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ABSTRACT

The principal objective of this thesis is the study of some class of fractional differ-
ential equations in Banach spaces by fixed point theorems. The questions related
to the existence and stability of solutions are investigate by different techniques
such, by construction the upper and lower solutions, applying Schauder fixed point
theorem and Krasnoselskii fixed point theorem.

First, we establish the existence and localization of positive solutions in the
space of continuous functions for a multipoint Riemann-Liouville fractional bound-
ary value problem with integral conditions, by finding the explicit expressions
of the upper and lower solutions, then using the Schauder fixed point theorem.
Thanks to the same techniques, we treat in a fractional Sobolev space a multi-
point Riemann-Liouville fractional boundary value problem with fractional inte-
gral conditions. For the third studied problem, we establish the existence and
stability for Caputo-Katugampola fractional problem by using Krasnoselski fixed
point theorem.

Keywords: Fractional differential equation; Existence of solution; Positive
solution; Stability of solution; Schauder fixed point theorem; Krasnoselskii fixed

point theorem; Caputo-Katugampola fractional derivative.



RESUME

L’objectif principal de cette these est ’étude d’une classe d’équations différentielles
fractionnaires dans l’espace de Banach par des théoremes du point fixe. Les ques-
tions liées a l'existence et la stabilité des solutions sont étudiées par différentes
techniques telles que la construction des sous et sur solutions et I’application des
théoreme de point fixe de Schauder et de Krasnoselskii.

On établit d’abord l'existence et la localisation de solutions positives dans
I’espace des fonctions continues pour un probleme aux limites multipoint contenant
les derivées fractionnaires de type Riemann-Liouville et des conditions intégrales,
et ceci en donnant les expressions explicites des sous et sur solutions et en util-
isant le théoreme de Schauder. Grace aux mémes techniques, on traite dans un
espace de Sobolev fractionnaire un probleme aux limites multipoints avec les de-
rivées fractionnaires de type Riemann-Liouville et des conditions intégrales frac-
tionnaires. Pour le troisieme probleme étudié, ont établit 1’existence et la stabilité
d’un probleme avec des derivées fractionnaires de Caputo-Katugampola en util-
isant le théoreme du point fixe de Krasnoselskii.

Mots-clés: Equation différentielle fractionnaire, Existence de la solution, So-
lution positive, Stabilité de la solution, Théoreme du point fixe de Schauder,

Théoreme du point fixe de Krasnoselskii , Dérivée fractionnaire de Caputo-Katugampola.



INTRODUCTION

Fractional calculus can be seen as a generalization of classical calculus. It should be
noted that the fractional calculus is now more attractive and many monographs
and conferences are devoted to this subject, although it is an old subject and
known since the 17th century. The advantage of fractional derivatives is that they
are nonlocal operators describing the memory and hereditary properties of many
materials and processes. Recently, fractional calculus is introduced in mathemati-
cal psychology to describe human behavior since the manner he reacts to external
influences depends on the experiences he had in the past [15].

Many authors have shown that derivatives of fractional order are better suited
to the description of various real materials and that the introduction of the frac-
tional calculation in the modeling reduces the number of parameters required.
While fractional integral can be used for example in order to better describe the
accumulation of some quantity, when the order of integration is unknown, it can
be determined as a parameter of the regression model [55].

Due to these facts, differential equations involving fractional derivatives are
more adequate to describe many phenomena in different fields of applied sciences
and engineering such as in control, signal processing, electrochemistry, viscoelas-
ticity, rheology, chaotic dynamics, statistical physics, biosciences, [15, 31].

We must mention that there is no general applicable method to discuss the
classical questions related to an arbitrary given fractional differential equation and

that to study the existence, uniqueness and properties of solutions, different meth-



ods are used. This includes the upper and lower solutions method, the Mawhin
theory, the decomposition method, the variational iteration method, the homotopy
method... [4, 16, 17, 53, 52, 51, 22, 23, 24, 25, 26, 27, 28, 29, 30, 38, 39, 40|

Another important question regarding solutions for fractional differential equa-
tions is their stability. Note that the analysis of the stability of fractional differen-
tial equations is more complex than ordinary differential equations, due to the fact
that fractional derivatives are nonlocal and have a singular kernel. The literature
on the stability of fractional differential equations is limited and concentrated on a
fractional order between zero and one. We can cite some articles dealing with the
stability of solutions for systems of fractional differential equations or for fractional
differential equations [11, 12, 20, 44, 49, 50]. Most of them used Lyapunov direct
or indirect method without finding the explicit form of the solution.

This thesis is devoted to the study of some nonlinear fractional differential
equations by using fixed point theorems. Since Riemann-Liouville and Caputo
fractional derivatives are the most used in differential equations, we investigate, in
the second and third chapters, the existence of solutions for differential equations
involving Riemann-Liouville type derivative. As it is natural to look for generaliza-
tions of fractional derivatives and integrals, for which the known ones are particu-
lar cases, Katugampola introduced in [37] a new type of fractional derivative that
generalizes both the Riemann—Liouville and Hadamard fractional derivatives. Fol-
lowing this idea, Almeida et all [2] presented the so called Caputo—Katugampola
derivative, that generalizes the concept of Caputo and Caputo-Hadamard frac-
tional derivatives. The new operator is the left inverse of the Katugampola frac-
tional integral and keeps some of the fundamental properties of the Caputo and
Caputo-Hadamard fractional derivatives. A Caputo-Katugampola fractional dif-
ferential equation is treated in the fourth chapter. Let us give the review of each
chapter of the thesis.

In chapter 1, we introduce some functions that are of fundamental importance
in the theory of fractional differential equations, Gamma function and Beta func-
tion. We provide some basic knowledge about fractional integrals and derivatives,
such Riemann-Liouville fractional integral, Riemann-Liouville fractional deriva-
tive, Caputo fractional derivative, Katugampola derivative and Caputo-Katugampola

derivative. We give a characterization of a compact set in the space of continu-



ous functions and in the space of p-integrable functions that is in Lp, some fixed
point theorems and the theory on stability of solutions for fractional differential
equations.

In chapter 2, we study the existence of solutions for a multipoint fractional

higher order boundary value problem with integral conditions (P1):

Dgry(t)+ f(t,y(t)) = 0,1€(0,1)
yD0) = 0i=0,...,n—2

y(1) = Zxk/y@)ds,

where Dy, is the Riemann-Liouville fractional derivative of order o, n —1 <
a<n,n>2 feC(0,1] xR,R,) is a given function, 0 < n, < 1, \y > 0, k =
0,...,m. By Schauder fixed point theorem, we prove the existence of solution for
problem (P1), then we show that the solution is lying between the lower and upper
solutions that we construct explicitly. The results of this chapter are accepted for
publication:

D. Boucenna, A. Guezane-Lakoud, Juan J. Nieto, R. Khaldi, On a multipoint
fractional boundary value problem with integral conditions, J. Nonlinear Funct.
Anal. Vol. 2017, Article ID 53, 1-13 (2017).

Chapter 3, concerns the existence of positive solutions for a multipoint frac-
tional boundary value problem with fractional integral conditions in a fractional
Sobolev space (P2):

Dgiu(t) + f(t,u(t), Dgiu(t)) = 0, n—1<a<mn, te(0,1)
DyT'u(0) = 0, Vi=2,..n,
u(l) = Y MIfiulng), A >0,
k=0
where D, and Dg, denote the Riemann-Liouville fractional derivatives of order
a and v respectively, n —1 <a<n,n>2 0<vy<1, Ig+ denotes the Riemann-

Liouville fractional integral of order g > 0, f is a given function, 0 < n, < 1,

M. > 0, k = 0,...,m. By constructing the upper and lower control functions,
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we prove the existence of positive solution lying between the upper and lower

solutions.

In chapter 4, we study the existence and stability of solution for the following

fractional initial value problem (P3):

Dfx(t) = ftat) t>t,

x (to) = Xy, l'/ (to) = T,

where CD%;” is the Caputo-Katugampola fractional derivative, 1 < o < 2, p > 0,
p # 1, xg,x;1 € Rand f : [tg,+00) x R — R is a continuous function. We
give sufficient conditions to guarantee the stability of the zero solution of problem
(P3). The main results are obtained by using Krasnoselskiis fixed point theorem in

a weighted Banach space. The results of this chapter are submitted for publication.



CHAPTER 1

PRELIMINARIES

We introduce some important functions which are used in fractional calculus. The
Gamma function plays the role of the generalized factorial and the Beta function
occur when computing fractional derivatives of power functions. We give some
necessary concepts on the fractional calculus theory, namely the Riemann-Liouville
integral and derivative, the Caputo derivative and Caputo Katugampola fractional
derivative. We cite their basic properties including the rules for their compositions
and the conditions for the equivalence of various definitions. More information
about these functions can be found in [2, 3, 36, 37].

1.1 Gamma and Beta functions

Definition 1 The Gamma function T'(.) is defined by the integral

—+00

I'(z)= /e_ttz_ldt,

0

which converges in the right half of the complex plane, that is, Re (z) > 0.

