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Abstract

The purpose of the thesis is to study completeness of abstract spaces. In particular,

we study completeness in partial metric spaces, partial metric type spaces, dislo-

cated metric spaces, dislocated metric type spaces and symmetric spaces that are

generalizations of metric spaces. It is well known that complete metric spaces have

a wide range of applications. For instance, the classical Banach contraction princi-

ple is phrased in the context of complete metric spaces. Analogously, the Banach’s

fixed point theorem and fixed point results for Lipschitzian maps are discussed in

this context, namely in, partial metric spaces and metric type spaces. Finally, fixed

point results are presented for symmetric spaces.
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Summary

The thesis deals with the completeness problem for spaces, this is a continuation to

the study of completeness in metric spaces as presented in the literature. In this

study, however, we look at more general spaces than metric spaces, for example the

spaces considered are partial metric spaces and symmetric spaces. As applications,

we also present some fixed point results in this context. In the literature [19] TV S-

cone metric structures are introduced and are shown to be a generalization of metric

spaces. More specifically, it is shown that topological properties of TV S-cone metric

spaces arise easily from those of metric spaces see, [9] and [24]. So, we will also

discuss the relationship on TV S-partial cone metric spaces and dislocated metric

spaces.

The first part, with the main work starting at Chapter 2 of the thesis, begins by

establishing that a TV S-partial cone metric space gives rise to a dislocated metric

space. An interesting but unexpected result is that these spaces are not topologically

equivalent. Later on, the quasimetrizability of partial metric spaces is discussed.

Chapter 3, focuses on partial metric type spaces as a generalization of metric type

spaces. We define two types of Cauchy sequences, and consequently two types of

completeness are discussed and some fixed point results are presented for these spaces.

A fixed point result for TV S-partial cone metric space is also presented.

The final part, Chapter 4, deals with the study of completeness in symmetric spaces.

In the literature two types of completeness for symmetric spaces are obtained. The

one that deals with completeness using Cauchy sequences [17], [35] and the other one

that deals with completeness without appealing to Cauchy sequences [32], [33]. We

show that a symmetric space that is complete in the sense of [32] and [33] is actually

Cauchy complete and present further properties of symmetric spaces, like products

of complete symmetric spaces and some fixed point results for single-valued maps

and multi-valued maps in the context of complete symmetric spaces.
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Chapter 1

Introduction

In this chapter we provide a background study of metric spaces [47] in Section 1.1,

quasi metric spaces [26] in Section 1.2, partial metric spaces [28] in Section 1.3,

TV S-cone metric spaces [19] in Section 1.4 and TV S-partial cone metric spaces

[48] in Section 1.5. The work presented in this chapter shall be generalized in the

subsequent chapters. Most of the results are taken from the literature and thus are

well-known. Consequently, we shall omit most of the proofs of the results presented

and provide references to guide the reader.

Our notation is fairly standard. For instance, we denote the set of real numbers by

R, the set of positive real numbers by R+
0 , the set of positive integers by N, and the

set of rational numbers by Q.

1.1 Metric spaces and some fixed point results

References used for metric spaces are [36] and [47].

Definition 1.1.1 Let X be a nonempty set. A map d : X ×X → [0,∞) is said to

be a metric on X if for all x, y, z ∈ X the following conditions hold:

(i) d(x, y) ≥ 0;

(ii) d(x, y) = d(y, x);
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(iii) x = y iff d(x, y) = 0;

(iv) d(x, z) ≤ d(x, y) + d(y, z).

The pair (X, d) is called a metric space.

The reader should note that (ii) is called the symmetric property and (iv) is called

the triangle inequality.

Example 1.1.1 [47, Example 1.2.2] Let X = R, define a map d : R × R → [0,∞)

by d(x, y) = |x− y| for all x, y ∈ X. A map d is called the usual(standard) metric

on R. Thus (X, d) is a metric space.

Definition 1.1.2 Let (X, d) be a metric space. Then

(i) a sequence {xn} in (X, d) d-converges to a point x ∈ X if for each ε > 0 there

exists an N ∈ N such that d(xn, x) < ε for each n ≥ N.

(ii) a sequence {xn} in (X, d) is d-Cauchy if for each ε > 0 there exists an N ∈ N

such that d(xn, xm) < ε for each m,n ≥ N.

(iii) a metric space (X, d) is d-Cauchy complete if every d-Cauchy sequence {xn}

d-converges to a point x ∈ X.

Remark 1.1.1 Let (X, d) be a metric space.

(i) If a sequence {xn} d-converges to a point x ∈ X we shall also write limn d(xn, x) =

0 or simply xn
d- x.

(ii) If a sequence {xn} in (X, d) is d-Cauchy we shall also write limn,m d(xn, xm) = 0.

Example 1.1.2 [47, Example 1.2.2] The metric space (X, d) of Example 1.1.1 is

d-Cauchy complete.

Proposition 1.1.1 Let (X, d) be a metric space, {xn} and {yn} be sequences in X

and x ∈ X. If limn d(xn, x) = 0 and limn d(yn, y) = 0, then limn d(xn, yn) = d(x, y).
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Proposition 1.1.2 Let (X, d) be a metric space and {xn} be a sequence in X. If a

sequence {xn} is d-convergent then it is d-Cauchy.

The converse of Proposition 1.1.2 is not necessarily true.

Example 1.1.3 [47, Example 1.4.14 ] Let X = (0,∞) be equipped with the usual

metric d. A sequence {xn = 1
n
, n ≥ 1} is d-Cauchy but does not d-converge to a

point in X.

Proposition 1.1.3 Let (X, d) be a metric space and {xn} be a sequence in X. If

limn d(xn, x) = 0 and limn d(xn, y) = 0, then x = y.

Definition 1.1.3 Let (X, d) be a metric space. Define

Bd(x, ε) = {y ∈ X : d(x, y) < ε}

for all x ∈ X, ε > 0. The set Bd(x, ε) is called an open ball with center x and radius

ε. The family {Bd(x, ε) : x ∈ X, ε > 0} is a base for the topology τ on X. We denote

by τ(d) the topology induced by d on X.

Definition 1.1.4 A topological space (X, τ) is metrizable if there exists a metric

d on X such that τ(d) = τ.

It should be observed that every metric space (X, d) is a T2-space(Hausdorff space).

Definition 1.1.5 Let d1 and d2 be two metrics on a nonempty set X. Then d1 and

d2 are equivalent when limn d1(xn, x) = 0 if and only if limn d2(xn, x) = 0 holds for

a sequence {xn} in X and x ∈ X. If d1 is equivalent to d2 we will write d1 ' d2.

Next is an example of equivalent metrics on a set X.

Example 1.1.4 [47, Example 1.2.4] Let X = R, d1(x, y) = |x − y| and d2(x, y) =

|x−y|
1+|x−y| for all x, y ∈ X. Then d1 ' d2.
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Remark 1.1.2 Let X be a nonempty set, d1, d2 and d3 be metrics on X. If d1 ' d2

and d2 ' d3 then d1 ' d3.

Definition 1.1.6 Let (X, d) be a metric space and A be a nonempty subset of X.

Then A is bounded if there exists an N > 0 such that d(x, y) ≤ N for all x, y ∈ A.

By reverting back to Example 1.1.4, we see that if (X, d1) is a metric space, by

defining d2 : X ×X → [0,∞) with d2(x, y) = d1(x,y)
1+d1(x,y)

, for all x, y ∈ X, we obtain a

bounded metric space (X, d2) associated with (X, d1). Hence,

Proposition 1.1.4 Every metric space (X, d1) admits a bounded equivalent metric

space (X, d2).

Definition 1.1.7 Let (X, d) be a metric space and T : (X, d) → (X, d) be a map.

Then

(i) T is called a Lipschitzian map if there exists a constant λ, where λ ≥ 0 such

that d(Tx, Ty) ≤ λd(x, y) for any x, y ∈ X. Furthermore, the number λ, where

λ ≥ 0 is called a Lipschitzian constant. The smallest constant λ will be denoted

by Lip(T ).

(ii) T is called a contraction map if there exists a constant λ, where 0 ≤ λ < 1

such that d(Tx, Ty) ≤ λd(x, y) for any x, y ∈ X. Furthermore, the number λ, where

0 ≤ λ < 1 is called a contraction constant.

(iii) a point x ∈ X is said to be a fixed point of T if Tx = x.

It should be noted that from now on, both Lipschitzian maps and contraction maps

considered in the entire thesis are self maps, that is for a map T : (X, d) → (X, d),

we require that TX ⊆ X, unless stated otherwise.

Remark 1.1.3 Let T : (X, d) → (X, d) be a map between metric spaces. If T is a

contraction map then it is a Lipschitzian map but the converse is not true.
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Example 1.1.5 Let X = R be equipped with the usual metric d. Consider a map

T : (X, d)→ (X, d) defined by Tx = 3x for all x ∈ X. Then T is a Lipschitzian map

with a Lipschitzian constant λ = 3 but not a contraction.

Definition 1.1.8 Let (X, dX) and (Y, dY ) be metric spaces. A map T : (X, dX) →

(Y, dY ) between metric spaces is continuous if a sequence {xn} dX-converges to a

point x in X implies that {T (xn)} dY -converges to a point T (x) in Y.

Remark 1.1.4 It should be noted that a Lipschitzian map is continuous but a

continuous map may neither be a contraction nor a Lipschitzian.

There are several results on fixed point theory in the literature; we recall only those

that we shall use in the subsequent chapters.

Theorem 1.1.1 Let (X, d) be a d-Cauchy complete metric space and T : (X, d) →

(X, d) be a map. If T n is a Lipschitzian map for all n ≥ 0 and
∑∞

n=0 Lip(T
n) <∞,

then T has a unique fixed point x ∈ X. Moreover, for any x ∈ X the orbit {T nx}

d-converges to x.

Remark 1.1.5 Let (X, d) be a metric space and T : (X, d) → (X, d) be a map.

Note the following:

(i) If T is a Lipschitzian map with a Lipschitzian constant (λ ≥ 0), then any iterate

T n is a Lipschitzian map with a Lipschitzian constant (λn ≥ 0).

(ii) A unique fixed point of T will also be a fixed point of any iterate T n.

The converse of Remark 1.1.5 (ii) does not necessarily hold; see the example below.

Example 1.1.6 Let X = R, endowed with the usual metric d and T : (X, d) →

(X, d) be defined by T (x) = 1 − x for all x ∈ X. T is a Lipschitzian map with the

Lipschitzian constant λ = 1. T has a unique fixed point at x0 = 1
2
. Furthermore,

T 2x = x for all x ∈ X. So, x0 = 1
2

is a fixed point for T 2. Hence, T 2 : (X, d)→ (X, d)

does have a fixed point which is not unique. In this case x∗0 = 1
4

is also a fixed point

for T 2 : (X, d)→ (X, d), but not a fixed point for T : (X, d)→ (X, d).
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We now present the well-known Banach’s fixed point theorem which plays a funda-

mental role in many applications.

