxdx—(f—;)/ QdJE—i-d/O o wdr
bpl / Uy / oy dydx+ Uy / y)dydz

ﬂi ut(xt—T(t))/ o(y)dyda.

K Jo 0
By Young’s and Cauchy-Schwarz inequalities, we obtain

1 (5 1 d2 1
d/ p wdr < —/ 2dr + — w2da:,
0 2 /o 20
bpy [* ’ b [ bp¥ 2
——/ Uy o, (y)dydr < - / dx+ gotdx,
4 Jo 1 Jo

b ! 2p
/ ut/ y)dydx < 4/ 2dy 4 - n gozdx,
0 1 Jo

2 1

ug (x,t — T(t))/o o(y)dydx < i /0 u? (x,t — 7(t)) do + 'Lzb oida.

0

Y2b !

K Jo
Combining all the above inequalities, we obtain

9 1 b2 b(r2 4+ A2 b
K1) < / P — (€~ ;)—%] / 2dw+<J+/fl> / e

b 1
2 4 2 _
25/ dx + = / dx+4/0 up (x,t —7(t)) de.

Therefore, (4.44 (-) holds.
Lemma 4.4 Let (u,p,w) be the solution of eqs —. Then the functional

t)=—a /O lw /O ' o (y)dydx (4.45)

satisfies, for any 1 > 0, the estimate

d [ 1 1 1
Ki(t) < —5/0 gpfdw—l—sl/o (ui+gpi+cp2)dx—|—c/o widx—kc(l—i—a)/o w?dr. (4.46)
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]
Proof. A differentiation of K3(t), using and then integrating by parts, gives

1 1 T 045 1
Ky(t) = 6/ wypy(y)dz — d /s@fdwrk‘/ w/ sot(y)dydx——/ wp,dx
0
—/ uwdx+—/ / dydx—l——/

Using Young’s, Cauchy-Schwarz and Poincaré’s inequalities, for any 1 > 0, we obtain

1
6/ wep,(y)de < g/ da:+—/ w?d,
0
1 2 1
/ / o (y dydac<d/ gpfda:+%/ wdx
0

o? )
_7 wgoxdx < 51/0 2dx + 1%, /o wdz,

ag IR Sl
/ / dydx<e/ogod:c+4j2€l/0wdx,

; 1 2 a2b? 1 y
— < [ — .
J Ouwx 51/0 uxx+4j20p81/0w T

Combining all the above inequalities, we obtain

d
K;(t) < —5/ d:c—l——/ w?dr + & /(ui—l—goi—l—go)d:v

+ O‘d+ K ;1 + o’ + ol /1w2d:c
J d €1 4J2€1 4J2€1 4]20p€1 0 .
Therefore, holds.

Lemma 4.5 Let (u,p,w) be the solution of eqs —. Then the functional

5 [ Ju [
Ky(t) = %/0 utgowdx—l—T'u/O YU dx (4.47)

satisfies the estimate

uo [ 1 1 Ip 1
K,(t) < _E/o uidx—i—c/o gpidm—i—c/o widm—Tlx/o Ugp dix

1 1
+c/ uldr + c/ ul(x,t — 7(t))dw. (4.48)
0 0

4.3. Exponential stability



Chapter 4. Well-posedness and general decay for a porous-elastic system with

microtemperatures and a time-varying delay term 51
]
Proof. A differentiation of K4(t) leads to
1 1 d 1
Ki(t) = —u/ uldr — fu/ ux<pda:—|—5/ 2dxr — —N/ UpWodT
0 b Jo 0 b Jo
5 [! Ju [ 5 [!
—|—pL U dx + _,u/ Ugrppdx — k/ U, dx
b Jo b Jo b Jo

1
—%5 o u(z,t —7(t))de.
0

By using Young’s and Poincaré’s inequalities, we obtain

5#/1 M/ 2 &p 2
S sodr < = 24 dz,
b 0ug0x_40 x+b2Cp0g0xx

d 1 1 &2 1
_ap Up W dr < %/ u;, 2dx + ,u/ widx,
0 0

b J, b
7,6 [ 6/1 2 710 ' 2
_ne de < — do + d
; i U dr < 1 ; Uy AT + b2 ; Yax,
1 1 2 1
_PYTZ(S o u(z,t —7(t))dr < g / prdx + fo_QQ(S up(z,t = 7(t))da.
0 0 0

Combining all the above inequalities, we obtain

1 1 2, [l
Ki(t) < —g/oud +( 5”—i——)/ goidx—f-d—u wrdx

pe, T
_In 0 /1 d+5/d%1+7%/1% t— r(t))d
—_— — = u xr — xr —_— U\ T — T xZ.
b Py J 0 tPrt 4 0 Uy b2 0 t\

Therefore, holds. m

Lemma 4.6 Let (u,p,w) be the solution of eqs —, we define the functional

/ / s~ (x, s)dsdzx. (4.49)
Then

di(t) L Ly 1 gt ,
——= < / ui(z, s)dr — (1 —dy)e” ™ / up(z,t — 7(t))de — e ™! / / ui(z, s)dx
dt 0 0 0 Ji—r(t)

(4.50)

Next, we define a Lyapunov function L and show that it is equivalent to the energy

functional F.
Proof of theorem 4.2. Let us define the Lyapunov functional

L(t) = NE(t) + Ki(t) + N1 Ks(t) + NaK5(t) + 8K4(t) + 1(t) (4.51)