11
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The Gamma function satisfies
['(z4+1)==2I'(2), Re(2) >0
and for any integer n > 0, we have
I'(n+1)=nl

A limit definition of the Gamma function is given by

nln?

['(z) = lim

n—oo z (24 1) ... (2 +n)’ Re(2) >0,

Definition 2 For every z,w such that Re (z) > 0, Re (w) > 0, the Beta function

1s defined by
1

B(z,w) = /tZ1 (1—t)""dt.

An interesting formula relating the Gamma and Beta functions is

[z (w)

B(z,w) = m

,Re(z) > 0,Re(w) >0

1.2 Fractional integrals and fractional derivatives

In this section, we focus on the Riemann-Liouville integrals and derivatives and
the Caputo derivative since they are the most used ones in applications. We will
formulate the conditions of their equivalence and derive the most important prop-
erties. There are several types of fractional derivatives such the Grunwald Letnikov
fractional derivative, Riesz fractional derivative, Hadamard fractional derivative.
The choice of the appropriate fractional derivative or integral depends on the con-

sidered problem since each of them has its own advantages and disadvantages.

Definition 3 The Riemann-Liouville fractional integral of order o > 0 of a func-
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tion f: (a,+00) = R is given by

Ig: /t—sal s)ds

provided that the right side is pointwise defined on (a, +00).

Definition 4 The Riemann-Liouville fractional derivative of order a« > 0 of a

function f: (a,+00) — R is given by

a

provided that the right side is pointwise defined on (a,400), where n = [a] + 1, [a]

denotes the integer part of a.

Lemma 5 Let a > 3> 0, then for f € L [a,b] (1 < p < 00) the relation
(Dires) () =157 (1)
holds almost everywhere on |a,b]. In particular if o = § we get

(Dar 1 ) (8) = [f(t)

Lemma 6 The fractional integral operator I, is bounded from LP(a,b) (1 < p <

o0) into itself

(b—a)
['a+1)

Definition 7 Let o > 0 and n = [a] + 1, for a function f € AC" ([a,b],R) the
Caputo fractional derivative of order o of f is defined by

e fllpe < KNl k=

Dz f) () = DO (1

- —5)" 7 ) () ds
Sl At AL

a

x
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where D = 4 denotes the classical derivative and AC™ [a,b] = {f € C""* [a,b], f("~V)

absolutely continuous function}.

Properties. Let o, 8 > 0 and n = [a] + 1, then the following relations hold:

=) 0 = L

(@ —a) () =

I'(B)
I'(B—a)
On the other hand, for £ =1,2,...,n, we have

‘DY (x—a)’ M (1) = (t—a)’ ", B>n.

o (@ —a)* (1) =0,
and for k=0,1,....,.n—1
“Dgs (x —a)* (t) =0,

in particular,
“D (1) = 0.

The Riemann-Liouville fractional derivative of a constant is in general not equal

to zero, in fact

g+(1):%,0<a<1.

Lemma 8 Leta>0,n=[a]+ 1 and f : [a,b] — R be a given fonction. Assume
that DY, f and CDZ‘+ f exist. Then

n—1 (k) a e
DL ) =D - ()

Lemma 9 Let o > 0, then the fractional differential equation
Dgi f(t) = 0.

has f(t) = cit® 4 ot 2+ et B+ L+ et ¢ € Ry = 1,2, ..., n as solution.
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Lemma 10 Let « > 0, n = [a] + 1. If f € L' [a,b] and f,_o € AC™[a,b], then
the equality

o o D a) ami
(a+Da+ ZF( _j+1)(t—a) .

7j=1
holds almost everywhere on |a,b]. In particular, if 0 < o < 1, then

flfa (CL)

F(Oé) (t_a)ai ’

(La+ D+ f) (1) = f (1) —

where fr_o = I'7°f and fi_, = ];O‘ .

Theorem 11 Let § > «a > 0, then we have

(IEDf) () =F ) =Y 5~ (t—a)

(Dotlof) O =155 (1)
D™D, f(t) = D™ f(t), m € N.

Definition 12 The Hadamard fractional integral of order o > 0 of a function f
1s defined by

I, (t):ﬁ/(log£>a @ds,a<t<b.

a

A more general fractional integral referred as Hadamard fractional integral of order

a is given by

e 1 rsve (T (s)
Ia+'u (t)—m/(;) <10gg) . ds,a<t<b,,u€R.

a

Definition 13 The Hadamard fractional derivative of order o > 0 of a function
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f s defined by

d n
D¢, (t):<t%> I''“ft),a<t<bn=I[a]+1
A more general fractional derivative referred as Hadamard fractional derivative of

order « s given by

d n
DY f(t)y =t <t£) I () a <t <bn=[a]+1

1.3 Generalized fractional integrals and fractional

derivatives

Katugampola in [37] introduced a new type of fractional derivative generalizing
Riemann-Liouville and Hadamard fractional derivatives. Later, Almeida and all
in [2], introduced a generalization of the derivative as the left inverse of Katugam-
pola’s fractional integral and which retains some of the fundamental properties of
the fractional derivatives of Caputo and Caputo-Hadamard, the new derivative is

called Caputo-Katugampola fractional derivative [2, 3, 36, 37].
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Definition 14 (Katugampola fractional integrals) Let a,b be two real and f :
l[a,b] — R be an integrable function. The Katugampola fractional integrals of
order a > 0, parameter p > 0, of f is defined as

Definition 15 (Katugampola fractional derivative) Let 0 < a < b < oo be two real
f :la,b] = R be an integrable function. The Katugampola fractional derivative of

order a > 0, and parameter p > 0, is defined as

d n
Do) = (fg) L

1—-n+a

_ ﬁ <t1")%>n /t s (1P — sP) 07N £ () ds.

a

Proposition 16 We have the following properties for Katugompola fractional in-

tegral and derivative.

DYP(IZE) f(t) = f(t),
1 (1) rwy = 1

t

i 127 () = g [ 0= f(9)ds

a

lim I°f (1) — ﬁ / <log§) CfeE

p—0+t S
1 d n ¢ ¢ n—a—1 d
1 a,p —_ - _ _ _S
plg(% Drrw = I'(n—a) <t dt> / (log s) J(s) s’

D30 = s () [am s
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1.4 Caputo-Katugampola fractional derivative

Definition 17 (Caputo-Katugampola fractional derivative) Let 0 < a < b < oo
be two real, p > 0 be a positive real number and f € AC™ ([a,b] ,R). The Caputo-
Katugampola fractional derivative of order o > 0 of the function f is defined by

dt

1—-n+a B 1 . d n

a

d n
CDPf(t) = I (t”—) f ()

t
pa—n—l-l / S(p—l)(l—n)f(") (8) p

a—n+1 S
I'(n—a) (tr — sP)

where n is the smallest integer greater than c.
Properties.
1- When p = 1, the Caputo-Katugampola derivative coincides with Caputo deriva-

tive.

2- In the case 0 < a < 1 and p > 0, then

“DELf (1) =

o d [ (F(s) — f(a)
Ti—a) E/ s 0

a

3-If f € Cla,b] then
DY () = f(1),

and if f € C'[a,b] then

IS°DXPF () = f(t) — f(a).
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4- If f(a) = 0, then the Caputo Katugampola and the Katugampola fractional

derivatives coincide. Moreover if both types of derivatives exist then

DXLf(t) =D f (1) — f(a)f;l(ti;;p)_a-

1.5 Fixed point theorems

Fixed point theory is an important topic with a big number of applications in
various fields of mathematics. The fixed point theorems concern a function f
satisfying some conditions and admits a fixed point, that is f(z) = x. Knowledge
of the existence of fixed points has pertinent applications in many branches of
analysis and topology. Following if the conditions are imposed on the function or

on the set, different fixed point theorems are given, we cite the following.

Theorem 18 (Banach contraction principle) Let T be a contraction on a Banach

space X. Then T has a unique fixed point.

Theorem 19 (Schauder fized point theorem) Let Q be a nonempty closed bounded
and convex subset of a normed space. Let N be a continuous mapping from ) into

a compact subset of €1, then N has a fized point in €.

Theorem 20 (Krasnoselskii fized point theorem) [42]. Let Q be a closed bounded
and convex nonempty subset of a Banach space X. Suppose that A and B map €
into X such that

(i) A is continuous and compact.

(i) B is a contraction mapping.

(iii) x,y € Q, implies Ax + By € Q.

Then there exists x € Q with v = Ax + Bux.

The criteria for compactness for sets in the space of continuous functions C(|a, b))

is the following.