Theorem 1.1.2 Let (X, d) be a d-Cauchy complete metric space and T : (X, d) →

(X, d) be a map. If d(Tx, Ty) ≤ λd(x, y) for all x, y ∈ X and 0 ≤ λ < 1, then T has

a unique fixed point.

The d-Cauchy completeness of X in Theorem 1.1.2 cannot be removed. Indeed, a

contraction on a metric space which is not d-Cauchy complete may fail to have a

fixed point.

Example 1.1.7 Let X = (1,∞) and d be the usual metric on X. Then (X, d) is

not a d-Cauchy complete metric space. Let T : (X, d)→ (X, d) be a map defined by

T (x) = x+1
2

for all x ∈ X. Then T is a contraction map without a fixed point.

1.2 Quasi metric spaces and their properties

We shall briefly present fundamental properties of quasi metric spaces. Details can

be found in [13], [26] and [44].

Definition 1.2.1 Let X be a nonempty set. A map q : X ×X → [0,∞) is a quasi

metric on X if for all x, y, z ∈ X the following conditions hold:

(i) q(x, y) ≥ 0;

(ii) x = y iff q(x, y) = q(y, x) = 0;

(iii) q(x, z) ≤ q(x, y) + q(y, z).

The pair (X, q) is called a quasi metric space.

Definition 1.2.2 Let (X, q) be a quasi metric space and q−1 : X ×X → [0,∞) be

defined by q−1(x, y) = q(y, x) for all x, y ∈ X. Then (X, q−1) is also a quasi metric

space. We call q−1 the conjugate of q on X. Now define q∗ : X × X → [0,∞) by

q∗(x, y) = max{q(x, y), q(y, x)}. Then q∗ is a metric on X, see, [44].
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Example 1.2.1 [26, Example 1] Let X = R and q : X × X → [0,∞) be defined

by q(x, y) = max{x − y, 0} for all x, y ∈ X. Then (X, q) is a quasi metric space.

Define q−1 : X × X → [0,∞) by q−1(x, y) = max{y − x, 0} for all x, y ∈ X. Then

(X, q−1) is also a quasi metric space. Furthermore, q∗ : X ×X → [0,∞) is given by

q∗(x, y) = |x− y| for all x, y ∈ X. Note that (X, q∗) is the standard metric space

on X.

There are many notions related to convergence and completeness in quasi metric

spaces [44]. In the thesis we shall focus on the following:

Definition 1.2.3 Let (X, q) be a quasi metric space. Then

(i) a sequence {xn} in (X, q) q-converges to a point x ∈ X if for each ε > 0 there

exists an N ∈ N such that q(xn, x) < ε for each n ≥ N.

(ii) a sequence {xn} in (X, q) q−1-converges to a point x ∈ X if for each ε > 0 there

exists an N ∈ N such that q−1(xn, x) < ε for each n ≥ N.

(iii) a sequence {xn} in (X, q) q∗-converges to a point x ∈ X if for each ε > 0 there

exists an N ∈ N such that q∗(xn, x) < ε for each n ≥ N.

(iv) a sequence {xn} in (X, q) is q∗-Cauchy if for each ε > 0 there exists an N ∈ N

such that q∗(xn, xm) < ε for each n,m ≥ N.

(v) a quasi metric space (X, q) is Cauchy bicomplete if every q∗-Cauchy sequence

q∗-converges to a point x ∈ X.

Throughout the thesis we adhere to the following notation; given a quasi metric space

(X, q) the function q∗ : X×X → [0,∞) is defined by q∗(x, y) = max{q(x, y), q(y, x)}

for all x, y ∈ X.

Remark 1.2.1 Note that every metric space is a quasi metric space but not every

quasi metric space is a metric space. Therefore the class of quasi metric spaces is

larger than the class of metric spaces.

Remark 1.2.2 Let (X, q) be a quasi metric space. Then
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(i) if a sequence {xn} in (X, q) q-converges to a point x ∈ X we shall write limn q(xn, x) =

0 or simply xn
q- x.

(ii) if a sequence {xn} in (X, q) q−1-converges to a point x ∈ X we shall write

limn q
−1(xn, x) = 0 or simply xn

q−1
- x.

(iii) if a sequence {xn} in (X, q) is q-Cauchy we shall write limn,m q(xn, xm) = 0.

(iv) limn q
∗(xn, x) = 0 if and only if limn q(xn, x) = 0 and limn q(x, xn) = 0.

(v) limn,m q
∗(xn, xm) = 0 if and only if limn,m q(xn, xm) = 0 and limm,n q(xm, xn) = 0.

(vi) a quasi metric space (X, q) is Cauchy bicomplete if and only if the quasi metric

space (X, q−1) is Cauchy bicomplete.

(vii) a quasi metric space (X, q) is Cauchy bicomplete if and only if the metric space

(X, q∗) is q∗-Cauchy complete.

An example of a Cauchy bicomplete quasi metric space is presented below.

Example 1.2.2 [26, Example 1] The quasi metric space (X, q) in Example 1.2.1 is

Cauchy bicomplete.

Next is an example of a quasi metric space which is not Cauchy bicomplete.

Example 1.2.3 Let X = (0, 1] and q : X × X → [0,∞) be defined by q(x, y) =

max{x− y, 0} for all x, y ∈ X. The sequence {xn = 1
n
, n ≥ 1} is q∗-Cauchy and does

not converge to a point in X. Then (X, q) is not Cauchy bicomplete.

Definition 1.2.4 Let (X, q) be a quasi metric space. Define

Bq(x, ε) = {y ∈ X : q(x, y) < ε}

for all x ∈ X, ε > 0. The set Bq(x, ε) is called an open ball with the center x and

radius ε. The family {Bq(x, ε) : x ∈ X, ε > 0} is a base for the topology τ on X. We

denote by τ(q) the topology induced by q on X.
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Given a quasi metric space (X, q) we see that X is endowed with two topologies

namely, τ(q) and τ(q−1). Hence, (X, τ(q), τ(q−1)) is a bitopological space [45].

Definition 1.2.5 A topological space (X, τ) is quasi metrizable if there exists a

quasi metric q on X that induces the topology τ, such that τ = τ(q). In this case we

say q is compatible with τ and that (X, τ) is a quasi metrizable topological space.

Remark 1.2.3 Observe that every quasi metric space (X, q) is a T1-space [13].

1.3 Partial metric spaces and some Lipschitzian

mappings

Some well-known results and notions on partial metric spaces due to Matthews are

recalled; details can be found in [28] and [29]. We include some proofs for the sake

of completeness.

Definition 1.3.1 Let X be a nonempty set. A map p : X×X → [0,∞) is a partial

metric on X if for all x, y, z ∈ X, the following conditions hold:

(i) x = y iff p(x, x) = p(x, y) = p(y, y);

(ii) p(x, x) ≤ p(x, y);

(iii) p(x, y) = p(y, x);

(iv) p(x, z) ≤ p(x, y) + p(y, z)− p(y, y).

The pair (X, p) is called a partial metric space.

Note that if p(x, y) = 0, then from (i) and (ii) we obtain that x = y. But if x = y,

then p(x, y) is not necessarily zero, that is a partial metric space has nonzero self-

distance property.

Example 1.3.1 [10, Example 1.3] Let X = R+
0 . Define a map p : X ×X → [0,∞)

by p(x, y) = max{x, y}, for all x, y ∈ R+
0 . Then (X, p) is a partial metric space. We

can see that p(x, x) 6= 0, for all x ∈ R+
0 , hence, p is not a metric on X.
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Example 1.3.2 [29, Example 3.2] Let X = {[a, b], a, b ∈ R, a ≤ b} and define

p : X ×X → [0,∞) by p([a, b], [c, d]) = max{b, d} −min{a, c}, for all a, b, c, d ∈ X.

Then (X, p) is a partial metric space.

Remark 1.3.1 Let (X, p) be a partial metric space. Note that every metric space

is a partial metric space but the converse is not true as reflected in Example 1.3.1.

Therefore the class of partial metric spaces is larger than the class of metric spaces.

Definition 1.3.2 Let (X, p) be a partial metric space. Then

(i) a sequence {xn} in (X, p) p-converges to a point x ∈ X if limn p(xn, x) =

p(x, x) = limn p(xn, xn). This is equivalent to saying that for each ε > 0 there exists

an N ∈ N such that p(xn, x) < p(x, x) + ε and p(xn, xn) < p(x, x) + ε for all n ≥ N.

(ii) a sequence {xn} in (X, p) is p-Cauchy if the limn,m p(xn, xm) exists and is finite.

(iii) a partial metric space (X, p) is p-Cauchy complete if every p-Cauchy sequence

{xn} p-converges to a point x ∈ X.

It is important to note that the limit need not be unique in partial metric spaces.

Before providing an example of a p-Cauchy complete partial metric space, we present

a definition and a remark.

Definition 1.3.3 [43] Let (X, p) be a partial metric space. Then

(i) a sequence {xn} in (X, p) is 0-Cauchy if limn,m p(xn, xm) = 0.

(ii) a partial metric space (X, p) is 0-Cauchy complete if every 0-Cauchy sequence

in X converges to a point x ∈ X and p(x, x) = 0.

Remark 1.3.2 Let a partial metric space (X, p) be a metric space. Then

(i) a sequence {xn} is 0-Cauchy if and only if it is a p-Cauchy sequence in (X, p).

(ii) a metric space (X, p) is 0-Cauchy complete if and only if it is a p-Cauchy complete.

We present examples of p-Cauchy complete partial metric spaces.
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Example 1.3.3 [10, Example 1.3] The partial metric space (X, p) in Example 1.3.1

is p-Cauchy complete.

Example 1.3.4 [10, Example 2.9] Let X = [0, 1] ∪ [2, 3] and define p : X × X →

[0,∞) by

p(x, y) =

 max{x, y} if (x, y) ∩ [2, 3] 6= ∅

|x− y| if (x, y) ⊂ [0, 1],

for all x, y ∈ X. Then (X, p) is a p-Cauchy complete partial metric space.

The two examples provide a 0-Cauchy complete partial metric space that is not p-

Cauchy complete. In particular, we show that Remark 1.3.2 does not necessarily

hold in the partial metric space setting.

Example 1.3.5 [43, Page 3] Let X = Q ∩ R+
0 , be endowed with a partial metric

p : X × X → [0,∞) defined by p(x, y) = max{x, y}, for all x, y ∈ Q ∩ R+
0 . Then

(X, p) is a 0-Cauchy complete partial metric space which is not a p-Cauchy complete

partial metric space.