4.3. Exponential stability



Chapter 4. Well-posedness and general decay for a porous-elastic system with
microtemperatures and a time-varying delay term 52

where N, Ny and N, are positive real numbers which will be chosen later.
Taking into account (4.39), (4.42), (4.44), (4.46), (4.48) and (4.50]), we arrived at

1 1
L't) < —(2u-— 51N2)/ uidr — (CyN + py — c(Ny + 8) — 1)/ uldzx
0 0

5 : d '
(M- 80) [ e (GNa—eny) [ gt
0 0

1 1
— 1= Nl_ 1N2— 2d - N — N2 id
(1 — )N, — c>/0w (BN — of +8>>/0w:c

- (kN —c (N1 + Ny(1 + 5_11))) /01w2da;

—(01N+ (1 —dl) T (Nl +9)) /1 ?(ZE t—T(t))dl’

AN
A / / Stutxtdsda:—e // ul(z,s)d
t—7(t) t—7(t)

Now, we choose the constant N; large enough such that
)
a1:§N1—8c>0 and g = (g — )Ny — ¢ >0,

then we choose N, large enough such that

d
3 = §N2—CN1 > 0.

At this point, we pick £; small enough such that

2/,6 Oél (6%)

Ny” Ny E)‘

g1 < min(—

Consequently, we obtain

)
ay =21 — 1Ny > 0, a5:§N1—51N2—8c>0, ag = (py — )Ny —e1Ny — ¢ > 0.

Finally, we choose N large enough such that
ay = CIN+p1—C(N1+8)—1 >O, OégzﬁN—C<N2+8) >O,
1
Qg = EN — ¢ (N1 + Ng(l + ;)) > 0, 19 = OlN + (1 - dl)G_Tl — C(Nl + 9)
1

So, we arrive at

1 1 1 1 1
L't) < —a4/ uidx—cw/ ufda:—ag)/ gofcdx—ag/ gofdx—%/ O dx
0 0 0 0 0
1 1 1
—ozs/ wdx—(yg/ wdm—alo/ ul(z,t —7(t))dx
_ AN
A / / AS=D92(z, t)dsdr — e // ul(w, s)d
t—7(t)
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Then
1 1 1 1 1
L't) < —a4/ uida:—om/ u?dm—og/ QOid(L’—Oég/ go?dm—ozﬁ/ ©*dx
0 0 0 0 0
1 t 1
AN
—ag/ wdr — 77—/ / A2 (x, ) dsdx (4.52)
0 2 Ji—rwy Jo

IN

1 t 1
—C (/ (u2 + @ + w? + u2 + 2 + ?)dr + / / eA(S_t)uf(x, s)dmds)
0 t—7(t) JO

where

AN
& :min(nT,ai), i=3,..,7,9.

On other hand, from Eq (4.36)), using Young’s inequality and taking ¢ = b, we obtain

2

n [t 1
—i——/ / A2 (1, )dads.
2 JiryJo

Then, there exist C' > 0, such that

1 1
E(t) < —/(plth+J¢f+aw2+(u+b)Ui+5¢§+(§+b)902)dfv
0

1 t 1
Et) <C (/ (u? 4+ @ +w? +u2 + @2 + ¢*)dz +/ / A2 (g, s)dmds) :
0 t—r(t) Jo

—T

which implies that

1 t 1
— (/ (u? 4+ @2 + w? + u + @2 + ?)dx + / / A2 (1, s)d:z:ds) < =G E(t).
0 t—7(t) JO

(4.53)
The combination of Eq (4.52)) and Eq (4.53)) gives
L'(t) < —kE(t), YVt >0, (4.54)

for k > 0.
On the other hand , we are in position to compare L(t) with E(t), this is given in the

following lemma.

Lemma 4.7 For N sufficiently large, there exist two positive constants a; and ay depend-
g on N, Ny and Ny such that

wE(t) < L(t) < aB(t), Vt > 0. (4.55)

n
Proof. We consider the functional

£() = Ky (t) + N1 Ky (1) + NoK (1) + 8K4(t) + I(t)

4.3. Exponential stability
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and show that
£ (1) < CLE(t), Cy > 0.
From (4.41), (4.43), (4.45), (4.47) and (4.49), we obtain

| £(2)]

IN

[L(t) = NE(t)]

1 1 1
Pl/ |u.ut|dx—i-ﬁ U2dI+JN1/ ol - o] da
0

b N

P1 1/ |Ut‘/ lo(y |dyd:c+OzN2/ \w\/ |0, (y)| dydx

8

P /|ut||%|d:v+—/ |sot||ux|d:v+// e 2(z, 5)dsd.
t—r(t)

By using Young’s and Cauchy-Schwarz inequalities, we get

1 1 1
J
JNl/ lo] - o dx < Z/ <p2da:+JN12/ rdx
0 0 0
boy N1 [ v bpy N1 [ bpy N1 [
R A Ay R
H 0 0 dp Jo H 0
1 x N, [ 1
Ng/ |w|/ lou(y)| dydx < %/ w2dx+ozN2/ ©rdx
0 0
8 20,0 8p10 (7
:01 / |ut| |QOI|dSC < pbl / 2d 4 A7 pl / 2d$C

8J 2J
“/|sot||u$|dx < e g, +—/ 2.