Theorem 21 (Arzela-Ascoli theorem). A set Q C C([a,b]) is relatively compact

in C([a,b]) iff the functions in Q are uniformly bounded and equicontinuous on

la, b].
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We recall that a family 2 of continuous functions is uniformly bounded if there
exists M > 0 such that

[fI} = max |f(z)| < M, feQ.

z€[a,b]

The family Q) is equicontinuous on [a, b], if Ve > 0, 30 > 0 such that Vi,,ts € [a, b]
and Vf € €2, we have

th— o <d=[f(t1) — f(t2)] <&

The criteria for compactness for sets in the space of integrable functions L? (0, 1)

is the following.

Lemma 22 [6]. Let F be a bounded set in LP (0,1), 1 < p < co. Assume that

(2) im ||7nf — fl|, = 0 uniformly on F,
|h|—0 p

(1) lim fll—a |f ()P dt = 0, uniformly on F.
e—

Then F is relatively compact in LP (0,1). Where T,f (t) = f(t +h).

The following theorem gives a necessary and sufficient condition for a set of

functions to be relatively compact in an L? space.

Theorem 23 (Riesz-Kolmogorov). Let F be a bounded subset in LP(R"),
1 < p< oo, The subset F is relatively compact if and only if the following proper-
ties hold.

L. limg 0 [ |f(y +x) — f(y)[Pdy = O uniformly on F.

2. limpg 00 / |f (2)|P dz = 0 uniformly on F.

|z|>R
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1.6 Stability of solutions

Recently, several methods are introduced to study the stability of nonlinear frac-
tional differential equations, but most of them are devoted to the case 0 < o < 1.
We can cite the Mittag—LefHler stabilities, Ulam stability, generalized Gronwall-
Bellman inequality... However, when the fractional order is greater than one, it is
difficult to apply these methods and finding another effective method to investigate
the stability of nonlinear fractional differential equations is actually the purpose
of many research works. Let us consider in the Banach space X the differential
equation

dz

— =f(t,x),trp <t <0 (1.1)

dt
where f : [tg,00) x X — X.

Definition 24 [13] A solution x = ¢ (t) of equation (1.1) is said to be stable if
for any € > 0 and any t; > tg, there exists 6 > 0 such that every other solution
x =1 (t) defined in a neighborhood of t; and satisfying ||p(t1) — ¥ (t1)]| < 0, exists
for all t > t1 and satisfies ||p(t) — (t)|| < e,Vt > t;.

A solution © = ¢ (t) of equation (1.1) is said to be uniformly stable if the
constant & can be chosen independly of t1 > ty.

A solution x = ¢ (t) of equation (1.1) is said to be asymptotically stable if it’s
stable and for any ty > to, there exists § > 0 such that ||¢(t1) — ¥(t1)]| < 0 implies
lime s o [i9(8) — 0(2)]| = 0.

Remark 25 Note that by setting y (t) = x(t) — ¢ (t), where ¢ (t) is a solution
of equation (1.1), the study of the stability of a solution can be reduced to the

iwestigation of the stability of the zero solution of an auxiliary equation.



CHAPTER 2

POSITIVE SOLUTIONS FOR A MULTIPOINT
FRACTIONAL BOUNDARY VALUE PROBLEM WITH
INTEGRAL CONDITIONS

22
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2.1 Introduction

Fractional differential equations as generalization of differential equations of inte-
ger order can modelize many phenomena in different fields of applied sciences and
engineering such as viscoelasticity, rheology, thermodynamics, biosciences, bioengi-
neering, etc. Several methods are involved in the study of the existence of solutions,
one can quote the upper and lower solutions method, the theory of Mawhin and the
method of successive approximation .... In particular, some fixed point theorems,
such Banach fixed point theorem, Schauder fixed point theorem, Leray-Schauder
fixed point theorem and Guo-Krasnoselski theorem are used in the study of the
existence of solutions or positive solutions for boundary value problems for nonlin-
ear fractional differential equations, see [1,4,15-19, 21-23,31-36,42,46,48,52,54-56].
Furthermore, the use of the upper and lower solutions method provides information
on the existence and localization of solutions.

In [45], Liang et al. studied by means of lower and upper solutions method and
Schauder fixed point theorem the existence of positive solutions for the following

problem

Diy+ f(tby) = 0, 3<a<4, 0<t<]l,

y(0) = y'(0)=y"(0)=y"(1) =0.

Chen et al in [10], investigate the existence of multiple positve solutions for the

following fractional boundary value problem

Dyiy+ f(t,y) = 0,2<a<3, 0<t<l,

y(0) = ¥ (0)=y(1)=0

By the properties of the Green function, the lower and upper solutions method
and Schauder fixed point theorem, the authors proved the existence of at least one

positive solution. Then using Leggett Williams fixed point theorem, they showed
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the existence of multiple positive solutions.
This chapter concerns the existence of positive solutions for the following

boundary value problem for nonlinear fractional differential equation.

Dyiy(t)+ f(t,y(t)=0n—1<a<n, 0< t<1 (2.1)

Nk

v = > on [uls)as (2:2)

where f € C'([0,1] x R, R, ) is a given function, n € N;n > 2,0 <n, <1, Ay > 0,
Vk=0,...m

Firstly we solve the linear problem, then we construct the lower and upper solu-
tions. By Schauder fixed point theorem, we establish the existence of at least one
positive solution for the boundary value problem (2.1)-(2.2) lying between these

two functions. The obtained results are illustrated by an example.

2.2 Existence of positive solutions

Lemma 26 Assume that h € C (0,1) N L' (0,1) andn—1<a <n, n > 2. Then

the solution to the boundary value problem

D2y (t) +h(t) =0,t € (0,1), (2.3)
0)=0 i=0,.n—2,
1) iw J(5)ds, 2e >0 24)

is given by

Z)\k/an, s)ds.
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where £ =1 —1 % \n > 0 and
k=0

»
IN
IN

—

T (1—9)*t0<t<s<l1

G (t,s) = r(lo) { T (1=s)" T = (t =)0 <

1 rr1-—8) ' (t—8)*0<s<t<1
Ht,s) - ){ T

T(a+1 (1-s)*"0<t<s<1.

Proof. Let y be a solution of the fractional boundary value problem (2.3)-(2.4).
By Lemma 9, it yields

y(t) = crt® et et et — / (t— )" h(s)ds. (2.5)

Taking conditions (2.4) into account, we obtain
cy =c3...=¢, =0,

and then

y(1) = cl—Io‘h(l):zm:)\k

k=0

o - a+1 C1 «

= Z (I h77k;>+a77k>
k=

A

_ Z NI () + ey S

k=0 k=

o\§
<
—~
V2)
S—

[e=]

that implies

/1—50‘1 d——z/\k/ )* h(s)ds

0
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Hence the solution of problem (2.3)-(2.4) is the following

y(t) = —ﬁ/(t—s)a_lh(s)ds
.

T (@) [/ (1—295)"""h(s)ds
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1

ta—l m

e L LR IO

k=0,

1
a—1

_ /G(t,s)h(s)dertg Z)\k/H(nk,s)h(s)ds.

0 =

The proof is completed. m

Lemma 27 The functions G and H are continuous nonnegative and satisfy

1 e
0<G(t <——, 0K H(t <——, 0t s< 1.
—_— (’8)—F(a)7 — (78)—F(a+1)’ — 78—
Now we define the concept of upper and lower solutions for the fractional

boundary value problem (2.1)-(2.2).

Definition 28 A function § € C[0,1] is called a lower solution of the fractional
boundary value problem (2.1)-(2.2), if

IN

f(&6(t), te(01),
=0,...,n—2,

, i
- U
Z)\k/y(s)ds.
0

_D3+5 (t)
B (0) <

B (1)

IN

k=0

Definition 29 A function v € C'[0,1] is called an upper solution of the fractional
boundary value problem (2.1)-(2.2), if

_Dg+7(t) > f(tv’)/(t)) RS (Ovl)a
A0 > 0, i=0,..,n-2,
m Mk
v(1) > Z)\k/y(s)ds, Ax > 0.
k=0
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Define the operator F': C'([0,1],R) — C ([0, 1],R) by

Oé—

zmj " / H (. 5) f (5, (s)) ds.

then y is a solution of problem (2.1)-(2.2) if and only if y is a fixed point of F.
Setting

1

p) =[G

Z)\k/H N> S) as,
0

— > o 1 to— 1. m b\ _ o+l «
_ I k ( e | Tk
I'(a+1) 13

kZOF(a+1) a+l  «
te=h (1 —t) et & 1 My
= ot [ = —
'(a+1) +§T(oz ); e\ T at1
ot 1 & 1 i
= 1= +=5 "o ==
['(a+1) ( )+£kzz() kk(a a+1)|’

then the function

ai

g(t):/G(t,s)f( V) ds + (5.p(s)) ds. € [0.1]

\
§

is a positive solution of the following problem

D0+g<) f(t,p(t)),tE(O,l)

g 0)=0 Vi=0,..,n—2,

Mk

:zi:)\k/g(s)ds

consequently

ap(t)<g(t)<ap(t), 0<t<l, (2.6)
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where

o =min {1, min £ (0 ()}, o =max {1 max Ftp (@)} @D

We have the following results:

Theorem 30 Assume that the following conditions are satisfied
(H1) There exist a function ¢ € L' ([0,1],R,) and a continuous nondecreasing
function ¢ : Ry — Ry, such that

fty) <o)y,

for allt € [0,1] and all y € R.
(H2) There ezists a constant p > 0 such that

v (F(l R T It ) el < 29
(H3) f(t,p(t)) # 0, fort € [0,1] and there exists a constant ju, 0 < p < 1 such
that for all k, 0 < k < 1, we have
Krf(tu) < f(tku), ueRy. (2.9)
Then the problem (2.1)-(2.2) has at least one positive solutiony € C'[0, 1] satisfying
Bt)<y(t) <~(t),tel0,1].