Example 1.3.6 [1, Example 2] Let X = (1,∞) be equipped with a partial metric

p : X ×X → [0,∞) defined by p(x, y) = max{x, y}, for all x, y ∈ X. Then (X, p) is

a 0-Cauchy complete but not a p-Cauchy complete partial metric space.

The importance of Definition 1.3.3 can be seen in [43]. It is shown in [43] that

0-Cauchy sequences cannot be replaced by p-Cauchy sequences.

Remark 1.3.3 Let (X, p) be a partial metric space. Then

(i) every 0-Cauchy sequence is a p-Cauchy sequence but not conversely [Example

1.3.5].

(ii) a nonzero constant sequence {xn} in (X, p) is a p-Cauchy sequence but not a

0-Cauchy sequence.

(iii) every p-Cauchy complete partial metric space is 0-Cauchy complete partial

metric space but the converse does not necessarily hold [Example 1.3.6].
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We are now ready to provide properties of sequences in partial metric spaces.

Proposition 1.3.1 [14] Let (X, p) be a partial metric space, {xn} and {yn} be se-

quences in X. If {xn} p-converges to x and {yn} p-converges to y, then limn p(xn, yn) =

p(x, y).

Proof. Let (X, p) be a partial metric space, {xn} and {yn} be sequences in X.

Suppose that {xn} p-converges to x and {yn} p-converges to y. Then p(x, x) =

limn p(x, xn) = limn p(xn, xn) and p(y, y) = limn p(y, yn) = limn p(yn, yn). For n ∈ N,

we have p(xn, yn) ≤ p(xn, x) + p(x, y) + p(y, yn)− p(x, x)− p(y, y) and

p(x, y) ≤ p(x, xn) + p(xn, yn) + p(yn, y)− p(yn, yn)− p(xn, xn).

Let n→∞. Then limn p(xn, yn) ≤ p(x, x)+p(x, y)+p(y, y)−p(x, x)−p(y, y) = p(x, y)

and p(x, y) ≤ p(x, x) + limn p(xn, yn) + p(y, y)− p(x, x)− p(y, y) = limn p(xn, yn). So,

limn p(xn, yn) = p(x, y). �

Proposition 1.3.2 [14] Let (X, p) be a partial metric space and {xn} be a sequence

in X. If {xn} p-converges to x, then {xn} is a p-Cauchy sequence.

Proof. Let (X, p) be a partial metric space and {xn} be a sequence in X such that

{xn} p-converges to x. Then p(x, x) = limn p(x, xn) = limn p(xn, xn). For n,m ∈ N,

p(xn, xm) ≤ p(xn, x) + p(x, xm)− p(x, x) and

p(x, x) ≤ p(x, xn) + p(xn, xm) + p(xm, x)− p(xn, xn)− p(xm, xm).

Let n,m → ∞. Then p(x, x) ≤ limn,m p(xn, xm) ≤ p(x, x). So, limn,m p(xn, xm) =

p(x, x), and then {xn} is a p-Cauchy sequence in (X, p). �

Proposition 1.3.3 Let (X, p) be a partial metric space and {xn} be a 0-Cauchy

sequence in X. If {xn} p-converges to x and p-converges to y, then x = y.

Proof. Let {xn} be a 0-Cauchy sequence in a partial metric space (X, p). Suppose

that {xn} p-converges to x and p-converges to y. Then p(x, x) = p(y, y) = 0. For

each ε > 0, find N ∈ N such that p(xn, x) < ε + p(x, x), p(xn, y) < ε + p(y, y) and
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p(xn, xn) < ε+ p(x, x) for all n ≥ N. Then

p(x, y) ≤ p(x, xn) + p(xn, y)− p(xn, xn).

≤ 2ε+ 2p(x, x).

= 2ε.

So, p(x, y) − p(x, x) < 2ε for all n ≥ N and since p(x, y) ≥ p(x, x) for all x, y ∈ X

and ε > 0 is arbitrary, we conclude that p(x, y) = p(x, x). Hence, p(x, y) = p(x, x) =

p(y, y). Therefore x = y. �

We present Definition 1.1.3 in the partial metric space setting.

Definition 1.3.4 Let (X, p) be a partial metric space. Define Bp(x, ε) = {y ∈ X :

p(x, y) < ε + p(x, x), ε > 0} for all x ∈ X. The set Bp(x, ε) is called an open ball

with center x and radius ε. The family {Bp(x, ε) : x ∈ X, ε > 0} is a base for the

topology τ on X. We denote by τ(p) the topology induced on X by p.

Remark 1.3.4 Observe that every partial metric space (X, p) is a T0-space [28].

Lemma 1.3.1 [29] Let (X, p) be a partial metric space. Then qp : X ×X → [0,∞)

defined by

qp(x, y) = p(x, y)− p(x, x)

is a quasi metric on X for all x, y ∈ X. Furthermore, τ(p) = τ(qp).

Proof. We start by showing that qp(x, y) = p(x, y)− p(x, x) is a quasi metric for all

x, y ∈ X. (i) qp(x, y) ≥ 0 for all x, y ∈ X, since p(x, x) ≤ p(x, y).

(ii) Suppose that x = y, then qp(x, x) = p(x, x) − p(x, x) = 0. Conversely, suppose

that qp(x, y) = 0. Then p(x, y) − p(x, x) = 0, so, p(x, y) = p(x, x) for all x, y ∈ X.

We know that qp(x, y) = qp(y, x) and qp(y, x) = p(y, x) − p(y, y) for all x, y ∈ X.

Let qp(y, x) = 0, p(y, x)− p(y, y) = 0. Then p(y, x) = p(y, y) for all x, y ∈ X. Hence,

p(x, y) = p(x, x) = p(y, y). Therefore x = y.
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(iii) We prove that qp(x, z) ≤ qp(x, y) + qp(y, z).

qp(x, z) = p(x, z)− p(x, x)

≤ p(x, y) + p(y, z)− p(x, x)− p(y, y)

= p(x, y)− p(x, x) + p(y, z)− p(y, y)

= qp(x, y) + qp(y, z).

Therefore (X, qp) is a quasi metric space. Next we show that τ(p) = τ(qp).

Suppose that A ∈ τ(qp). Then there exists ε > 0 such that Bqp(x, ε) ⊂ A for every

x ∈ A. If y ∈ Bqp(x, ε) and qp(x, y) < ε, it follows that qp(x, y) = p(x, y)−p(x, x) < ε.

We know that p(x, y) < ε + p(x, x). Therefore y ∈ Bp(x, ε) ⊂ A. Hence, A ∈ τ(p).

This implies that τ(qp) ⊆ τ(p).

Conversely, suppose that A ∈ τ(p). Then there exists ε > 0 such that Bp(x, ε) ⊂ A

for every x ∈ A. If y ∈ Bp(x, ε) and p(x, y) ≤ ε+ p(x, x), p(x, y)− p(x, x) ≤ ε. Then

qp(x, y) = p(x, y) − p(x, x) ≤ ε. Therefore y ∈ Bqp(x, ε) ⊂ A. Hence, A ∈ τ(qp). This

implies that τ(p) ⊆ τ(qp). Therefore τ(p) = τ(qp). �

Remark 1.3.5 The reader should observe that from Definition 1.2.5, we see that a

partial metric space (X, p), is quasi-metrizable.

Given a partial metric space (X, p), from now on, we shall denote a quasi metric

space by (X, qp) and a metric space obtained from (X, qp) by (X, q∗p), see Definition

1.2.2.

Definition 1.3.5 [40] Let X be a nonempty set. A map p : X × X → R is a

dualistic partial metric on X if for all x, y, z ∈ X, the following conditions hold:

(i) x = y iff p(x, x) = p(x, y) = p(y, y);

(ii) p(x, x) ≤ p(x, y);

(iii) p(x, y) = p(y, x);

(iv) p(x, z) ≤ p(x, y) + p(y, z)− p(y, y).

The pair (X, p) is called a dualistic partial metric space.
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Theorem 1.3.1 [39] A dualistic partial metric space (X, p) is p-Cauchy complete if

and only if the metric space (X, q∗p) is q∗p-Cauchy complete.

Corollary 1.3.1 A partial metric space (X, p) is p-Cauchy complete if and only if

a metric space (X, q∗p) is q∗p-Cauchy complete.

Proposition 1.3.4 [16] Let (X, p) be a partial metric space. Then dp : X × X →

[0,∞) defined by

dp(x, y) =

 p(x, y) whenever x 6= y

0 whenever x = y,

for all x, y ∈ X is a metric on X. Hence, (X, dp) is a metric space.

Proof. (i) Clearly dp(x, y) = 0 if and only if x = y.

(ii) Since p(x, y) = p(y, x) we get dp(x, y) = dp(y, x) for all x, y ∈ X.

(iii) To show that dp(x, z) ≤ dp(x, y)+dp(y, z) note that dp(x, z) ≤ p(x, z) ≤ p(x, y)+

p(y, z)− p(y, y) and if x 6= z and x = y, then

dp(x, z) ≤ p(x, z) ≤ p(x, y) + p(y, z)− p(y, y)

= p(y, y) + p(y, z)− p(y, y)

= p(y, z)

= dp(y, z).

If x 6= z and y = z, then

dp(x, z) ≤ p(x, z) ≤ p(x, y) + p(z, z)− p(z, z)

= p(x, y)

= dp(x, y).

If x 6= y 6= z, then dp(x, z) ≤ dp(x, y) + dp(y, z). If x = z, then dp(x, z) = 0 ≤

dp(x, y) + dp(y, z). Therefore (X, dp) is a metric space. �
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Theorem 1.3.2 [16] Let (X, p) be a partial metric space. The metric space (X, dp)

is dp-Cauchy complete if and only if the partial metric space (X, p) is 0-Cauchy

complete.

Proof. Suppose that (X, p) is 0-Cauchy complete, and {xn} be a dp-Cauchy sequence

in (X, dp). Without loss of generality assume that xn 6= xm for all n 6= m. Hence,

dp(xn, xm) = p(xn, xm) for all n,m ≥ 1 and limn,m dp(xn, xm) = 0. It follows that

limn,m p(xn, xm) = 0. Thus {xn} is a p-Cauchy sequence in (X, p). Since (X, p) is

0-Cauchy complete, limn p(xn, x) = 0 for some x ∈ X. Note that x 6= xn for all n.

Therefore limn dp(xn, x) = 0. So, (X, dp) is a dp-Cauchy complete metric space.

Conversely, suppose that (X, dp) is dp-Cauchy complete and {xn} be a 0-Cauchy se-

quence in (X, p). Without loss of generality assume that xn 6= xm for all n 6= m. Then

p(xn, xm) = dp(xn, xm) for all n,m ≥ 1. So, limn,m dp(xn, xm) = limn,m p(xn, xm) = 0.