IN

b

Also, using Young’s and Poincaré’s inequality gives

1 1 2 sl
C
pl/ \u.ut|dm§—p/ uidm+&/ u?d:v.
0 2 Jo 2 Jo

Combining all the above inequalities, we obtain

1 1 1 1 1 1
|£t)] < C’l(/ dx—l—/ ud:c+/ g02dx+/ gofdx—l—/ widx—l—/ w?dr)
0 0 0 0
/ / e* "l (z, s)dsdx)

where )
bpyNv | 2pi0  p1 8Jp  Cp J | bp Ny
¢, = max 4p b 27 b 24 wo
2Jpu 8p6  aN:
INF +aN, + b, L2 22

On other hand, from Eq (4.5) and(4.37)), and using the fact that

et< 1, forall0<s<t, Vt>0
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and
A(s—t) {% log ./’Iid }(S_t)
O<e <el™l " mizh <1, forall0 < s <t, Vi>D0,
then, there exists Cy > 0 such that
|£(1)] < CoE(t).
Consequently, we obtain
L(t) = NE ()] < C.B(t)
that is
(N —CL)E(t) < L(t) < (N +Cy)E(t). (4.56)
Now, by choosing N large enough such that
G,l:(N—éQ)>O, a2:<N+ég)>0.
Then (4.55) holds true.
Now, combining (4.54)) and (4.55)), we obtain
L'(t) < —wL(t), Vt >0 (4.57)
k
where w = —.
a
A simple ifltegration of Eq (4.57) over (0,t) yields
L(t) < L(0)e " | Vt > 0. (4.58)

The desired result (4.38) follows by using estimates (4.55) and (4.58). =

4.4 The lack of exponential stability

This section is concerning the lack of exponential stability. Our result is achieved by

Gearhart-Herbst-Priiss-Huang theorem to dissipative systems, see Priiss [55] and Huang

[25].

Theorem 4.4 Let S(t) = e*' be a Cy-semigroup of contractions on Hilbert space H.

Then S(t) is exponentially stable if and only if
iR={i\: A€ R} C p(A)

and
lim [|(iIAL = A)7!| ;) < 0

|A| =00

hold, where p(A) is the resolvent set of the differential operator A.

4.4. The lack of exponential stability
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Next, we state and prove the main result of this section.

)
Theorem 4.5 Assume that Ll +# 7 hold. Then the semigroup associated to problem

P1
— 18 not exponentially stable.

Proof. We will prove that there exists a sequence of values A\, such that

|(iA] — A

)_1H£(H) — X

which is equivalent to prove that there exists F,, € H with ||[F,|; < 1 and V,, € D(A)
such that
|G = AT E| g gy = IVally — o0
where
NV, — AV, = F, (4.59)

In other words, we consider the solution of spectral equation and show that the
corresponding solution V, 1s not bounded when F, is bounded in H. Rewrite spectral

equation in term of its components, for A\, = X\, we have

Iu—v = fi
b
1AV — ﬂum — —p, + Ty + 1z, (,1) = fo
P1 P1 £1 £1

N =1 = [

. ) b d
A — F¥ra + Fla + %SO + FWa = Ja

d k
AW — éwm + =Y t—w = f;

o} « a

(1-7'())
Az + —T(t)

where A € R and F,, = (f1,f2 , f3, f1, [5)T € H. Taking

5 = Jfo (4.60)

fi=f=fi=fs=/fe=0and fy = cosnmz,

then, by using the first and third equation in , we obtain

b
— Ny — ﬂum - —p, + Dinu+ 222 (1) =0
P1 P1 P1 P1
—\p — é(p + ﬁum + §gp + gwm = cosnmx
JTE T J J
d k
AN — =Wy + —@p, + —w = 0
a a a
1—7'(t
PPV okl L) SO (4.61)

7(t)
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Taking the boundary conditions into consideration, we can suppose that
u = ay sin(nmzx), ¢ = agcos(nmx), w = agsin(nmx)

where a1, as and as depend on A and will be determined explicitly in what follows. There-
fore, the solution of s equivalent to finding a1, as and as, such that

2.2 b
({—)\2 +HET } a + ﬂag + —z)\al) sin(nmx) + T2, (,1) =0

P1 P1 P1 P1
on2m? bnw dnm
H* 7 +§] ot et e =1
2n?2  k Ad
|:Z)\+6nﬂ- +—:|a3—Z nﬂ-ag =0
o
N, (=T@)
Furthermore, by we can find z as
2(z,0) =v(z), € (0,1). (4.63)

Following the same approach as in [51],

2(z,p) = v(x)e”™O i (1) =0

and

2(a,p) = v(2)e™ W, if T'(t) #0

t
where 9,(t) = Mﬂ In(1 — 7/(t)p). Whereupon, we obtain

7'(t)

) — idu(x)e” @ if 7(t) =
o) { De0, i ) 0.

It follow that

) du(@)e O, f () =
Z("E’D_{ u(z)eh® i T()%o. (4.64)

System 18 equivalent to

22
b
{—Az + BT M ﬁw\g(t)} o+ —Zay = 0 (4.65)
P1 P1 P1 P1
om?r? ¢ bnm dnm
_)\2 > - _ = 1
|i + i + J:| as + 7 a; + 7 as
2n?  k IAd
[MJFBWT +—] 45— 2 — 0
a
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where .
(t) = e, if T(t) = 0,
o= et ® if 7(t) £ 0.
The above system can be written as
bnm
Pi(Aar+—az = 0, (4.66)
P1
b d
%al + PQ()\)CLQ + %ag = 1,
A\d
—Z nﬂ-a,g—l—P3()\)CL3 =0
where ) 5 s
PN =N+ BT T 2,
5 gl ) P1 P1
P = 224 8
ﬁn27}]2 kJ
Py(\) =X+ + —.
\ « (07
From 1 and 3, we get
bnm
a = — asg,
' p1Pr ’
_iAdnm
as = aP3 Q9.

