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Abstract

In this thesis, we are interested in studying the well posedness and the stability of some

linear one-dimensional porous-elastic systems. The �rst is a porous-thermoelastic system

with second sound and a distributed delay term acting on the transverse displacement,

where the heat �ux of the system is governed by Cattaneo�s law. The second is a porous-

elastic system with microtemperatures and varying delay term, and the last is a swelling

porous thermoelastic soils mixture with second sound, where the thermal conduction is

given by the theory of Green and Naghdi called thermoelasticity type III.
Under suitable assumptions, we prove the well-posedness of the systems by using semig-

roups theory. For the stability of these systems, we use a multipliers technique which is

based on the construction of a Lyapunov functional equivalent to energy.

Keywords: Porous system, swelling porous systems, Cattaneo�s law, second sound,
distributed delay, varying delay, semigroup theory, exponential stability, polynomial sta-

bility, Lyapunov functional.
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 ملخص
 

بعض الأنظمة الخطية المرنة  وجود ووحدانية الحل واستقرار سندرسفي هذه الأطروحة، 

أحادية البعد ذات مسامات. أول نظام هو نظام حراري مرن ذو مسامات مع الصوت الثاني 

و التأخير الموزع الذي يعمل على الإزاحة العرضية، حيث يخضع التدفق الحراري للنظام 

. ثاني نظام، هو عبارة عن نظام مسامي مرن مع تأثير حراري دقيق و Cattaneoلقانون 

بالنسبة للزمن. و آخر نظام عبارة عن نظام مسامي حراري منتفخ مختلط  متغيرتأخير 

و    Greenحيث تم إعطاء التوصيل الحراري من خلال نظرية بالصوت الثاني 

Naghdi ثالتي تسمى بالمرونة الحرارية من النوع الثال و. 

وجود ووحدانية الحل بالاعتماد على نظرية شبه الزمر، و  سنبرهنفي ظل شروط مناسبة، 

دالة باستخدام تقنية المضاعف الذي يقوم على بناء  سيتم برهانهاستقرار هذه الأنظمة 

Lyapunov  .المكافئة للطاقة 

 

 ،Cattaneoقانون  ،نظام حراري ،نظام مسامي منتفخ، نظام مسامي : المفتاحية الكلمات

استقرار   ،استقرار أسي ،نظرية شبه الزمرموزع، تأخر متغير،  تأخر، الصوت الثاني

    Lyapunov .دالة متعدد الحدود،

 

 



Résumé

Dans cette thèse, nous nous intéressons à l�étude de l�existence, de l�unicité de la solution

et de la stabilité de certains systèmes poreux-élastiques unidimensionnels linéaires. Le

premier est un système poreux thermoélastique avec un second son et un terme de retard

distribué agissant sur le déplacement transversal, où le �ux thermique du système est

régi par la loi de Cattaneo. Le second est un système poreux élastique avec micro-

températures et un terme de retard variant, et le dernier est un mélange d�un système

poreux thermoélastique gon�é avec deuxième son, où la conduction thermique est donnée

par la théorie de Green et Naghdi appelée thermoélasticité de type III.
Sous des hypothèses appropriées, nous prouvons l�existence et l�unicité de la solution

par la théorie des Semi-groupes. Pour la stabilité de ses systèmes, nous utilisons une tech-

nique des multiplicateurs qui se base sur la construction d�une fonctionnelle de Lyapunov

équivalente à l�énergie.

Mots-clés: Système poreux, systèmes poreux gon�és, loi de Cattaneo, deuxième son,
retard distribué, retard varié, théorie de semi-groupe, stabilité exponentielle, stabilité

polynomiale, fonction de Lyapunov.
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Chapter1
Introduction

In recent years, elastic materials with voids, which have nice physical properties, are

used widely in engineering, such as vehicles, aeroplanes, and large space structures. Due

to their extensive applications, the elasticity problems of these kinds of materials have

become hot issues, which have attracted the attention of many authors, and numerous

stability results have been established (see [8],[19],[56],[57],[63]).
The classical thermoelasticity theory, based on Fourier�s law of heat conduction, su¤ers

from the de�ciency of admitting thermal signals propagating with in�nite speed. To

overcome this de�ciency many theories were developed, one of which would allow heat

to propagate as wave with �nite speed. Results concerning existence, nonexistence and

stability in this regard have established by many mathematicians.
By the end of last century Green and Naghdi [47, 48] introduced three new types of

thermoelastic theories in the aim of replacing the usual entropy production inequality with

an entropy balance law. In each of these theories, the heat �ux is given by a di¤erent

constitutive assumption. As a result, three theories were obtained and respectively called

thermoelasticity type I, type II and type III. When the theory of type I is linearized we

obtain the classical system of thermoelasticity. The systems arising in thermoelasticity of

type III are of dissipative nature whereas those of type II thermoelasticity do not sustain

energy dissipation.
The theory of porous materials is an important generalization of the classical theory of

elasticity for the treatment of porous solids in which the skeletal materials is thermoelastic

and the interstices are void of material. This theory deals with materials containing small

pores or voids.
An extension of this theory to linear thermoelastic bodies was proposed by Ieşan [27].

In addition, Ieşan [28], [29] added the microtemperature element to this theory.
On the basic of micromorphic continua theory, Grot [34] developed a theory of ther-

modynamics of elastic material with inner structure whose micro-elements, in addition to

1



Chapter 1. Introduction 2

micro-deformations, possess micro-temperatures. The importance of materials with mi-

crostructure has been demonstrated by huge number of papers appeared in di¤erent �elds

of applications such as petroleum industry, material science, biology and many others.
The basic evolution equations for one-dimensional theories of porous materials with

temperature and micro-temperature are given by8><>:
�utt = Tx ;

J'tt = Hx +G ;

��t = qx ;

�Et = Px + q �Q ;

where T is the stress tensor, H is the equilibrated stress vector, G is the equilibrated

body force, q is the heat �ux, P is the �rst heat �ux moment, Q is the mean heat �ux, E

is the �rst moment of energy, and � the entropy. The variables u and ' are, respectively,

the displacement of the solid elastic material and the volume fraction. The constitutive

equations are 8>>>>>>>>>>><>>>>>>>>>>>:

T = �ux + b'� ��;

H = �'x � dw;

G = �bux � �'+m� � �'t;

�� = �ux + c� +m';

q = k�x + k1w;

P = �k2wx;

Q = k3w + k4�x;

�E = ��w � d'x;

where �; J; �; �; �; �; �; b; d; m; � ; c; k; k1; k2; k3 and k4 are the constitutive coe¢ cients

whose physical meaning is well known, � and w are the temperature and microtemperat-

ure, respectively.
Introducing the delay term makes the problem di¤erent from those considered in the

literatures. Delay e¤ect arises in many applications depending not only on the present

state but also on some past occurrences. It may turn a well-behaved system into a wild

one. The presence of delay may be a source of instability. For example, it was showed

in [[3]-[6],[40],[51],[70]] that an arbitrarily small decay may destabilize a system, which is

uniformly asymptotically stable in the absence of delay unless additional conditions or

control terms have been used.

1.1 Delay di¤erential equations

It is generally know that many systems in science and engineering can be described by

models that include past e¤ects. These systems, where the rate of change in a state is not

only determined by the present states but also by the past states, are described by delay

1.1. Delay di¤erential equations
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di¤erential equations (DDEs). In other words, DDes are di¤erential equations in which

the derivatives of some unknown functions at present time depend on the values of the

functions at previous times.
A simple delay di¤erential equation for x(t) 2 Rn takes the form

d

dt
x(t) = f(t; xt);

where xt = fx(�) : � � tg represents the trajectory of the solution in the past.
The functional operator f takes a time input and continuous function xt and generates

a real number
d

dt
x(t) as its output.

Examples of such equation include:

(1) discrete/ constant delay
d

dt
x(t) = f(t; x(t� �));

(2) time-varying delay
d

dt
x(t) = f(t; x(t� �(t)));

(3) distributed delay
d

dt
x(t) = f

�
t;
R �
0
�(s)x(t� s)ds

�
:

(see Tijani [62]).

1.2 Stabilization of evolution problems

Problems of global existence and stability in time of Partial Di¤erential Equations are

subject, recently, of many works. In this thesis we are interested in the study of the

global existence and the stabilization of some evolution equations. The purpose of the

stabilization is to attenuate the vibrations by feedback, thus consists in guaranteeing the

decrease of energy of the solutions to 0 in a more or less fast way by a mechanism of

dissipation.
More precisely, the problem of stabilization consists in determining the asymptotic

behavior of the energy by E (t), to study its limits in order to determine if this limit is

null or not and if this limit is null, to give an estimate of the decay rate of the energy to

zero.
This problem has been studied by many authors for various systems. They are several

type of stabilization,

1.2. Stabilization of evolution problems
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(1) Strong stabilization:

E (t) �! 0; as t �!1:

(2) Logarithmic stabilization:

E (t) � c (log t)�� ;8t > 0; (c; � > 0) :

(3) Polynomial stabilization:

E (t) � ct��;8t > 0; (c; � > 0) :

(4) Uniform stabilization:

E (t) � ce��t;8t > 0; (c; � > 0) :

The subject of this thesis is study the well-posedness of a linear one-dimensional porous-

elastic system by using the theory of semi-groups to establish the existence and uniqueness

of the solutions. For the stability results, we used the multiplier method based on the

construction of a Lyapunov function.

1.3 Methodology

In this thesis, to ensure the well-posed of our problems, we use the theory of semi-groups

to establish the existence and uniqueness of the solutions. In semigroups theory, the

Hille-Yosida theorem is a powerful and fundamental tool relating the energy dissipation

properties of an unbounded operator A : D(A) � H �! H to the existence, uniqueness

and regularity of the solutions of a stationary di¤erential equation (Cauchy problem)8><>:
�
0
(t) = A(t)�(t); t > 0

�(0) = �0:

For the stability results, we use the multiplier method based on the construction of a

Lyapunov function $ equivalent to the energy E of the solution. We denote by $ � E

the equivalence

c1E(t) � $(t) � c2E(t); 8t > 0; (1.1)

for two positive constants c1and c2. To establish exponential stability, it su¢ ces to show

that

$
0
(t) � �c$(t); 8t > 0; (1.2)

for some c > 0. A simple integration of (1.2) over [0; t] with (1.1) leads to the desired

result of exponential stability.
It is worth noting that Lyapunov theorems are only su¢ cient conditions for the stability

and the di¢ culty here is to �nd the adequate Lyapunov function.

1.3. Methodology
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1.4 The main results of this thesis

This thesis contains �ve chapters.
Chapter 3. In this chapter, we consider the thermoelastic system of porous type with

a linear frictional damping and an internal distributed delay acting on the transverse

displacement, where the heat �ux is given by Cattaneo�s law. The system is written as:8>>>>>>>>>>><>>>>>>>>>>>:

�utt = �1uxx + b'x � �0ut �
R �2
�1
� (s)ut (x; t� s) ds;

J'tt = �'xx � bux � �'+ ��x;

c�t = �qx + �'tx � ��;

� 0qt + q + k�x = 0;

in (0; 1)� (0;+1);

in (0; 1)� (0;+1);

in (0; 1)� (0;+1);

in (0; 1)� (0;+1):

(1.3)

Under suitable assumptions on the weight of distributed delay, we �rst prove the well-

posedness of the system by using the semigroup theory. Also, we establish the exponential

stability of the solution by introducing a suitable Lyapunov functional. It was published

in an international journal:
F. Foughali, S. Zitouni, H. E. Khouchemane, A. Djebabla; Well-posedness

and exponential decay for a porous-thermoelastic system with second sound
and distributed delay. Mathematics in Engineering, Science and Aerospace
(MESA). Vol. 11, No. 4, 2020: 1003-1020.
Chapter 4. In this chapter, we are concerned with the one-dimensional porous-elastic

system with microtemparatures and a time-varying delay, the system is written as8>>>>>><>>>>>>:

�1utt = �uxx + b'x � 
1ut � 
2ut (x; t� �(t)) ;

J'tt = �'xx � bux � �'� dwx;

�wt = �wxx � d'tx � kw;

in (0; 1)� (0;+1);

in (0; 1)� (0;+1);

in (0; 1)� (0;+1):

(1.4)

The aim of this chapter is that under suitable assumptions on the weight of the damping

and the weight of the delay term, we prove the well-posedness of the system by using the

semigroup method. We then investigate the asymptotic behavior of the system through

the perturbed energy method. Also, by using the multiplier method, we prove that

the energy of system decays exponentially in the case of equal wave speeds and decays

polynomially in the case of nonequal wave speeds. Under the case of nonequal wave

speeds, we also investigate the lack of exponential stability of the system.
Chapter 5. This chapter is devoted to the study of swelling porous thermoelastic soils

with second sound, where the heat conduction is given by Cattaneo�s law, which has the

1.4. The main results of this thesis
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form 8>>>>>>>>>>><>>>>>>>>>>>:

�utt = a1uxx + a2'xx ,

J'tt = a3'xx + a2uxx + ��x ,

��t = �qx + �'tx � 
�,

�qt = �q � k�x ,

in (0; 1)� (0;+1);

in (0; 1)� (0;+1);

in (0; 1)� (0;+1);

in (0; 1)� (0;+1):

(1.5)

The aim of this chapter is that , we study the existence and the uniqueness of the

solution using the semigroup theory. Also, we show that the energy associated with

the system is dissipative and we establish the exponential stability of the solution by

introducing a suitable Lyapunov functional.

1.4. The main results of this thesis



Chapter2
Preliminary

In this preliminary we shall introduce and state some necessary notations needed in the

proof of our results, and some the basic results which concerning the well-posed of our

problems, the semi-groupe theory and Layponov functionals and other theorems. The

knowledge of all these notations and results are important for our study, see, e.g., ([1]),

([54]), ([13]) and ([66]).

2.1 Some functional analysis concepts

Let 
 be an open subset of Rn, n 2 N supplied with the Lebesgue measure dx:

2.1.1 Hilbert space

De�nition 2.1 A Hilbert space H is a vectorial space supplied with inner product hu; vi,
such that kuk = hu; ui

1
2 is the norm which let H complete.

2.1.2 LP (
) space

De�nition 2.2 Let 1 � p <1, and let 
 be an open domain in Rn, n 2 N. De�ne the
standard lebesgue space LP (
), by

LP (
) =

�
u : 
! R : f is measurable and

Z



jujp dx <1
�
:

The functional k:kLP de�ned by

kukLP =
�Z




jujp dx
� 1
p

is a norm on LP (
):

7
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De�nition 2.3 For p =1, we have

L1(
) =

(
u : 
! R : u is measurable and there exists a constant C such that

juj � C a.e in 
.

)
:

We denote

kuk1 = inf fC, juj � C a.e in 
g :

Remark 2.1 For p = 2, L2(
) equipped with the scalar product

hu; vi =
Z



u(x)v(x)dx

is a Hilbert space. Then

kuk2L2(
) = hu; ui :

2.1.3 Sobolev space Wm; p(
)

De�nition 2.4 (Sobolev Space) For any positive integer m and 1 � p � 1 , the

Wm; p(
) is the space de�ned by

Wm; p(
) � fu 2 Lp(
) : D�u 2 Lp(
) for 0 � j�j � mg ;

where D�u is the weak (or distributional) partial derivative, and

Wm; p
0 (
) � the closure of C10 (
) in the space W

m; p(
):

Clearly W 0; p(
) = Lp(
), and if 1 � p < 1, W 0; p
0 (
) = Lp(
) because C10 (
) is

dense in Lp(
):

De�nition 2.5 ( The Sobolev Norms) We de�ne a norm k:kWm; p(
) , where m is a

positive integer and 1 � p � 1, as follows:

kukWm; p(
) =

0@ X
0�j�j�m

kD�ukpLp(
)

1A1=p

if 1 � p <1 ;

kukWm; 1(
) = max
0�j�j�m

kD�uk1 :

De�nition 2.6 For p = 2, we denote

Hm(
) =Wm;2(
); and Hm
0 (
) =Wm;2

0 (
):

Theorem 2.1 Let u 2 W 1; p(I), then u 2 W 1; p
0 (
) if and only if u = 0 on @
:

2.1. Some functional analysis concepts
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2.2 Existence and uniqueness theorem

The existence and uniqueness of a solution to weak formulation of the problem can be

proved by using the Lax-Milgram�s Lemma. This states that the weak formulation admits

a unique solution.

Lemma 2.1 (Lax-Milgram�s Lemma) Let a(:; :) be a bilinear form on a Hilbert space

H equipped with norm k:kH and the following properties:
1) a(:; :) is continuous, that is

9
1 > 0 such that ja(w; v)j � 
1 kwkH kvkH , 8w; v 2 H;

2) a(:; :) coercive (or H-elliptic), that is

9� > 0 such that ja(v; v)j � � kvk2H , 8v 2 H;

3) L is a linear mapping on H (thus L is continuous), that is

9
2 > 0 such that jL(w)j � 
2 kwkH , 8w 2 H:

Then there exists a unique u 2 H such that

a(w; u) = L(w), 8w 2 H:

De�nition 2.7 An unbounded linear operator A : D(A) � H ! H is said to be mono-

tone if it satis�es

(Au; u) � 0, 8u 2 D(A):
It is called maximal monotone if, in addition

R(I +A) = H i.e.

8f 2 H; 9u 2 D(A) such that u+Au = f;

where R(I +A) is the range of (I +A):

Proposition 2.1 Let A be a maximal monotone operator. Then D(A) is dense in H.

Theorem 2.2 (Hille-Yosida) Let A be a maximal monotone operator. Then, given any
u0 2 D(A) there exists a unique function

u 2 C([0;1); D(A) \ C1([0;1); H)

satisfying 8<:
du

dt
+Au = 0

u(0) = u0:

Moreover,

ju(t)j � ju0j and

����dudt (t)
���� = jAu(t)j � jAu0j , 8t � 0:

2.2. Existence and uniqueness theorem
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2.3 Semigroups of bounded linear operators

In this chapter we will present some de�nitions, some results on C0-semigroups, including

some theorems on exponential stability.

2.3.1 Some de�nitions

De�nition 2.8 LetH be a real or complex Hilbert space equipped with the inner product

(; ) and the induced norm k:k. Let A be a densely de�ned linear operator on H, i.e., A :
D(A) � H ! H: We say that is dissipative if for any x 2 D(A);

Re (Ax; x) � 0:

De�nition 2.9 A family S(t) (0 � t >1) of bounded linear operators in a Hilbert space
H is called a strongly continuous semigroup (in short, a C0-semigroups) if
(i) S (0) = Idx;

(ii) S (t1 + t2) = S (t1)S (t2) ; 8t1; t2 � 0;
(iii) For each x 2 H, S (t)x is continuous in t on [0;1) :

For such a semigroup S (t), we de�ne an operator A with domain D(A) consisting of
points x such that the limit

Ax = lim
h�!0

S (h)x� x

h
, x 2 D(A)

exists. Then A is called the in�nitesimal generator of the semigroup S (t) : Given an

operator A, if A coincides with the in�nitesimal generator of S(t), then we say that it

generates a strongly continuous semigroup S(t), t � 0: Sometimes we also denote S(t) by
eAt:

De�nition 2.10
�
eAt
	
t�0 is said to be exponentially stable if there exists positive con-

stants � and M � 0 such that 

eAt

 �Me��t , 8t � 0:

If � = 0, the semigroup (S(t))t�0 is called uniformly bounded and if moreover M = 1,

then it is called a C0-semigroup of contractions.