Hence, {xn} is a dp-Cauchy sequence in (X, dp). Since (X, dp) is dp-Cauchy complete,

there exists x ∈ X such that limn dp(xn, x) = 0. Thus limn p(xn, x) = 0 and so, (X, p)

is a 0-Cauchy complete partial metric space. �

Definition 1.3.6 Let (X, p) be a p-Cauchy complete partial metric space and T :

(X, p)→ (X, p) be a map. Then

(i) T is called a Lipschitzian map if there exists a constant λ, where λ ≥ 0 such

that p(Tx, Ty) ≤ λp(x, y), for any x, y ∈ X. Furthermore, the constant λ, where

λ ≥ 0 is called a Lipschitzian constant. The smallest constant λ will be denoted

by Lip(T ).

(ii) T is called a contraction map if there exists a constant λ, where 0 ≤ λ < 1

such that p(Tx, Ty) ≤ λp(x, y), for any x, y ∈ X. Furthermore, the constant λ, where

0 ≤ λ < 1 is called the contraction constant.

(iii) a point x is said to be a fixed point of T if Tx = x.

Definition 1.3.7 Let (X, pX) and (Y, pY ) be partial metric spaces. A map T :

(X, pX) → (Y, pY ) between partial metric spaces is continuous if a sequence {xn}

pX-converges to a point x in X implies that {T (xn)} pY -converges to a point T (x)
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in Y.

Remark 1.3.6 Let T : (X, p)→ (X, p) be a map between partial metric spaces.

(i) If T is a contraction map then it is a Lipschitzian map but the converse is not

true.

(ii) Any contraction map and a Lipschitzian map is continuous, but a continuous

map may neither be a contraction nor a Lipschitzian.

Theorem 1.3.3 [28] Let (X, p) be a p-Cauchy complete partial metric space and

T : (X, p) → (X, p) be a map. If p(Tx, Ty) ≤ λp(x, y) for any x, y ∈ X and

0 ≤ λ < 1, then T has a unique fixed point.

Proof. Suppose that T : X → X is a contraction in a p-Cauchy complete partial

metric space with partial metric p : X × X → [0,∞), and that 0 ≤ λ < 1 is such

that for all x, y ∈ X, p(T (y), T (x))− p(T (x), T (x)) ≤ λ(p(y, x)− p(x, x)). Let x ∈ X

and {xn} ∈ X for all n ∈ N be such that {xn} = T n(x) for all n.

We first show that {xn} is a p-Cauchy sequence. T (xn+2, xn+1) − T (xn+1, xn+1) ≤

λ(T (xn+1, xn)− T (xn, xn)). Therefore for all n ≥ 0. T (xn+2, xn+1)− T (xn+1, xn+1) ≤

λn+1(T (x1, x0)− T (x0, x0)). For all n,m ≥ 0.

T (xn+m+1, xn)−T (xn, xn) ≤ T (xn+m+1, xn+m)−T (xn+m, xn+m)+T (xn+m, xn)−T (xn, xn).

≤ λn+m(T (x1, x0)− T (x0, x0) + T (xn+m, xn)− T (xn, xn)).

Therefore for all n,m ≥ 0,

T (xn+m+1, xn)− T (xn, xn) ≤ (λn+m + ...+ λn)(T (x1, x0)− T (x0, x0))

=
λn(1− λm+1)

1− λ
(T (x1, x0)− T (x0, x0))

<
λn

(1− λ)
(T (x1, x0)− T (x0, x0)).
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Thus, {xn} is a p-Cauchy sequence, since (X, p) is p-Cauchy complete and {xn}

p-converges to x∗ ∈ X.

We now show that x∗ is a fixed point of T. Choose ε > 0, then as {xn} p-converges

to x∗ we can find m ≥ 0 such that, for all n > m. p(x∗, xn) − p(xn, xn) < ε
1+λ

and

p(xn, x
∗)− p(x∗, x∗) < ε

1+λ
. Thus for all n > m.

p(T (x∗), x∗)− p(x∗, x∗) ≤ p(T (x∗), xn+1)− p(xn+1, xn+1) + p(xn+1, x
∗)− p(x∗, x∗)

≤ λ(p(x∗, xn)− p(xn, xn)) + p(xn+1, x
∗)− p(x∗, x∗)

< λ(
ε

1 + λ
) +

ε

1 + λ

= ε.

Thus, as ε is arbitrary, p(T (x∗), x∗) = p(x∗, x∗) (1)

Similarly, for all n > m.

p(T (x∗), x∗)− p(T (x∗), T (x∗)) ≤ p(T (x∗), xn+1)− p(xn+1, xn+1) + p(xn+1, x
∗)

−p(T (x∗), T (x∗))

= (p(T (x∗), xn+1)− p(T (x∗), T (x∗))) + p(xn+1, x
∗)

−p(xn+1, xn+1)

≤ λ(p(x∗, xn)− p(x∗, x∗) +
ε

1 + λ

< λ(
ε

1 + λ
) +

ε

1 + λ

= ε.

Thus, as ε is arbitrary, p(T (x∗), x∗) = p(T (x∗), T (x∗)). By property (i) of Definition

1.3.1 and (1) we have x∗ = T (x∗) and so, T has a fixed point. We now show that x∗

is unique. Suppose that y∗ ∈ X and y∗ = T (y∗), then

p(x∗, y∗)− p(y∗, y∗) = p(T (x∗), T (y∗))− p(T (y∗), T (y∗))

≤ λp(x∗, y∗)− p(y∗, y∗).

Therefore p(x∗, y∗)− p(y∗, y∗) = 0 as 0 ≤ λ < 1. Similarly, p(y∗, x∗)− p(x∗, x∗) = 0.

Therefore x∗ = y∗. �
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Theorem 1.3.4 [28] Let (X, p) be a p-Cauchy complete partial metric space and

T : (X, p) → (X, p) be a map. If T n is a Lipschitzian map for all n ≥ 0 and∑∞
n=0 Lip(T

n) < ∞, then T has a unique fixed point x ∈ X. Moreover, for any

x ∈ X, the orbit {T nx} p-converges to x.

1.4 Properties of TV S-cone metric spaces

In what follows we recall basic properties of TV S-cone metric spaces and refer the

reader to [8], [12] and [19] for more details. In this section by (X, σ) we refer to

(X,P,E, σ) where X is a nonempty set, E is a normed topological vector space,

P is a normal cone in E with normal constant K and σ is a TV S-cone metric on X.

Definition 1.4.1 [15] A topological vector space (TV S) E is a vector space over

a topological field K that is endowed with a topology such that the vector addition

and scalar multiplication are continuous functions.

A subset P of a topological vector space (TV S) E is called a cone if

(i) P is closed, nonempty and P 6= {0}, here 0 is the zero vector in E;

(ii) a, b ∈ R, a, b ≥ 0 and x, y ∈ P, then ax+ by ∈ P ;

(iii) both x ∈ P and −x ∈ P then x = 0.

Given a cone P in E a partial ordering � on E via P is defined by x � y if and

only if y − x ∈ P for x, y ∈ E. We write x < y to indicate that x � y but x 6= y

while x ≺≺ y will stand for y − x ∈ int(P ) where int(P ) denote the interior of

P in the norm topology on E. The cone P in E is called normal if there exists a

constant K > 0 such that for all a, b ∈ E, 0 � a � b implies ||a|| ≤ K||b||, where

|| · || : E → [0,∞) is a norm on E. We will always assume that a topological vector

space E has a norm on it.

Example 1.4.1 Let E = R2, X = R and P = {(x, y) : x ≥ 0, y ≥ 0} be a subset of

X. Equip R with the usual norm || · ||. Then P is a normal cone in E with constant
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K = 1.

Definition 1.4.2 A TV S-cone metric space is an ordered pair (X, σ) where X

is a nonempty set, E is a topological vector space, P be a normal cone in E and

σ : X ×X → E is a map satisfying for all x, y, z ∈ X:

(i) 0 � σ(x, y);

(ii) σ(x, y) = 0 iff x = y;

(iii) σ(x, y) = σ(y, x);

(iv) σ(x, z) � σ(x, y) + σ(y, z).

Example 1.4.2 [19, Example 1] Let E = R2, where E is equipped with the usual

norm || · ||, P = {(x, y) ∈ E, x, y ≥ 0} ⊂ R2, X = R and σ : X ×X → E be defined

by σ(x, y) = {|y − x|, α|y − x|} for all x, y ∈ X, where α ≥ 0 is a constant. Then

(X, σ) is a TV S-cone metric space.

Definition 1.4.3 Let (X, σ) be a TV S-cone metric space. Then

(i) a sequence {xn} in (X, σ) σ-converges to a point x ∈ X if for each c ∈ int(P )

there exists an N ∈ N such that σ(xn, x) ≺≺ c for each n ≥ N.

(ii) a sequence {xn} in (X, σ) is σ-Cauchy if there exists an a ∈ P such that for

every ε > 0 there is a natural number N such that m,n ≥ N, ||σ(xn, xm)− a|| < ε.

(iii) a TV S-cone metric space (X, σ) is σ-Cauchy complete if every σ-Cauchy

sequence in X σ-converges to a point x ∈ X.

Remark 1.4.1 Let (X, σ) be a TV S-cone metric space and {xn} be a sequence

in X. If a sequence {xn} is σ-convergent to a point x ∈ X we shall also write

limn σ(xn, x) = 0 or simply xn
σ- x.

We present examples of a σ-Cauchy complete TV S-cone metric space.

Example 1.4.3 [19, Example 1] The TV S-cone metric space (X, σ) in Example

1.4.2 is σ-Cauchy complete.
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Example 1.4.4 [42, Example 9.2] Let E = R2, be equipped with the usual norm.

P = {(x, y) ∈ E, x, y ≥ 0} ⊂ R2, X = P and σ : X ×X → E be defined by

σ(x, y) =

 x+ y if x 6= y

0 if x = y

for all x, y ∈ X. Then (X, σ) is a σ-Cauchy complete TV S-cone metric space.

Definition 1.4.4 Let (X, σ) be a TV S-cone metric space. Define Bσ(x, c) = {y ∈

X : σ(x, y) ≺≺ c} for all x ∈ X, 0 ≺≺ c. The set Bσ(x, c) is called an open ball

with center x and radius c. The family {Bσ(x, c) : x ∈ X, c �� 0} is a base for the

topology τ on X. We denote by τ(σ) the topology induced by σ on X.

We now present some properties of sequences in a TV S-cone metric space.

Proposition 1.4.1 [19] Let (X, σ) be a TV S-cone metric space, P be a normal cone

in E with normal constant K, {xn} and {yn} be sequences in X. If limn σ(xn, x) = 0

and limn σ(yn, y) = 0, then limn σ(xn, yn) = σ(x, y).