Where 8 and ~ are respectively the lower and upper solutions for problem (2.1)-
(2.2), defined as

6 (t) = klg (t) Y (t) = kQQ (t) ) (210)
k1 = min (1,7) ks, ke = max (1, R) k4, (2.11)

r=min (f (t,y(t)),t € [0,1], |ly] < p),
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R =max (f (¢,y(1)),t € [0,1], [lyll < p),

1 = 1 2
ks = min (—, af") , k4 = max (—, a%“) . (2.12)
a2 a1

Proof. Let us prove that F' is completely continuous operator.
Let ye B, ={y € C[0,1] : ||y|]| < p}, we have

1

thanks to Condition (H1) we obtain

\
H
|

CIJ

|
\_/
QL
»

Fy(t)ﬁzz)(p)(“l) T Zm)

in view of (2.8) it yields

1 1 .
1Fyll <4 (p) <r(a) + T ot D) ;Awk> ol < p-

thus F' is uniformly bounded on B, and F (B,) C B,.



Let t1,ts € [0,1],¢; < tg, then

Fy(ts) = Fy(t) < L ta / (5. (s)) ds

[en]

By the help of Condition (H1) we obtain

|Fy (t2) — Fy (t1)] < ¢ (p) |l¢ll 11 (Qéh%at)?_)

ta—l o ta_l . a—1 o 1 ta 1 m
+( 2 ) Gt (5 Z/\Wk>

T (a) T (a) T (a+1)

b (p) el (57 —177) 1 &~y
< I (a) 2+ oc_£ ; )

v (o) llellps (82 — 1)

" I (a)

that tends to 0 as ¢, — t;. Hence F'(B,) is equicontinuous. By Arzela-Ascoli
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Theorem we conclude that F' is completely continuous. Applying Schauder fixed

point Theorem 19, it follows that F' has a fixed point y € B,. Let us remark that

the solution y satisfies

rp(t) <y (t) < Rp(t) vt €(0,1). (2.13)

Now we prove that 3 (t) <y (t) <~v(t),t € [0,1]. Combining (2.6) and (2.10), we



get the following estimates for ¢ € (0, 1)

t
kia; < w < kyas,
p(t
1 p(t) 1

< )
koaz = v (t) — koay

furthermore (2.11) implies
ksas <1, ksaq > 1.

Let t € (0,1), from (2.11),(2.14)-(2.16) we obtain

t .
]ﬂ?T(t)) < kyag < min (1,7) ksas <,
t 1 t
p()< :>7()zkgalzmaX(R,l)k4a12R,

Y(t) T kear  p(t)
hence
B(t) <rp(t), v(t) > Rp(t) for any t € [0,1]

From (2.13) and (2.17), it yields

B(t)<y(t) <v(t) forany t € [0,1].
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(2.14)

(2.15)

(2.16)

(2.17)

Finally we shall prove that 8 (t) = kig (t), v (t) = kog (t) are respectively lower

and upper solutions for problem (2.1)-(2.2). Thanks to (2.12), we get the following

estimates
(ksar)" > ks,and (ksas)" < ka,

(/ﬁal)“ 2 kl,and (kgag)'u S kz.

Using (2.9), (2.14) and (2.19), we get for any ¢ € (0, 1)

reso) = 1 (128 0) = (29) s

p(t) p(t)
(klal)u f (t,p(t)) > klf (t,p (t>> ’

v

(2.18)

(2.19)
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and
wf wp) = kf (12500) 2k (15) e 0)
> ko (kaan) " f (6,7 (1) = f (5,7 (1)),
consequently
{—Daﬁ(w:klf P < F(EBE) te(0,1),
DSy (8) = kaf (tp (1) > f (174 (8) t€(0,1),
and

thus 5 (t) = k1g (t) and v (t) = kog (t) are respectively lower and upper solutions
of problem (2.1)-(2.2). The proof of Theorem 30 is achieved. =



2.3 Example

Consider the fractional boundary value problem (2.1)-(2.2) with

fty) = 1—1—15—1—L

[+ 1)yl

2.5, \ = 0.25, Ay = 0.75,1, = 0.5,7, = 0.25,

100

that we denote by (P), then

p(t) = 0.30009¢2 (1.019595 — t)
Flt,p(®) = 1-+t-+0.01¢5.
¢ ~ 0.97295 > 0.

Q

For p = % and for 0 < k < 1, it is easy to verify that

kaif(ty) =

Moreover

[f (ty ()] <

1 1 ]_ F 1k
ke 4 kot 4 — (at 1) klyl

1 - a (1
(1—t)+gk2::0)\k77k (5 — o)

N|=

100 mo
(1—t)+%’§)>\k77k(§—a_+1)
r 1)k
Lo (Oém+ ) k [yl
(1= 0+ 3 A (3 = 32%)
f(t, ky)
1 T'(a+1)
211+ —
* 300

(1—t)+%];0%77? (s — a5

<9 (1 +0.0751886 |y|%) — o) (|y]),

)

Mk

[V

2

1
ly|>

[T

34
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thus
1
o (t) = 2,9 (Jy|) = (1 +0.0751886 yy|2> .

If we choose p = 2, it yields

1 1 i N B
¥ (p) (r @ + Sy ;;Akmc) o]l .« — p = —0.3008 < 0,

thus (3.3) is satisfied. Since f (¢,p(t)) is increasing in ¢ then

te ')7 te|0 ( >

hence, f (t,p(t)) # 0. Since all conditions of Theorem 30 are satisfied, thus the
fractional boundary value problem (P) has at least one positive solution such that
B(t) <y(t) <~(t),te[0,1]. Let us find the explicit forms of the functions g,

and . By computation, we get

ar = 1, ap=201,7r =1, R=2.184174,k; = ky = 0.49751,
ke = 2.01, ko = 4.390189

g (t) = 0.36506¢"" — 0.75225t*° (0.4 + 0.11429¢ + 0.84263 x 10~°¢"7°) |

B(t) = 0.181621¢"° — 0.374251¢*° (0.11429¢ + 1.4746 x 107%™ + 0.4)
v(t) = 1.602682t"7 — 3.302519¢>° (0.11429¢ + 1.4746 x 107°¢°7° +0.4) .



CHAPTER 3

POSITIVE SOLUTIONS FOR A MULTIPOINT
FRACTIONAL BOUNDARY VALUE PROBLEM IN A
FRACTIONAL SOBOLEV SPACE

36
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3.1 Introduction

The LP-solutions of fractional differential equations are discussed by Burton et al.

in [8]. The authors considered a Caputo fractional differential equation of the form

“Deut) = f(t,ut),0<a<1,t>0,
u(0) € R.

Using a variety of techniques, they showed that the solutions belong to L? (R, ),
p > 1.
In [34], Karoui et al. considered the following nonlinear quadratic integral

equations
+oo

Mﬂza@+f@@@”/h@@@@ﬁ%i>0

and
o0

:Mﬂza@+m@%/k@@h@@@ﬁ%j>&
0

that contain many special cases of nonlinear integral equations. The authors
proved the existence of solutions in LP (R,) by using a result of noncampact-
ness combined with Schauder and Darbo fixed point theorems. Following similar
ideas, Karoui et al., in [35], proved the existence of L” [a, b]-solutions and C ([a, b])-
solutions of Hammerstein and Volterra types nonlinear integral equations by means
of Shaefer’s and Schauder’s fixed point theorems and a generalized Gronwall’s in-
equality:.

Motived by the the above papers and the reference [5], we investigate the
existence of LP (0, 1)-solutions of a Riemann-Liouville fractional boundary value

problem with integral conditions, that is

Dgu(t) + f(t,u(t), Djiu(t)) = 0,0 <t <1, (3.1)
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DY u(0) = 0Vi=2,..,n, (3.2)
U(l) = Z)\klg+u(nk)7 )‘k > 07
k=0

where Df, and D, denote the Riemann-Liouville fractional derivatives of order
a and vy respectively, n —1 <a<n,n>4,0<vy<1, ]g+ denotes the Riemann-
Liouville fractional integral of order 8 > 0, f : [0,1] x R? — R, is a given function,

0<n <1, M >0, k=0,...,m. Set { =1— Fofi?{?ZAna+ﬂl>O

By means of the upper and lower solutions method and Schauder fixed point
theorem, the existence of at least one positive solution for the boundary value

problem (3.1) and (3.2) in a fractional Sobolev space is established.