Substituting a, and ag into 2, we get

o a P P3
2 1= A2, = : 2 2
P.P,P,s 1 i\ (dn) P (bn) P,
aJ Jp;
Now, we choose \ such that
on?m? on?m?
PQ()\):_)\2+ 7 +j:O'0:>—/\2:0'0— 7 —%
where og will be chosen later. Note that
. 2 i . 2
P.P,P,s 1 i (dn) P — p PP i\ (dn) ]
aJ aJ
[ 222 K\ i\ (dnm)?
« aJ
[n2.-2 /\d2
[ () eao02)
J Q@
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So, we take oo such that

iNd?
o) = ——
0 Jﬁ )
we have )
A (d
P1P2P3 + Mpl =~ O(?’L4)
aJ
Consequently, we have
(bnm)? i\ (dnm)? A
P PP — Ps+———P, =0
112173 Tpn 3+ i 1 (n°)
Since
PP, =~ O(n%),
since x # 0, we obtain
(g 1= Qop A _Ix
S VI 2
—X _——
B*J P1

add?

b2
or n large. Finally, for ——x # —, we have
2
peJ P1

1
Vallzr = T llnll® = T Dl llonll® = T [Aal” Iaznl2/0 [cos(nmz)|” dz = O(n?).

Then
[J
HVnHH2 E‘AnHCQn’ %O(n) — 00 as n — o0.

Consequently, applying the theorem 4.4, we conclude that the semigroup S(t) associated
with the system — does not have exponential decay. m

4.5 Polynomial Stability

In this section, we prove that, in case x # 0, the system (4.1))-(4.2) goes to zero poly-

nomially as — and moreover, this rate of decay is optimal. For the regular solution of

(4.1)-(4.2), we define the second-order energy functionals

1 [t
Ey(t) = 2 /0 (plu?t + JSO?t + ozw? + :uuazﬁt + 58092ct + 5%2 + 2bugp,)dx (4.67)

n [ 1
+—/ / A2 (z, 5)dxds.
2 Jiry Jo
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By (4.36]) and (4.39)), it follows that s satisfies

Et) < —C [ /0 L2 (e )i+ / Rt — dx] 3 / wide  (4.68)

—k/ / / D2 (2, t)dsdx
t—(t)

< 0, Vt>0.

Before we state and prove the main result of this section, we first establish the following

important lemma.

Lemma 4.8 Let (u,p,w) be a regular solution of problem —. Then the func-

tional .
JP15

Ks5(t) = ==, .

Up W AT

satisfies, for any 2 > 0, the estimate

J 1
Ki(t) < %X/ Up P dx +52/
0 0

Proof. Taking a derivative of K5 and using integration by parts, we obtain

1 1
Ki(t) = chllﬁx ; U Wy dT — chllﬁX/O Uy W AT

1 1
(u2 + u)dz + 5 / (w? + w; +w?,)dz.
2.Jo

From the third equation in , we have
LWy = awy + dp,, + kw.

The combination of and yields

J ! J ! Jo.k 1
Ki(t) = chzax/o utwtdxjt%x/o Ug Py lfcli /Outwdx

J 1
— plﬂx UpWa AT

bd "~ J,

Using Young’s inequality, we obtain that for any e5 > 0

Jpa ! Jpia 2o
bcll X/o wwdr < —/ 2d:c+2—€2( bcli X) /0 w?dr,
Jp,k ' 2 L (Jpk 2/1 2

dr < —= dr + — d
bdx/outh_ 5 Outx+262 bdX Ow z,

J 1 1 1 J 2 1
_ gcllﬁx/o UpwWydr < 62/0 u2dx+E< bpcllﬁx) /wa,tdx.

(4.69)

(4.70)

(4.71)

(4.72)
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Combining all the above inequalities, we obtain

J ! ! 1 (Jpik \* [
KL(t) < glx/ ux%derag/ (ui+uf)dx+g( 56; X) / wd
0 0

L (Jpa \° / 2 L (IpB Y / 2
L do + — d
+252( b X) g Teg X)) e

which is the required estimate . m

Now, we are ready to prove the following result:

Theorem 4.6 Assume that ——— 7é 0 hold and let (u, o, w) be a reqular solution of prob-

lem (-) (-) Then there emsts a positive constant wy such that the energy functional

b)) satisfies, for allt > 0,

E(t) < % (4.73)

Proof. As in Theorem 4.2, N, Ny, Ny > 0, define

L£(t) = N(E(t)+ Eqo(t))+ Ky (t) + N1 Ky (t) + NoK3 () +8 (Ky(t) + K5 (1)) + I(t). (4.74)

Remark 4.2 The Lyapunov functional £ defined by Eq. (4.74) is not equivalent to the
energy functional E. In other words, Eq. (4.55)) no longer holds.

Taking the derivation of Eq. and using Eqs.(4.39), (4-42), (4-44), (4-46), (4-48),

; , and with the same choice of €1 as in the proof of Theorem 2, we
arrive at

1 1 1 1
£ < — oy — 8gy uldr — (a; — 8¢y wldr — ag Oidr — o Oidx
x t T t
0 0 0 0
! 8 8
—a6/¢d$—<a9——c)/ de—(k:N—g—c)/ 2dx
2
8c At—s)
—(BN — —) 2dr — —* ul(x,t)dsdx
0
——N/ / D2 (2, t)dsda
t—7(t)
—C1N [/ u(w, t)dx—i—/ ul(z,t — T(t))d$:| .
0 0
1 1 1 1
< —(og — 8eq) / uldr — (a7 — 8ey) / uldr — a5/ o2dr — ag/ ©2dx
0 0 0 0
! 1 ! 8c
—aﬁ/ O dr — (kN—c<1+ ))/ 2d:c—(kzv——)/ w2dw
0 0
8c At—s)
(BN——) w? dx—— e u(x,t)dsdx.
€2 t—7(t)
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Now, we pick €5 small enough such that

ay o
£y < min(—, —0).