Proof. Let (X, σ) be a TV S-cone metric space, P be a normal cone in E with

normal constant K, {xn} and {yn} be sequences in X such that limn σ(xn, x) = 0

and limn σ(yn, y) = 0. Then for every ε > 0 choose c ∈ E, c �� 0 and ||c|| < ε
4K+2

.

Since limn σ(xn, x) = 0 and limn σ(yn, y) = 0 there exists an N ∈ N such that for all

n ≥ N, σ(xn, x) ≺≺ c and σ(yn, y) ≺≺ c. We have

σ(xn, yn) � σ(xn, x) + σ(x, y) + σ(y, yn)

� σ(x, y) + 2c.

Similarly,

σ(x, y) � σ(x, xn) + σ(xn, yn) + σ(yn, y)

� σ(xn, yn) + 2c.

Hence, 0 � σ(x, y) + 2c− σ(xn, yn) � 4c and

||σ(xn, yn)− σ(x, y)|| ≤ ||σ(x, y) + 2c− σ(xn, yn)||+ ||2c||

≤ (4K + 2)||c||

< ε.
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Therefore limn σ(xn, yn) = σ(x, y). �

Proposition 1.4.2 [19] Let (X, σ) be a TV S-cone metric space and {xn} be a se-

quence in X. If limn σ(xn, x) = 0, then {xn} is a σ-Cauchy sequence.

Proof. Let (X, σ) be a TV S-cone metric space and limn σ(xn, x) = 0. Then for any

c �� 0, c ∈ E there is an N ∈ N such that for all m,n ≥ N, σ(xn, x) ≺≺ c
2

and

σ(xm, x) ≺≺ c
2
. Hence,

σ(xn, xm) � σ(xn, x) + σ(x, xm)

≺≺ c

2
+
c

2

≺≺ c.

Therefore {xn} is a σ-Cauchy sequence. �

Proposition 1.4.3 [19] Let (X, σ) be a TV S-cone metric space, P be a normal cone

in a normed topological space E with normal constant K and {xn} be a sequence in

X. If limn σ(xn, x) = 0 and limn σ(xn, y) = 0, then x = y.

Proof. Suppose that (X, σ) is a TV S-cone metric space, P be a normal cone

in a normed topological space E with normal constant K, limn σ(xn, x) = 0 and

limn σ(xn, y) = 0. Then for any c ∈ E, c �� 0, with 2K||c|| < ε, there is an N ∈ N

such that for all n ≥ N, σ(xn, x) ≺≺ c and σ(xn, y) ≺≺ c. Hence,

σ(x, y) � σ(xn, x) + σ(xn, y)

� 2c.

We have ||σ(x, y)|| ≤ 2K||c||. Since c is an arbitrary then σ(x, y) = 0. Therefore x =

y. �

Lemma 1.4.1 [12] Let (X, σ) be a TV S-cone metric space. Then d : X × X →

[0,∞) defined by

d(x, y) = inf{||u||, u ∈ P : σ(x, y) � u, x, y ∈ X},
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is a metric on X.

Proof. (i) Clearly d(x, y) ≥ 0 for all x, y ∈ X.

(ii) To prove that d(x, y) = d(y, x) for all x, y ∈ X. We know that σ(x, y) = σ(y, x)

for all x, y ∈ X. It follows that for all x, y ∈ X, d(x, y) = d(y, x).

(iii) If d(x, y) = inf{||u||, u ∈ P : σ(x, y) � u, x, y ∈ X} = 0, then for each n ∈ N

there exists un ∈ P, σ(x, y) � un such that ||un|| < 1
n
. Since σ(x, y) � un and

un → 0 as n → ∞, by Proposition 1.4.3 we have 0 � σ(x, y) which implies that

σ(x, y) ∈ P ∩ (−P ). Hence, σ(x, y) = 0 and x = y.

(iv) Now we prove that d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈ X. In fact, let

d(x, z) = inf{||u1|| : σ(x, z) � u1, u1 ∈ P},

d(x, y) = inf{||u2|| : σ(x, y) � u2, u2 ∈ P},

d(y, z) = inf{||u3|| : σ(y, z) � u3, u3 ∈ P}.

Since u2, u3 ∈ P, we have σ(x, y) � u2, σ(y, z) � u3. Now

σ(x, z) � σ(x, y) + σ(y, z)

� u2 + u3.

So, {u2 + u3 ∈ P : σ(x, y) � u2, σ(y, z) � u3} ⊂ {u1 ∈ P : σ(x, z) � u1} which

implies that inf{||u1|| : σ(x, z) � u1} ≤ inf{||u2 + u3|| : σ(x, y) � u2, σ(y, z) � u3}.

Note that inf{||u2 + u3|| : σ(x, y) � u2, σ(y, z) � u3} ≤ inf{||u2|| + ||u3|| : σ(x, y) �

u2, σ(y, z) � u3} = inf{||u2|| : σ(x, y) � u2, u2 ∈ P} + inf{||u3|| : σ(y, z) � u3, u3 ∈

P}. Thus, inf{||u1|| : σ(x, z) � u1, u1 ∈ P} ≤ inf{||u2|| : σ(x, y) � u2, u2 ∈ P} +

inf{||u3|| : σ(y, z) � u3, u3 ∈ P}. That is

d(x, z) ≤ d(x, y + d(y, z).

By (i), (ii), (iii) and (iv), d is a metric on X. �

Next, the notion of equivalent TV S-cone metrics (Definition 1.1.5) is presented.
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Definition 1.4.5 Let E, Ē be normed topological vector spaces, σ1 : X × X → E

and σ2 : X ×X → Ē be two TV S-cone metrics on a nonempty set X. Then σ1 and

σ2 are said to be equivalent if a sequence {xn} σ1-converges to x if and only if {xn}

σ2-converges to x for a sequence {xn} in X and x ∈ X. If σ1 is equivalent to σ2 we

will write σ1 ' σ2.

Remark 1.4.2 Let X be a nonempty set, σ1, σ2 and σ3 be TV S-cone metrics on X.

If σ1 ' σ2 and σ2 ' σ3, then σ1 ' σ3.

Theorem 1.4.1 [8] Let (X, σ) be a TV S-cone metric space, P be a normal cone

with normal constant K and (X, d) be a metric space, where d : X ×X → [0,∞) is

defined by

d(x, y) = inf{||u||, u ∈ P : σ(x, y) � u, x, y ∈ X}

on X. Then for every TV S-cone metric σ : X × X → E there exists a metric

d : X ×X → [0,∞) such that d ' σ on X.

Proof. By Lemma 1.4.1, d is a metric on X. Suppose that {xn} d-converges to

a point x in (X, d). Then limn d(xn, x) = 0. For each c �� 0 there exists ε > 0

such that K||c|| < ε, where K is a normal constant. Since d(xn, x) = inf{||unm|| :

σ(xn, x) � unm} for all n,m ∈ N, then there exists unm such that

||unm|| < d(xn, x) +
1

m
, σ(xn, x) � unm.

Let vn = unn. Then ||vn|| < d(xn, x) + 1
n
, (n → ∞) and σ(xn, x) � vn. Now if xn

d-converges to a point x in (X, d) then limn d(xn, x) = 0 and vn d-converges to 0.

Therefore for all c �� 0 there exists an N ∈ N such that vn ≺≺ c for all n ≥ N.

This implies that σ(xn, x) ≺≺ c for all n ≥ N. That is, limn σ(xn, x) = 0.

Conversely, for every real ε > 0 choose c ∈ E with c �� 0 and ||c|| < ε. Then

there exists an N ∈ N such that σ(xn, x) ≺≺ c for all n ≥ N. This means that

for all ε > 0 there exists an N ∈ N such that d(xn, x) ≤ ||c|| < ε for all n ≥

N. Therefore limn d(xn, x) = 0 as n → ∞, so, {xn} d-converges to x in (X, d).

�
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An example to support Theorem 1.4.1 is presented below. For more examples the

reader should consult [8].

Example 1.4.5 [8, Example 2.3] Let E = R2, be equipped with the usual norm,

X = R, P = {(x, y) ∈ E, x, y ≥ 0} ⊂ R2, a ∈ P, a 6= 0 with ||a|| = 1 and σ : X×X →

E be defined by

σ(x, y) =

 a if x 6= y

0 if x = y

for all x, y ∈ X. Then σ is a TV S-cone metric on X and its equivalent metric

d : X ×X → [0,∞) is defined by

d(x, y) =

 1 if x 6= y

0 if x = y

for all x, y ∈ X. Note that d is a discrete metric on X. Hence, τ(σ) is a discrete

topology on X.

We discuss the relationship between σ-Cauchy sequence in a TV S-cone metric space

(X, σ) and d-Cauchy sequence in a metric space (X, d).

Lemma 1.4.2 [12] Let (X, σ) be a TV S-cone metric space and (X, d) be a metric

space where d : X ×X → [0,∞) is defined by

d(x, y) = inf{||u||, u ∈ P : σ(x, y) � u, x, y ∈ X}

on X. Then {xn} is d-Cauchy in (X, d) if and only if it is σ-Cauchy sequence in

(X, σ).

Proof. Suppose that {xn} is a d-Cauchy sequence in a metric space (X, d). For any

c �� 0 there exists ε > 0 such that c + B(0, ε) ⊂ P. Note that {xn} is a d-Cauchy

sequence, there is N ∈ N such that d(xn, xm) ≤ ε
4

for m,n > N, that is

d(xn, xm) = inf{||u|| : σ(xn, xm) � u, u ∈ P} ≤ ε

4

for all n,m ≥ N. Hence, there exists v ∈ P, ||v|| ≤ ε
2

such that σ(xn, xm) � v. Note

that c− v ∈ int(P ), thus σ(xn, xm) � u ≺≺ c for m,n > N, which implies {xn} is a

σ-Cauchy sequence of (X, σ).
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Conversely, suppose that {xn} is a σ-Cauchy sequence in a TV S-cone metric space

(X, σ). Given c �� 0 and a positive number δ > 0, there is K ≥ 1 such that || c
K
|| < δ.

Noting that c
K
�� 0 and {xn} be a σ-Cauchy sequence in (X, σ), there exists N ∈ N

such that for all m,n ≥ N we have σ(xn, xm) ≺≺ c
K
. Hence,

d(xn, xm) = inf{||u|| : σ(xn, xm) � u} ≤ ||c||
K

< δ

for allm,n ≥ N, which implies that {xn} is a d-Cauchy sequence in (X, d). �

By virtue of Lemma 1.4.2 and Theorem 1.4.1 we immediately have the next theorem.