3.2 Riemann-Liouville fractional Sobolev spaces

Let us introduce the Riemann-Liouville fractional Sobolev spaces. In what follows

we denote by [a,b] a non empty interval of R. Let
Wt (a,b) = {u e L' (a,b),u' € L' (a,b)},
be the Sobolev space endowed with the norm
lllyrn = Nl + 1l o

here u’' denote the distributional derivative of u. The Sobolev space W' (a,b)

coincides with the space of absolutely continuous functions AC' (a,b). Moreover
we have Wt (a,b) C C'[a,b].

Definition 31 /5] The Riemann-Liouville fractional Sobolev space is defined by
W;Lla+ ={ue L (a,b),I}7°ue W" (a,b)},0 < s <1.
W;Lé .+ 18 a Banach space endowed with the norm

”u”WzSaLl at - HUHLl + HI;ISU)HWM ’
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For more details on the Sobolev space W;Ll . we refer to [5].

3.3 Existence of solutions
First, we solve the correspondant linear problem.

Lemma 32 Assume that h € L' (0,1) and n—1 < a < n, n > 4, then The

unique solution of linear boundary value problem

Deu(t) + h(t) =0,0 <t <1, (3.3)

DY u(0) = 0Vi=2,..,n,

u(l) = Y Mdjiu(ng), A >0, (3.4)
k=0
s given by
1 o1l ™ 1
u(t):/G(t,s)h(s)dS—i—t ZAk/H(nk,s)h(s)ds
0 ¢ k=09
where
1 [t (1 -5 = (t—9)""] 0<s<t<1
G(t,s) = — 3.5
(t,9) F(a){tal(l—s)o‘l 0<t<s<l1 (3:5)
1 et (1— )" — (=) 0<s<t<1
s —— L[ =9 @™ o
Fla+8) | pots-1(1— ) 0<t<s<l

Proof. Let u be a solution of the problem (3.3)-(3.4). By Lemma 9, we get

t

1
u (t) = Cltail + CztaiQ + Cgtaig 4+ ...+ Cntain — m / (t — S)a_l h (S) ds
0
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Taking conditions (3.4) into account, it yields
02203:...:Cn:0.

then
u(l) = o —I%h(1 Z)\k o+t (M)

= = MLy h () + AT 3 Z A O,
k=0
that implies

# 1 ) (s S_Mm ! — L (o) ds
F(a)g(o/(l ) h(s)d F(a+ﬁ);Ako/(nk ) h()d)'

=0

Hence the solution of problem (3.3)-(3.4) is
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Now, using some computations, we obtain

(1) = F(la)/(t— 1 (s) ds
-1 g F 2/\k77a+6 ' y
tOl
+ + (1—25)*""h(s)ds
e I'(a )(1_F(a+ﬁ) > et 1) o/
t* 12)% Mk

1 / a—1 -1 a—1
- mo/(t (1—s) (t—s)""") h(s)ds
+F(O‘)t/ta (1—5)"""h(s)d
ta_l m Mk o - o
+F(a+6)§kz:0)\ o/(nk A=) T = (g —9)™ )h(s)ds

1
ta_l - a+pB-1 a—1
+F(a+ﬁ>€’;A /n’“ S

Mk
1

- /G(t,s)

0

Z/\k/H N $) h (s) ds

Lemma 33 The functions G and H are continuous nonnegative and satisfy

1
t [ Q— <t. s <1.
G(7S> —_ I‘\(a)70— 78_
1
H (t, < —0<ts<1.
5 < Fatp ’
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Denote by G* and H* the nonnegative constants

G* = sup{G(t,s), 0<t,s <1},
H* = sup{H (t,s), 0<t,s<1}.

Let a,b,c,d € R, define the upper and lower control functions respectively by
U (t,u,0) =sup {f (A p) sa<A<u, b<p<ol,

and
L(t,u,v) =inf {f (t, A\, pu) :u<A<¢, v<pu<d},0<t<l.

We have L (t,u,v) < f(t,u,v) < U (t,u,v)for0 <t <1l,a <u<candb<wv <d.

Set the cone K = ILZ)}F, u(t)>0,0<t< 1} . Note that the norm in the

f—’H

1—v,1
space WRL or 18

s = s+ =l + D3]

We make the following hypothesis:
(H1) There exist u*,u, € K, such that a < u* (t) < w, (t) < ¢,
b< Dy,u*(t) < Dj,u, (t) < d and for all t € [0,1], we have

ut(t) > G(t,s)U (s,u”" (s),D"u* (s))ds

O\H

1
k/H ne,$) U (s, (s), DV (5)) ds
0

u (t) G (t,s) L (s,u.(s), D} us (s)) ds

IA
S —

Z / (oo $) L (510 (5), Dl () ds. (3.7)
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7ot ; | S s,u” (s Tu* (s))ds
Dyt (1) = F(a—v)o/Gl(t’ YU (5" (), D" (5)) d

1
m

€T <£ i‘“if Flath) 2 / Hy (g, 8) U (s,u" (), D" (s)) ds,
k=0 0

a—y—1

and

1

Djiu, (t) < /G’1 (t,8) U (s,us (8), D"y (s)) ds

1
I'(a)t! —
+5F(oz— I'(a+p) %AkO/H M ) U (s, w2 (), DT (s)) ds,

where

Gl (t, S) =

1 o (1 =) = (t—5) T s <t
['(a =) (1 —5)* 7 s >t

We recall the definition of a Caratheodory function:

Definition 34 A map f : [0,1] x R? = R is said to be Caratheodory if:
(a) t — f(t,u,v) is measurable for each u,v € R.
(b) (u,v) = f(t,u,v) is continuous for almost all t € [0, 1].

Theorem 35 Assume (H1) and the following hypotheses hold
(H2) f:]0,1] x R*> = Ry is a Caratheordory function.

(H3) There exist a nonnegative function g € L'[0,1], two constants C' > 0
and R > 0 such that

ftuv)<gt)+C(Jul+v),0<t <1, uveR (3.8)
and
H* & 1 2
(gl + CR) ( kz )( (—7))+§F(a—7) <R (3.9)
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Then the boundary value problem (3.1)-(3.2) has at least one positive solution,
such that u, (t) < u(t) < u*(t) and Dj v (t) < Dju(t) < DJiu, (t), for all
te0,1].

Proof. Transform the problem (3.1)-(3.2) into a fixed point problem. Denote
by Dpg the set

D0+u ()<D0+u()<Do+u*<) tG[O,l]},

where R is defined in hypothesis (H3). It is clear that Dy is a bounded, closed
and convex subset of WéL o+ Define the operator N : Dr — Wé?oi by

1

Nu(t) = /G(t,s)f(s,u(s),Dvu(s))ds

tafl

3 k/H ns) £ (s, (s), DM (s)) ds

We shall show that N satisfies the assumptions of Schauder’s fixed point theorem.
The proof will be done in some steps.

Claiml: N is continuous in Wll%L%Jlr Let be a sequence such that u, — u in
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WéL%i from (3.8) and Lemma 33 we get

[Nun () — Nu ()]

< /G(t,S)If(S;un (s), DMun (s)) = f (s,u(s), DMu(s))| ds

L ZM/H(UMS)
|f (S’un< )7D7un (S)) - f(87u<8)7D7u (S))| ds
< (G* + H? ZM) 1 Coun (), DM () = f () DYu ()l -

Consequently,

s (¢ 50
1 Coun () D7un () = F (u (), DYu ()l (3.10)

Similarly, we get

|ISI7Nun () — Ip; "Nu(t)]

< / (t—s) " |Nu, (s) — Nu(s)|ds
* H* -
= Te- 7)( ZAk) '
1S Cotm () DYy (-)) =S Gu(), D))l (3.11)

hence

HI(;:VNUH o I(;J:’YN“HLI(OJ) <

1 . H &
T2 (G e 2N
< (ot ()2 D (D) = £ () D (D)l (3.12)
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Remarking that Nu can be written as

Nu(t) = —I f (t,u(t),Du(t)) +t* ' H,,

where
H, = ﬁ 0/1 (1= )™ f (s,u(s), Du(s)) ds
e f o :/km L F (5, u(s), D (s)) ds
+m é A2 0/1 (1= )1 f(s,u(s), Du(s)) ds,
then

| D] Nuy, (t) — Dy Nu (t)| =
|55 7 f (toun (), DYy () — 1987 f (u (t), Du (1))
I'(o)

g e )
2 Tu — U Tu
< m”f(-,un(-),l) n ()= FGul), DMu ()l

Consequently, we get

2
| Dg: Ny (t) = D Nu (b, < € (a—7)

XN Cun () DVun () = f (u (), DTu ()] - (3.13)



Thanks to inequalities (3.10)-(3.13), the operator N is continuous in W
Claim2: N (Dg) C Dg. Let u € Dg, we have

1

INu(t)] < /G(t,s)f(s,u(s),D”u(s))ds

¢ %Akofﬂmk?s)f(s,u(s),mu (s)) ds

IN

Hence,

* H* -
| Nul|,, < (G e ZM) (lgll .« +CR).
k=0

Similarly, we obtain

1—v ]- % H* m
1107 Nul|,, g—F(Q_v) <G a: > X (lglp +CR).

k=0

and
2

D —
~ (e =)
Taking (3.15)-(3.17) and (3.9) into account, we get

1054 Nul| s (llgll s +CR).

N -1 < R.
IVull-m <

* H* S
(G + ZM) (lgllpe + € Ulull g + 1D7ull 1)) -

47

1—v,1
RL,0*"

(3.14)

(3.15)

(3.16)

(3.17)
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Let u € Dg, then u, (t) < u(t) < u*(t). By hypothesis (H1) we have

Nu (t)

IN
O\H
Q
)
~
&
-
)
)
N
S~—
QU
V2]

IN
O\H
C}

U
2
:

Z
»

IN
S
*
—~
N

Similarly, we have

Nu(t) > /G (t,s) L (s,u*(s),(D"u)" (s))ds

thus, u, (t) < Nu (t) < u*(t), for all u € D, t € [0,1].