2.3.2 C0-semigroup generated by dissipative operator

Suppose that the linear operator A generates a C0-semigroup eAt on a Hilbert space H.

Then we have (see Pazy [54]):

2.3. Semigroups of bounded linear operators
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Theorem 2.3 (Hille-Yosida) A linear (unbounded) operator A is the in�nitesimal gen-
erator of a C0- semigroup of contraction S(t), t � 0; if and only if
(i) A is closed and D(A) = H ;

(ii) the resolvent set �(A) of A contains R+ and for every � > 0;

(�I �A)�1

 � 1

�
:

Theorem 2.4 (Lumer-Phillips) Let A be a linear operator with dense domain D(A) in
a Hilbert space H. If A is dissipative and there is �0 > 0 such that the range, R(�0I�A),
of �0I �A is H, then A is the in�nitesimal generator of a C0- semigroup of contractions

on H.

As a collorary of the above theorem, the following result will be frequently used in this

thesis:

Theorem 2.5 Let A be a linear operator with dense domain D(A) in a Hilbert space
H. If A is dissipative and 0 2 �(A), the resolvent set of A, then A is the in�nitesimal

generator of a C0- semigroup of contractions on H.

2.3.3 Exponential stability

By collect some result in the literature concerning the necessary and su¢ cient conditions

for a C0- semigroup being exponentially stable. The result was obtained by Gearhart and

Huang [25], independently (see also Prüss [55]).

Theorem 2.6 Let S(t) = eAt be a C0- semigroup of contractions on Hilbert space. Then

S(t) is exponentially stable if and only if

�(A) � fi�; � 2 Rg � iR

and

lim
j�j!1



(i�I �A)�1


$(H)

<1

hold.

We use the above theorem to prove the lack of exponential stability.

2.4 Some useful inequalities

Our study based on some important inequalities, These inequalities is very useful in

applied mathematics.

2.4. Some useful inequalities
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Theorem 2.7 (Hölder�s Inequality) Let 1 � p; q � 1 such that
1

p
+
1

q
= 1, assume

that f 2 Lp(
) and g 2 Lq(
) then, fg 2 L1(
) and

kfgk1 � kfkp kgkq :

If p = q = 2 then we obtain the Cauchy-Schwarz inequality:Z



jfgj dx �
�Z




jf j2 dx
� 1

2
�Z




jgj2 dx
� 1

2

:

Lemma 2.2 (Poincaré�s inequality) Suppose I is a bounded interval. Then there exists
a constant C (depending on jIj >1) such that

kukw1;p(I) � C



u0




Lp(I)
, for all u 2 w1;p0 (I):

Lemma 2.3 (Inequality of Poincaré-Friedrich�s type) Let u is a function satis�es
the following conditions: u 2 C1(
) where 
 is a domain in Rn and u8@
 = 0, thenZ




juj2 dx � c

Z



jruj2 dx;

where c is a constant depends only on the domain is 
:

Lemma 2.4 (Young�s inequality) For all a, b 2 R+ , we have

ab � "a2 +
b2

4"
;

where " > 0:

2.4. Some useful inequalities



Chapter3
Well-posedness and exponential decay for a

porous-thermoelastic system with second

sound and a distributed delay term

3.1 Introduction

In this chapter we are concerned with the thermoelastic system of porous type with

a linear frictional damping and an internal distributed delay acting on the transverse

displacement, where the heat �ux is given by Cattaneo�s law. The system is written as:8>>><>>>:
�utt = �1uxx + b'x � �0ut �

R �2
�1
� (s)ut (x; t� s) ds;

J'tt = �'xx � bux � �'+ ��x;

c�t = �qx + �'tx � ��;

� 0qt + q + k�x = 0;

in (0; 1)� (0;+1);
in (0; 1)� (0;+1);
in (0; 1)� (0;+1);
in (0; 1)� (0;+1);

(3.1)

with the following initial and boundary conditions8>>>>>>>><>>>>>>>>:

u (x; 0) = u0 (x) ; ut (x; 0) = u1 (x) ;

' (x; 0) = '0 (x) ; 't (x; 0) = '1 (x) ;

� (x; 0) = �0 (x) ; q (x; 0) = q0 (x) ;

u (0; t) = 'x (0; t) = � (0; t) = 0;

u (1; t) = 'x (1; t) = � (1; t) = q(1; t) = 0;

ut(x;�t) = f0(x;�t);

x 2 (0; 1);
x 2 (0; 1);
x 2 (0; 1);
t 2 (0;+1);
t 2 (0;+1);
(x; t) 2 (0; 1)� (0; � 2);

(3.2)

where u is the transversal displacement, ' is the volume fraction di¤erence, � is the

temperature di¤erence, q is the heat �ux and the coe¢ cients. The parameter � is the

mass density and J equals to the product of the equilibrated inertia by the mass density.

The coe¢ cients b, �0, �1, �, �, �, � 0, k are positive constant coe¢ cients. The parameters

13
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with b; �1; � satisfying �1� > b2 and � 1, � 2 are two real numbers where 0 � � 1 < � 2; and

� : [� 1; � 2] �! R is a bounded function verify the following assumption

�0 �
Z �2

�1

j� (s)j ds: (3.3)

The initial data (u0; u1; '0; '1; �0; q0; f0) are assumed to belong to a suitable functional

space.
We see that it is better to start our literature review with the pioneer work of Goodman

and Cowin [17], where they introduced the concept of a continuum theory of granular ma-

terials with interstitial voids into the theory of elastic solids with voids. The importance

of such materials often arise in many practical problems, for instance, in petroleum in-

dustry, soil mechanics, engineering, power technology, biology, material science. We refer

the reader to Cowin and Nunziato [18, 19] and the references therein for more details.

The system (3.1)-(3.2) arises in the theory of linear elastic materials, which governs the

mechanical deformations in elastic structures, where the heat �ux is given by Cattaneo�s

law. Many results in this contests can be obtained, and numerous stability have been

established [21, 41, ?]. For the porous thermoelectricity systems coupled with the heat
equation by Cattaneo�s law, Messaoudi and Fareh [44] considered the following system8>>><>>>:

�utt = �uxx + b�x � 
ut;

J�tt = ��xx � bux � ��+ ��x;

c�t = �qx + ��tx � ��;

� 0qt + q + k�x = 0 ;

in (0; 1)� (0;+1);
in (0; 1)� (0;+1);
in (0; 1)� (0;+1);
in (0; 1)� (0;+1);

(3.4)

they established an exponential stability result by using the spectral theory.
On the other hand, the systems with delay term have attracted extensive attention

due to the evolution tendency depends not only on the current state but also on a certain

or some past occurrence (see [5]-[68]). An arbitrarily small delay may be the source

of instability, see [26, 53, 58]. In [40] Wenjun Liu and Miaomiao Chen, considered the

following porous thermoelastic system with second sound and time-varying delay term8>>><>>>:
�utt = �uxx + b�x � 
1ut � 
2ut (x; t� � (t)) ; (x; t) 2 (0; 1)� (0;1);
J�tt = ��xx � bux � ��+ ��x; (x; t) 2 (0; 1)� (0;1);
c�t = �qx + ��tx � ��; (x; t) 2 (0; 1)� (0;1);
� 0qt + q + k�x = 0; (x; t) 2 (0; 1)� (0;1):

(3.5)

The authors established the global existence and uniqueness of the system (3.5) by

using the semigroup theory and variable norm technique of Kato and proved that the

system is exponentially stable under a certain condition on the weight of the delay term.
Introducing a distributed delay term makes our problem di¤erent from those considered

so far in the literatures, importance of this term appears in many works and this is due

3.1. Introduction
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to the fact on it�s in�uence on the asymptotic behavior of the solution for the di¤erent

types of PDEs problems for this we refer the readers to [4]-[67].
Recently, Khochemane and Bouzettouta [38] considered a one-dimensional porous-

elastic system with distributed delay(
�utt � �uxx � b�x = 0; in (0; 1)� (0;1);
J�tt � ��xx + bux + ��+ �1�t +

R �2
�1
�2 (s)�t (t� s) ds = 0; in (0; 1)� (0;1);

(3.6)

and studied the well-posedness of the system by using the semigroup theory and they

showed that the dissipation given by this complementary control stabilizes exponentially

the system for the case of equal speeds of wave propagation.
Motivate and inspired by above works we consider the porous-thermoelastic system

(3.1)-(3.2), and prove the existence and uniqueness of the solution. By construct some

Lyapunov functionals, we obtain the exponential decay result under the assumption (3.3).

Our work extends the stability results in [44, 40, 38] to porous systems with second sound

and distributed delay acting on the displacement equation.
The rest of this chapter is organized as follows. In Section 2, we prove the well-

posedness result of the system by using the semigroup theory. In Section 3, we establish

an exponential stability result of the energy.

3.2 Preliminaries

We introduce as in [50] the new variable

z(x; �; t; s) = ut (x; t� �s) ; x 2 (0; 1) ; � 2 (0; 1) ; s 2 (� 1; � 2) ; t > 0:

Then, we have

szt(x; �; t; s) + z�(x; �; t; s) = 0; x 2 (0; 1) ; � 2 (0; 1) ; s 2 (� 1; � 2) ; t > 0: (3.7)

Therefore, problem (3.1) takes the form8>>><>>>:
�utt = �1uxx + b'x � �0ut �

R �2
�1
� (s) z (x; 1; t; s) ds;

J'tt = �'xx � bux � �'+ ��x;

c�t = �qx + �'tx � ��;

� 0qt + q + k�x = 0;

in (0; 1)� (0;+1);
in (0; 1)� (0;+1);
in (0; 1)� (0;+1);
in (0; 1)� (0;+1);

(3.8)

3.2. Preliminaries
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with the following initial and boundary conditions8>>>>>>>>>>><>>>>>>>>>>>:

u (x; 0) = u0 (x) ; ut (x; 0) = u1 (x) ;

' (x; 0) = '0 (x) ; 't (x; 0) = '1 (x) ;

� (x; 0) = �0 (x) ; q (x; 0) = q0 (x) ;

u (0; t) = 'x (0; t) = � (0; t) = 0; ;

u (1; t) = 'x (1; t) = � (1; t) = q(1; t) = 0;

z (x; 0; t; s) = ut (x; t) ;

z (x; �; 0; s) = f0 (x; �; s) ;

x 2 (0; 1);
x 2 (0; 1);
x 2 (0; 1);
t 2 (0;1);
t 2 (0;1);
(x; t; s) 2 (0; 1)� (0;1)� (� 1; � 2) ;
(x; �; s) 2 (0; 1)� (0; 1)� (� 1; � 2) :

(3.9)
By using (3.8)2, (3.8)4 and the boundary conditions, we conclude that

d2

dt2

Z 1

0

' (x; t) dx+
�

J

Z 1

0

' (x; t) dx = 0 and
d

dt

Z 1

0

q(x; t)dx+
1

� 0

Z 1

0

q(x; t)dx = 0:

(3.10)
So, By solving (3.10) and using the initial data of ' and q, we obtainZ 1

0

' (x; t) dx =

Z 1

0

'0 (x; t) dx cos

r
�

J
t+

s
J

�

�Z 1

0

'1 (x) dx

�
sin

r
�

J
t

and Z 1

0

q(x; t)dx =

�Z 1

0

q0(x; t)dx

�
exp(� 1

� 0
t):

Consequently, if we let

�'(x; t) = ' (x; t)�
�Z 1

0

'0 (x) dx

�
cos

r
�

J
t�

s
J

�

�Z 1

0

'1 (x) dx

�
sin

r
�

J
t;

�q(x; t) = q (x; t)�
�Z 1

0

q0(x; t)dx

�
exp(� 1

� 0
t):

Then it follows thatZ 1

0

�' (x; t) dx = 0 and
Z 1

0

�q(x; t)dx = 0 ; 8t � 0:

Therefore, the use of Poincare�s inequality is applicable for �' and �q is justi�ed. in

addition, simple substitution shows that (u; �'; �; �q; z) satis�es system(3.8) with initial

data for �' and �q but write ' and q given as

�'0(x; t) = '0 (x; t)�
Z 1

0

'0 (x) dx , �'1(x; t) = '1 (x; t)�
Z 1

0

'1 (x) dx;

�q0(x; t) = q0 (x; t)�
Z 1

0

q0 (x) dx;

instead of '0, '1, for ' and q0 for q, respectively. Henceforth, we work with �' and �q

instead of ' and q but write ' and q for simplicity of notation.
Throughout this chapter, cp is used to denote the Poincaré-type constant.

3.2. Preliminaries
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3.3 Well-posedness of the problem

In this section, we give a brief idea about the existence and uniqueness of solutions for

(3.1)-(3.2) using the semigroup theory [54].
We set v = ut, � = 't and let

U = (u; ut; '; 't; q; �; z)
T ;

then

@tU = (ut; vt; 't; �t; qt; �t; zt)
T :

Therefore, problem (3.8)-(3.9) can be rewritten as(
@tU = AU;
U (0) = U0 = (u0; u1; '0; '1; q0; �0; f0)

T ;
(3.11)

where the operator A is de�ned by

A

0BBBBBBBBBBBBBBBBBBBBBBBBB@

u

ut

'

't

q

�

z

1CCCCCCCCCCCCCCCCCCCCCCCCCA

=

0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

ut

�1
�
uxx +

b

�
'x �

�0
�
ut �

1

�

R �2
�1
� (s) z (x; 1; t; s) ds

't

�

J
'xx �

b

J
ux �

�

J
'+

�

J
�x

� 1
� 0
q � k

� 0
�x

�1
c
qx +

�

c
'tx �

�

c
�

�s�1z�

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

: (3.12)

We de�ne the energy space as

H : = H1
0 (0; 1)� L2 (0; 1)�H1

� (0; 1)� L2 (0; 1)� L2 (0; 1)

�L2 (0; 1)� L2 ((0; 1)� (0; 1)� (� 1; � 2)) ;

where

H1
� (0; 1) :=

�
� 2 H1 (0; 1) : �x (0) = �x (1) = 0

	
;

3.3. Well-posedness of the problem
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be the Hilbert space equipped with the inner productD
U; eUE

H
= �

Z 1

0

uteutdx+ J

Z 1

0

'te'tdx+ c

Z 1

0

�e�dx+ �1

Z 1

0

uxeuxdx
+�

Z 1

0

'e'dx+ �

Z 1

0

'xe'xdx+ � 0
k

Z 1

0

qeqdx+ b

Z 1

0

(uxe'+ eux')dx
+

Z 1

0

Z �2

�1

s j� (s)j
Z 1

0

z (x; �; s) ez (x; �; s) dpdsdx:
The domain of A is

D (A) =

8>>>>>><>>>>>>:

U 2 (H2 (0; 1) \H1
0 (0; 1))�H1

0 (0; 1)� (H2 (0; 1) \H1
� (0; 1))

�H1
� (0; 1)�H1 (0; 1)�H1

0 (0; 1)� L2 ((0; 1)� (0; 1)� (� 1; � 2)) ;

ut (x; t) = z (x; 0; t; s) in (0; 1)

9>>>>>>=>>>>>>;
:

Clearly, D (A) is dense in H.
Using semigroup arguments, we can obtain a the following well-posedness result.

Theorem 3.1 Suppose that
R �2
�1
j� (s)j ds � �0: For all U0 2 H, problem (3.11) possesses

then a unique solution U 2 C (R+;H).
Moreover, if U0 2 D (A), the solution satis�es

U 2 C
�
R+;D (A) \ C1

�
R+;H

��
:

Proof. We use the semigroup approach. So, we prove that A is a maximal monotone

operator. First, we prove that the operator A is dissipative.
For any U = (u; ut; '; 't; q; �; z)

T 2 D (A), by using the inner product and integrating
by parts

3.3. Well-posedness of the problem
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hAU;UiH =
*

0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

ut

�1
�
uxx +

b

�
'x �

�0
�
ut �

1

�

R �2
�1
� (s) z (x; 1; t; s) ds

't

�

J
'xx �

b

J
ux �

�

J
'+

�

J
�x

� 1
� 0
q � k

� 0
�x

�1
c
qx +

�

c
'tx �

�

c
�

�s�1z�

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

;

0BBBBBBBBBBBBBBBBBBBBBBBBB@

u

ut

'

't

q

�

z

1CCCCCCCCCCCCCCCCCCCCCCCCCA

+
:

Then

hAU;UiH = ��0
Z 1

0

u2tdx� �

Z 1

0

�2dx� 1

k

Z 1

0

q2dx�
Z 1

0

Z �2

�1

� (s) z (x; 1; t; s)utdsdx

�
Z 1

0

Z �2

�1

j� (s)j
Z 1

0

z� (x; �; t; s) z (x; �; t; s) d�dsdx:

Integrating by parts in �, we haveZ 1

0

Z �2

�1

j� (s)j
Z 1

0

z� (x; �; t; s) z (x; �; t; s) d�dsdx

=
1

2

Z 1

0

Z �2

�1

j� (s)j
�
z2 (x; 1; t; s)� z2 (x; 0; t; s)

�
dsdx:

We can imply that

hAU;UiH = ��0
Z 1

0

u2tdx� �

Z 1

0

�2dx� 1

k

Z 1

0

q2dx�
Z 1

0

Z �2

�1

� (s) z (x; 1; t; s)utdsdx

�1
2

Z 1

0

Z �2

�1

j� (s)j z2 (x; 1; t; s) dsdx+ 1
2

Z 1

0

Z �2

�1

j� (s)ju2tdsdx:

Now, using Young�s inequality, we can estimate

�
Z 1

0

Z �2

�1

� (s) z (x; 1; t; s)utdsdx � 1

2

Z �2

�1

j� (s)j ds
Z 1

0

u2tdx

+
1

2

Z 1

0

Z �2

�1

j� (s)j z2 (x; 1; t; s) dsdx:

3.3. Well-posedness of the problem
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Therefore, from the assumption (3.3) we have

hAU;UiH � �
�
�0 �

Z �2

�1

j� (s)j ds
�Z 1

0

u2tdx� �

Z 1

0

�2dx� 1

k

Z 1

0

q2dx � 0:

Consequently, A is a dissipative operator.
Next, we prove the operator A is maximal. It is su¢ cient to show that the operator

(Id � A) is surjective. Indeed, given G = (g1; g2; g3; g4; g5; g6; g7)
T 2 H, we prove that

there exists a unique U = (u; ut; '; 't; q; �; z)
T 2 D (A) such that

(Id �A)U = G: (3.13)

That is 8>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>:

u� v = g1;

R �2
�1
� (s)ut (x; t� s) ds� �1uxx � b'x + (�+ �0)v = �g2;

'� � = g3;

�� �'xx + bux + �'� ��x = Jg4;

(1 + � 0)q + k�x = � 0g5;

qx � �'tx + (1 + �)� = cg6;

sz + z� = sg7:

(3.14)

From (3.14)1;(3.14)3 and (3.14)5 we have8>>>>>>>>>>>>><>>>>>>>>>>>>>:

v = u� g1;