8 8

Next, we choose N large enough such that

8 | 8
kN — 2550, kN—c(lJr—) >0, BN — £ >0.

€92 €2 €2
Now, using Eq. , we get
£'(t) < =NE(t), ¥t >0 (4.75)

where \g is a positive constant. Integrating Eq. over (0,t) and using the fact that

E is positive and non-increasing, we obtain

tE(t) < /tE(s)ds < Ai (5(0) - je(t)) < %2(0), vt > 0.

1 - E E
Finally, for @, = )\—£(0) = M, we have
0 0

E(t) < % Vi >0,

which completes the proof. m

4.5. Polynomial Stability



Chapter 5

Exponential decay for a swelling porous
thermoelastic soils mixture with second

sound

5.1 Introduction

In this chapter, we intend to study the stabilization of swelling porous thermoelastic soils

with second sound, where the heat conduction is given by Cattaneo’s law, The system is

written as:
PUy = AUy + 20, in (0,1) x (0, 400),
Jpy = a3p,, + agty, + B0, , in (0,1) x (0, +00), (5.1)
aly = —q, + ﬁ@otx - 7‘97 n (07 1) X <O7 +OO)7
Tq = —q — kO, , in (0,1) x (0, 400),
with the following initial and boundary conditions
([ w(2,0) = ug (2), ug (2,0) = uy (2), x € (0,1),
90($7O>:900(x)v got(x,(])chl (.T), YIS (Oa1)>
0(z,0) =100 (x), q(x,0)=qo(x), x € (0,1), (5.2)
w(0,t) =u, (1,t) = ¢ (0,t) = ¢, (1,t) =0, t € (0,400),
6(0,t) =0(1,t) = q(0,t) =0, t € (0,4+00)

where u is the transversal displacement of the fluid, ¢ is the elastic solid material, 8 is
the temperature difference, ¢ is the heat flux and the coefficients, p and J are densities
of each constituent, ay, as, «, 3, 7, k, v are positive constant coefficients and as # 0 is a

real number. The parameters with ay, as, az satisfying

ayaz > a;. (5.3)
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Swelling is porous media theory field of study. This theory considered swelling soils
as one of its investigations and priorities area. It sets its attention on every material
that suffers from swelling; from a smaller soil’s component to a bigger part of plants.
This issue has been worked on during the past years and many researchers attempted to
discover some systems, such as one-dimensional system to reach stability and suitability
in the field. Additionally, many applications in various practical problems such as field of
swelling have been applied.

There are several recent articles introducing continuum theories for fluids infiltrating

elastic porous media (see [I8,[19} 57, 63]). For example, in [63], Wang and Guo considered
the linear field equation of swelling porous elastic soils with fluid saturation with the

following constitutive equations

{ P21 = 1 Zpy + QoUgy — p,y(2)2, in (0,1) X (0, +00), (5.4)

P Ut = A32zy + AoUgy, in (07 l) X (07 +OO)

where z and u represent the displacements of fluid and solid elastic materials respectively.
By using the spectral method, they proved that the whole system can be exponentially
stabilized by only one internal viscous damping with variable feedback gain imposed in
the fluid part. On the other hand, in [57], Quintanilla studied the following system

{ P21 = 1 Zpy + Qolzy — E(20 — Up) + Zzzt, 10 (0,1) X (0, +00), (5.5)

Pulltt = Q3% + Aol + (20 — uy), in (0,1) x (0, 400).

Using the energy method, he showed that the system is exponentially stable for a3 <
alf.
In the same field of research, Apalara [7] considered a swelling porous elastic system

with a single memory term as the only damping source

{ pzztt — A12zy — AUgy = 07 in (07 1) X (07 +OO>7 (5 6)

Pultt — 3%y — Qolyzy + fotg(t — $)Ugp(z,8)ds =0, in (0,1) x (0, +00).

By using the multiplier method, he established a general decay result irrespective of
the wave speeds of system.

On the other hand, the classical theory of heat was under the microscope by so many
researchers in the last decades, so that, they overcame its limitation and gain solutions.
This idea gave birth to the theory of believing in the possibility of combining heat con-
duction law and the second sound theory, thus, it emerges that the speed of heat can be
finite and the system could be stabilized.

The nonclassical thermoelasticity theories have a major impact these previous years,
believing and proving that the speed of heat propagation on physics can be finite by the

use of hyperbolic-type and the heat is showed up as a wave phenomenon, as it is called

5.1. Introduction
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second sound theory. Many results in this contest can be obtained, and numerous stability
has been established [22, BTl [40]. For the porous thermoelasticity systems coupled with

the heat equation by Cattaneo’s law, Messaoudi and Fareh [42] considered the following

system
PUyy = Mgy + b, — YUy, in (0,1) x (0,400),
Joy = ady, — buy — &+ 0., in (0,1) x (0, +00), (5.7)
by = —q, + B, — 0, in (0,1) x (0, 400),
Toqs +q+ kO, =0, in (0,1) x (0, 4+00),

and proved an exponential stability result under suitable conditions by using the spectral
theory.