Remarking that Nu (t) can be writen as

Nu(t) = —If(t,u(t),Du(t)) + QT_I

—Z)\ Iawf (N u (Mg) , D7u (),

(Ig+f (17 U (1) ) DWU (1))
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by calculus, we get

7 Nu —  _Joy U Tu &aﬂfl a u Tu
Dy Nu(t) I f(tu(t), D (t))+£r(a_7)t (Lo f (Lu (1), Du(1))

_Z)\k[a+/3f N, W ),D’Yu (nk)>

I (a) o171
M (=) I+ f)

m

X Z)\k/H(nk,s) f(s,u(s),Du(s))ds.

k=0

Since the functions Gy and H are continuous and nonnegative on [0, 1], then

1

, 1 )
DO+NU(t) < mo/Gl(t,S)U(S,u(s)’D U(S))dS

Gl Tu (s))ds

(T (a—7)T (a+p) 4 Ak/H (N u(s), Du(s))d

1

1 : Tu* (s))ds
< mo/Gl(t,S)U(S,u (8),D ( ))d
T (a) et o
Tla-nT(atd) A Ak/H% u* (s), D7 (s)) d
< Dg.u” ()

Similarly we prove that D, Nu (t) > D], u, (t) and then N (Dg) C Dg.
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Claim 3: N (Dg) is relatively compact in Wéz%i To this end, we show that

the two statement of Lemma 22 hold. Let v € Dg. From (3.5) we have
INu (t +h) — Nu(t)]

< /|G<t+h,s>—G(t,sﬂ\f(s,u<s>,mu<s>>rds

A S [ H 091 () D) ds
k=0 )

m

1
< (3h(a— 1) +h* !+ gh(a— 1)H*Z)\k> (lgll ;1 + CR) — 0 as h — 0,
k=0

(3.18)
In view of (3.14), it yields

157 N (t + h) = I;7 Nu (1)
. t+h ¢
= i) /(t+h—s)VNu(s)ds—/(t—s)vNu(s)ds

/ ((t— )7 — (t+h—s)7") [Nu(s)| ds

0

+ / (t+h— s)yNu(s)|ds)

t

1
['(1-7)

IN

m

gl + CR) <G* + i Z )\k) (B + 207 — (t+ h)'7)

IN

['2-79) { —
— 0Oas h—0. (3.19)
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Moreover, we have

|DJs Nu(t+h) — Dy Nu(t)|
157 F (t+ hyu(t+h), DVu(t+h)) — Igo " f (6w (t), Du(t))

A
<y +CR) (201200 o) Sompso @

From (3.18)-(3.20), we obtain that |7, Nu — NU”W“%}r — 0 as b — 0 for any
RL,0
u € Dg and then the first statement of Lemma 22 is proved. Now let us show the

second statement of Lemma 22. From the proof of Claim 2, we get

1 1

1
/|Nu(t)|dt+/]J(}JWNu(t)\dt+/{Dg+Nu(t)]dt§
I—e 1—e 1—e€

e(llgllpr + CR) %

1 . H*C 2
((ler) (G T kZ:OAk> +—§F(a—7)> —0, (3.21)

uniformly on Dpg. Since all hypotheses of Lemma 22 are satisfied then N is rela-

tively compact on Dgr. Thanks to Schauder’s fixed point Theorem, N has a fixed
point u € Dg, which is a positive solution of the problem (3.1)-(3.2). m



CHAPTER 4

EXISTENCE AND STABILITY FOR
CAPUTO-KATUGAMPOLA FRACTIONAL
DIFFERENTIAL EQUATIONS
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4.1 Introduction

A generalized fractional derivative was recently proposed by Katugampola in [36]
which generalizes the concept of Caputo and Caputo-Hadamard fractional deriva-
tives. In [2], Almeida et al, gave a new type of fractional operator, that is called
Caputo-Katugampola derivative and studied the existence and uniqueness of so-
lution for the following fractional Cauchy type problem involving the Caputo—

Katugampola derivative
“DXfx(t)=f(tx(t), a<t<hb,

z(a) =x4 xa €ER |

where 0 < o < 1, p > 0, p # 1, f € C([a,b] x R,R). The authors proved
an approximation formula for the Caputo—Katugampola fractional derivative that
depends only on the first-order derivative of a given function, then they solved
numerically the above problem.

Baleanu et al. in [3] considered chaotic behavior and Lyapunov stability of
fractional differential equations containing the Caputo-Katugampola fractional
derivative of order 0 < a < 1. The proofs are based on Adomian polynomials and
a fractional Taylor series.

In [20], Ge and Kou investigated the stability of the solutions of the following

nonlinear Caputo fractional differential equation
“Dox(t) = f(t,x(t)) t>0,

z(0) =z, 2'(0)=uxy,

where ¢ D%z is the standard Caputo’s fractional derivative of order 1 < a < 2.
By employing the Krasnoselskii’s fixed point theorem in a weighted Banach space,
the authors obtained stability results.

Motivated by the mentioned papers, we focus, in this chapter, on the existence and

stability of solutions for a Caputo-Katugampola fractional nonlinear differential
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equation of the form
CD%’% (t)=f(t,z(t) t>to, (4.1)

T (to) = 2o, ZE, (to) = T, (42)

where 1 < a <2, p>0,p # 1, xp,z1 € Rand f : [tp,+00)x R — R is a
continuous function and f (¢,0) = 0, Vt > .

To prove the existence and stability of the solutions, we transform the problem
(4.1)-(4.2) into an integral equation that returns to a sum of two mappings, one
is a contraction and the other is compact, and then we apply Krasnoselskii’s fixed

point theorem.

4.2 Existence and stability of solutions
We recall the definition Caputo-Katugampola fractional derivative.

Definition 36 The Caputo-Katugampola fractional derivative of order o > 0 of
the function f is defined by

o n—a — d "
coperr = oo (+4) s

t

= —rp(ln_T;) / st — ) (t”%)nf(s) ds

a

t
pa—n—l-l / S(p—l)(l—n)f(”) (S)

I'(n—a) (tr — 50)0‘*"“

ds.

where n = 1+ [a].

Next, we give a relation between the Caputo—Katugampola fractional deriva-

tives of order o and (v — 1).
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Lemma 37 Let 1 < a < 2. The following relationship holds
t
CD%;pu (t) =¢ D%ﬁl’p /Sl_pu(z) (s)ds

to
Proof. We have

¢
a—1, —
CDt;r p /s1 Pu® (s)ds

to
t S

a—1
_ ) 4 100, (1) d LI
= T2 _a) / o /7’ u (1) dr (7 s s

to to

t
a—1 (1-p),,@®
_ P / s Pu (fl) s
['(2-a) (tr — sp)”

to

= “Dfult).

Let p> 0, p# 1 and g : [tg, +00) — R such that for all ¢, s > tg, g (t) > o3
and g (3) g(s) < g(t).

Let .
E = {I € C’[to,—i-oo),]R:supm < oo}.
>t 9 (t)
Note that £ is a Banach space equipped with the norm ||z| = sup,, %. For

more properties of the Banach space E, we refer to [11].
We recall the definition of stability.

Definition 38 The trivial solution x = 0 of (4.1)-(4.2) is said to be stable in
the Banach space E, if for every € > 0 there exists § := §(¢) > 0 such that

|zo| + |z1| < O implies that the solution x(t) exists for all t > to and satisfies
] <.

Let F(e) = {x:x e E, |z|]| <e}. We will use the following modified com-
pactness criterion:
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Lemma 39 [}1] Let F be a subset of the Banach space E. Then F is relatively
compact in E if the following conditions are satisfied

(1) {% cx(t) € }"} is uniformly bounded,

(11) {% cx(t) € .7:} is equicontinuous on any compact interval of RT,

(vi1) {& cx(t) € f} is equiconvergent at infinity. i.e. for any given € > 0,there

q(t)
exists a T > tg such that for all x € F and ty,ty > T it holds i&; — zgz;

< e

Next, we solve the corresponding linear problem.