� = '� g3;

�x = �
(� 0 + 1)

k
q +

� 0
k
g5;

� = �(� 0 + 1)
k

R x
0
q(y)dy +

� 0
k

R x
0
g5(y)dy:

(3.15)

3.3. Well-posedness of the problem
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Inserting (3.15) into (3.14)2, (3.14)4 and (3.14)6, we get8>>>>>>>>>>>>><>>>>>>>>>>>>>:

��1uxx � b'x + �2u = h1 2 L2(0; 1);

��'xx + bux + (1 + �)'+ �
(� 0 + 1)

k
q = h2 2 L2(0; 1);

qx � �'tx � (1 + �)
(� 0 + 1)

k

R x
0
q(y)dy = h3 2 L2(0; 1);

z + s�1z� = g7 2 L2((0; 1)� (0; 1)� (� 1; � 2));

(3.16)

where

�2 = (�+ �0) +

Z �2

�1

� (s) esds;

h1 = �g2 � �2g1 �
Z �2

�1

ses� (s)

Z 1

0

g7 (x; � ; s) e
�s�d�ds;

h2 = g3 � Jg4 + �
� 0
k
g5;

h3 = �(1 + �)� 0
k

Z x

0

g5(y)dy + cg6;

and, by (3.14) we can �nd as

z (x; 0; t; s) = ut (x; t) = v(x; t) for x 2 (0; 1) ; t 2 (0; 1) ; s 2 (� 1; � 2) ; (3.17)

and from (3.14), we have

z (x; �; t; s)�s�1z� (x; �; t; s) = g7 (x; �; s) for x 2 (0; 1) ; � 2 (0; 1) ; s 2 (� 1; � 2) : (3.18)

Then, by (3.17) and (3.18), we obtain

z (x; �; t; s) = (g1 � u) es� � ses�
Z �

0

g7 (x; � ; s) e
�s�d� :

So, from (3.14) on (0; 1)� (0; 1)� (� 1; � 2) ;

z (x; �; t; s) = ves� � ses�
Z �

0

g7 (x; � ; s) e
�s�d� ; (3.19)

and in particular,

z (x; 1; t; s) = ves � z0 (x; s) ;

with

z0 2 L2 ((0; 1)� (� 1; � 2))
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de�ned by

z0 (x; s) = �ses
Z 1

0

g7 (x; � ; s) e
�s�d� :

Multiplying the third equations of system (3.16)1;(3.16)2 and (3.16)3 by eu; e' and

(�
R x
0
eq(y)dy) respectively, and integrating over (0; 1), we arrive at8>>>>>>>>>>>>><>>>>>>>>>>>>>:

��1
R 1
0
uxx~udx� b

R 1
0
'x~udx+ �2

R 1
0
u~udx =

R 1
0
h1~udx;

��
R 1
0
'xx~'dx+ b

R 1
0
ux~'dx+ (1 + �)

R 1
0
'~'dx+ �

(� 0 + 1)

k

R 1
0
q~'dx = �

R 1
0
h2~'dx;

�
R 1
0
qx
R x
0
~q(y)dydx+ �

R 1
0
'x
R x
0
~q(y)dydx+ (1 + �)

(� 0 + 1)

k

R 1
0
(
R x
0
q(y)dy

R x
0
~q(y)dy)dx

= �
R 1
0
h3
R x
0
~q(y)dydx:

(3.20)
Consequently, problem (3.20) is equivalent to the problem

a ((u; '; q) ; (eu; e'; eq)) = F (eu; e'; eq) ; (3.21)

where

a :
�
H2 (0; 1) \H1

0 (0; 1)�H2 (0; 1) \H1
� (0; 1)�H1 (0; 1)

�2 �! R

is the bilinear form given by

a ((u; '; q) ; (eu; e'; eq)) = �1

Z 1

0

ux~uxdx+ b

Z 1

0

'~uxdx+ �2

Z 1

0

u~udx+ �

Z 1

0

'x~'xdx

+ b

Z 1

0

ux~'dx+ (1 + �)

Z 1

0

'~'dx+ �
(� 0 + 1)

k

Z 1

0

q~'dx

+

Z 1

0

q~qdx� �

Z 1

0

'~qdx

+ (1 + �)
(� 0 + 1)

2

k2

Z 1

0

(

Z x

0

q(y)dy

Z x

0

~q(y)dy)dx;

and

F :
�
H2 (0; 1) \H1

0 (0; 1)�H2 (0; 1) \H1
� (0; 1)�H1 (0; 1)

�
�! R

is the linear form de�ned by

F (eu; e'; eq)T = Z 1

0

h1~udx�
Z 1

0

h2~'dx�
Z 1

0

h3

Z x

0

~q(y)dydx:
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New, for V = H2 (0; 1)\H1
0 (0; 1)�H2 (0; 1)\H1

� (0; 1)�H1 (0; 1) equipped with the

norm

k(u; '; q)k2V =




(ux + b

�1
')





2
2

+ kuk22 + k'xk
2
2 + kqk

2
2 :

One easily to see that a (:; :) and F (:) are bounded. Furthermore, using integration by

parts, we obtain

a ((u; '; q) ; (u; '; q)) = �1

Z 1

0

u2xdx+ �2

Z 1

0

u2dx+ 2b

Z 1

0

ux~'dx+ �

Z 1

0

'2xdx

+(1 + �)

Z 1

0

'2dx+ �
(� 0 + 1)

k

Z 1

0

q'dx+

Z 1

0

q2dx

+�

Z 1

0

'qdx+ (1 + �)
(� 0 + 1)

k

Z 1

0

(

Z x

0

q(y)dy)2dx

= �1(ux +
b

�1
')2 + (� � b2

�1
)'2 + �2

Z 1

0

u2dx+ �

Z 1

0

'2xdx

+

Z 1

0

'2dx+
(� 0 � 1)

k

Z 1

0

q2dx

+(1 + �)
(� 0 + 1)

2

k2

Z 1

0

(

Z x

0

q(y)dy)2dx

> �c k(u; '; q)k2V ;

for some �c > 0; for all � 0 � 1; � 2 ]0; 1] and �2 � 0; thus a is coercive.
Consequently, by the Lax-Milgram theorem, we deduce that problem (3.21) admits a

unique solution (u; '; q) 2 H2 (0; 1) \ H1
0 (0; 1) � H2 (0; 1) \ H1

� (0; 1) � H1 (0; 1) for all

(eu; e'; eq) 2 H2 (0; 1) \H1
0 (0; 1)�H2 (0; 1) \H1

� (0; 1)�H1 (0; 1).
Substituting u; ' and q in (3.15), we obtain8>>>>>><>>>>>>:

v 2 H2 (0; 1) \H1
0 (0; 1) ;

� 2 H2 (0; 1) \H1
� (0; 1) ;

� 2 H1
0 (0; 1) :

Inserting v in (3.19) and bearing in mind (3.16)4 , we obtain

z; zp 2 L2((0; 1)� (0; 1)� (� 1; � 2)):

Now, if (~u; ~q) � (0; 0) 2 (H2 (0; 1) \H1
0 (0; 1))�H1 (0; 1) ; then (3.20)2 reduces to

�

Z 1

0

'x~'xdx+ b

Z 1

0

ux~'dx+ (1 + �)

Z 1

0

'~'dx+ �
(� 0 + 1)

k

Z 1

0

q~'dx = �
Z 1

0

h2~'dx;

8~' 2 H2 (0; 1) \H1
� (0; 1); (3.22)

3.3. Well-posedness of the problem



Chapter 3. Well-posedness and exponential decay for a porous-thermoelastic
system with second sound and a distributed delay term 24

which implies

�'xx = bux + (1 + �)'+ �
(� 0 + 1)

k
q + h2 2 L2(0; 1): (3.23)

Equation (3.22) is also true for any � 2 C1([0; 1]); �x(0) = �x(1) = 0 which is in

[H2 (0; 1) \H1
� (0; 1)]:

Hence, we have

�

Z 1

0

'x�xdx+

Z 1

0

(bux + (1 + �)'+ �
(� 0 + 1)

k
q + h2)�dx = 0;

for any � 2 C1([0; 1]); �x(0) = �x(1) = 0:
Thus, using integration by parts and bearing in mind (3.23), we get

'x(1)�(1)� 'x(0)�(0) = 0;8� 2 C1([0; 1]) ;�x(0) = �x(1) = 0;

therefore, 'x(1) = 'x(0) = 0: Consequently, we obtain

' 2 H2 (0; 1) \H1
� (0; 1) :

Similarly, we obtain

�1uxx = �b'x + �2u+ h1 2 L2(0; 1);

qx = �'tx � (1 + �)
(� 0 + 1)

k

Z x

0

q(y)dy + h3 2 L2(0; 1);

thus, we have

u 2 H2 (0; 1) \H1
0 (0; 1) ; q 2 H1 (0; 1) :

Finally, the application of the regularity theory for the linear elliptic equations guaran-

tees the existence of unique U 2 D(A) such that (3.13) is satis�ed. Hence, the operator
(Id � A) is surjective. Therefore, A is a maximal monotone operator, by Hille-Yousida

theorem (see [54, 13]) we have the well-posedness result stated in the theorem 3.1.

3.4 Exponential stability of solution

In this section, we state and prove the stability result for the energy of the system (3.8)-

(3.9). For the regular solution of the system (3.8)-(3.9),we de�ne the energy functional

E (t) as

E (t) :=
1

2

R 1
0

h
�u2t + J'2t + c�2 +

� 0
k
q2 + �'2x + �1u

2
x + �'2 + 2bux'

i
dx

+
1

2

R 1
0

R �2
�1

R 1
0
s j� (s)j z2 (x; �; t; s) d�dsdx:

(3.24)
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Remark 3.1 Note that E(t) is stirctly positive. In fact, by considering

�1u
2
x + 2bux'+ �'2 = �1(ux +

b

�1
')2 + (� � b2

�1
)'2;

and using the fact �1� > b2, we get

�1u
2
x + 2bux'+ �'2 > 0:

Consequently, it follows that E(t) > 0.

The stability result reads as follows.

Theorem 3.2 Suppose that
R �2
�1
j� (s)j ds � �0: Then, the classical solution of (3.8)-(3.9)

satis�es, for two positive constants c0 and �1, the following estimate:

E (t) � c0e
��1t; t � 0: (3.25)

In order to prove this result, we need the following lemmas.

Lemma 3.1 Let (u; '; �; q) be the solution of (3.8)-(3.9) and assume (3.3) holds. Then
the energy functional, de�ned by (3.24) satis�es

d

dt
E (t) � �(�0 �

Z �2

�1

j� (s)j ds)
Z 1

0

u2tdx� �

Z 1

0

�2dx� 1

k

Z 1

0

q2dx � 0;8t � 0: (3.26)

Proof. Multiplying the �rst equation in (3.8) by ut, the second by 't , the third by �
and the fourth by

q

k
, integrating over (0; 1) with respect to x, we obtain

d

dt

�
1

2

Z 1

0

h
�u2t + J'2t + c�2 +

� 0
k
q2 + �'2x + �1u

2
x + �'2

i
dx+ b

Z 1

0

ux'dx

�
= �

Z 1

0

(�0u
2
t + ��2 +

1

k
q2)dx�

Z 1

0

Z �2

�1

� (s) z (x; 1; t; s)utdsdx: (3.27)

On the other hand, multiplying (3.7) by j� (s)j z (x; �; t; s) and integrating over (0; 1)�
(0; 1)� (� 1; � 2) with respect to �, x and s, we obtainZ 1

0

Z 1

0

Z �2

�1

s j� (s)j z (x; p; t; s) zt (x; �; t; s) dsd�dx

+

Z 1

0

Z 1

0

Z �2

�1

j� (s)j z (x; �; t; s) z� (x; �; t; s) dsd�dx = 0;

which gives

1

2

d

dt

Z 1

0

Z 1

0

Z �2

�1

s j� (s)j z2 (x; �; t; s) dsd�dx = �1
2

d

d�

Z 1

0

Z 1

0

Z �2

�1

j� (s)j z2 (x; �; s; t) dsd�dx:
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Thus, we have

1

2

d

dt

Z 1

0

Z 1

0

Z �2

�1

s j� (s)j z2 (x; �; t; s) dsd�dx = �1
2

Z 1

0

Z �2

�1

j� (s)j z2 (x; 1; t; s) dsdx

+
1

2

Z �2

�1

j� (s)j ds
Z 1

0

u2tdx: (3.28)

Summing up (3.27)-(3.28), we arrive at

d

dt
E (t) = �

Z 1

0

(�0u
2
t + ��2 +

1

k
q2)dx�

Z 1

0

Z �2

�1

� (s) z (x; 1; t; s)utdsdx

�1
2

Z 1

0

Z �2

�1

j� (s)j z2 (x; 1; t; s) dsdx+ 1
2

Z �2

�1

j� (s)j ds
Z 1

0

u2tdx:

(3.29)

Using integration by parts and Young�s inequality, we have

�
Z 1

0

Z �2

�1

� (s) z (x; 1; t; s)utdsdx � 1

2

Z �2

�1

j� (s)j ds
Z 1

0

u2tdx

+
1

2

Z 1

0

Z �2

�1

j� (s)j z2 (x; 1; t; s) dsdx:

(3.30)

Simple substitution of (3.30) into (3.29) and using (3.3) give (3.26), which concludes

the proof.
Now, we are going to construct a Lyapunov functional equivalent to the energy. For

this, we will prove several lemmas with the purpose of creating negative counterparts of

the terms that appear in the energy.

Lemma 3.2 Let (u; '; �; q) be the solution of (3.8)-(3.9). Then the functional

K1 (t) := �

Z 1

0

uutdx+ J

Z 1

0

''tdx+
�0
2

Z 1

0

u2dx (3.31)

satis�es, for any �1 > 0, the estimate

K 0
1 (t) � � `

2

Z 1

0

u2xdx+ �

Z 1

0

u2tdx+ J

Z 1

0

'2tdx

��1
Z 1

0

'2dx+
�

2

Z 1

0

'2xdx+
�2

2�

Z 1

0

�2dx

+ĉ0

Z 1

0

Z �2

�1

j� (s)j z2 (x; 1; t; s) dsdx; (3.32)

where ĉ0 =
�0
2`cp

, �1 = � � b2

�1
and ` = �1 �

b2

�
:
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Proof. By di¤erentiating K1 (t) with respect to t, using the �rst and the second equation

of (3.8), and integrating by parts, we obtain

K 0
1 (t) = �

Z 1

0

u2tdx+

Z 1

0

u(�1uxx + b'x � �0ut �
Z �2

�1

� (s) z (x; 1; t; s) ds)dx+ J

Z 1

0

'2tdx

+

Z 1

0

'(�'xx � bux � �'+ ��x)dx+
�0
2

Z 1

0

2uutdx:

= �

Z 1

0

u2tdx� �1

Z 1

0

u2xdx� 2b
Z 1

0

ux'dx�
Z 1

0

u

Z �2

�1

� (s)ut(x; t� s)dsdx

+J

Z 1

0

'2tdx� �

Z 1

0

'2xdx� �

Z 1

0

'2dx� �

Z 1

0

'x�dx:

By using Young�s inequalities, we obtain

��
Z 1

0

'x�dx = �
Z 1

0

'x (��) dx = �
Z 1

0

p
�'x

�
�p
�
�

�
dx

��
Z 1

0

'x�dx � �

2

Z 1

0

'2xdx+
�2

2�

Z 1

0

�2dx;

on the other hand we have

��1
Z 1

0

u2xdx�2b
Z 1

0

ux'dx��
Z 1

0

'2dx � �1
2

�
�1 �

b2

�

�Z 1

0

u2xdx�
1

2

�
� � b2

�1

�Z 1

0

'2dx:

By using Young�s Poincaré�s and Cauchy Schwartz inequalities , we obtainZ 1

0

u

Z �2

�1

� (s) z (x; 1; t; s) dsdx

� `

2

Z 1

0

u2x(x; t)dx+
1

2`cp

Z 1

0

�Z �2

�1

� (s) z (x; 1; t; s) ds

�2
dx

� `

2

Z 1

0

u2x(x; t)dx+
1

2`cp

Z �2

�1

j� (s)j ds
Z 1

0

Z �2

�1

� (s) z2 (x; 1; t; s) dsdx

� `

2

Z 1

0

u2x(x; t)dx+
�0
2`cp

Z 1

0

Z �2

�1

j� (s)j z2 (x; 1; t; s) dsdx:

Then, (3.32) is established.

Lemma 3.3 Let (u; '; �; q) be the solution of (3.8)-(3.9). Then the functional

K2 (t) := �cJ
Z 1

0

't(

Z x

0

�(y; t)dy)dx (3.33)

satis�es, for any " > 0, the estimate

K 0
2 (t) � �J�

2

Z 1

0

'2tdx+
J

�

Z 1

0

q2dx+ "

Z 1

0

'2xdx

+cp"

Z 1

0

u2xdx+ "

Z 1

0

'2dx

+C (")

Z 1

0

�2dx; (3.34)
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where C (") = c� +
c2�2

4"
+
J�2

�
+
c2�2

4"
+
c2b2

4"
:

Proof. By di¤erentiating K2 (t) with respect to t, then exploiting the second and the

third equation in (3.8), and integrating by parts, we obtain

K 0
2 (t) = �J

Z 1

0

't(

Z x

0

�qx + �'tx � ��)dx

�c
Z 1

0

((�'xx � bux � �'+ ��x)

Z x

0

�(y; t)dy)dx

= �J�
Z 1

0

'2tdx+ c�

Z 1

0

�2dx+ J

Z 1

0

'tqdx+ c�

Z 1

0

'x�dx

+J�

Z 1

0

't(

Z x

0

�(y; t)dy)dx� bc

Z 1

0

u�dx+ c�

Z 1

0

'(

Z x

0

�(y; t)dy)dx:

By using Young�s, Chauchy-Schwartz and Poincaré inequalities, we obtain for any

" > 0;

J

Z 1

0

'tqdx � J�

4

Z 1

0

'2tdx+
J

�

Z 1

0

q2dx;

c�

Z 1

0

'x�dx � "

Z 1

0

'2xdx+
c2�2

4"

Z 1

0

�2dx;

J�

Z 1

0

't(

Z x

0

�(y; t)dy)dx � J�

4

Z 1

0

'2tdx+
J�2

�

Z 1

0

�2dx;

c�

Z 1

0

'(

Z x

0

�(y; t)dy)dx � "

Z 1

0

'2dx+
c2�2

4"

Z 1

0

�2dx;

�bc
Z 1

0

u�dx � cp"

Z 1

0

u2xdx+
c2b2

4"

Z 1

0

�2dx:

Combining all the above inequalities, we obtain (3.34).