Theorem 1.4.2 [12] Let (X, σ) be a TV S-cone metric space and (X, d) be a metric

space, where d : X ×X → [0,∞) is defined by

d(x, y) = inf{||u||, u ∈ P : σ(x, y) � u, x, y ∈ X}

on X. Then (X, d) is d-Cauchy complete if and only if (X, σ) is σ-Cauchy complete.

Definition 1.4.6 Let (X, σ) be a TV S-cone metric space and T : (X, σ) → (X, σ)

be a map. Then

(i) T is called a Lipschitzian map if there exists a constant λ, where λ ≥ 0 such

that σ(Tx, Ty) � λσ(x, y) for any x, y ∈ X. Moreover, the constant λ, where λ ≥ 0

is called a Lipschitzian constant. The smallest constant λ will be denoted by

Lip(T ).

(ii) T is called a contraction map if there exists a constant λ, where 0 ≤ λ < 1

such that σ(Tx, Ty) � λσ(x, y) for any x, y ∈ X. Moreover, the constant λ, where

0 ≤ λ < 1 is called a contraction constant.

(iii) a point x ∈ X is said to be a fixed point of T if Tx = x.

Definition 1.4.7 Let (X, σX) and (Y, σY ) be TV S-cone metric spaces. A map T :

(X, σX) → (Y, σY ) between TV S-cone metric spaces is continuous if a sequence

{xn} σX-converges to a point x in X implies that {T (xn)} σY -converges to a point

T (x) in Y.
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Theorem 1.4.3 [19] Let (X, σ) be a σ-Cauchy complete TV S-cone metric space, P

be a normal cone in E with normal constant K. Suppose that a map T : (X, σ) →

(X, σ) satisfies the contraction condition σ(Tx, Ty) � λσ(x, y) for some λ ∈ (0, 1)

and x, y ∈ X. Then T has a unique fixed point in X. And for any x ∈ X iterative

sequence limn σ(T nx, x) = 0.

Proof. Let (X, σ) be a σ-Cauchy complete TV S-cone metric space, P be a normal

cone in E with normal constant K. Choose x0 ∈ X, and x1 = Tx0, x2 = Tx1 =

T 2x0, ..., xn+1 = Txn = T n+1x0, .... Then we have

σ(xn+1, xn) = σ(Txn, Txn−1)

� λσ(xn, xn−1)

� λ2σ(xn−1, xn−2)

� ...

� λnσ(x1, x0).

So, for n > m,

σ(xn, xm) � σ(xn, xn−1) + σ(xn−1, xn−2) + ...+ σ(xm+1, xm)

� (λn−1 + λn−2 + ...+ λm)σ(x1, x0)

� λm

1− λ
σ(x1, x0).

Then we get ||σ(xn, xm)|| ≤ λm

1−λK||σ(x1, x0)||. This implies that limn,m σ(xn, xm) =

0. Hence, {xn} is a σ-Cauchy sequence. Since X is σ-Cauchy complete there exists

x∗ ∈ X such that limn σ(xn, x
∗) = 0. Hence,

σ(Tx∗, x∗) � σ(Txn, Tx
∗) + σ(Txn, x

∗)

� λσ(xn, x
∗) + σ(xn+1, x

∗).

So,

||σ(Tx∗, x∗)|| ≤ K(λ||σ(xn, x
∗)||+ ||σ(xn+1, x

∗)||)

and

K(λ||σ(xn, x
∗)||+ ||σ(xn+1, x

∗)||)→ 0
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as n → ∞. Hence, ||σ(Tx∗, x∗)|| = 0. This implies that Tx∗ = x∗. So, x∗ is a fixed

point of T. Now if y∗ is another fixed point of T, then σ(x∗, y∗) = σ(Tx∗, T y∗) �

λσ(x∗, y∗). Hence, ||σ(x∗, y∗)|| = 0 implies that σ(x∗, y∗) = 0 for all x∗, y∗ ∈ X. By

condition (ii) of Definition 1.4.2 it follows that x∗ = y∗. Therefore the fixed point of T

is unique. �

Example 1.4.6 [19, Page 8] Let E = R2, be equipped with the usual norm, P =

{(x, y) ∈ R2 : x, y ≥ 0} and X = {(x, 0) ∈ R2|0 ≤ x ≤ 1} ∪ {(0, x) ∈ R2|0 ≤ x ≤ 1}.

Define σ : X ×X → E by

σ((x, 0), (y, 0)) = (
4

3
|x− y|, |x− y|),

σ((0, x), (0, y)) = (|x− y|, 2

3
|x− y|),

σ((x, 0), (0, y)) = σ((0, y), (x, 0)) = (
4

3
x+ y, x+

2

3
y)

for all x, y ∈ X. Then (X, σ) is a σ-Cauchy complete TV S-cone metric space. Define

a mapping T : (X, σ) → (X, σ) by T (x, 0) = (0, x) and T (0, x) = (1
2
x, 0). Then T

satisfies the contractive condition σ((Tx1, Tx2), (Ty1, T y2)) � λσ((x1, x2), (y1, y2)),

for all (x1, x2), (y1, y2) ∈ X, with λ = 3
4
∈ [0, 1). Furthermore, T has a unique fixed

point (0, 0) ∈ X and it is not contractive.

Theorem 1.4.4 [12] Let (X, σ) be a σ-Cauchy complete TV S-cone metric space,

T : (X, σ)→ (X, σ) be a map and d : X ×X → [0,∞) be a metric defined by

d(x, y) = inf{||u|| : σ(x, y) � u, u ∈ P, x, y ∈ X}

on X. If σ(Tx, Ty) � λσ(x, y) for some λ ∈ (0, 1) and x, y ∈ X, then d(Tx, Ty) ≤

λd(x, y) for all x, y ∈ X and λ ∈ (0, 1).

Proof. Suppose that T : (X, σ) → (X, σ) is a contraction. Let v ∈ P, σ(x, y) � v

and ||un|| ≤ v for x, y ∈ X,n ≥ 1. Then

σ(Tx, Ty) � λσ(x, y) � λv
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for all x, y ∈ X,λ ∈ (0, 1). Since {λv : σ(x, y) � v, v ∈ P} ⊂ {u : σ(Tx, Ty) � u, u ∈

P}. Then

d(Tx, Ty) = inf{||u|| : σ(Tx, Ty) � u, u ∈ P}

≤ inf{||λv|| : σ(x, y) � v, v ∈ P}

= λ inf{||v|| : σ(x, y) � v, v ∈ P}

= λd(x, y).

Therefore d(Tx, Ty) ≤ λd(x, y) and T : (X, d)→ (X, d) is a contraction. �

Theorem 1.4.5 [12] Let (X, σ) be a σ-Cauchy complete TV S-cone metric space,

T : (X, σ)→ (X, σ) be a map and d : X ×X → [0,∞) be a metric defined by

d(x, y) = inf{||u|| : σ(x, y) � u, u ∈ P, x, y ∈ X}

on X. If T : (X, σ) → (X, σ) has a fixed point, then T : (X, d) → (X, d) has a fixed

point.

Proof. Let (X, σ) be a σ-Cauchy complete TV S-cone metric space, and for T :

(X, σ)→ (X, σ) we have σ(Tx, Ty) � λσ(x, y), where λ ∈ (0, 1). Then T : (X, σ)→

(X, σ) has a fixed point. Let x be a fixed point for T. Then it follows that T : (X, d)→

(X, d) has a fixed point. �

1.5 TV S-partial cone metric spaces and their prop-

erties

Some well know fundamental results and notions of TV S-partial cone metric spaces

are presented in this section. We refer the reader to [11] and [48]. Note that by (X, σp)

we refer to (X,P,E, σp) where X is a nonempty set, E is a normed topological

vector space, P is a normal cone in E with normal constant K and σp is a TV S-

partial cone metric on X. We begin with:
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Definition 1.5.1 [48] Let X be a nonempty set. A map σp : X ×X → E is called

TV S-partial cone metric on X if for all x, y, z ∈ X, the following conditions hold:

(i) x = y iff σp(x, y) = σp(x, x) = σp(y, y);

(ii) σp(x, y) = σp(y, x);

(iii) σp(x, x) � σp(x, y);

(iv) σp(x, z) � σp(x, y) + σp(y, z)− σp(y, y).

The pair (X, σp) is called a partial cone metric space.

A TV S-cone metric space is necessarily a TV S-partial cone metric space, but the

converse does not necessarily hold, see the upcoming example:

Example 1.5.1 [20, Example 2] Let E = C1
R[0, 1] with the norm ||u|| = ||u∞|| +

||u′||∞ and X = P = {u ∈ E : u(t) ≥ 0, t ∈ [0, 1]}. Define a map σp : X ×X → E by

σp(x, y) =

 x if x = y

x+ y otherwise

for all x, y ∈ X. Then σp is a TV S-partial cone metric, but not a TV S-cone metric

since σp(x, x) 6= 0, for some x ∈ X with x 6= 0.

Remark 1.5.1 Let (X, σp) be a TV S-partial cone metric space. Then the class of

TV S-partial cone metric spaces is larger than the class of TV S-cone metric spaces.

Definition 1.5.2 Let (X, σp) be a TV S-partial cone metric space. Then

(i) a sequence {xn} in (X, σp) σp-converges to a point x ∈ X if for each c ∈ int(P )

there exists an N ∈ N such that σp(xn, x) ≺≺ σp(x, x) + c and σp(xn, xn) ≺≺

σp(x, x) + c for each n ≥ N.

(ii) a sequence {xn} in (X, σp) is σp-Cauchy if there exists an a ∈ P such that for

every ε > 0 there is a natural number N such that m,n ≥ N, ||σp(xn, xm)− a|| ≤ ε.

(iii) a TV S-partial cone metric space (X, σp) is σp-Cauchy complete if every σp-

Cauchy sequence in X σp-converges to a point x ∈ X.
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Remark 1.5.2 In [48] a sequence {xn} in (X, σp) is defined to σp-converge to x ∈ X

if limn σp(xn, x) = σp(x, x). It is also mentioned that σp(xn, x)→ σp(x, x) implies that

σp(xn, xn)→ σp(x, x). This is not true in general see the following example.

Example 1.5.2 Let X = [0,∞), E = X,P = {x ∈ X : x ≥ 0}, and define

σp : X × X → P by σp(x, y) = max{x, y} for all x, y ∈ X. A sequence {xn =

1
n+1

, n ≥ 1} in (X, σp) σp-converges to x = 2, per definition in [48](Remark 1.5.2).

Clearly limn σp(xn, x) = σp(x, x) and limn σp(xn, xn) 6= σp(x, x). So, {xn} does not

σp-converge to x = 2, using Definition 1.5.2. Note that according to Definition 1.5.2

(i) we have limn σp(xn, xn) = σp(x, x) = limn σp(xn, x), where x = 0. Therefore {xn}

σp-converges to 0.