Lemma 40 Let r € C ([ty, +o0),R), 1l <a <2 and p >0, p# 1. A function x

1s a solution of the fractional initial value problem
CD%;% )y =rt) >t (4.3)

T (to) = Xy, ZL'/ (to) = T, (44)
if and only if, x is a solution of the fractional integral equation

t t

t 1—p , tl—p 1) tl—p
I(t) = X (%) —(1—p) tO /mds +l’1t0 /SQ_QPdS
to to
t t
tr
-I—/ /822,07' x(7)ds| dr
to T
2—a 1- -1
p ti-r TP
—_— . 4.
+F(a—1)/ /S“p (SP_TP)H?“(T) ds| dr (4.5)

to T

Proof. Assume that z (¢) is a solution of the initial value problem (4.1)-(4.2).

From Lemma 37, we have

t
CD%;”:C (t) =¢ D%fl’p /slpx@) (s)ds]| . (4.6)

to
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By integration by parts, it yields

t t

/ S00® (s)ds =[50 ()], — / (1= p)s~a’ (s) ds

to to
t

= [t (1) =ty " (t)] — (1= p) / s’ (s)ds,
and

t t

/ sl (s)ds = [s72(s)]’ +p / g (s) ds

= [t7Pu(t) —t, = (to)] +P/8_p_1x (s)ds.

to
Using the Leibniz integral law, we obtain

t

¢
2—a p—1
/sl_px@) (s)ds :]tci_l’pr (t) = P / S (s) ds.
0

Fla—1)) (tr - 5/))2*6Y
to to
Then,
2P (1) 4+ (p— 1)t Pz (t) —ty Pz — (p— 1)t "z
t
+(p— 1),0/5’)156 (s)ds
to
2 t 1
o .
po [t
I'(a—1) (tr — sp)*~
to
Hence,

1 1 _ _
I‘/(t) = ;(1—p)I(t>+t1—_p [t[l) pl’1+(p—1)topxo
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t

-u1—mp/;w4x6m3+réfly/@f:;§L@s

to to

By the variation of constants formula, we get

¢ 1-p Y p tlfp 1) p tlfp
x(t) = xo <%> + (p— 1) t, /82_2pd5 +x1 | ¢ /32—2/’d8
to to
t [t
thr
-I—/ /SQ—QPT z(T)ds| dr
to T
2 L1 Loa 1
P ti-r Th—
e —— ds| dr.
+F(Oé—1)/ /822'0 (SP_TP)ziaT(T) S T
to T

Conversely, if we assume that x (¢) is a solution of (4.3), then using the fact that
“D" is the left inverse of I7}”, we get that z is the solution of (4.3)-(4.4). m
0 0

Lemma 41 Let p >0, p# 1, 1 < a < 2. Then, there exist
Mlel(p) >O, O<M2:M2(p> < 1, MgZMg(p) >O,

such that for all t > ty, we have

t

1 ti=r
g@/§%“§M7 (4.7)

to

. Tt R
M / /522PT P=x (1)ds| dr| < My ||z||, (4.8)
to T

< Mst'roP, (4.9)

where



toglmp o1
—ds, t > T,
k(t,T):{ I(a— l)f 52~ 2(; St <P;2

Proof. Let p >0, p# 1 and 1 < a < 2, we have two cases:
Casel: For p € (0,1), we have

t t
1 ti=r tt=r 1
g (t) / §2—2p ds < / §2—2p ap+3 ds

to to
1 / 1
S t2—2p/tap+p+2ds
0 i
1
tgpfp+3’
and
t t )
1 [ 1
ww|f | e
0 T

[\
N
| =
~
S~—
%MT'L
L
he)

\]\
i)
iR

By
S
-

Q,

V)

Q,

\]

to LT
L +3 41
op —-P
< T t T_p_1|m(7)|ds dr
tap+3 S2—2p g(T)
to LT
t
o _17_ap—p+2
<l [ e T e
to
t
S ||x||/[t—ap—p—17_ozp+p} dTS H.’L’H
ap+p+1

<l



some computations give

t

k(t,7) < pre / 1 t-r =1
g

1@ Temn) s F e
pQ—a ! Tap+3 tl—p Tp—l
<
- I(a-=1) / tert3 s2720 (gp — 7p)2@
p27a ! tfapfpr pspflTap+p+2
<
- TI'(a—1) / pst=r  (sr _7—0)2_‘1
- pZ—at—ap—p—2 /t* Tap+2p+1p8p_1
- pl(a—1) (s — TP)Q_O‘
p2—at—ap—p—2 Tap+2p+1
< T
ol () (tr — 7P)' 7
l—ay—1
p
< P,
RO

Case2: Similarly, for p > 1, we have the following estimates

t t
1 t=r t=r 1
g (t) / 8272pd8 S /822p tapt+3 ds

to to
t

1
/ 82—2ptap+p+2 ds

to

1
ap—p+37?
tO

and
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IN

t t
ap+3 tl_p

/ /—T = 53 T_p_l—lx(Tﬂds dr
s g(n)

to T
t

< ]|x|\/[t°‘p+p37app+2] dr
to

moreover,

k(t, T 2-a 1 =, =1
( i ) < 4 / t) <22 5= S
9 (%) Fla-1)/ g(z) s> (s — 77)
t
2—a ap+3 tl—p p—1
< P /7’ T ds
[(a—1) ) tort3 s2720 (sp — 7p)* ¢
t
2—a —ap—p—2 p—1 ap+p+2
< d /t ps T ds
- I'(a—1) pst=r (sP — TP)Zfa
t
2—ap—ap—3 ap+p+2 ,op—1
L e e,
ol (o — 1) (sp —7P)* 7"
2—ap—ap—3 ap+p+2 l—a4—1
< 7 e e P

<
Pl (o) (tp —70)' 7% = I'(a)
The proof is completed. =

Theorem 42 Let 1 < o < 2, p > 0, p # 1. Suppose that there exist constants
n >0, 8, >0 and a continuous function b : RT x (0,n] — RT such that

1/ (tyg (1)
T <Pt lyl), (4.10)
for allt >ty, 0 < |y| <n, and
w [ eaciom

to



62

holds for every 0 < r < n, where My is given in Lemma (41), ¥ (t,r) is nonde-
creasing in v for fized t and P (t,r) € L' [ty, +00) in t for fized r. Then

(i) The generalized nonlinear FDFEs (4.1)-(4.2) is stable in the Banach space E.
(ii) The generalized nonlinear FDEs (4.1)-(4.2) has at least one solution such that

limy—s o ﬁ = 0.

Proof. (i) Define two mappings A, B on F'(¢) as follows:

= pQ—_a tl_p Tp_l T, \T S T
Aﬁ(t) = F(Oz—l)/ /822p<SP—Tp)2af( ) ( ))d d

= /k (t,7) f (1,2 (7)) dT, (4.12)

t t

t\ 7 ., ti=r b ti=p
Bz (t) = x <%> +(p—1)t, /Sg_gpds +r1 | 1o /82—2pd8

to to

thr
+/ /32—21’7— P~z (1) ds| dr. (4.13)

Obviously, for x € F (¢) both Az and Bx are continuous on [tg, +00). Let = €
F (e). By (4.10),(4.11), we have for any t >ty :

t

/k(t,T)f(T,x(T))dT

to

Az ()] _ 1
g g0
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t (1)
JERD /(559 )
< ; dr
P (%) g(7)
/ k
o [EED, (O,
: g (;) g(7)
[ k(t.7)
t,T
< = (1,¢)dr
O/ 9(3)
< Bie < 4o0.
Then Az (1)
x
< Bie. 4.14
On the other hand, there exists My = M, (p) = ﬁ"f’%’ such that
1-p 1—p
t t
L L 1_ﬂ
<t°) < <t°) ! L (4.15)

< < =
0@ S @ S e S e
From (4.7),(4.8) and (4.15), we get
t

| Bz ()] ol |/t \'7 [t
< — +(p—1t,” 82_2pd8

g(t) g9(@) | \to

t
’xl, 1—p thor
+—g (t>t0 2% ds

to

to
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t t

1 tr
+_g(t) 52*2/’7 |z (7)|ds| dr

to T

< |ZEO| (M4 + |p — 1| t(;pM1> -+ |(L’1| t(l)_le + Mye < +00. (416)

Then AF (¢) C E and BF (¢) C E. Next, we shall use Lemma 39 to prove there
exists at least one fixed point of the operator (A + B) in F'(g). Here, we divide
the proof into three steps.

Step 1. We will prove that Az + By € F' (¢) for all z,y € F (e).