In this study, motivated by the above results, we expose the thermoelastic problem
with second sound, that shows the possibility of mixing several components (solid, fluid,
gas) in the system without breaking down materials and, especially, we are interested
in studying one-dimensional system of swelling porous thermoelastic soils mixture with
second sound, that shows the whole system can be exponentially stabilized.

After we proved the existence and uniqueness of the solution, we have obtained the
exponential decay result under the assumption by construct some Lyapunov func-
tionals. Our work extends the stability results from [2, [7, 40, 9] to swelling porous
thermoelastic systems with second sound.

The rest of this chapter is organized as follows. In Section 2, we prove the well-
posedness by using some results from the semigroup theory. In Section 3, we establish an

exponential stability result of the energy.

5.2 Existence and uniqueness of the solutions

In this section, we show the well-posedness of the system ([5.1))-(5.2)) using the semigroup
theory [54].
We set v = uy, ¢ = ¢, and let

U= (U, Uty Py Pty 97 q)T

Y

then
8t(] = (ut7 Uty Py, ¢t7 0157 Qt>T :
Therefore, problem (5.1)-(5.2) can be rewritten as

{ U = AU, t >0 58)

U (0) = UO = (u07u17§007 9017907q0>T

where the operator A is defined by

5.2. Existence and uniqueness of the solutions
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0 Id 0 0 0 0
Tz o B2 0 0
p p

0 0 0 Id 0 0

A: a2 2 0/3 2 6 (5 9)
—=0 =92 0 =0, 0
J J 3 J
0o 0 0 =8, —1Id —10,
(0%

k 1
0 0 0 0 —-0, ——1Id

T T

The domain of A is
D(A) = {U e (12 (0,1) x H!(0,1)) x HL(0,1) x H!(0,1)}
where

H(0,1) = ={¢€ H (0,1):6(0) =0},

H2(0,1) : ={¢€ H*(0,1):¢(0)=¢,(1)=0}.

We consider the following Hilbert space
H:= H!(0,1) x L*(0,1) x H} (0,1) x L*>(0,1) x L*(0,1) x L*(0,1).

The inner product on H is

1 1 1 1
<U, U> = ,0/ ugtdr + J/ oo dx + a/ 00dx + al/ Uy Uy AT
H 0 0 0 0
L s o
0 0 0
The norm induced by the inner product is
! T
Ul = / (puf + J? 4 ayu? 4 2aqu,p, + azp> + ab® + Eq2> dx.
0

Clearly, D (A) is dense in H.
It is easy to show that A is dissipative, for each U = (u,us, ¢, ¢,,0,q)" € D (A), by

using the inner product and integration by parts, we have

5.2. Existence and uniqueness of the solutions
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Ut
U
Dot + 2o,
p P Uy
Pt 0
UU =
AT < O e+ Rty + é@ 7 >
1
——qz + ﬁ@m Ly o
«Q
1 k q
——q— _ex
T T
1 1 !
= —”y/ *dx — —/ ¢*dx < 0. (5.10)
0 k Jo

Since A is a dissipative operator. On the other hand, it is easy to show that 0 belongs to
the resolvent of A. Consequently, the Lumer-Phillips Theorem implies that the operator
A is the infinitesimal generator of Cp-semigroup of contractions S(t) = e over ‘H (see

[54], Theorem 1.4). From this, we can state the following result:

Theorem 5.1 Let A and H be defined as before. The system @ 1s well posed, i.e.,
for any Uy € H, the system (5.8) has a unique weak solution U(t) = Upe™ € C (RT;H).
Furthermore, if Uy € D(A), U(t) € C*(RT; D (A)NC°(RT;H)) becomes the classic
solution for (@)

5.3 Energy dissipation

In this section, we prove that the energy of the system (5.1))-(5.2)) is dissipative over time.
The energy functional £ () is given by

1 1
E(t):= 5 / [puf + J? + ayu? + az? + 2axu,p, + ab® + %qQ] dz, (5.11)
0

then, consider the following result related to the dissipation of energy.

Lemma 5.1 Let (u,p,0,q) be the solution of —. Then the energy functional,
defined by satisfies

1 1 1
iE (t) = —7/ 0*dx — —/ ¢*dx < 0,Vt > 0. (5.12)
dt 0 k Jo

5.3. Energy dissipation
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Proof. Multiplying the first equation in (5.1 by u,, the second by ¢, , the third by 6
and the fourth by 4 and integrating over (0, 1) with respect to x, performing integration

by parts and the boundary conditions, we obtain

2dt G v = 2dt i avizds —as f) g,ud
%% fol Jpide = ;jt f azp2dr — as fol Uzpydr + 3 fol 0,p,dx,
2 dt Lot = — [ a0 — B [} g fude — e,
321;2 _‘£2m+ﬂﬁ%m

Summation them leads to
d

1 1 1
—|= / [puf + J¢7 + ayu? + azp? + af® + Zqﬂ dx + ag/ Uy dx
dt 2 J, k 0

! 1
= —/0 <fy«92 + EqQ) dz. (5.13)

Therefore, the constants v and k are positive, this concludes the proof of this lemma.

Remark 5.1 Note that E(t) is stirctly positive. In fact, by considering

1 a 2 a 2
alui + 0/3@3: + QGQUmQOx = 5 [al (ux + a_290m> +ag (pr + a_2ux>
1 3

2 2
as \ 2 az\ 2
+ (al——)uz—l— (ag——)gox ,
as aq
since ajaz > a3 , we deduce that

a 2 2 2 1 _ a_% 2 _ CL_% 2
1“3: + CL3(,DJ: + aQuISOx > 2 ai ua: + as 90;3 )

we conclude that the energy satisfies

1 1
E(t) > 5/ [puf + J? + @l + szl + ab® + %qz] dax
0

1 2 1 2
C~L1:— al—% >0,(~l3:— CL3—% > 0.
2 as 2 aq

Consequently, it follows that E(t) > 0.

where

5.3. Energy dissipation
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5.4 Exponential stability of solution

The stability result reads as follows.