Lemma 3.4 Let (u; '; �; q) be the solution of (3.8)-(3.9) and (3.7). Then the functional

K3(t) :=

Z 1

0

Z 1

0

Z �2

�1

se�s� j� (s)j z2 (x; �; t; s) dsd�dx (3.35)

satis�es, for some positive constant m1, the following estimate

K 0
3(t) � �m1

Z 1

0

Z 1

0

Z �2

�1

s j� (s)j z2 (x; �; t; s) dsd�dx (3.36)

�m1

Z 1

0

Z �2

�1

j� (s)j z2 (x; 1; t; s) dsdx+ �0

Z 1

0

u2tdx:

3.4. Exponential stability of solution



Chapter 3. Well-posedness and exponential decay for a porous-thermoelastic
system with second sound and a distributed delay term 29

Proof. By di¤erentiatingK3 (t) with respect to t, and using the equation (3.7), we obtain,

K 0
3(t) = �2

Z 1

0

Z 1

0

Z �2

�1

e�s� j� (s)j z (x; �; t; s) z� (x; �; t; s) dsd�dx

= � d

d�

Z 1

0

Z 1

0

Z �2

�1

e�s� j� (s)j z2 (x; �; t; s) dsd�dx

�
Z 1

0

Z 1

0

Z �2

�1

se�s� j� (s)j z2 (x; �; t; s) dsd�dx

= �
Z 1

0

Z �2

�1

j� (s)j
�
e�sz2 (x; 1; t; s)� z2 (x; 0; t; s)

�
dsd�dx

�
Z 1

0

Z 1

0

Z �2

�1

se�s� j� (s)j z2 (x; �; t; s) dsd�dx:

Using the fact that z (x; 0; t; s) = ut and e�s � e�s� � 1; for all 0 < � < 1; we obtain

K 0
3(t) � �

Z 1

0

Z �2

�1

e�s j� (s)j z2 (x; 1; t; s) dsd�dx+
Z �2

�1

j� (s)j ds
Z 1

0

u2tdx

�
Z 1

0

Z 1

0

Z �2

�1

se�s j� (s)j z2 (x; �; t; s) dsd�dx:

Because �e�s is an increasing function, we have �e�s � �e��2 , for all s 2 [� 1; � 2].
Finally, setting m1 = e��2 and recalling (3.3), we obtain (3.36).

Next, we de�ne a Lyapunov function L and show that it is equivalent to the energy

functional E.

Lemma 3.5 For N su¢ ciently large, the functional de�ned by

L (t) := NE (t) +K1 (t) +N1K2 (t) +N2K3 (t) ; (3.37)

where N;N1; N2 are positive constants to be chosen appropriately later, satis�es

c1E (t) � L (t) � c2E (t) ; 8t � 0; (3.38)

for two positive constants c1 and c2.

Proof. Let

$ (t) := jL (t)�NE (t)j = K1 (t) +N1K2 (t) +N2K3 (t) ;

then

j$(t)j � �

Z 1

0

juutj dx+ J

Z 1

0

j''tj dx+
�0
2

Z 1

0

��u2�� dx+N1cJ

Z 1

0

����'t Z x

0

�(y; t)dy

���� dx
+N2

Z 1

0

Z 1

0

Z �2

�1

s
��e�s�� (s)�� z2 (x; �; t; s) dsd�dx:
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Exploiting Young�s, Cauchy-schwartz inequalities, we obtain for all " > 0Z 1

0

uutdx � "

2

Z 1

0

u2tdx+
1

2"

Z 1

0

u2dx;Z 1

0

''tdx � "

2

Z 1

0

'2tdx+
1

2"

Z 1

0

'2dx;Z 1

0

't

Z x

0

�(y; t)dydx � �

4�

Z 1

0

'2tdx+
�

�

Z 1

0

�2dx:

By (3.24)) and the fact that je�s�j � 1 for all � 2 [0; 1], we obtain

j$(t)j � "�

2

Z 1

0

u2tdx+ (
�0
2
+
1

2"
)

Z 1

0

u2dx+ (
"J

2
+
N1cJ�

4�
)

Z 1

0

'2tdx+
J

2"

Z 1

0

'2dx

+
N1cJ�

�

Z 1

0

�2dx+N2

Z 1

0

Z 1

0

Z �2

�1

s j� (s)j z2 (x; �; t; s) dsd�dx

� C

Z 1

0

(u2t + u2x + '2t + '2x + u2 + �2 + '2)dx

+N2

Z 1

0

Z 1

0

Z �2

�1

s j� (s)j z2 (x; �; t; s) dsd�dx

� ME(t); M � 0;

where C > 0:

Consequently, jL(t)�NE(t)j �ME(t) which yields

(N �M)E(t) � L(t) � (N +M)E(t):

Choosing N such that (N �M) � 0.
Proof. (Of Theorem (3.2))
By di¤erentiating (3.37) and recalling (3.32), (3.34), (3.36) and (3.26) we arrive at

L0 (t) � � [Nm1 �N2�0 � �]

Z 1

0

u2tdx�
�
J�N1
2

� J

� Z 1

0

'2tdx

�
�
N� �N1C (")�

�2

2�

� Z 1

0

�2dx

�
�
N

k
� N1J

�

� Z 1

0

q2dx�
h�
2
�N1"

i Z 1

0

'2xdx

�
�
`

2
� cp"N1

� Z 1

0

u2xdx� [�1 �N1"]

Z 1

0

'2dx

� (N2 � ĉ0)

Z 1

0

Z �2

�1

j� (s)j z2 (x; 1; t; s) dsdx

�N2
Z 1

0

Z 1

0

Z �2

�1

s j� (s)j z2 (x; �; t; s) dsd�dx: (3.39)
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At this point, we need to choose our constants very carefully. First, we choose N1 and

N2 large enough such that

N1 >
2J

J�
; N2 > ĉ0 ;

then, we pick " small enough such that

" < min

�
�

2N1
;

`

2cpN1
;
�1
N1

�
:

Finally, we choose N large enough, so that

Nm1 �N2�0 � � > 0 and N� �N1C (")�
�2

2�
> 0:

Therefore, we deduce that there exist a positive constant �0 such that (3.39) becomes

L0 (t) � ��0E(t); (3.40)

and, further, for some c1, c2 > 0, we have

c1E (t) � L (t) � c2E (t) ; 8t � 0: (3.41)

A Combining (3.40) and the right-hand side of (3.41), we conclude that

L0 (t) � ��1L (t) ; 8t � 0; (3.42)

where �1 =
�0
c2
:

A simple integration of (3.42) over (0; t) leads to

L (t) � L (0) e��1t; 8t � 0: (3.43)

Finally, by combining (3.41) and (3.43) we obtain (3.25).

3.4. Exponential stability of solution
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Well-posedness and general decay for a

porous-elastic system with

microtemperatures and a time-varying delay

term

4.1 Introduction

In this chapter, we are concerned with the one-dimensional porous-elastic system with

micro-temperatures and a time-varying delay, the system is written as8>>>>>><>>>>>>:

�1utt = �uxx + b'x � 
1ut � 
2ut (x; t� �(t)) ;

J'tt = �'xx � bux � �'� dwx;

�wt = �wxx � d'tx � kw;

(4.1)

where (x; t) 2 (0; 1)� (0;+1);with the initial datum and boundary conditions8>>>>>>>><>>>>>>>>:

u (x; 0) = u0 (x) ; ut (x; 0) = u1 (x) ;

' (x; 0) = '0 (x) ; 't (x; 0) = '1 (x) ;

w (x; 0) = w0 (x) ;

u (0; t) = 'x (0; t) = w (0; t) = 0;

u (1; t) = 'x (1; t) = w (1; t) = 0;

ut(x; t� �(0)) = f0(x; t� �(0));

x 2 (0; 1);
x 2 (0; 1);
x 2 (0; 1);
t 2 (0;+1);
t 2 (0;+1);
(x; t) 2 (0; 1)� (0; �(0));

(4.2)

where u the transversal displacement, ' is the volume fraction di¤erence, w is the mi-

crotemperature di¤erence and the coe¢ cients, �1, b �, 
1, 
2, J , �, �, �, d, � and k are

32
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positive constant coe¢ cients where

�

�1
� �

J
= �; (4.3)

and

�� > b2: (4.4)

The initial data (u0; u1; '0; '1; w0; f0) are assumed to belong to a suitable functional

space.
System (4.1)-(4.2) arises in the theory of linear elastic materials with voids, the study

of this problems had stimulated the interest of many researchers due to the extensive

practical applications of such materials in di¤erent �elds of human endeavors most im-

portantly, in petroleum industry, foundation engineering, biology, material science and

many others.
To construct the system (4.1), we consider the following three basic evolution equations

of the one-dimensional porous materials with micro-temperatures theory8>>>>>><>>>>>>:

�1utt = Tx �R ;

J'tt = Hx +G ;

�1Et = Px + q �Q ;

where T is the stress tensor, H is the equilibrated stress vector, G is the equilibrated

body force, q is the heat �ux, P is the �rst heat �ux moment, Q is the mean heat �ux,

and E is the �rst moment of energy with the following constitutive equations:8>>>>>><>>>>>>:

T = �ux + b' ; R = 
1ut + 
2ut (x; t� �(t)) ;

H = �'x � dw ; G = �bux � �' ;

�1E = ��w � d'x ; P = ��wx ; q = k1w ; Q = k2w ;

where k = k1 � k2 > 0:

We assume as in [51], that there exist positive constants � 1; � 2, such that

0 < � 1 � �(t) � � 2, 8t > 0: (4.5)

Moreover, we assume that the speed of the delay satis�es

� 0(t) � d1 � 1, 8t > 0 (4.6)

and

� 2 W 2;1([0; T ]); 8T > 0; (4.7)

4.1. Introduction
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where d1 is a positive constant, and that 
1; 
2 satisfy

j
2j <
p
1� d1
1: (4.8)

Several results concerning the exponential or the polynomial decay of solutions for the

thermoelastic systems were obtained [15, 16, 30, 32, 43, 44, 60]. A sample model describing

the one-dimensional porous-elasticity with micro-temperatures, which was developed in

[7], is given by the following system:8>>>>>><>>>>>>:

�1utt � �uxx � b'x = 0 in (0; 1)� (0;+1);

J'tt � �'xx + bux + �'+ dwx = 0 in (0; 1)� (0;+1);

�wt � �wxx + d'tx + kw = 0 in (0; 1)� (0;+1):

Under suitable conditions, the authors used the semi-groupe method to prove that the

system is exponentially stable if and only if � = 0:
When � 6= 0; they proved that the system is stable polynomially decaying at a rate in

the form
1p
t
; which is proved to be optimal.

Time delays so often arise in many physical, chemical, thermal and economical phe-

nomena (see [40, 52, 65, 70]). The presence of delay may be a source of instability. In

recent years, the control of PDEs with time-varying delay e¤ects has become an active

area of research. For example, Zitouni and Ardjouni [68] studied the transmission system

with varying delay in R of the form:8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:

utt(x; t)� auxx(x; t) + �1ut(x; t) + �2ut (x; t� �(t)) = 0 in 
� (0;+1);

vtt(x; t)� bvxx(x; t) = 0 in (l1; l2)� (0;+1);

u (0; t) = u (l3; t) = 0; t > 0;

u (li; t) = v (li; t) ; au (li; t) = bv (li; t) ; i = 1; 2;

(u (x; 0) ; v (x; 0)) = (u0 (x) ; v0 (x)) ; x 2 
;

( ut (x; 0) ; vt (x; 0)) = (u1 (x) ; v1 (x)) ; x 2 ]l1; l2[ ;

(4.9)

where 0 < l1 < l2 < l3; 
 = ]l0; l1[[]l2; l3[ ; a; b; �1; �2 are positive constants, and they used
the semigroup theory to prove the well-posedness and the uniqueness of solution. Also

they showed the exponential stability by introducing an appropriate Lyapunov functional.

4.1. Introduction
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On the other hand, in [69], Zitouni and Ardjouni considered a linear damped wave

equation with interior delays where two feedback terms have a delay of the form:

utt(x; t)�4u(x; t) + a0ut (x; t) + a1ut (x; t� � 1(t)) + a2ut (x; t� � 2(t)) = 0

in 
� (0;+1);
u(x; t) = 0 on �� (0;+1);
u (x; 0) = u0 (x) ; ut (x; 0) == u1 (x) in 
;

ut (x; t) = g0(x; t) in 
� (�max(� 1(0); � 2(0)); 0);

where � 1(t) > 0 and � 2(t) > 0 are the time-varying delays, a0, a1 and a2 are real numbers

with a0 > 0, and the initial datum (u0, u1, g0) belongs to a suitable space. By using

semigroup arguments, they proved the well-posednes and uniqueness of the solution for

the initial-boundary value problem and they showed the exponential stability of solution

by introducing suitable Lyapunov functionals.
The asymptotic behavior of the solution of porous-elastic system with time varying

delay e¤ects has been studied by many researchers. For example, in [12], Borges Filho

and Santos considered the following one-dimensional equations of an homogeneous and

isotropic porous-elastic solid with interior time-dependent delay term feedbacks:8><>:
�utt � �uxx � b'x = 0

J'tt � �'xx + bux + �'++�1't + �2't (x; t� �(t)) = 0

in (0; 1)� (0;+1);

in (0; 1)� (0;+1):

They proved that the system is well-posed under some hypothesis adopted by using the

variable norm technique of T. Kato. And they also showed that the system is exponentially

stable via a suitable Lyapunov functional under suitable conditions.
In [24], Hao and Wang studied the viscoelastic porous-thermoelastic system of the type

III with boundary time-varying delay of the form:8>>>>>>>>>>>>><>>>>>>>>>>>>>:

�1'tt � k('x +  )x + �x = 0;

�2 tt � � xx + k('x +  )� � +
R t
0
g(t� s) xx(x; s)ds = 0;

�3�tt � k�xx � ��xtt + � tt = 0;

('(x; 0);  (x; 0); �(x; 0)) = ('0(x);  0(x); �0(x));

('t(x; 0);  t(x; 0); �t(x; 0)) = ('1(x);  1(x); �1(x));

'(0; t) =  (0; t) = �(0; t) =  (1; t) = �(1; t) = 0;

'x(1; t) = �k1't(1; t)� k2'(1; t� �(t));

't(1; t� �(0)) = f 0(1; t� �(0));

in (0; 1)� (0;+1);
in (0; 1)� (0;+1);
in (0; 1)� (0;+1);
x 2 (0; 1);
x 2 (0; 1);
t 2 (0;+1);
t 2 (0;+1);
t 2 (0; �(0)):

They established the exponential decay result of the system in which the damping is

strong enough to stabilize the thermoelastic system in the presence of time delay.

4.1. Introduction
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In this work, we considered the porous- elastic system (4.1)-(4.2) with a time-varying

delay term. we proved the well-posedness and uniqueness of the solution by using the

variable norm technique of Kato. By introducing an appropriate Lyapunov functional, we

proved the exponential decay for the case of equal speeds of propagation. Furthermore,

when
�

�1
6= �

J
, we obtain the lack of exponential stability by using Gearhart- Herbst-

Prüss-Huang theorem. For this case, by introducing the second-order energy, we proved

the polynomial decay result.
This chapter is organized as follows. In Section 2, we present some assumptions and

prove the well-posedness of problem (4.1)-(4.2). In Section 3, we use the energy method

to prove the exponential stability result under the condition � = 0 and (4.4). In Section 4,

we show that the system is not exponentially stable if � 6= 0: Finally, Section 5 is devoted
to the statement and proof of the polynomial stability.
Throughout this chapter, Cp is used to denote the Poincaré-type constant and c a

generic positive constant. We use the standard Lebesgue space L2(0; 1) and the Sobolev

space H1
0 (0; 1) with their usual scalar products and norms.

Meanwhile, from the second equation in (4.1) and the boundary conditions, we obtain

d2

dt2

Z 1

0

'(x; t)dx+
�

J

Z 1

0

'(x; t)dx = 0: (4.10)

By solving Eq. (4.10) and using the initial data of ', we obtainZ 1

0

'(x; t)dx =

�Z 1

0

'0(x; t)dx

�
cos

 r
�

J
t

!
+

s
J

�

�Z 1

0

'1(x; t)dx

�
sin

 r
�

J
t

!
;

consequently, if we set

~'(x; t)dx = '(x; t)dx�
�Z 1

0

'0(x; t)dx

�
cos

 r
�

J
t

!

�

s
J

�

�Z 1

0

'1(x; t)dx

�
sin

 r
�

J
t

!
;

we obtain Z 1

0

~'(x; t)dx = 0; 8t � 0:

Hence, the use of Poincaré�s inequality for ~' is justi�ed. In addition, (u; ~';w) satis�es

system Eqs. (4.1) with initial data of ~' given by

~'0(x) = '0(x)�
Z 1

0

~'0(x)dx and ~'1(x) = '1(x)�
Z 1

0

~'1(x)dx:

In what follows in this chapter, we will work with ~' but write ' for simplicity of

notation.