Remark 1.5.3 The reader should note that with Definition 1.5.2 (i) a sequence

{xn} in a TV S-partial cone metric space (X, σp) can σp-converge to at most one

point.

Next is an example of a σp-Cauchy complete TV S-partial cone metric space.

Example 1.5.3 [48, Example 1] Let E = R2, be equipped with the usual norm,

X = R+
0 , P = {(x, y) ∈ E, x, y ≥ 0} and σp : X ×X → E be defined by σp(x, y) =

(max{x, y}, αmax{x, y}) for all x, y ∈ X, where α ≥ 0 is a constant. Then (X, σp)

is a σp-Cauchy complete TV S-partial cone metric space.

Definition 1.5.3 Let (X, σp) be a TV S-partial cone metric space. Then

(i) a sequence {xn} in (X, σp) is 0-Cauchy if limn,m σp(xn, xm) = 0.

(ii) a TV S-partial cone metric space (X, σp) is 0-Cauchy complete if every 0-

Cauchy sequence in X σp-converges to a point x ∈ X and σp(x, x) = 0.

Remark 1.5.4 Let (X, σp) be a TV S-partial cone metric space. If (X, σp) is σp-

Cauchy complete then this implies that it is 0-Cauchy complete, but not conversely.
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Next is an example of 0-Cauchy complete TV S-partial cone metric space which is

not a σp-Cauchy complete TV S-partial cone metric space.

Example 1.5.4 Let E = R2, be equipped with the usual norm, X = Q ∩ [0,∞),

P = {(x, y) ∈ E, x, y ≥ 0}. Then P is normal with normal constant K = 1. Let

σp : X ×X → E be defined by σp(x, y) = (max{x, y}, αmax{x, y}) for all x, y ∈ X

where α ≥ 0. Then (X, σp) is 0-Cauchy complete TV S-partial cone metric space

which is not σp-Cauchy complete.

Remark 1.5.5 It worth noting that if a TV S-partial cone metric space (X, σp) is

a TV S-cone metric space, then a sequence {xn} is 0-Cauchy if and only if it is

σp-Cauchy in (X, σp). Furthermore, a TV S-cone metric space (X, σp) is 0-Cauchy

complete if and only if it is σ-Cauchy complete.

The proof of the following two results use σp-convergence as in [11] (Remark 1.5.2).

Note that since σp-convergence as in Definition 1.5.2 implies σp-convergence as in

[11] (Remark 1.5.2). Therefore the following two results also hold when Definition

1.5.2 (i) is used.

Proposition 1.5.1 [11] Let (X, σp) be a TV S-partial cone metric space, where P is

a normal cone in E with normal constant K, {xn} and {yn} be sequences in X. If

{xn} σp-converges to x and {yn} σp-converges to y, then limn σp(xn, yn) = σp(x, y).

Proof. Let (X, σp) be a TV S-partial cone metric space, P be a normal cone in E

with normal constant K, {xn} and {yn} be sequences in X. Suppose that {xn} σp-

converges to x and {yn} σp-converges to y. Then for every ε > 0 choose c ∈ E, c �� 0

and ||c|| < ε
4K+2

. Since {xn} σp-converges to x and {yn} σp-converges to y then

there exists an N ∈ N such that for all n ≥ N, σp(xn, x) ≺≺ c + σp(x, x) and

σp(yn, y) ≺≺ c+ σp(y, y). We have for all n ≥ N,

σp(xn, yn) � σp(xn, x) + σp(x, y) + σp(y, yn)− σp(x, x)− σp(y, y)

� σp(x, y) + 2c.
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Similarly,

σp(x, y) � σp(x, xn) + σp(xn, yn) + σp(yn, y)− σp(xn, xn)− σp(yn, yn)

� σp(xn, yn) + 2c.

Hence, for all n > N , 0 � σp(x, y) + 2c− σp(xn, yn) � 4c and so, for n > N,

||σp(xn, yn)− σp(x, y)|| ≤ ||σp(x, y) + 2c− σp(xn, yn)||+ ||2c||

≤ (4K + 2)||c||

< ε.

Therefore limn σp(xn, yn) = σp(x, y). �

Proposition 1.5.2 [11] Let (X, σp) be a TV S-partial cone metric space, P be a

normal cone in E with normal constant K and {xn} be a sequence in X. If {xn}

σp-converges to x, then {xn} is a σp-Cauchy sequence.

Proof. Let (X, σp) be a TV S-partial cone metric space, P be a normal cone in E

with normal constant K and {xn} be a sequence in X that σp-converges to a point

x ∈ X. Then for any ε > 0 choose c �� 0, c ∈ E with K||c|| < ε, there is an N ∈ N

such that for all m,n > N, σp(xn, x) ≺≺ c
2

+ σp(x, x) and σp(xm, x) ≺≺ c
2

+ σp(x, x).

Then for any n,m > N

σp(xn, xm) � σp(xn, x) + σp(x, xm)− σp(x, x)

� c

2
+
c

2
+ σp(x, x)

≺ c+ σp(x, x).

So, ||σp(xn, xm) − σp(x, x)|| ≤ K||c|| < ε. Therefore {xn} is a σp-Cauchy sequence.

The proof is complete. �

Proposition 1.5.3 Let (X, σp) be a TV S-partial cone metric space, P be a normal

cone in E with normal constant K, {xn} be a 0-Cauchy sequence in X and x, y ∈ X.

If {xn} σp-converges to x and σp-converges to y, then x = y.
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Proof. Suppose that (X, σp) is a TV S-partial cone metric space, P be a normal cone

in E with normal constant K and {xn} be a 0-Cauchy sequence in X. Suppose that

{xn} σp-converges to x and to y. Then σp(x, x) = σp(y, y) = 0. For any c ∈ E, c �� 0,

such that, 2K||c|| < ε there is an N ∈ N such that for all n ≥ N, σp(xn, x) ≺≺

c+ σp(x, x), σp(xn, y) ≺≺ c+ σp(y, y) and σp(xn, xn) ≺≺ c+ σp(x, x). So, for n ≥ N

σp(x, y) � σp(x, xn) + σp(xn, y)− σp(xn, xn)

� c+ σp(x, x) + c+ σp(x, x)− σp(xn, xn)

� 2c+ 2σp(x, x)

= 2c

||σp(x, y)|| < 2K||c||

< ε.

So, σp(x, y) = 0. This implies that σp(x, y) = σp(x, x) = σp(y, y). Therefore x = y.

�

Definition 1.5.4 Let (X, σp) be a TV S-partial cone metric space. DefineBσp(x, c) =

{y ∈ X : c ≺≺ σp(x, x)−σp(x, y)} for all x ∈ X, c �� 0. The set Bσp(x, c) is called an

open ball with the center x and the radius c. The family, {Bσp(x, c) : x ∈ X, c �� 0}

is a base for the topology τ(σp) on X. We denote by τ(σp) the topology on X induced

by σp.

Definition 1.5.5 Let (X, σp) be a TV S-partial cone metric space and T : (X, σp)→

(X, σp) be a map. Then

(i) T is called a Lipschitzian map if there exists a constant λ, where λ ≥ 0 such

that σp(Tx, Ty) � λσp(x, y), for any x, y ∈ X. Furthermore, the constant λ, where

λ ≥ 0 is called a Lipschitzian constant. The smallest constant λ will be denoted

by Lip(T ).

(ii) T is called a contraction map if there exists a constant λ, where 0 ≤ λ < 1

such that σp(Tx, Ty) � λσp(x, y), for any x, y ∈ X. Furthermore, the constant λ,

where 0 ≤ λ < 1 is called a contraction constant.
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(iii) a point x ∈ X is said to be a fixed point of T if Tx = x.

Definition 1.5.6 Let (X, σpX ) and (Y, σpY ) be TV S-partial cone metric spaces. A

map T : (X, σpX )→ (Y, σpY ) between TV S-partial cone metric spaces is continuous

if a sequence {xn} σpX -converges to a point x inX implies that {T (xn)} σpY -converges

to a point T (x) in Y.

Theorem 1.5.1 [48] Let (X, σp) be a σp-Cauchy complete TV S-partial cone metric

space, P be a normal cone in E with normal constant K. Suppose that the map

T : (X, σp) → (X, σp) satisfies the contractive condition σp(Tx, Ty) � λσp(x, y) for

some λ ∈ (0, 1) and x, y ∈ X. Then T has a unique fixed point in X. And for any

x ∈ X iterative sequence {T nx} σp-converges to the fixed point.

Proof. Let (X, σp) be a σp-Cauchy complete TV S-partial cone metric space, P be

a normal cone in E with normal constant K. Choose x0 ∈ X, and x1 = Tx0, x2 =

Tx1 = T 2x0, ..., xn+1 = Txn = T n+1x0, .... Then we have for m > n,

σp(xm, xn) � σp(xm, xm−1) + σp(xm−1, xm−2) + ...+ σp(xn+2, xn+1) +

σp(xn+1, xn)−
m−n−1∑
i=1

σp(xm−i, xm−i);

� (λm−1 + λm−2 + ...+ λn)σp(x1, x0);

= λn
1− λm−n

1− λ
σp(x1, x0);

� λn
1

1− λ
σp(x1, x0);

we get ||σp(xm, xn)|| ≤ λnK 1
1−λ ||σp(x1, x0)||. Thus {T nx} is a σp-Cauchy sequence

in (X, σp) such that limn,m σp(T
nx0, T

mx0) = 0. As (X, σp) is σp-Cauchy complete

there exists x0 ∈ X such that {T nx0} σp-converges to x∗ and

σp(x
∗, x∗) = lim

n
σp(xn, x

∗) = lim
n
σp(xn, xn) = 0.

Now for any n ∈ N, we have that σp(Tx
∗, x∗) � σp(Tx

∗, T n+1x0) + σp(T
n+1x0, x

∗)−
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σp(T
n+1x0, T

n+1x0) � λσp(x
∗, T nx0) + σp(T

n+1x0, x
∗).

||σp(Tx∗, x∗)|| ≤ Kλ||σp(x∗, T nx0)||+ ||σp(T n+1x0, x
∗)|| → 0.

Hence, σp(Tx
∗, x∗) = 0. But since σp(Tx

∗, Tx∗) � λσp(x
∗, x∗) = 0. We have that

σp(Tx
∗, Tx∗) = σp(Tx

∗, x∗) = σp(x
∗, x∗) = 0 which implies that Tx∗ = x∗. Now if y∗

is another fixed point of T, then σp(x
∗, y∗) = σp(Tx

∗, T y∗) � λσp(x
∗, y∗). Since λ < 1

we have σp(x
∗, y∗) = σp(x

∗, x∗) = σp(y
∗, y∗). Hence, x∗ = y∗, thus the fixed point of

T is unique. �
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Chapter 2

Relationship between TV S-partial

cone metric spaces, dislocated

metric spaces and metric spaces

In the literature, it has been established that TV S-cone metric spaces and metric

spaces are equivalent see, [8] and [12]. Also, it is shown that every partial metric

space gives rise to a metric space [16]. In this chapter we discuss the relationship

between TV S-partial cone metric spaces, dislocated metric spaces and metric spaces.