Theorem 5.2 Suppose that ajaz > a3. Then, the classical solution of - satisfies,
for two positive constants ¢y and oy, the following estimate:

E(t) < coe™ ™, t>0. (5.14)

Now, we are going to construct a Lyapunov functional equivalent to the energy. For
this, we will prove several lemmas with the purpose of creating negative counterparts of
the terms that appear in the energy.

Lemma 5.2 Let (u,¢,0,q) be the solution of (5.1)-(5.9). Then the functional

1 1
Ky (t) := J/O o, dr — Z—ip/o uppdx (5.15)

satisfies the estimate

Ki(t) < (‘Hana)/ 2da:——/ gomda:—l——/ 2da:+—/ 0*dr.  (5.16)
1

Proof. By differentiating K7 (t) with respect to ¢, using the first and the second equation

of (.1, and integrating by parts, we obtain

1 1 1
a
Ki(t) = J/ gofdqu/ O30,y + QoUzy + 50,)dr — a—jp/ o ud
0 0 0

1

_% 90<a1uxz + a2(pa::v)dx
aq 0
1 02 1 s 1 1
= J/ ©2dr — (az — —2)/ ©2dx — —,0/ uppdr — 6/ ,0dz.
0 ar Jo ar Jo 0
(5.17)
By using Young’s inequalities, we obtain
1 1 g2
—ﬁ/ o 0dx < 51/ 2dx + —/ 02dz, (5.18)
0 0 de1 Jo
1 1 1
— %p/ usppda < 81/ 2dr + —2% pa / idx. (5.19)
6L1 0 0 4
Combining ((5.18]) and (5.19) , we and up with
pPal 1 a2 1 1
Ki(t) < (J+4 >/<pfdx—(a3——2—€1)/ goidx—l—q/ uidz
51@1 0 ax 0 0
5 02dx (5.20)
461
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2

For ag = a3 — %2 > (0 and taking ¢; = %. Then, (5.16) is established. m
a1

Lemma 5.3 Let (u,¢,0,q) be the solution of (5.1)-(5.4). Then the functional

1 T
Ka(t)i= ] [ ol | 0. 0dds (5.21)
0 0
satisfies the estimate
2 1
Ky (t) < JB de+6/ ¢dr + ( Jg +(a§+a§)+aﬁ)/ 0*dx
0

—/ p2dr + — /ud:c. (5.22)

Proof. By differentiating K, (¢) with respect to t, then exploiting the second and the
third equation in 1} and integrating by parts, we obtain

0

1 T 1
= —JB ordx + J/ v,qdr + JW/ (,Dt(/ O(y,t)dy)dr + oza;;/ p,0dx
0 0 0

+aa2/ uxﬁda:+aﬁ/ 0*dz. (5.23)
0
By using Young’s, Chauchy-Schwartz and Poincaré inequalities, we obtain for any

€9 > 0,

! JB

J / oqdr < / 2dx + = /
0 /3
<

1
aag/ @, 0dx z—:/ 2d:17—|— a5 / 0*dz,
0 452 0
1 1 o2a2 1
Oé(lg/ uz0dr < 6/ udx + 2/ 0%dz.
0 des Jo

1 T Jﬁ
J’y/ @t(/ Oy, t)dy)dx < / idx —i— 92d9€.
0 0

Combining all the above inequalities, we obtain

78 ! J JA2 2(a2 1+ a2 1
Ky (t) < —75 ©2dx + B/ ¢dw + ( g + 2 (&562 @) - 046)/ 0dx
0 0 0

1 1
+€2/ ©2dr + 62/ uldz. (5.24)
0 0

2
By taking €5 = % , then ([5.22)) is established. m

5.4. Exponential stability of solution
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Lemma 5.4 Let (u,¢,0,q) be the solution of (5.1)-(5.9) and (5.3). Then the functional

Ks(t) == ag/o (up, — uy) dx (5.25)

satisfies the following estimate

Ky(t) < a2 _ @ /1u2d:B+ a—%—i-i oo 2 /1 2dz
s = o0f T) ), o 2\ p T . =
“25 92d:c (5.26)

Proof. By differentiating K (t) with respect to t, and using assumption (/5.3]), we obtain,

1
Ky() = a2 [ (upy — pua)da
0

1 1
= a2/0 u(CL—J3 ww T ;umjtge)dx—ag/o cp(a—um+%g0m)d.r
2 ol 1
= a (ﬂ_%>/ Uy, d @/ 2dx + 2ﬁ/ ubfdx
P I ) Jo J Jo 0
a2 [t
+-2 2da. (5.27)
P Jo
By using Young’s inequalities, we have, for €3 > 0
1 1 2 1
ay as 263 2 1 ay as / 2
— - = 20 dr < ay— dr+ — | ——— “dx. 5.28
(5 5) [rnatrzy Lo (5-5) [ o
Also, using Young’s and Poincaré’s inequality gives
a3 ' .
- ufdr < cpeg/o uZdz + 4]253/ 6 dzx. (5.29)

By substituting (5.28)) - (5.29)), we have

1
By taking €5 = 7 we obtain (5.26)). m

Lemma 5.5 Let (u,p,0,q) be the solution of —. Then the functional

Ky(t) := —,0/01 upudz (5.31)