4.1. Introduction
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4.2 Well-posedness

In this section, we prove the existence and uniqueness of solutions for (4.1)-(4.2) using

semigroup theory. As in [39], let us introduce the following new variable

z(x; p; t) = ut(x; t� �(t)p); (x; p; t) 2 (0; 1)� (0; 1)� (0;+1); (4.11)

which satis�es

�(t)zt(x; p; t) + (1� � 0(t)p)zp(x; p; t) = 0 (4.12)

for (x; p; t) 2 (0; 1)� (0; 1)� (0;+1):
Therefore, Problem (4.1) is equivalent to

8>>>>>>>>>>><>>>>>>>>>>>:

�1utt = �uxx + b'x � 
1ut � 
2ut (x; t� �(t)) ; (x; t) 2 (0; 1)� (0;1);

J'tt = �'xx � bux � �'� dwx; (x; t) 2 (0; 1)� (0;1);

�wt = �wxx � d'tx � kw; (x; t) 2 (0; 1)� (0;1);

�(t)zt(x; p; t) + (1� � 0(t)p)zp(x; p; t) = 0; (x; p; t) 2 (0; 1)� (0; 1)� (0;1);

(4.13)

with the initial data and boundary conditions8>>>>>>>>>>><>>>>>>>>>>>:

u (x; 0) = u0 (x) ; ut (x; 0) = u1 (x) ;

' (x; 0) = '0 (x) ; 't (x; 0) = '1 (x) ;

w (x; 0) = w0 (x) ;

u (0; t) = 'x (0; t) = w (0; t) = 0;

u (1; t) = 'x (1; t) = w (1; t) = 0;

z(x; 0; t) = ut(x; t)

z(x; p; 0) = f0(x;�p�(0));

x 2 (0; 1);
x 2 (0; 1);
x 2 (0; 1);
t 2 (0;+1);
t 2 (0;+1);
(x; t) 2 (0; 1)� (0;1);
(x; t) 2 (0; 1)� (0; 1):

(4.14)

Now, we set v = ut,  = 't and let V = (u; v; ';  ; w; z)T , then (4.13)-(4.14) can be

written as 8><>:
Vt(t) = A(t)V (t), t > 0;

V (0) = (u0; u1; '0; '1; w0; f0(x;�p�(0)))T ;
(4.15)

where the time-varying operator A(t) is de�ned by

4.2. Well-posedness
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A(t)

0BBBBBBBBBBBBBBBBBBBB@

u

v

'

 

w

z

1CCCCCCCCCCCCCCCCCCCCA

=

0BBBBBBBBBBBBBBBBBBBBB@

v

�
�1
uxx +

b
�1
'x �


1
�1
ut � 
2

�1
z (x; 1; t)

 

�
J
'xx � b

J
ux � �

J
'� d

J
wx

�
�
wxx � d

�
'tx � k

�
w

�(1� � 0(t)p)zp=�(t)

1CCCCCCCCCCCCCCCCCCCCCA

;

with domain

D(A(t)) =

8><>:
(u; v; ';  ; w; z)T 2 (H2(0; 1) \H1

0 (0; 1))�H1
0 (0; 1)

�(H2
� (0; 1) \H1

� (0; 1))�H1
� (0; 1)� (H2(0; 1) \H1

0 (0; 1))

�L2((0; 1)�H1(0; 1)); z(:; 0) = v(:) in (0; 1)

9>=>; ; (4.16)

where

L2�(0; 1) =

�
	 2 L2(0; 1) :

Z 1

0

	(x)dx = 0

�
; H1

� (0; 1) = H1(0; 1) \ L2�(0; 1);

H2
� (0; 1) =

�
	 2 H2(0; 1) : 	x(0) = 	x(1) = 0

	
:

We de�ne the Hilbert space

H =
�
H1
0 (0; 1)� L2(0; 1)�H1

� (0; 1)� L2�(0; 1)� L2(0; 1)� L2((0; 1)� (0; 1))
	

endowed with the inner productD
V; ~V

E
H

= �1

Z 1

0

ut~utdx+ J

Z 1

0

't~'tdx+ �

Z 1

0

w ~wdx+ �

Z 1

0

ux~uxdx

+�

Z 1

0

'x~'xdx+ �

Z 1

0

'~'dx+ b

Z 1

0

(ux~'+ '~ux)dx

+

Z 1

0

Z 1

0

z(x; p)~z(x; p)dxdp

for any V = (u; v; ';  ; w; z)T ; ~V = (~u; ~v; ~'; ~ ; ~w; ~z)T 2 H:
Our well-posedness result was obtained in [37]:

Theorem 4.1 Let (4.5)-(4.7) be satis�ed and assume that (4.8) holds. Then for any
V0 2 D(A(0)); there exist a unique solution V of problem (4.13)-(4.14) satisfying

V 2 C([0;1); D(A(0)) \ C1([0;1); H):

4.2. Well-posedness
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Proof of Theorem 4.1. The proof of the global existence and uniqueness of (4.13)-

(4.14) is given by:

Theorem 4.2 [37] Assume that
(i) D(A(0)) is dense subset of H;
(ii) D(A(t)) = D(A(0)); 8t > 0;
(iii) For all t 2 [0; t]; A(t) generates a strongly continuous semi-group on H and the

family A = fA(t); t 2 [0; T ]g is stable with stability constants & and m independent of t;

i.e., the semi-group St(s)s�0 generated by A(t) satis�ed

kSt(s)(u)kH � &ems kukH , 8u 2 H , s � 0;

(iv) @tA(t) 2 L1� ([0; T ]; B(D(A(0)); H)), where L1� ([0; T ]; B(D(A(0)); H) is the space
of equivalent class of essentially bounded, strongly measurable functions from [0; T ] into

the set B(D(A(0)); H) of bounded operators from D(A(0)) into H:
Then problem (4.15) has a unique solution

V 2 C([0; T ); D(A(0)) \ C1([0; T ); H));

for any initial data in D(A(0)).

Proof of theorem 4.2. To prove Theorem 4.2, we will follow the method used in

[39, 40, 51] with the necessary modi�cation imposed by the nature of our problem.
(i) First, we show that D(A(0)) is dense in H. Let F = (f1; f2; f3; f4; f5; f6) 2 H be

orthogonal to all elements of D(A(0)) with respect to the inner product h; iH :

0 = hV; F iH

=

Z 1

0

f�1vf2 + J f4 + �wf5 + �uxf1x + �'xf3x + �'f3 + b(uxf3 + f1x')g dx

+

Z 1

0

Z 1

0

z(x; p)f6(x; p)dxdp (4.17)

for all V = (u; v; ';  ; w; z)T 2 D(A(0)). Our goal is to prove that

fi = 0; i = 1; :::; 6:

Let us �rst take z 2 D((0; 1) � (0; 1)) and u = v = ' =  = w = 0, so the vector

V = (0; 0; 0; 0; 0; z)T 2 D(A(0)), and therefore, from (4.17), we deduce thatZ 1

0

Z 1

0

z(x; p)f6(x; p)dxdp = 0:
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Since D((0; 1)� (0; 1)) is dense in L2((0; 1)� (0; 1)), it follows from then that f6 = 0.

Then, let v 2 D(0; 1), then V = (0; v; 0; 0; 0; 0)T 2 D(A(0)), which implies from (4.17)

that Z 1

0

vf2dx = 0;

so as above, f2 = 0.
Similarly, we have f5 = f4 = 0.
Next, Let V = (u; 0; 0; 0; 0; 0)T , then we obtain from (4.17) thatZ 1

0

uxf1xdx = 0:

It is obvious that (u; 0; 0; 0; 0; 0)T 2 D(A(0)) if and only if u 2 H2(0; 1)\H1
0 (0; 1) and

since H2(0; 1) \H1
0 (0; 1) is dense in H

1
0 (0; 1) with respect to the inner produce

hg; hiH1
0
=

Z 1

0

gxhxdx;

we get f1 = 0. By the same ideas as above, we can also show that f3 = 0.
(ii) With our choice, D(A(t)) is independent of t, consequently

D(A(t)) = D(A(0)), 8t > 0:

(iii) Now, we show that the operator A(t) generates a C0-semigroup in H for a �xed t.

We de�ne the time-dependent inner product on HD
V; ~V

E
t
=

Z 1

0

f�1v~v + J ~ + �w ~w + �ux~ux + �'x~'x + �'~'

+b(ux~'+ ~ux')gdx+ ��(t)

Z 1

0

Z 1

0

z(x; p)~z(x; p)dxdp (4.18)

where � satis�es
j
2jp
1� d1

< � < 2
1 �
j
2jp
1� d1

(4.19)

thanks to hypothesis (4.8).
Let us set

h(t) =
(� 0(t)2 + 1)

1
2

2�(t)
:

In this step, we prove the dissipativity of the operator ~A(t) = A(t)� h(t)I:

for a �xed t and V = (u; v; ';  ; w; z)T 2 D(A(t)), we have

hA(t)V; V it = �
1
Z 1

0

v2dx� k

Z 1

0

w2dx� 
2

Z 1

0

z(x; 1)v(x)dx (4.20)

��
Z 1

0

Z 1

0

(1� � 0(t)p)z(x; p)zp(x; p)dxdp:
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Observe thatZ 1

0

Z 1

0

(1� � 0(t)p)z(x; p)zp(x; p)dxdp =

Z 1

0

Z 1

0

1

2

@

@p
z2(1� � 0(t)p)dxdp (4.21)

=
� 0(t)

2

Z 1

0

Z 1

0

z2(x; p)dxdp

+
1

2

Z 1

0

�
z2(x; 1)(1� � 0(t))� z2(x; 0)

	
dx;

whereupon

hA(t)V; V it = �
1
Z 1

0

v2dx� k

Z 1

0

w2dx� 
2

Z 1

0

z(x; 1)v(x)dx

���
0(t)

2

Z 1

0

Z 1

0

z2(x; p)dxdp� �

2

Z 1

0

z2(x; 1)(1� � 0(t))dx

+
�

2

Z 1

0

v2(x)dx: (4.22)

By using Chauchy-Schwarz inequality and (4.6), we get

hA(t)V; V it �
�
�
1 +

j
2jp
1� d1

+
�

2

�Z 1

0

v2(x)dx� k

Z 1

0

w2dx

+

�
j
2j

p
1� d1
2

� �
(1� d1)

2

�Z 1

0

z2(x; 1)dx+ h(t) hV; V it .

Condition (4.19) allows to write

�
1 +
j
2jp
1� d1

+
�

2
� 0 ;

j
2j
p
1� d1
2

� �
(1� d1)

2
� 0 .

Consequently, the operator A(t) is dissipative.
Next, we prove the surjectivity of the operator (�I �A(t)) for �xed t > 0 and � > 0.
Let F = (f1; f2; f3; f4; f5; f6)T 2 H, we seek V 2 D(A) satisfying

(�I �A)V = F:

This gives 8>>>>>>>>>>>><>>>>>>>>>>>>:

�u� v = f1;

�v � �

�1
�uxx �

b

�1
'x +


1
�1
v +


2
�1
z (:; 1) = f2;

�'�  = f3;

� � �

J
'xx +

b

J
ux +

�

J
'+

d

J
wx = f4;

�w � �

�
wxx +

d

�
'tx +

k

�
w = f5;

�z + (1�� 0(t))
�(t)

zp = f6:

(4.23)
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Suppose that we have found u, ' and w. Then, the �rst and the third equations in

(4.23) give

�u� v = f1; (4.24)

�'�  = f3:

Furthermore, by (4.23) we can �nd z as

z(x; 0) = v(x); x 2 (0; 1): (4.25)

Following the same approach as in [51],

z(x; p) = v(x)e��p�(t) + �(t)e��p�(t)
Z 1

0

f6(x; �)e
���(t)d�, if � 0(t) = 0;

and

z(x; p) = v(x)e#p(t) + e#p(t)
Z 1

0

f6(x; �)�(t)

1� � 0(t)�
e�#�(t)d�; if � 0(t) 6= 0

where #p(t) = �
�(t)

� 0(t)
ln(1� � 0(t)p). Whereupon, from (4.24), we obtain

z(x; p) =

8>>>>><>>>>>:

�u(x)e��p�(t) � f1e
��p�(t)

+�(t)e��p�(t)
R 1
0
f6(x; �)e

���(t)d�, if � 0(t) = 0;

�u(x)e#p(t) � f1e
�#p(t) + e#p(t)

Z 1

0

f6(x; �)�(t)

1� � 0(t)�
e�#�(t)d�, if � 0(t) 6= 0:

(4.26)

Now, we have to �nd u, ', w as solution of the equations8>>>><>>>>:
�2u� �

�1
�uxx �

b

�1
'x +


1
�1
�u+


2
�1
z (:; 1) = f2 + �f1 +


1
�1
�f1;

�2'� �

J
'xx +

b

J
ux +

�

J
'+

d

J
wx = f4 + �f3;

�w � �

�
wxx +

d

�
'tx +

k

�
w = f5:

(4.27)

Solving system (4.27) is equivalent to �nding

u; '; w 2
�
H2(0; 1) \H1

0 (0; 1)
�
�
�
H2
� (0; 1) \H1

� (0; 1)
�
�
�
H2(0; 1) \H1

0 (0; 1)
�
;

such that8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

Z 1

0

�
�1�

2u�1 + �ux�1x + b'�1x + 
1�u�1 + 
2z (:; 1) �1
�
dx

=

Z 1

0

[�1f2�1 + �1�f1�1 + 
1�f1�1] dx ; �1 2 H1
0 (0; 1);Z 1

0

�
J�2'�2 + �'x�2x + bux�2 + �'�2 � dw�2x

�
dx

=

Z 1

0

[Jf4�2 + J�f3�2] dx ; �2 2 H1
� (0; 1);Z 1

0

[(��+ k)w�3 + �wx�3x � d't�3x] dx =

Z 1

0

�f5�3dx ; �3 2 H1
0 (0; 1):

(4.28)
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From (4.26), we have

z(x; 1) =

(
�u(x)e���(t) + z0(x), if � 0(t) = 0;

�u(x)e#1(t) + z0(x), if � 0(t) 6= 0
(4.29)

where x 2 (0; 1) and

z0(x) =

8>>><>>>:
�f1e���(t) + �(t)e���(t)

R 1
0
f6(x; �)e

���(t)d� , if � 0(t) = 0;

�f1e�#1(t) + e#1(t)
Z 1

0

f6(x; �)�(t)

1� � 0(t)�
e�#�(t)d� , if � 0(t) 6= 0:

(4.30)

From the above formula, z0 depends only on fi, i = 1; 6: Consequently, problem (4.28)

is equivalent to the problem

-F((u; '; w) ; (�1; �2; �3)) = l (�1; �2; �3) (4.31)

where the bilinear form -F : [H1
0 (0; 1)�H1

� (0; 1)� L2(0; 1)]
2 ! R and the linear form

l : H1
0 (0; 1)�H1

� (0; 1)� L2(0; 1)! R are de�ned by

-F((u; '; w) ; (�1; �2; �3)) =

Z 1

0

�
�1�

2u�1 + �ux�1x + b'�1x
�
dx

+

Z 1

0

(
1 + 
2e
���(t))�u�1dx

+

Z 1

0

�
J�2'�2 + �'x�2x + bux�2 + �'�2 � dw�2x

�
dx

+

Z 1

0

[(��+ k)w�3 + �wx�3x � d't�3x] dx;

and

l (�1; �2; �3) =

Z 1

0

[�1f2�1 + �1�f1�1 + 
1�f1�1] dx�
Z 1

0


2z0(x)�1dx

+

Z 1

0

[Jf4�2 + J�f3�2] dx+

Z 1

0

�f5�3dx (4.32)

if � 0(t) = 0, where z0(x) satis�es the �rst equation in (4.30).
If � 0(t) 6= 0, we de�ne

-F((u; '; w) ; (�1; �2; �3)) =

Z 1

0

�
�1�

2u�1 + �ux�1x + b'�1x
�
dx

+

Z 1

0

(
1 + 
2e
#1(t))�u�1dx

+

Z 1

0

�
J�2'�2 + �'x�2x + bux�2 + �'�2 � dw�2x

�
dx

+

Z 1

0

[(��+ k)w�3 + �wx�3x � d't�3x] dx;
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and the operator l is de�ned by the same formula (4.32), where z0(x) satis�es the

second equation in (4.30). It is easy to verify that -F is continuous and coercive,

and l is continuous. So applying the Lax-Milgram theorem, problem (4.31) admits a

unique solution (u; '; w) 2 H1
0 (0; 1) �H1

� (0; 1) � L2(0; 1) for all (�1; �2; �3) 2 H1
0 (0; 1) �

H1
� (0; 1) � L2(0; 1): Applying the classical elliptic regularity, it follows from (4.28) that

(u; '; w) 2 (H2(0; 1) \H1
0 (0; 1))� (H2

� (0; 1) \H1
� (0; 1))� (H2(0; 1) \H1

0 (0; 1)) :

Therefore, the operator �I � A(t) is surjective for any �xed t > 0 and x > 0:Since

h(t) > 0 and

�I � ~A(t) = (�+ h(t)) I �A(t);

we deduce that the operator �I � ~A(t) is also surjective for any � > 0 and t > 0:
To complete the proof of (iii), it�s su¢ ces to show that

k	kt
k	ks

� e

[

2� 1
jt�sj

; 8t; s 2 [0; T ] (4.33)

where [ is a positive constant, 	 = (u; v; ';  ; w; z)T and k:kt is the norm associated

with the inner product (4.18). For t; s 2 [0; T ], we have from (4.18),

k	k2t � k	k
2
s e

[

� 1
jt�sj

=

0B@1� e

[

� 1
jt�sj

1CAZ 1

0

�
�1v

2 + J 2 + �w2 + �u2x + �'2x + �'2 + 2bux'
	
dx

+�

0B@�(t)� �(s)e

[

� 1
jt�sj

1CAZ 1

0

Z 1

0

z2(x; p)dxdp: (4.34)

We notice that 1 � e

[

� 1
jt�sj

� 0. Now, we will prove that �(t) � �(s)e

[

� 1
jt�sj

� 0 for

some [ > 0. To do this, we have

�(t) = �(s) + � 0(a)(t� s)

where a 2 (s; t), which implies

�(t)

�(s)
� 1 + j�

0(t)j
�(s)

jt� sj :

By (4.6), � 0 is bounded on [0; T ] and therefore, recalling also (4.5), we deduce that

�(t)

�(s)
� 1 + [

� 1
jt� sj � e

[

� 1
jt�sj
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which proves (4.33) and therefore (iii).
(iv) It is clear that

d

dt
A(t)V =

0BBBBBBB@

0

0

0

0
(� 00(t)�(t)p� � 0(t) (� 0(t)p� 1))

� 2(t)
zp

1CCCCCCCA
;

then by using (4.7) and (4.5), (iv) holds exactly as in [51].
Consequently, from above analysis, we deduce that the problem(

~Vt = ~A(t) ~V
~V (0) = V0

(4.35)

has a unique solution ~V 2 C([0;+1); D(A(0))) and if V0 2 D(A(0)), then

~V 2 C([0;+1); D(A(0))) \ C1([0;+1); H):

Now, let

V (t) = eB(t) ~V (t)

with B(t) =
R t
0
h(s)ds, then we have by using (4.35)

Vt(t) = h(t)eB(t) ~V (t) + eB(t) ~Vt(t)

= h(t)eB(t) ~V (t) + eB(t) ~A(t) ~V (t)

= eB(t)(h(t) ~V (t) + ~A(t) ~V (t))

= A(t)eB(t) ~V (t)
= A(t)V (t):

Consequently, V (t) is the unique solution of (4.15).
This ends the proof of Theorem 4.2:

4.3 Exponential stability

To state our decay result, we introduce the following energy functional:

E(t) =
1

2

Z 1

0

(�1u
2
t + J'2t + �w2 + �u2x + �'2x + �'2 + 2bux')dx (4.36)

+
�

2

Z t

t��(t)

Z 1

0

e�(s�t)u2t (x; s)dxds
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where � and � are suitable positive constants. We will �x � such that

2
1 �
j
2jp
1� d1

� � > 0 and � � j
2jp
1� d1

> 0 (4.37)

and

� <
1

� 2

����log 
2
�
p
1� d1

���� :
Remark 4.1 Note that E(t) is stirctly positive. In fact, by considering

�u2x + �'2 + 2bux' = �(ux +
b

�
')2 + (� � b2

�
)'2

and using the fact �� > b2, we get

�u2x + �'2 + 2bux' > 0:

Consequently, it follows that E(t) > 0:

If the wave speeds are equal, we have the following exponentially stable result.

Theorem 4.3 Assume that
�

�1
=

�

J
hold. Let (4.5)-(4.7) be satis�ed and (4.8) holds,

then there exist two positive constants �0 and $ such that the energy E(t) associated with

problem (4.1)-(4.2) satis�es

E(t) � �0e
�$t ; 8t � 0: (4.38)

To prove the Theorem3, we use the following lemmas.