(1—Ma—8,) ;
Take 6 < M4+(|pf1\tgf’+tlé*”)M1€' Let z,y € F (¢), from (4.14),(4.16) we obtain

|Az (t) + By (t)|
g(t)

S |ZEO| (M4+ |p—1|tapM1) +|I’1|t(1)_pM1+M2€+615
S <M4—|—<|p—1|t6p—|—t(1)_p) M1)5+M26+61€
< e

Which implies that Az + By € F (¢) for all z,y € F (¢).
Step 2. We will prove that A is continuous and AF (¢) is a relatively compact in
E.

Firstly, we will show that A is continuous. Let (z,) be a sequence such that

neN
T, = xin F ().

Using (4.10), we get

aplf (1,20 (7)) = f (7,2 (7))]

9(7)
apl [ (T2 (T))[ +[f (7,2 (7))]

g(7)
58 (5)

271 (1,€) € L' [tg, +00) .

IN

IN



It follows from (4.9) that for any ¢ > ty, we have
¢
| Az, (t) — Az (t)| 1
g () g(t)

to

IA

/t/-c(t,r) |f (7,2, (7)) —f(T>ZE(T))|dT
g () 9(7)

IN
|

9(7)

A
S
—t

g(7)

Then

HASUn —AQIZ’H < M; /Tap|f(7-7xn (T)g)<;>f (T,£<T))|d7_.

We have for any 7 > t,

|2 (1) — 2 (7)]

S Tn — XY,
2 < —al

S0
lim |z, (1) —x(7)|=0 forall 7 > t,,

n—-+o0o

then
i [ (T (1) = £ (2 (7))

=0 for all 7 > tg,
n—y+o0 g9(7)

L / B () [f (700 (7)) = f (r, (7)) dr

M, /Tap|f<r,xn () =z,

ol T ) = @),
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since f is continuous in [ty, +00)x R. Thus, it follows from the dominated conver-

gence Theorem, that ||Az,, — Az|| — 0 as n — 4o00. Therefore A is continuous.

Secondly, we will prove that AF (¢) is a relatively compact in E. From (4.9) it

follows that there exists a constant M3 = Mj (p), such that for all ¢ > ¢,

k(t,7)

9(3)

S Mgt_lTap.
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And for any T > ¢y, the function % is uniformly continuous on
{(t,7) 1t <7<t <T}.

For any x € F (¢), and for any t1,ty € [to,T], t; < t3 we have

Az (t2) Az (t) tzk(tg,r) rz(r T_tlk(tl,'r) e
g(t2)  g(t) /9(152) fira(n)d /g(tl) fra(n)d

(7, (7))| dr

/‘ L

k(s 7) 7,2 (7)) dr
+/ SO

t1

FlE () g(7) K (t,r)g(n)
S/‘ g (t2) g (t)

Tkt ) g(r)  k(t,7)g(r)
S/‘ Lo B g(t1)

v(reydr+ [ RO

1

v (T, e)dr

)
M.
(T, e)dr + - 3 /To‘pw (1,e)dr
0
t1

Ax(t)
g(t) ’
compact interval of [ty, +00). By Lemma 39, in order to show that AF (¢) is a

z(t)eF (5)}, is equicontinuous on any

as to, — t; which means that {

relatively compact set of E.
We only need to prove that {Ax(t)

S ORE (t) e F (5)} is equiconvergent at infinity.
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From (4.9) , we have

t

el [

|f (7,2 (7)) dr

TGRS 10
[k )
< ! g(ﬁ) (T, e)dr
< %/T“”@Z)(ﬂa)dréo, as t — +oo0. (4.17)

to

Thus {’L‘g“(:g) ,x(t)e F (5)} is equiconvergent at infinity. Hence the required con-
clusion is true.
Step 3. We claim that B : F'(¢) — E is a contraction mapping. In fact, for any

x1, 29 € F () from (4.8), it follows that

Blj(t) Bl‘z(t) 1 ti—r _p_lx I ) ]
g(t)_g(t)‘<_// T oy (1) —wa (7)] ds | d

sup
t>to

to T

< My ||y — 2|

By Krasnoselskii fixed point theorem, we conclude that there exists at least one
fixed point of the operator A+ B in F'(¢), which is a solution of (4.1)-(4.2). Then
the generalized nonlinear FDEs (4.1)-(4.2) is stable in the Banach space E.

(ii) For any 0 < e <, set

Cy L or(t)
f(€)—{$€f(€), tlg_ﬂoom—()}
We will show that Az + By € F* (¢) for any z,y € F*(¢), i.e. % 50 as

t — 4o00.
t

1
- /k(t,f)f(T,x(T))dT

to
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t
_ t
+ 21 t(l)p/82 Tpl()deT

By the fact that, g (t) > t***3, we obtain,

e

—— —0ast — +o0 4.18
g(t) (4.18)
and
1 ti=r
m/ o —=g,ds as t = foc. (4.19)
to

Moreover, we have

t Tt t
1 =~ 1 e

—/ /ﬁT_p_lx (1)ds| dr S/ / N5 T_p_1x<7)ds dr.

g (t) §2=2p g(;)s—l’ g (1)

to T to T

Let us consider the following cases:
Case 1. If p € (0,1), we have

t t t

J 1 st 2O e [z 2,

to T to

It follows from lim, o % = 0, that there exists 17 > t(, such that for ¢t > T, it

yields
|z (2)]

(t)

Moreover, there exists T, > T7, such that for ¢t > T5 we get

<(ap+p+1)

s
Mlm

|xt
g (1)

l\DI(“)
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Consequently,

t

/[t—ap—p—lTap—o—p} |aj

to
T

_ —ap—p—l,]_ap+p |I( >| T
N /[t Vom

\]

to
t

—ap—p— |2 (7)]
+ /tap p—1 aptp dr
| } g(7)
T
< 6+( +p+1) c <e
p— [0 - .
o NPT S ap o1 1)

Case 2. If p > 1, we have

t t t

1—p
/ /%%T‘p_l—x (T)ds dr < / [t_ap+p_37'ap_p+2} A (T)dT.
g (L) s2% g(7) (1)
to T to
It follows from lim,_, % = 0, that for all € > 0, there exists T} > ty, such that
for

t>1T
|z (¢)]
g(1)
Furthermore, there exists 75 > T} such that for t > T, it yields

1} e )
t/ g(t) =

15
<(ww=p+3)3.

I

DO | ™



SO,

t

/ [t—ap+p—37_ap—p+2] Z (T)dT

g(7)
to
T
_ /[t—ap+p—37_o¢p—p+2] |x (T)|d7'
g(7)
to
t
+/ [tfap+pf37_o¢pfp+2] |l‘ (T)|d7'
J g(7)
1
9 9
< —H(wp—p+3) s <e.
2 (ap=p >2(ap—p+3) ©

From the previous cases, we obtain
t [t

s@ ) |] o

to T

By the help of (4.17), we get

. t
m/k(t,T)f(T,x(T))dT%Oast—>+oo.

to

Thanks to (4.18)-(4.21), it yields % — 0 as t — +oo.

Thus, there exists at least one solution of problem (4.1),(4.2) such that

lim ﬂ =0.
t——+o00 g(t)

1 =
—/ / 7P te (1) ds| dr — 0 as t — +o0.
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(4.20)

(4.21)
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4.3 Example

Let us consider the following nonlinear fractional differential equation

T (t) = lll <,T€_t + 1$t12) s (422)
(1) =x1,2' (1) = xo.

Choosing ¢ (t) = t%, then the Banach space E is

E = {xEC[1,+oo),R,sup [ (£) < oo}.

1 10
We have -
— y-t
Fltgg ) _1|re ] 1, v
G S GRS &
Taking
1 ,r?
w(tﬂn) = Z (7’6 t+ tG) )

thus, we obtain

and

p [EEALCA

t>to

Then there exists n > 0, such that

t

k(t 1 1
Sup/ (’t7>¢(7’r)dr§—<1——,v0<r§77.
t>to g(;) r 2 4

to

Moreover, t34 (t,7) = 1 <rt3e_t + Z—;) € L'[1, 400), for fixed r.
Then, by Theorem 42, we conclude that the nonlinear fractional differential equa-

tion (4.22) is stable and there exists at least one solution such that lim;_, | % =
0.
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CONCLUSION

This thesis can be divided in two main parts. The first parts is devoted to the
study of the existence of positive solutions for higher order Riemann-Liouville frac-
tional differential equations subject to integral conditions. The functional spaces
were either the space of continuous functions C ([0, 1]) or the Sobolev space W;’;OJF,
0 < s < 1. The mean tools are Schauder fixed point theorem and lower and upper
solutions method. In the second part, we investigated the existence and stability
of solutions for a Caputo-Katugampola fractional nonlinear differential equation
of order 1 < o < 2, jointly with initial conditions. Employing Krasnoselskii fixed
point Theorem and a modified compactness criterion in the space of integrable
functions L? (0, 1), we obtained the stability results in a weignted space.

These studies can be extend to more general boundary value problems involving

other types of fractional derivatives and using numerical methods.
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