5.4. Exponential stability of solution
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satisfies the estimate

1 1 1
K (t) < —p/ urdr + 2a1/ uldw + %/ 2d. (5.32)
0 0 0

Proof. By differentiating K, (¢) with respect to ¢, we obtain

1 1 1
K (t) = —p/ urdr + a / uZdr + ag/ Uz P, dx. (5.33)
0 0 0

Using Young’s and Poincarée’s inequality gives, for 4 > 0,

1 a2 [l as [
a2/ Uz dr < —2/ uid:c—l——/ 2dx
0 as Jo 4 Jo

1 1
< al/ uidw%—%/ 2dx. (5.34)
0 4 Jo

2
a
By the fact that a; > -2 , we end up. ®

as . o .
Next, we define a Lyapunov function L and show that it is equivalent to the energy

functional FE.
Lemma 5.6 For N sufficiently large, the functional defined by
L(t):=NE(t) 4+ N Ky (t) + NoKo (t) + N3 K3 (1) + Ky (t) (5.35)
where N, N1, Ny are positive constants to be chosen appropriately later, satisfies
aEBE ()< L({t)<cE({t), Vt>0 (5.36)

for two positive constants c¢; and cs.

Proof. Let
£(t):=|L({t)—NE ()] = N1 Ky (t) + NoKy (t) + N3K3 (t) + Ky (t).

By Young’s, Cauchy-schwartz and Poincaré’s inequalities, there exists a positive o > 0
such that

£t) <oE({t)e (N—0)E({l)<L({t)<(N+o)E(), Vt>0.

Therefore, by taking N > o, the proof is complete. m

5.4. Exponential stability of solution



Chapter 5. Exponential decay for a swelling porous thermoelastic soils mixture
with second sound 73

Proof. (Of Theorem 5.2)
By differentiating (5.35]) and recalling (5.12)), (5.16)), (5.22)), (5.26)) and (5.32)) we arrive

[ a: ¢ a? 1 a !
It < —|N(2_%2) 2N, 9 2d—<——ON)/ 24
() — I 3<2J J> 4 2 a1:|/0\umx p 2 1 OUtI
[J 3 p2a§)]/1 ) (N J )/1 )
—|—Ny—N; [ J+ dr — | — — =N. dx
B 2 1( 2aoa% 0% 2 3 2 oq

ao a? a2 J(a a3\’ as !
S L VA VA AN ey (i I 24
g LT T p+2<p J) 4 /O%x

at

— YN — —N; — Ny [ — — N- 0“dzx.
_’Y g ! 2| 73 + (a3 + a3) +af 17 Vs ; x

(5.37)

At this point, we need to choose our constants very carefully. First, we choose N;
enough such that

p— %Nl > 0. (5.38)

Once N is fixed, we take N, large enough so that

JB pra;
PN, — N . .
5 N2 = I, (J * ana?) =" (5.39)

After that, we choose N3 large enough such that

( a? ¢ a?
Ny (2 —-2)——Ny,—2a;,>0
3(2] J) g2

and (5.40)
ag a? a% J (a1 as 2 as
—Ni——Ny— N3 | =+ ———= ——>0.

27 4t Py 3 <p J> 4

Finally, we choose N large enough so that

N J

— — =Ny >0

L ﬁ 2 )

and (5.41)

5 Iy’ a3
N——N; — Ny | — 24 a2 — N3 > 0.
Y R + (a3 +a3) + af N
Consequently, there exist a positive constant & such that
d s 2 2 2 2, 2
il (t) < —a [ [u]+ @] +ul+ @2+ 60+ ¢7] du. (5.42)
0

5.4. Exponential stability of solution
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On the other hand, by Young’s inequality, we have
E(t) = % /01 [puf + J? + ayu? + azp? + 2au,0, + ab? + %qQ] dx
< %/01 [puf + Jp? + (ay + az) u2 + (ag + az) @2 + af® + %qQ] dx
< 5/1[u$+¢§+u§+¢2+92+q2}dx (5.43)
0
where ¢ = 1maX {p, J, (a1 +a2), (az+a3), «, %}
Therefore, we deduce that there exist positive constant ag such that
L' (t) < —aE(t), (5.44)
and, further, for some ¢, co > 0, we have
aBE () <L(t)<cE(t), Yt>0. (5.45)
A Combining and the right-hand side of , we conclude that
L'(t) < —aiL(t), Yt >0 (5.46)
where o = @.
A simple icrftegration of over (0,t) leads to
L(t) < L(0)e ™ vt>0. (5.47)

Finally, by combining (5.45)) and (5.47) we obtain (5.14]). =

5.4. Exponential stability of solution
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Conclusion

In this thesis, we studied the well posedness and the stability of some linear one-
dimensional porous-elastic systems. The first is a porous-thermoelastic system with
second sound and a distributed delay term acting on the transverse displacement, where
the heat flux of the system is governed by Cattaneo’s law. The second is a porous-elastic
system with microtemperatures and varying delay term, and the last is a swelling porous
thermoelastic soils mixture with second sound, where the thermal conduction is given by
the theory of Green and Naghdi called thermoelasticity type III.

Under suitable assumptions, we have proved the well-posedness of the systems by using
semigroups theory. For the stability of these systems, we used a multipliers technique
which is based on the construction of a Lyapunov functional equivalent to energy.

We intend in the future to generalize our results to viscoelasticity problems, in addition
it will be interesting to make numerical simulations of the different problems studied in
this thesis.

5.4. Exponential stability of solution
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