Lemma 4.1 Assume that (4.8) holds and the hypotheses (4.5)-(4.7) are satis�ed. Then
the energy E(t) is non-increasing, and there exists a positive constant C1 such that for

any solution of (4.1)-(4.2), and for any t � 0, we have

E 0(t) � �C1
�Z 1

0

u2t (x; t)dx+

Z 1

0

u2t (x; t� �(t))dx

�
� �

Z 1

0

w2xdx (4.39)

�k
Z 1

0

w2dx� ��

2

Z t

t��(t)

Z 1

0

e�(s�t)u2t (x; t)dsdx

� 0:

Proof. Multiplying the �rst three equations of (4.13) by ut; 't; and w respectively, and

integrating by parts over (0; 1), and using the boundary conditions, we obtain
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1

2

d

dt

Z 1

0

�1u
2
tdx = �1

2

d

dt

Z 1

0

�u2x + b

Z 1

0

'xutdx� 
2

Z 1

0

ut(x; t)ut (x; t� �(t)) dx

�
1
Z 1

0

u2tdx;

1

2

d

dt

Z 1

0

J'2tdx = �1
2

d

dt

Z 1

0

�'2x + b

Z 1

0

'xtudx�
1

2

d

dt

Z 1

0

�'2dx+ d

Z 1

0

w'txdx;

1

2

d

dt

Z 1

0

�w2dx = ��
Z 1

0

w2xdx� d

Z 1

0

'txwdx� k

Z 1

0

w2dx:

As we have

�

2

d

dt

Z t

t��(t)

Z 1

0

e�(s�t)u2t (x; s)dxds =
�

2

Z 1

0

u2t (x; t)dx

���
2

Z t

t��(t)

Z 1

0

e�(s�t)u2t (x; s)dxds:

��
2

Z 1

0

e���(t)u2t (x; t� �(t))(1� � 0(t))dx:

By summing them and using (4.5) and (4.6), we obtain

dE(t)

dt
� ��

Z 1

0

w2xdx� k

Z 1

0

w2dx� 
1

Z 1

0

u2tdx� 
2

Z 1

0

ut(x; t)ut (x; t� �(t)) dx

+
�

2

Z 1

0

u2t (x; t)dx�
�

2
(1� d1)e

���2
Z 1

0

u2t (x; t� �(t))dx

���
2

Z t

t��(t)

Z 1

0

e�(s�t)u2t (x; s)dxds:

Thinks to Young�s inequality, we obtain

�
2
Z 1

0

ut(x; t)ut (x; t� �(t)) dx � j
2j
2
p
1� d1

Z 1

0

u2t (x; t)dx

+
j
2j

p
1� d1
2

Z 1

0

u2t (x; t� �(t))dx:

Then

dE(t)

dt
� ��

Z 1

0

w2xdx� k

Z 1

0

w2dx� (
1 �
j
2j

2
p
1� d1

� �

2
)

Z 1

0

u2t (x; t)dx

�(�
2
(1� d1)e

���2 � j
2j
p
1� d1
2

)

Z 1

0

u2t (x; t� �(t))dx

���
2

Z t

t��(t)

Z 1

0

e�(s�t)u2t (x; t)dsdx:
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Combining (4.37), (4.39) is established.

Now, we will construct a Lyapunov functional L equivalent to E satisfying

dL(t)

dt
� ��L(t); 8t � 0 (4.40)

where � is a positive constant. This needs several lemmas.

Lemma 4.2 Let (u; '; w) be the solution of eqs (4.1)-(4.2). Then the functional

K1(t) = ��1
Z 1

0

u:utdx�

1
2

Z 1

0

u2dx (4.41)

satis�es

K 0
1(t) � ��1

Z 1

0

u2tdx+ 2�

Z 1

0

u2xdx+ c

Z 1

0

'2dx+ c

Z 1

0

u2t (x; t� �(t)) dx: (4.42)

Proof. A di¤erentiation of K1(t) leads to

K 0
1(t) = ��1

Z 1

0

u2tdx+ �

Z 1

0

u2xdx+ b

Z 1

0

ux'dx+ 
2

Z 1

0

u:ut (x; t� �(t)) dx:

Applying Young�s and Poincarè�s inequalities, we obtain

b

Z 1

0

ux'dx �
�

2

Z 1

0

u2xdx+
b2

2�

Z 1

0

'2dx;


2

Z 1

0

u:ut (x; t� �(t)) dx � �

2

Z 1

0

u2xdx+

22
2�Cp

Z 1

0

u2t (x; t� �(t)) dx:

Then

K 0
1(t) � ��1

Z 1

0

u2tdx+ 2�

Z 1

0

u2xdx+
b2

2�

Z 1

0

'2dx+

22
2�Cp

Z 1

0

u2t (x; t� �(t)) dx:

Therefore, (4.42) holds.

Lemma 4.3 Let (u; '; w) be the solution of eqs (4.1)-(4.2). Then the functional

K2(t) = J

Z 1

0

':'tdx�
b�1
�

Z 1

0

ut

Z x

0

'(y)dydx (4.43)

satis�es

K 0
2(t) � ��

2

Z 1

0

'2xdx� (�1 � c)

Z 1

0

'2dx+ c

Z 1

0

'2tdx (4.44)

+c

Z 1

0

w2dx+ c

Z 1

0

u2tdx+ c

Z 1

0

u2t (x; t� �(t)) dx

where �1 = � � b2

�
> 0.
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Proof. A di¤erentiation of K2(t) leads to

K 0
2(t) = J

Z 1

0

'2tdx� �

Z 1

0

'2xdx� �

Z 1

0

'2dx� d

Z 1

0

'wxdx

�b�1
�

Z 1

0

ut

Z x

0

't(y)dydx�
b2

�

Z 1

0

'x

Z x

0

'(y)dydx

+

1b

�

Z 1

0

ut

Z x

0

'(y)dydx+

2b

�

Z 1

0

ut (x; t� �(t))

Z x

0

'(y)dydx:

Using integration by parts, we get

K 0
2(t) = J

Z 1

0

'2tdx� �

Z 1

0

'2xdx� (� �
b2

�
)

Z 1

0

'2dx+ d

Z 1

0

'xwdx

�b�1
�

Z 1

0

ut

Z x

0

't(y)dydx+

1b

�

Z 1

0

ut

Z x

0

'(y)dydx

+

2b

�

Z 1

0

ut (x; t� �(t))

Z x

0

'(y)dydx:

By Young�s and Cauchy-Schwarz inequalities, we obtain

d

Z 1

0

'xwdx �
�

2

Z 1

0

'2xdx+
d2

2�

Z 1

0

w2dx;

�b�1
�

Z 1

0

ut

Z x

0

't(y)dydx �
b

4

Z 1

0

u2tdx+
b�21
�2

Z 1

0

'2tdx;


1b

�

Z 1

0

ut

Z x

0

'(y)dydx � b

4

Z 1

0

u2tdx+

21b

�2

Z 1

0

'2dx;


2b

�

Z 1

0

ut (x; t� �(t))

Z x

0

'(y)dydx � b

4

Z 1

0

u2t (x; t� �(t)) dx+

22b

�2

Z 1

0

'2dx:

Combining all the above inequalities, we obtain

K 0
2(t) � ��

2

Z 1

0

'2xdx� [(� �
b2

�
)� b(
21 + 
22)

�2
]

Z 1

0

'2dx+ (J +
b�21
�2
)

Z 1

0

'2tdx

+
d2

2�

Z 1

0

w2dx+
b

2

Z 1

0

u2tdx+
b

4

Z 1

0

u2t (x; t� �(t)) dx:

Therefore, (4.44) holds.

Lemma 4.4 Let (u; '; w) be the solution of eqs (4.1)-(4.2). Then the functional

K3(t) = ��
Z 1

0

w

Z x

0

't(y)dydx (4.45)

satis�es, for any "1 > 0; the estimate

K 0
3(t) � �

d

2

Z 1

0

'2tdx+ "1

Z 1

0

(u2x+'
2
x+'

2)dx+ c

Z 1

0

w2xdx+ c(1 +
1

"1
)

Z 1

0

w2dx: (4.46)
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Proof. A di¤erentiation of K3(t), using (4.1) and then integrating by parts, gives

K 0
3(t) = �

Z 1

0

wx't(y)dx� d

Z 1

0

'2tdx+ k

Z 1

0

w

Z x

0

't(y)dydx�
��

J

Z 1

0

w'xdx

+
�b

J

Z 1

0

uwdx+
��

J

Z 1

0

w

Z x

0

'(y)dydx+
�d

J

Z 1

0

w2dx:

Using Young�s, Cauchy-Schwarz and Poincaré�s inequalities, for any "1 > 0, we obtain

�

Z 1

0

wx't(y)dx �
d

4

Z 1

0

'2tdx+
�2

d

Z 1

0

w2xdx;

k

Z 1

0

w

Z x

0

't(y)dydx �
d

4

Z 1

0

'2tdx+
k2

d

Z 1

0

w2dx;

���
J

Z 1

0

w'xdx � "1

Z 1

0

'2xdx+
�2�2

4J2"1

Z 1

0

w2dx;

��

J

Z 1

0

w

Z x

0

'(y)dydx � "1

Z 1

0

'2dx+
�2�2

4J2"1

Z 1

0

w2dx;

�b

J

Z 1

0

uwdx � "1

Z 1

0

u2xdx+
�2b2

4J2Cp"1

Z 1

0

w2dx:

Combining all the above inequalities, we obtain

K 0
3(t) � �d

2

Z 1

0

'2tdx+
�2

d

Z 1

0

w2xdx+ "1

Z 1

0

(u2x + '2x + ')dx

+

�
�d

J
+
k2

d
+
1

"1

�
�2�2

4J2"1
+

�2�2

4J2"1
+

�2b2

4J2Cp"1

��Z 1

0

w2dx:

Therefore, (4.46) holds.

Lemma 4.5 Let (u; '; w) be the solution of eqs (4.1)-(4.2). Then the functional

K4(t) =
�1�

b

Z 1

0

ut'xdx+
J�

b

Z 1

0

'tuxdx (4.47)

satis�es the estimate

K 0
4(t) � ��

2

Z 1

0

u2xdx+ c

Z 1

0

'2xdx+ c

Z 1

0

w2xdx�
J�1
b
�

Z 1

0

ut'xtdx

+c

Z 1

0

u2tdx+ c

Z 1

0

u2t (x; t� �(t))dx: (4.48)
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Proof. A di¤erentiation of K4(t) leads to

K 0
4(t) = ��

Z 1

0

u2xdx�
��

b

Z 1

0

ux'dx+ �

Z 1

0

'2xdx�
d�

b

Z 1

0

uxwxdx

+
�1�

b

Z 1

0

ut'xtdx+
J�

b

Z 1

0

uxt'tdx�

1�

b

Z 1

0

ut'xdx

�
2�
b

Z 1

0

'xut(x; t� �(t))dx:

By using Young�s and Poincaré�s inequalities, we obtain

���
b

Z 1

0

ux'dx �
�

4

Z 1

0

u2xdx+
�2�

b2Cp

Z 1

0

'2xdx;

�d�
b

Z 1

0

uxwxdx �
�

4

Z 1

0

u2xdx+
d2�

b2

Z 1

0

w2xdx;

�
1�
b

Z 1

0

ut'xdx �
�

4

Z 1

0

u2tdx+

21�

b2

Z 1

0

'2xdx;

�
2�
b

Z 1

0

'xut(x; t� �(t))dx � �

4

Z 1

0

'2xdx+

22�

b2

Z 1

0

u2t (x; t� �(t))dx:

Combining all the above inequalities, we obtain

K 0
4(t) � ��

2

Z 1

0

u2xdx+ (
�

4
+

�2�

b2Cp
+

21�

b2
)

Z 1

0

'2xdx+
d2�

b2

Z 1

0

w2xdx

�J�1
b

�
�

�1
� �

J

�Z 1

0

ut'xtdx+
�

4

Z 1

0

u2tdx+

22�

b2

Z 1

0

u2t (x; t� �(t))dx:

Therefore, (4.48) holds.

Lemma 4.6 Let (u; '; w) be the solution of eqs (4.1)-(4.2), we de�ne the functional

I(t) =

Z 1

0

Z t

t��(t)
es�tu2t (x; s)dsdx: (4.49)

Then

dI(t)

dt
�
Z 1

0

u2t (x; s)dx� (1� d1)e
��1
Z 1

0

u2t (x; t� �(t))dx� e��1
Z 1

0

Z t

t��(t)
u2t (x; s)dx:

(4.50)

Next, we de�ne a Lyapunov function L and show that it is equivalent to the energy

functional E.
Proof of theorem 4.2. Let us de�ne the Lyapunov functional

L(t) = NE(t) +K1(t) +N1K2(t) +N2K3(t) + 8K4(t) + I(t) (4.51)
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where N; N1 and N2 are positive real numbers which will be chosen later.
Taking into account (4.39), (4.42), (4.44), (4.46), (4.48) and (4.50), we arrived at

L0(t) � �(2�� "1N2)

Z 1

0

u2xdx� (C1N + �1 � c(N1 + 8)� 1)
Z 1

0

u2tdx

�(�
2
N1 � "1N2 � 8c)

Z 1

0

'2xdx� (
d

2
N2 � cN1)

Z 1

0

'2tdx

�((�1 � c)N1 � "1N2 � c)

Z 1

0

'2dx� (�N � c(N2 + 8))

Z 1

0

w2xdx

�
�
kN � c

�
N1 +N2(1 +

1

"1
)

��Z 1

0

w2dx

�(C1N + (1� d1)e
��1 � c(N1 + 9))

Z 1

0

u2t (x; t� �(t))dx

���N
2

Z t

t��(t)

Z 1

0

e�(s�t)u2t (x; t)dsdx� e��1
Z 1

0

Z t

t��(t)
u2t (x; s)dx:

Now, we choose the constant N1 large enough such that

�1 =
�

2
N1 � 8c > 0 and �2 = (�1 � c)N1 � c > 0;

then we choose N2 large enough such that

�3 =
d

2
N2 � cN1 > 0:

At this point, we pick "1 small enough such that

"1 < min(
2�

N2
;
�1
N2

;
�2
N2
):

Consequently, we obtain

�4 = 2�� "1N2 > 0; �5 =
�

2
N1 � "1N2 � 8c > 0; �6 = (�1 � c)N1 � "1N2 � c > 0:

Finally, we choose N large enough such that

�7 = C1N + �1 � c(N1 + 8)� 1 > 0; �8 = �N � c(N2 + 8) > 0;

�9 = kN � c

�
N1 +N2(1 +

1

"1
)

�
> 0; �10 = C1N + (1� d1)e

��1 � c(N1 + 9):

So, we arrive at

L0(t) � ��4
Z 1

0

u2xdx� �7

Z 1

0

u2tdx� �5

Z 1

0

'2xdx� �3

Z 1

0

'2tdx� �6

Z 1

0

'2dx

��8
Z 1

0

w2xdx� �9

Z 1

0

w2dx� �10

Z 1

0

u2t (x; t� �(t))dx

���N
2

Z t

t��(t)

Z 1

0

e�(s�t)u2t (x; t)dsdx� e��1
Z 1

0

Z t

t��(t)
u2t (x; s)dx:

4.3. Exponential stability



Chapter 4. Well-posedness and general decay for a porous-elastic system with
microtemperatures and a time-varying delay term 53

Then

L0(t) � ��4
Z 1

0

u2xdx� �7

Z 1

0

u2tdx� �5

Z 1

0

'2xdx� �3

Z 1

0

'2tdx� �6

Z 1

0

'2dx

��9
Z 1

0

w2dx� ��N

2

Z t

t��(t)

Z 1

0

e�(s�t)u2t (x; t)dsdx (4.52)

� �~c1
�Z 1

0

(u2t + '2t + w2 + u2x + '2x + '2)dx+

Z t

t��(t)

Z 1

0

e�(s�t)u2t (x; s)dxds

�
where

~c1 = min(
��N

2
; �i); i = 3; :::; 7; 9:

On other hand, from Eq (4.36), using Young�s inequality and taking " = b, we obtain

E(t) � 1

2

Z 1

0

(�1u
2
t + J'2t + �w2 + (�+ b)u2x + �'2x + (� + b)'2)dx

+
�

2

Z t

t��(t)

Z 1

0

e�(s�t)u2t (x; s)dxds:

Then, there exist �C > 0, such that

E(t) � �C

�Z 1

0

(u2t + '2t + w2 + u2x + '2x + '2)dx+

Z t

t��(t)

Z 1

0

e�(s�t)u2t (x; s)dxds

�
;

which implies that

�
�Z 1

0

(u2t + '2t + w2 + u2x + '2x + '2)dx+

Z t

t��(t)

Z 1

0

e�(s�t)u2t (x; s)dxds

�
� �~c1E(t):

(4.53)
The combination of Eq (4.52) and Eq (4.53) gives

L0(t) � ��kE(t); 8t � 0; (4.54)

for �k > 0:
On the other hand , we are in position to compare L(t) with E(t), this is given in the

following lemma.

Lemma 4.7 For N su¢ ciently large, there exist two positive constants a1 and a2 depend-

ing on N; N1 and N2 such that

a1E (t) � L (t) � a2E (t) ; 8t � 0: (4.55)

Proof. We consider the functional

$ (t) = K1 (t) +N1K2 (t) +N2K3 (t) + 8K4(t) + I(t)
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and show that

j$ (t)j � Ĉ2E(t); Ĉ2 > 0:

From (4.41), (4.43), (4.45), (4.47) and (4.49), we obtain

j$(t)j � jL (t)�NE (t)j

� �1

Z 1

0

ju:utj dx+

1
2

Z 1

0

u2dx+ JN1

Z 1

0

j'j : j'tj dx

+
b�1N1
�

Z 1

0

jutj
Z x

0

j'(y)j dydx+ �N2

Z 1

0

jwj
Z x

0

j't(y)j dydx

+
8�1�

b

Z 1

0

jutj j'xj dx+
8J�

b

Z 1

0

j'tj juxj dx+
Z 1

0

Z t

t��(t)
es�tu2t (x; s)dsdx:

By using Young�s and Cauchy-Schwarz inequalities, we get

JN1

Z 1

0

j'j : j'tj dx � J

4

Z 1

0

'2dx+ JN2
1

Z 1

0

'2tdx

b�1N1
�

Z 1

0

jutj
Z x

0

j'(y)j dydx � b�1N1
4�

Z 1

0

u2tdx+
b�1N1
�

Z 1

0

'2dx

�N2

Z 1

0

jwj
Z x

0

j't(y)j dydx � �N2

4

Z 1

0

w2dx+ �N2

Z 1

0

'2tdx

8�1�

b

Z 1

0

jutj j'xj dx � 2�1�

b

Z 1

0

u2tdx+
8�1�

b

Z 1

0

'2xdx

8J�

b

Z 1

0

j'tj juxj dx � 2J�

b

Z 1

0

'2tdx+
8J�

b

Z 1

0

u2xdx:

Also, using Young�s and Poincaré�s inequality gives

�1

Z 1

0

ju:utj dx �
Cp
2

Z 1

0

u2xdx+
�21
2

Z 1

0

u2tdx:

Combining all the above inequalities, we obtain

j$(t)j � ~C1(

Z 1

0

u2tdx+

Z 1

0

u2xdx+

Z 1

0

'2dx+

Z 1

0

'2tdx+

Z 1

0

'2xdx+

Z 1

0

w2dx)

+

Z 1

0

Z t

t��(t)
es�tu2t (x; s)dsdx)

where

~C1 = max

8><>:
b�1N1
4�

+
2�1�

b
+
�21
2
;
8J�

b
+
Cp
2
;
J

4
+
b�1N1
�

;

JN2
1 + �N2 +

2J�

b
;
8�1�

b
;
�N2
4

9>=>; :

On other hand, from Eq (4.5) and(4.37), and using the fact that

es�t � 1; for all 0 < s < t; 8t > 0
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and

0 < e�(s�t) < e

�
1
�2

����log 
2
�
p
1�d1

�����(s�t)
< 1; for all 0 < s < t; 8t > 0;

then, there exists ~C2 > 0 such that

j$(t)j � ~C2E(t):

Consequently, we obtain

jL (t)�NE (t)j � ~C2E(t)

that is

(N � ~C2)E(t) � L (t) � (N + ~C2)E(t): (4.56)

Now, by choosing N large enough such that

a1 = (N � ~C2) > 0; a2 = (N + ~C2) > 0:

Then (4.55) holds true.
Now, combining (4.54) and (4.55), we obtain

L0(t) � �$L(t); 8t � 0 (4.57)

where $ =
�k

a2
:

A simple integration of Eq (4.57) over (0; t) yields

L(t) � L(0)e�$t , 8t � 0: (4.58)

The desired result (4.38) follows by using estimates (4.55) and (4.58).

4.4 The lack of exponential stability

This section is concerning the lack of exponential stability. Our result is achieved by

Gearhart-Herbst-Prüss-Huang theorem to dissipative systems, see Prüss [55] and Huang

[25].

Theorem 4.4 Let S(t) = eAt be a C0-semigroup of contractions on Hilbert space H.

Then S(t) is exponentially stable if and only if

iR � fi� : � 2 Rg � �(A)

and

lim
j�j!1



(i�I �A)�1


$(H)

<1

hold, where �(A) is the resolvent set of the di¤erential operator A.
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Next, we state and prove the main result of this section.

Theorem 4.5 Assume that
�

�1
6= �

J
hold. Then the semigroup associated to problem

(4.1)-(4.2) is not exponentially stable.
Proof. We will prove that there exists a sequence of values �n such that

(i�I �A)�1



$(H)
!1

which is equivalent to prove that there exists Fn 2 H with kFnkH � 1 and Vn 2 D(A)
such that 

(i�nI �A)�1Fn

$(H) = kVnkH !1

where

i�nVn �AVn = Fn (4.59)

In other words, we consider the solution of spectral equation (4.59) and show that the

corresponding solution Vn is not bounded when Fn is bounded in H. Rewrite spectral

equation in term of its components, for �n = �; we have

i�u� v = f1

i�v � �

�1
uxx �

b

�1
'x +


1
�1
v +


2
�1
z (:; 1) = f2

i�'�  = f3

i� � �

J
'xx +

b

J
ux +

�

J
'+

d

J
wx = f4

i�w � �

�
wxx +

d

�
'tx +

k

�
w = f5

�z +
(1� � 0(t))

�(t)
zp = f6 (4.60)

where � 2 R and Fn = (f1,f2 , f3, f4, f5)T 2 H: Taking

f1 = f2 = f3 = f5 = f6 = 0 and f4 = cosn�x;

then, by using the �rst and third equation in (4.60), we obtain

� �2u� �

�1
uxx �

b

�1
'x +


1
�1
i�u+


2
�1
z (:; 1) = 0

��2'� �

J
'xx +

b

J
ux +

�

J
'+

d

J
wx = cosn�x

i�w � �

�
wxx +

d

�
'tx +

k

�
w = 0

i�z +
(1� � 0(t))

�(t)
zp = 0 (4.61)
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Taking the boundary conditions into consideration, we can suppose that

u = a1 sin(n�x); ' = a2 cos(n�x); w = a3 sin(n�x)

where a1, a2 and a3 depend on � and will be determined explicitly in what follows. There-

fore, the solution of (4.61) is equivalent to �nding a1, a2 and a3, such that��
��2 + �n2�2

�1

�
a1 +

bn�

�1
a2 +


1
�1
i�a1

�
sin(n�x) +


2
�1
z (:; 1) = 0�

��2 + �n2�2

J
+
�

J

�
a2 +

bn�

J
a1 +

dn�

J
a3 = 1�

i�+
�n2�2

�
+
k

�

�
a3 �

i�dn�

�
a2 = 0

i�z +
(1� � 0(t))

�(t)
zp = 0 (4.62)

Furthermore, by (4.25) we can �nd z as

z(x; 0) = v(x); x 2 (0; 1): (4.63)

Following the same approach as in [51],

z(x; p) = v(x)e�i�p�(t), if � 0(t) = 0

and

z(x; p) = v(x)e#p(t), if � 0(t) 6= 0

where #p(t) = i�
�(t)

� 0(t)
ln(1� � 0(t)p): Whereupon, we obtain

z(x; p) =

(
i�u(x)e�i�p�(t), if � 0(t) = 0;

i�u(x)e#p(t), if � 0(t) 6= 0:

It follow that

z(x; 1) =

(
i�u(x)e�i��(t), if � 0(t) = 0;

i�u(x)e#1(t), if � 0(t) 6= 0:
(4.64)

System (4.62) is equivalent to�
��2 + �n2�2

�1
+

1
�1
i�+


2
�1
i�%(t)

�
a1 +

bn�

�1
a2 = 0 (4.65)�

��2 + �n2�2

J
+
�

J

�
a2 +

bn�

J
a1 +

dn�

J
a3 = 1�

i�+
�n2�2

�
+
k

�

�
a3 �

i�dn�

�
a2 = 0
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where

%(t) =

(
e�i��(t), if � 0(t) = 0;

e#1(t), if � 0(t) 6= 0:
The above system can be written as

P1(�)a1 +
bn�

�1
a2 = 0; (4.66)

bn�

J
a1 + P2(�)a2 +

dn�

J
a3 = 1;

�i�dn�
�

a2 + P3(�)a3 = 0

where 8>>>>><>>>>>:
P1(�) = ��2 +

�n2�2

�1
+

1
�1
i�+


2
�1
i�%(t);

P2(�) = ��2 +
�n2�2

J
+
�

J
;

P3(�) = i�+
�n2�2

�
+
k

�
:

From (4.66)1 and (4.66)3, we get

a1 = � bn�

�1P1
a2;

a3 =
i�dn�

�P3
a2:

Substituting a1 and a3 into (4.66)2, we get

a2 := a2n =
P1P3

P1P2P3 +
i� (dn�)2

�J
P1 �

(bn�)2

J�1
P3

Now, we choose � such that

P2(�) = ��2 +
�n2�2

J
+
�

J
= �0 =) ��2 = �0 �

�n2�2

J
� �

J

where �0 will be chosen later. Note that

P1P2P3 +
i� (dn�)2

�J
P1 = P1

"
P2P3 +

i� (dn�)2

�J

#

= P1

"
�0

�
i�+

�n2�2

�
+
k

�

�
+
i� (dn�)2

�J

#

= P1

�
n2�2

�

�
��0 +

i�d2

J

�
+ �0

�
i�+

k

�

��
:
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So, we take �0 such that

�0 = �
i�d2

J�
;

we have

P1P2P3 +
i� (dn�)2

�J
P1 � O(n4):

Consequently, we have

P1P2P3 �
(bn�)2

J�1
P3 +

i� (dn�)2

�J
P1 � O(n4):

Since

P1P2 � O(n4);

since � 6= 0, we obtain
a2 := a2n �

J�

��d2

�2J
�� b2

�1

for n large. Finally, for
��d2

�2J
� 6= b2

�1
, we have

kVnk2H � J k nk
2 = J j�nj2 k'nk

2 = J j�nj2 ja2nj2
Z 1

0

jcos(n�x)j2 dx � O(n2):

Then

kVnkH �
r
J

2
j�nj ja2nj � O(n)!1 as n!1:

Consequently, applying the theorem 4.4, we conclude that the semigroup S(t) associated

with the system (4.1)-(4.2) does not have exponential decay.

4.5 Polynomial Stability

In this section, we prove that, in case � 6= 0, the system (4.1)-(4.2) goes to zero poly-

nomially as
1p
t
and moreover, this rate of decay is optimal. For the regular solution of

(4.1)-(4.2), we de�ne the second-order energy functionals

E2(t) =
1

2

Z 1

0

(�1u
2
tt + J'2tt + �w2t + �u2xt + �'2xt + �'2t + 2buxt't)dx (4.67)

+
�

2

Z t

t��(t)

Z 1

0

e�(s�t)u2tt(x; s)dxds:
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By (4.36) and (4.39), it follows that E2 satis�es

E 02(t) � �C1
�Z 1

0

u2tt(x; t)dx+

Z 1

0

u2tt(x; t� �(t))dx

�
� �

Z 1

0

w2xtdx (4.68)

�k
Z 1

0

w2t dx�
��

2

Z t

t��(t)

Z 1

0

e�(s�t)u2tt(x; t)dsdx

� 0; 8t > 0:

Before we state and prove the main result of this section, we �rst establish the following

important lemma.

Lemma 4.8 Let (u; '; w) be a regular solution of problem (4.1)-(4.2). Then the func-

tional

K5(t) = �
J�1�

bd
�

Z 1

0

uxwxdx (4.69)

satis�es, for any "2 > 0; the estimate

K 0
5(t) �

J�1
b
�

Z 1

0

ut'xtdx+ "2

Z 1

0

(u2x + u2t )dx+
c

"2

Z 1

0

(w2 + w2t + w2xt)dx: (4.70)

Proof. Taking a derivative of K5 and using integration by parts, we obtain

K 0
5(t) =

J�1�

bd
�

Z 1

0

utwxxdx�
J�1�

bd
�

Z 1

0

uxwxtdx: (4.71)

From the third equation in (4.1), we have

�wxx = �wt + d'xt + kw: (4.72)

The combination of (4.71) and (4.72) yields

K 0
5(t) =

J�1�

bd
�

Z 1

0

utwtdx+
J�1
b
�

Z 1

0

ux'xtdx+
J�1k

bd
�

Z 1

0

utwdx

�J�1�
bd

�

Z 1

0

uxwxtdx:

Using Young�s inequality, we obtain that for any "2 > 0

J�1�

bd
�

Z 1

0

utwtdx � "2
2

Z 1

0

u2tdx+
1

2"2

�
J�1�

bd
�

�2 Z 1

0

w2t dx;

J�1k

bd
�

Z 1

0

utwdx � "2
2

Z 1

0

u2tdx+
1

2"2

�
J�1k

bd
�

�2 Z 1

0

w2dx;

�J�1�
bd

�

Z 1

0

uxwxtdx � "2

Z 1

0

u2xdx+
1

4"2

�
J�1�

bd
�

�2 Z 1

0

w2xtdx:
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Combining all the above inequalities, we obtain

K 0
5(t) � J�1

b
�

Z 1

0

ux'xtdx+ "2

Z 1

0

(u2x + u2t )dx+
1

2"2

�
J�1k

bd
�

�2 Z 1

0

w2dx

+
1

2"2

�
J�1�

bd
�

�2 Z 1

0

w2t dx+
1

4"2

�
J�1�

bd
�

�2 Z 1

0

w2xtdx;

which is the required estimate (4.70).

Now, we are ready to prove the following result:

Theorem 4.6 Assume that
�

�1
� �

J
6= 0 hold and let (u; '; w) be a regular solution of prob-

lem (4.1)-(4.2). Then there exists a positive constant $1 such that the energy functional

(4.36) satis�es, for all t > 0;

E(t) � $1

t
(4.73)

Proof. As in Theorem 4.2, N;N1; N2 > 0; de�ne

~$(t) = N(E(t)+E2(t))+K1 (t)+N1K2 (t)+N2K3 (t)+8 (K4(t) +K5 (t))+ I(t): (4.74)

Remark 4.2 The Lyapunov functional ~$ de�ned by Eq. (4.74) is not equivalent to the
energy functional E: In other words, Eq. (4.55) no longer holds.

Taking the derivation of Eq. (4.74) and using Eqs.(4.39), (4.42), (4.44), (4.46), (4.48),

(4.50), (4.68), and (4.70) with the same choice of "1 as in the proof of Theorem 2, we

arrive at

~$0(t) � �(�4 � 8"2)
Z 1

0

u2xdx� (�7 � 8"2)
Z 1

0

u2tdx� �5

Z 1

0

'2xdx� �3

Z 1

0

'2tdx

��6
Z 1

0

'2dx�
�
�9 �

8c

"2

�Z 1

0

w2dx� (kN � 8c
"2
)

Z 1

0

w2t dx

�(�N � 8c
"2
)

Z 1

0

w2xtdx�
��

2

Z t

t��(t)

Z 1

0

e�(t�s)u2t (x; t)dsdx

���
2
N

Z t

t��(t)

Z 1

0

e�(s�t)u2tt(x; t)dsdx

�C1N
�Z 1

0

u2tt(x; t)dx+

Z 1

0

u2tt(x; t� �(t))dx

�
:

� �(�4 � 8"2)
Z 1

0

u2xdx� (�7 � 8"2)
Z 1

0

u2tdx� �5

Z 1

0

'2xdx� �3

Z 1

0

'2tdx

��6
Z 1

0

'2dx�
�
kN � c

�
1 +

1

"2

��Z 1

0

w2dx� (kN � 8c
"2
)

Z 1

0

w2t dx

�(�N � 8c
"2
)

Z 1

0

w2xtdx�
��

2

Z t

t��(t)

Z 1

0

e�(t�s)u2t (x; t)dsdx:
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Now, we pick "2 small enough such that

"2 < min(
�4
8
;
�7
8
):

Next, we choose N large enough such that

kN � 8c
"2
> 0; kN � c

�
1 +

1

"2

�
> 0; �N � 8c

"2
> 0:

Now, using Eq. (4.36), we get

~$0(t) � ��0E(t); 8t > 0 (4.75)

where �0 is a positive constant. Integrating Eq. (4.75) over (0; t) and using the fact that

E is positive and non-increasing, we obtain

tE(t) �
Z t

0

E(s)ds � 1

�0

�
~$(0)� ~$(t)

�
� 1

�0
~$(0); 8t > 0:

Finally, for $1 =
1

�0
~$(0) =

E(0) + E2(0)

�0
; we have

E(t) � $1

t
; 8t > 0;

which completes the proof.
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Chapter5
Exponential decay for a swelling porous

thermoelastic soils mixture with second

sound

5.1 Introduction

In this chapter, we intend to study the stabilization of swelling porous thermoelastic soils

with second sound, where the heat conduction is given by Cattaneo�s law, The system is

written as: 8>>><>>>:
�utt = a1uxx + a2'xx ,

J'tt = a3'xx + a2uxx + ��x ,

��t = �qx + �'tx � 
�,

�qt = �q � k�x ,

in (0; 1)� (0;+1);
in (0; 1)� (0;+1);
in (0; 1)� (0;+1);
in (0; 1)� (0;+1);

(5.1)

with the following initial and boundary conditions8>>>>>><>>>>>>:

u (x; 0) = u0 (x) ; ut (x; 0) = u1 (x) ;

' (x; 0) = '0 (x) ; 't (x; 0) = '1 (x) ;

� (x; 0) = �0 (x) ; q (x; 0) = q0 (x) ;

u (0; t) = ux (1; t) = ' (0; t) = 'x (1; t) = 0;

� (0; t) = � (1; t) = q(0; t) = 0;

x 2 (0; 1);
x 2 (0; 1);
x 2 (0; 1);
t 2 (0;+1);
t 2 (0;+1)

(5.2)

where u is the transversal displacement of the �uid, ' is the elastic solid material, � is

the temperature di¤erence, q is the heat �ux and the coe¢ cients, � and J are densities

of each constituent, a1, a3, �, �, � , k, 
 are positive constant coe¢ cients and a2 6= 0 is a
real number. The parameters with a1, a2, a3 satisfying

a1a3 > a22: (5.3)

63



Chapter 5. Exponential decay for a swelling porous thermoelastic soils mixture
with second sound 64

Swelling is porous media theory �eld of study. This theory considered swelling soils

as one of its investigations and priorities area. It sets its attention on every material

that su¤ers from swelling; from a smaller soil�s component to a bigger part of plants.

This issue has been worked on during the past years and many researchers attempted to

discover some systems, such as one-dimensional system to reach stability and suitability

in the �eld. Additionally, many applications in various practical problems such as �eld of

swelling have been applied.
There are several recent articles introducing continuum theories for �uids in�ltrating

elastic porous media (see [18, 19, 57, 63]): For example, in [63], Wang and Guo considered

the linear �eld equation of swelling porous elastic soils with �uid saturation with the

following constitutive equations(
�zztt = a1zxx + a2uxx � �z
(x)zt,

�uutt = a3zxx + a2uxx,

in (0; l)� (0;+1);
in (0; l)� (0;+1)

(5.4)

where z and u represent the displacements of �uid and solid elastic materials respectively.

By using the spectral method, they proved that the whole system can be exponentially

stabilized by only one internal viscous damping with variable feedback gain imposed in

the �uid part. On the other hand, in [57], Quintanilla studied the following system(
�zztt = a1zxx + a2uxx � �(zt � ut) + zxxt,

�uutt = a3zxx + a2uxx + �(zt � ut),

in (0; l)� (0;+1);
in (0; l)� (0;+1):

(5.5)

Using the energy method, he showed that the system is exponentially stable for a22 <

a1�:

In the same �eld of research, Apalara [7] considered a swelling porous elastic system

with a single memory term as the only damping source(
�zztt � a1zxx � a2uxx = 0,

�uutt � a3zxx � a2uxx +
R t
0
g(t� s)uxx(x; s)ds = 0,

in (0; 1)� (0;+1);
in (0; 1)� (0;+1):

(5.6)

By using the multiplier method, he established a general decay result irrespective of

the wave speeds of system.
On the other hand, the classical theory of heat was under the microscope by so many

researchers in the last decades, so that, they overcame its limitation and gain solutions.

This idea gave birth to the theory of believing in the possibility of combining heat con-

duction law and the second sound theory, thus, it emerges that the speed of heat can be

�nite and the system could be stabilized.
The nonclassical thermoelasticity theories have a major impact these previous years,

believing and proving that the speed of heat propagation on physics can be �nite by the

use of hyperbolic-type and the heat is showed up as a wave phenomenon, as it is called

5.1. Introduction
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second sound theory. Many results in this contest can be obtained, and numerous stability

has been established [22, 31, 40]. For the porous thermoelasticity systems coupled with

the heat equation by Cattaneo�s law, Messaoudi and Fareh [42] considered the following

system 8>>><>>>:
�utt = �uxx + b�x � 
ut;

J�tt = ��xx � bux � ��+ ��x;

c�t = �qx + ��tx � ��;

� 0qt + q + k�x = 0 ;

in (0; 1)� (0;+1);
in (0; 1)� (0;+1);
in (0; 1)� (0;+1);
in (0; 1)� (0;+1);

(5.7)

and proved an exponential stability result under suitable conditions by using the spectral

theory.
In this study, motivated by the above results, we expose the thermoelastic problem

with second sound, that shows the possibility of mixing several components (solid, �uid,

gas) in the system without breaking down materials and, especially, we are interested

in studying one-dimensional system of swelling porous thermoelastic soils mixture with

second sound, that shows the whole system can be exponentially stabilized.
After we proved the existence and uniqueness of the solution, we have obtained the

exponential decay result under the assumption (5.3) by construct some Lyapunov func-

tionals. Our work extends the stability results from [2, 7, 40, 59] to swelling porous

thermoelastic systems with second sound.
The rest of this chapter is organized as follows. In Section 2, we prove the well-

posedness by using some results from the semigroup theory. In Section 3, we establish an

exponential stability result of the energy.

5.2 Existence and uniqueness of the solutions

In this section, we show the well-posedness of the system (5.1)-(5.2) using the semigroup

theory [54].
We set v = ut, � = 't and let

U = (u; ut; '; 't; �; q)
T ;

then

@tU = (ut; vt; 't; �t; �t; qt)
T :

Therefore, problem (5.1)-(5.2) can be rewritten as(
@tU = AU; t > 0
U (0) = U0 = (u0; u1; '0; '1; �0; q0)

T
(5.8)

where the operator A is de�ned by

5.2. Existence and uniqueness of the solutions
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A =

0BBBBBBBBBBBB@

0 Id 0 0 0 0
a1
�
@2x 0

a2
�
@2x 0 0 0

0 0 0 Id 0 0
a2
J
@2x 0

a3
J
@2x 0

�

J
@x 0

0 0 0
�

�
@x � 


�
Id � 1

�
@x

0 0 0 0 �k
�
@x �1

�
Id

1CCCCCCCCCCCCA
: (5.9)

The domain of A is

D (A) =
n
U 2

�
H2
� (0; 1)�H1

� (0; 1)
�2 �H1

0 (0; 1)�H1
� (0; 1)

o
where

H1
� (0; 1) : =

�
� 2 H1 (0; 1) : � (0) = 0

	
;

H2
� (0; 1) : =

�
� 2 H2 (0; 1) : � (0) = �x (1) = 0

	
:

We consider the following Hilbert space

H := H1
� (0; 1)� L2 (0; 1)�H1

� (0; 1)� L2 (0; 1)� L2 (0; 1)� L2 (0; 1) :

The inner product on H isD
U; eUE

H
= �

Z 1

0

uteutdx+ J

Z 1

0

'te'tdx+ �

Z 1

0

�e�dx+ a1

Z 1

0

uxeuxdx
+a3

Z 1

0

'xe'xdx+ �

k

Z 1

0

qeqdx+ a2

Z 1

0

(uxe'x + eux'x)dx:
The norm induced by the inner product is

kUkH =
Z 1

0

�
�u2t + J'2t + a1u

2
x + 2a2ux'x + a3'

2
x + ��2 +

�

k
q2
�
dx:

Clearly, D (A) is dense in H.
It is easy to show that A is dissipative, for each U = (u; ut; '; 't; �; q)

T 2 D (A) ; by
using the inner product and integration by parts, we have

5.2. Existence and uniqueness of the solutions
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hAU;UiH =

*

0BBBBBBBBBBBBBBBBBBBBBBBB@

ut

a1
�
uxx +

a2
�
'xx

't

a3
J
'xx +

a2
J
uxx +

�

J
�x

� 1
�
qx +

�

�
'tx �




�
�

�1
�
q � k

�
�x

1CCCCCCCCCCCCCCCCCCCCCCCCA

;

0BBBBBBBBBBBBBBBBBBBB@

u

ut

'

't

�

q

1CCCCCCCCCCCCCCCCCCCCA

+

= �

Z 1

0

�2dx� 1

k

Z 1

0

q2dx � 0: (5.10)

SinceA is a dissipative operator. On the other hand, it is easy to show that 0 belongs to
the resolvent of A. Consequently, the Lumer-Phillips Theorem implies that the operator

A is the in�nitesimal generator of C0-semigroup of contractions S(t) = eAt over H (see

[54], Theorem 1.4). From this, we can state the following result:

Theorem 5.1 Let A and H be de�ned as before. The system (5.8) is well posed, i.e.,

for any U0 2 H, the system (5.8) has a unique weak solution U(t) = U0e
At 2 C (R+;H) :

Furthermore, if U0 2 D (A) ; U(t) 2 C1 (R+;D (A) \ C0 (R+;H)) becomes the classic
solution for (5.8).

5.3 Energy dissipation

In this section, we prove that the energy of the system (5.1)-(5.2) is dissipative over time.

The energy functional E (t) is given by

E (t) :=
1

2

Z 1

0

h
�u2t + J'2t + a1u

2
x + a3'

2
x + 2a2ux'x + ��2 +

�

k
q2
i
dx; (5.11)

then, consider the following result related to the dissipation of energy.

Lemma 5.1 Let (u; '; �; q) be the solution of (5.1)-(5.2). Then the energy functional,
de�ned by (5.11) satis�es

d

dt
E (t) = �


Z 1

0

�2dx� 1

k

Z 1

0

q2dx � 0;8t � 0: (5.12)
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Proof. Multiplying the �rst equation in (5.1) by ut, the second by 't , the third by �
and the fourth by

q

k
and integrating over (0; 1) with respect to x, performing integration

by parts and the boundary conditions, we obtain

1

2

d

dt

R 1
0
�u2tdx = �

1

2

d

dt

R 1
0
a1u

2
xdx� a2

R 1
0
'xutxdx;

1

2

d

dt

R 1
0
J'2tdx = �

1

2

d

dt

R 1
0
a3'

2
xdx� a2

R 1
0
ux'txdx+ �

R 1
0
�x'tdx;

1

2

d

dt

R 1
0
��2dx = �

R 1
0
qx�dx� �

R 1
0
't�xdx� 


R 1
0
�2dx;

1

2

d

dt

R 1
0

�

k
q2dx = �1

k

R 1
0
q2dx+

R 1
0
�qxdx:

Summation them leads to

d

dt

�
1

2

Z 1

0

h
�u2t + J'2t + a1u

2
x + a3'

2
x + ��2 +

�

k
q2
i
dx+ a2

Z 1

0

ux'xdx

�
= �

Z 1

0

�

�2 +

1

k
q2
�
dx: (5.13)

Therefore, the constants 
 and k are positive, this concludes the proof of this lemma.

Remark 5.1 Note that E(t) is stirctly positive. In fact, by considering

a1u
2
x + a3'

2
x + 2a2ux'x =

1

2

"
a1

�
ux +

a2
a1
'x

�2
+ a3

�
'x +

a2
a3
ux

�2
+

�
a1 �

a22
a3

�
u2x +

�
a3 �

a22
a1

�
'2x

�
;

since a1a3 > a22 , we deduce that

a1u
2
x + a3'

2
x + 2a2ux'x >

1

2

��
a1 �

a22
a3

�
u2x +

�
a3 �

a22
a1

�
'2x

�
;

we conclude that the energy satis�es

E (t) >
1

2

Z 1

0

h
�u2t + J'2t + ~a1u

2
x + ~a3'

2
x + ��2 +

�

k
q2
i
dx

where

~a1 =
1

2

�
a1 �

a22
a3

�
> 0 , ~a3 =

1

2

�
a3 �

a22
a1

�
> 0 :

Consequently, it follows that E(t) > 0.
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5.4 Exponential stability of solution

The stability result reads as follows.

Theorem 5.2 Suppose that a1a3 > a22: Then, the classical solution of (5.1)-(5.2) satis�es,

for two positive constants c0 and �1, the following estimate:

E (t) � c0e
��1t; t � 0: (5.14)

Now, we are going to construct a Lyapunov functional equivalent to the energy. For

this, we will prove several lemmas with the purpose of creating negative counterparts of

the terms that appear in the energy.

Lemma 5.2 Let (u; '; �; q) be the solution of (5.1)-(5.2). Then the functional

K1 (t) := J

Z 1

0

''tdx�
a2
a1
�

Z 1

0

ut'dx (5.15)

satis�es the estimate

K 0
1 (t) �

�
J +

�2a22
2a0a21

�Z 1

0

'2tdx�
a0
2

Z 1

0

'2xdx+
a0
2

Z 1

0

u2tdx+
�2

2a0

Z 1

0

�2dx: (5.16)

Proof. By di¤erentiating K1 (t) with respect to t, using the �rst and the second equation

of (5.1), and integrating by parts, we obtain

K 0
1 (t) = J

Z 1

0

'2tdx+

Z 1

0

'(a3'xx + a2uxx + ��x)dx�
a2
a1
�

Z 1

0

'tutdx

�a2
a1

Z 1

0

'(a1uxx + a2'xx)dx

= J

Z 1

0

'2tdx� (a3 �
a22
a1
)

Z 1

0

'2xdx�
a2
a1
�

Z 1

0

ut'tdx� �

Z 1

0

'x�dx:

(5.17)

By using Young�s inequalities, we obtain

� �

Z 1

0

'x�dx � "1

Z 1

0

'2xdx+
�2

4"1

Z 1

0

�2dx; (5.18)

� a2
a1
�

Z 1

0

ut'tdx � "1

Z 1

0

u2tdx+
�2a22
4"1a21

Z 1

0

'2tdx: (5.19)

Combining (5.18) and (5.19) , we and up with

K 0
1 (t) �

�
J +

�2a22
4"1a21

�Z 1

0

'2tdx� (a3 �
a22
a1
� "1)

Z 1

0

'2xdx+ "1

Z 1

0

u2tdx

+
�2

4"1

Z 1

0

�2dx: (5.20)
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For a0 = a3 �
a22
a1

> 0 and taking "1 =
a0
2
: Then, (5.16) is established.

Lemma 5.3 Let (u; '; �; q) be the solution of (5.1)-(5.2). Then the functional

K2 (t) := ��J
Z 1

0

't(

Z x

0

�(y; t)dy)dx (5.21)

satis�es the estimate

K 0
2 (t) � �J�

2

Z 1

0

'2tdx+
J

�

Z 1

0

q2dx+ (
J
2

�
+ (a23 + a22) + ��)

Z 1

0

�2dx

+
�2

4

Z 1

0

'2xdx+
�2

4

Z 1

0

u2xdx: (5.22)

Proof. By di¤erentiating K2 (t) with respect to t, then exploiting the second and the

third equation in (5.1), and integrating by parts, we obtain

K 0
2 (t) = �J

Z 1

0

't(

Z x

0

(�qx + �'tx � 
�) dy)dx

��
Z 1

0

((a3'xx + a2uxx + ��x)

Z x

0

�(y; t)dy)dx

= �J�
Z 1

0

'2tdx+ J

Z 1

0

'tqdx+ J


Z 1

0

't(

Z x

0

�(y; t)dy)dx+ �a3

Z 1

0

'x�dx

+�a2

Z 1

0

ux�dx+ ��

Z 1

0

�2dx: (5.23)

By using Young�s, Chauchy-Schwartz and Poincaré inequalities, we obtain for any

"2 > 0;

J

Z 1

0

'tqdx � J�

4

Z 1

0

'2tdx+
J

�

Z 1

0

q2dx;

�a3

Z 1

0

'x�dx � "2

Z 1

0

'2xdx+
�2a23
4"2

Z 1

0

�2dx;

�a2

Z 1

0

ux�dx � "2

Z 1

0

u2xdx+
�2a22
4"2

Z 1

0

�2dx:

J


Z 1

0

't(

Z x

0

�(y; t)dy)dx � J�

4

Z 1

0

'2tdx+
J
2

�

Z 1

0

�2dx:

Combining all the above inequalities, we obtain

K 0
2 (t) � �J�

2

Z 1

0

'2tdx+
J

�

Z 1

0

q2dx+ (
J
2

�
+
�2(a23 + a22)

4"2
+ ��)

Z 1

0

�2dx

+"2

Z 1

0

'2xdx+ "2

Z 1

0

u2xdx: (5.24)

By taking "2 =
�2

4
, then (5.22) is established.
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Lemma 5.4 Let (u; '; �; q) be the solution of (5.1)-(5.2) and (5.3). Then the functional

K3(t) := a2

Z 1

0

(u't � 'ut) dx (5.25)

satis�es the following estimate

K 0
3(t) � �

�
a22
2J
� cp
J

�Z 1

0

u2xdx+

 
a22
�
+
J

2

�
a1
�
� a3
J

�2!Z 1

0

'2xdx

+
a22�

2

4J

Z 1

0

�2dx: (5.26)

Proof. By di¤erentiating K3 (t) with respect to t, and using assumption (5.3), we obtain,

K 0
3(t) = a2

Z 1

0

(u'tt � 'utt) dx

= a2

Z 1

0

u(
a3
J
'xx +

a2
J
uxx +

�

J
�)dx� a2

Z 1

0

'(
a1
�
uxx +

a2
�
'xx)dx

= a2

�
a1
�
� a3
J

�Z 1

0

ux'xdx�
a22
J

Z 1

0

u2xdx+
a2�

J

Z 1

0

u�dx

+
a22
�

Z 1

0

'2xdx: (5.27)

By using Young�s inequalities, we have, for "3 > 0,

a2

�
a1
�
� a3
J

�Z 1

0

ux'xdx � a22
"3
2

Z 1

0

u2xdx+
1

2"3

�
a1
�
� a3
J

�2 Z 1

0

'2xdx: (5.28)

Also, using Young�s and Poincarè�s inequality gives

� a2�

J

Z 1

0

u�dx � cp"3

Z 1

0

u2xdx+
a22�

2

4J2"3

Z 1

0

�2dx: (5.29)

By substituting (5.28) - (5.29), we have

K 0
3(t) �

�
a22
"3
2
+ cp"3 �

a22
J

�Z 1

0

u2xdx+

 
a22
�
+

1

2"3

�
a1
�
� a3
J

�2!Z 1

0

'2xdx

+
a22�

2

4J2"3

Z 1

0

�2dx: (5.30)

By taking "3 =
1

J
, we obtain (5.26).

Lemma 5.5 Let (u; '; �; q) be the solution of (5.1)-(5.2). Then the functional

K4 (t) := ��
Z 1

0

utudx (5.31)
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satis�es the estimate

K 0
4 (t) � ��

Z 1

0

u2tdx+ 2a1

Z 1

0

u2xdx+
a3
4

Z 1

0

'2xdx: (5.32)

Proof. By di¤erentiating K4 (t) with respect to t, we obtain

K 0
4 (t) = ��

Z 1

0

u2tdx+ a1

Z 1

0

u2xdx+ a2

Z 1

0

ux'xdx: (5.33)

Using Young�s and Poincarè�s inequality gives, for "4 > 0,

a2

Z 1

0

ux'xdx � a22
a3

Z 1

0

u2xdx+
a3
4

Z 1

0

'2xdx

� a1

Z 1

0

u2xdx+
a3
4

Z 1

0

'2xdx: (5.34)

By the fact that a1 �
a22
a3
, we end up.

Next, we de�ne a Lyapunov function L and show that it is equivalent to the energy

functional E.

Lemma 5.6 For N su¢ ciently large, the functional de�ned by

L (t) := NE (t) +N1K1 (t) +N2K2 (t) +N3K3 (t) +K4 (t) (5.35)

where N;N1; N2 are positive constants to be chosen appropriately later, satis�es

c1E (t) � L (t) � c2E (t) ; 8t � 0 (5.36)

for two positive constants c1 and c2.

Proof. Let

$ (t) := jL (t)�NE (t)j = N1K1 (t) +N2K2 (t) +N3K3 (t) +K4 (t) :

By Young�s, Cauchy-schwartz and Poincaré�s inequalities, there exists a positive � > 0

such that

j$(t)j � �E (t), (N � �)E (t) � L (t) � (N + �)E (t) ; 8t � 0:

Therefore, by taking N > �, the proof is complete.

5.4. Exponential stability of solution



Chapter 5. Exponential decay for a swelling porous thermoelastic soils mixture
with second sound 73

Proof. (Of Theorem 5.2)
By di¤erentiating (5.35) and recalling (5.12), (5.16), (5.22), (5.26) and (5.32) we arrive

at

L0 (t) � �
�
N3

�
a22
2J
� cp
J

�
� �2

4
N2 � 2a1

� Z 1

0

u2xdx�
�
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2
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�Z 1

0

u2tdx
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�
J�

2
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�
J +

�2a22
2a0a21

��Z 1

0

'2tdx�
�
N

k
� J

�
N2

�Z 1

0

q2dx

�
"
a0
2
N1 �

�2

4
N2 �N3

 
a22
�
+
J

2

�
a1
�
� a3
J

�2!
� a3
4

#Z 1

0

'2xdx

�
�

N � �2

2a0
N1 �N2

�
J
2

�
+ (a23 + a22) + ��

�
� a22�

2

4J
N3

� Z 1

0

�2dx:

(5.37)

At this point, we need to choose our constants very carefully. First, we choose N1
enough such that

�� a0
2
N1 > 0: (5.38)

Once N1 is �xed, we take N2 large enough so that

J�

2
N2 �N1

�
J +

�2a22
2a0a21

�
> 0: (5.39)

After that, we choose N3 large enough such that8>>>>><>>>>>:
N3

�
a22
2J
� cp
J

�
� �2

4
N2 � 2a1 > 0

and

a0
2
N1 �

�2

4
N2 �N3

 
a22
�
+
J

2

�
a1
�
� a3
J

�2!
� a3
4
> 0:

(5.40)

Finally, we choose N large enough so that8>>>><>>>>:
N

k
� J

�
N2 > 0;

and


N � �2

2a0
N1 �N2

�
J
2

�
+ (a23 + a22) + ��

�
� a22�

2

4J
N3 > 0:

(5.41)

Consequently, there exist a positive constant ~� such that

d

dt
L (t) � �~�

Z 1

0

�
u2t + '2t + u2x + '2x + �2 + q2

�
dx: (5.42)
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On the other hand, by Young�s inequality, we have

E (t) =
1

2

Z 1

0

h
�u2t + J'2t + a1u

2
x + a3'

2
x + 2a2ux'x + ��2 +

�

k
q2
i
dx

� 1

2

Z 1

0

h
�u2t + J'2t + (a1 + a2)u

2
x + (a2 + a3)'

2
x + ��2 +

�

k
q2
i
dx

� ~c

Z 1

0

�
u2t + '2t + u2x + '2x + �2 + q2

�
dx (5.43)

where ~c =
1

2
max

n
�; J; (a1 + a2) ; (a2 + a3) ; �;

�

k

o
:

Therefore, we deduce that there exist positive constant �0 such that

L0 (t) � ��0E(t); (5.44)

and, further, for some c1, c2 > 0, we have

c1E (t) � L (t) � c2E (t) ; 8t � 0: (5.45)

A Combining (5.44) and the right-hand side of (5.45), we conclude that

L0 (t) � ��1L (t) ; 8t � 0 (5.46)

where �1 =
�0
c2
:

A simple integration of (5.46) over (0; t) leads to

L (t) � L (0) e��1t; 8t � 0: (5.47)

Finally, by combining (5.45) and (5.47) we obtain (5.14).
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Conclusion

In this thesis, we studied the well posedness and the stability of some linear one-

dimensional porous-elastic systems. The �rst is a porous-thermoelastic system with

second sound and a distributed delay term acting on the transverse displacement, where

the heat �ux of the system is governed by Cattaneo�s law. The second is a porous-elastic

system with microtemperatures and varying delay term, and the last is a swelling porous

thermoelastic soils mixture with second sound, where the thermal conduction is given by

the theory of Green and Naghdi called thermoelasticity type III.
Under suitable assumptions, we have proved the well-posedness of the systems by using

semigroups theory. For the stability of these systems, we used a multipliers technique

which is based on the construction of a Lyapunov functional equivalent to energy.
We intend in the future to generalize our results to viscoelasticity problems, in addition

it will be interesting to make numerical simulations of the di¤erent problems studied in

this thesis.
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