In particular, we show that a TV S-partial cone metric space does not gives rise to a

partial metric space, unlike in the case where a TV S-cone metric space give rise to an

equivalent metric space as seen in Chapter 1 and [8], [12]. In fact, TV S-partial cone

metric space gives rise to a dislocated metric space but the two are not equivalent.

The chapter shall unfold as follows: Section 2.1 present some relationship on TV S-

partial cone metric spaces, dislocated metric spaces and partial metric spaces. In

Section 2.2 we show that every TV S-partial cone metric space gives rise to a TV S-

quasi cone metric space. The relations between TV S-partial cone metric spaces

and TV S-cone metric spaces are discussed in Section 2.3. Fixed point results on

TV S-partial cone metric spaces will be discussed in Chapter 3.
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It is important to note that in this chapter by (X, σp) we refer to (X,E, P, σp) where

X is a nonempty set, E is a normed topological vector space, P is a normal

cone in E with normal constant K and σp : X ×X → E may be a TV S-partial cone

metric or a dislocated cone metric on X, or any well known mapping. Each context

will be made explicit in order to avoid a possible confusion.

2.1 More properties of TV S-partial cone metric

spaces

Definition 2.1.1 [25] Let X be a nonempty set. A map p : X × X → [0,∞) is a

dislocated metric on X if for all x, y, z ∈ X the following conditions hold:

(i) p(x, y) = 0⇒ x = y;

(ii) p(x, y) = p(y, x);

(iii) p(x, z) ≤ p(x, y) + p(y, z).

The pair (X, p) is then called a dislocated metric space.

Note that every partial metric space is a dislocated metric space but the converse is

not true.

Example 2.1.1 [2, Example 1] Let X = {0, 1} and p : X ×X → [0,∞) be defined

by

p(x, y) =

 2 if x = y = 0

1 otherwise

for all x, y ∈ X. Then (X, p) is a dislocated metric space, but not a partial metric

space, since p(0, 0) 6≤ p(0, 1).

Definition 2.1.2 Let (X, p) be a dislocated metric space. Then

(i) a sequence {xn} in (X, p) is p-convergence to a point x ∈ X if limn p(xn, x) =

p(x, x). This is equivalent to saying that for each ε > 0 there exists an N ∈ N such

that p(xn, x) < p(x, x) + ε.
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(ii) a sequence {xn} in (X, p) is p-Cauchy if the limn,m σp(xn, xm) exists and is finite.

(iii) a dislocated metric space (X, p) is p-Cauchy complete if every p-Cauchy

sequence p-convergence to a point x ∈ X.

(iv) a sequence {xn} is 0-Cauchy if the limn,m p(xn, xm) = 0.

(v) a dislocated metric space (X, p) is 0-Cauchy complete if every 0-Cauchy se-

quence p-convergence to a point x ∈ X and p(x, x) = 0.

The reader should note that convergence of dislocated metric space in this thesis is

due to Amini-Harandi in [2].

Definition 2.1.3 Let X be a nonempty set and E be a normed topological vector

space with a normal cone P . A map σp : X ×X → E is called a dislocated cone

metric such that for all x, y, z ∈ X :

(i) σp(x, y) = 0⇒ x = y;

(ii) σp(x, y) = σp(y, x);

(iii) σp(x, z) � σp(x, y) + σp(y, z).

The pair (X, σp) is called a dislocated cone metric space.

We now show that every dislocated cone metric σp on X gives rise to a dislocated

metric p on X.

Theorem 2.1.1 Let (X, σp) be a dislocated cone metric space. Then p : X ×X →

[0,∞) defined by

p(x, y) = inf{||u|| : σp(x, y) � u, u ∈ P, x, y ∈ X}

is a dislocated metric on X.

Proof. (i) Suppose that p(x, y) = 0, that is, inf{||u|| : σp(x, y) � u, u ∈ P, x, y ∈

X} = 0, then for an arbitrary n ∈ N, there exists un ∈ P, un � σp(x, y) such that

||un|| < 1
n
. Since un � σp(x, y) and un → 0 as n → ∞, we have σp(x, y) � 0 which
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implies that σp(x, y) ∈ P∩(−P ). Thus σp(x, y) = 0. This means σp(x, x) = σp(x, y) =

σp(y, y). Therefore x = y.

(ii) To prove that p(x, y) = p(y, x) for all x, y ∈ X. We note that σp(x, y) = σp(y, x)

for all x, y ∈ X. It follows that for all x, y ∈ X, p(x, y) = p(y, x).

(iii) Now we prove that p(x, z) ≤ p(x, y) + p(y, z) for all x, y, z ∈ X. First, we note

that σp(x, z) � σp(x, y) +σp(y, z)−σp(y, y) � σp(x, y) +σp(y, z). We follow the same

process as in the proof of Lemma 1.4.1 (iv). Let

p(x, z) = inf{||u1|| : σp(x, z) � u1, u1 ∈ P},

p(x, y) = inf{||u2|| : σp(x, y) � u2, u2 ∈ P},

p(y, z) = inf{||u3|| : σp(y, z) � u3, u3 ∈ P}.

Since u2, u3 ∈ P, σp(x, y) � u2, σp(y, z) � u3.

Then

σp(x, z) � σp(x, y) + σp(y, z)

� u2 + u3.

So, {u2 + u3 ∈ P : σp(x, y) � u2, σp(y, z) � u3} ⊂ {u1 ∈ P : σp(x, z) � u1} which

implies that inf{||u1|| : σp(x, z) � u1} ≤ inf{||u2+u3|| : σp(x, y) � u2, σp(y, z) � u3}.

Note that:

inf{||u2 + u3|| : σp(x, y) � u2, σp(y, z) � u3} ≤ inf{||u2|| + ||u3|| : σp(x, y) �

u2, σp(y, z) � u3} = inf{||u2|| : σp(x, y) � u2, u2 ∈ P} + inf{||u3|| : σp(y, z) �

u3, u3 ∈ P}. Thus, inf{||u1|| : σp(x, z) � u1, u1 ∈ P} ≤ inf{||u2|| : σp(x, y) � u2, u2 ∈

P}+ inf{||u3|| : σp(y, z) � u3, u3 ∈ P}. That is

p(x, z) ≤ p(x, y) + p(y, z).

By (i), (ii) and (iii) we conclude that p is a dislocated metric on X. �

Note that every metric space (X, d) can be regarded as a TV S-cone metric space.
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Example 2.1.2 Let E = C1
R[0, 1] with ||u|| = ||u||∞ + ||u′||∞ and X = P = {u ∈

X : u(t) ≥ 0 for all t ∈ [0, 1]}. Define σp : X ×X → E by σp(x, y) = x if x = y and

σp(x, y) = x+y, otherwise. It is easy to check that σp is a TV S-partial cone metric on

X. Define p : X ×X → [0,∞) by p(x, y) = inf{||u|| : σp(x, y) � u, u ∈ P, x, y ∈ X},

then p(x, y) = ||σp(x, y)||, for all x, y ∈ X. Note that for x, y ∈ P such that

supp x ∩ supp y = ∅, ||x|| = ||y||

we have ||x + y|| = ||x|| = ||y|| which implies that p(x, y) = p(x, x) = p(y, y) but,

x 6= y. Hence, (X, p) is not a partial metric space but a dislocated metric space.

Example 2.1.3 Consider the TV S-partial cone metric space as in Example 2.1.2.

For p(x, y) = inf{||u|| : σp(x, y) � u, u ∈ P, x, y ∈ X}, we get p(x, y) = ||σp(x, y)||.

Let {xn} be a normalized sequence in P and {x} be a normalized vector in P such

that

supp {xn} ∩ supp {x} = ∅.

We have xn 6= x. So, σp(xn, x) = xn + x and σp(x, x) = x. Now ||σp(xn, x)|| = 1 and

||σp(x, x)|| = 1. So, p(xn, x)→ p(x, x) but σp(xn, x) does not converge to σp(x, x).

Proposition 2.1.1 Let (X, σp) be a TV S-partial cone metric space and (X, p) be a

dislocated metric space. Then {xn} is a 0-Cauchy sequence in (X, σp) implies that it

is a 0-Cauchy sequence in (X, p).

Proof. Let {xn} be a 0-Cauchy sequence in (X, σp). For each ε > 0 there exists an

N ∈ N such that for each 0 ≺≺ c, we have σp(xn, xm) ≺≺ ε c
||c|| for m,n ≥ N. Thus

p(xn, xm) = inf{||u|| : σp(xn, xm) � u, u ∈ P} < ε|| c||c|| || = ε. This shows that {xn} is

a 0-Cauchy sequence in (X, p). �

2.2 TV S-partial cone metric spaces and TV S-quasi

cone metric spaces

We begin with a definition.
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Definition 2.2.1 [46] Let X be a nonempty set and P be a normal cone in E.

Suppose that the mapping σq : X ×X → E satisfies the following conditions for all

x, y, z ∈ X;

(i) 0 � σq(x, y);

(ii) x = y iff σq(x, y) = 0 = σq(y, x);

(iii) σq(x, z) � σq(x, y) + σq(y, z).

Then σq is called the TV S-quasi cone metric on X, and (X, σq) is called TV S-

quasi cone metric space.

Note that by (X, σq) we refer to (X,E, P, σq), where X is a nonempty set, E is a

normed topological vector space with a norm, P is a normal cone in E with normal

constant K and σq is a TV S-quasi cone metric on X.

Let (X, σq) be a TV S-quasi cone metric space. Define σ∗q : X×X → E by σ∗q (x, y) =

σq(x, y) + σ−1q (x, y), x, y ∈ X. Then (X, σ∗q ) is a TV S-cone metric space.

Definition 2.2.2 Let (X, σq) be a TV S-quasi cone metric space. Then

(i) a sequence {xn} in (X, σq) σq-converges to a point x if for 0 ≺≺ c, there exists

N ∈ N such that σq(xn, x) ≺≺ c for all n ≥ N.

(ii) a sequence {xn} in (X, σq) σ
−1
q -converges to a point x if for 0 ≺≺ c, there exists

N ∈ N such that σ−1q (xn, x) ≺≺ c for all n ≥ N.

(iii) a sequence {xn} in (X, σq) σ
∗
q -converges to a point x if for 0 ≺≺ c, there exists

N ∈ N such that σ∗q (xn, x) ≺≺ c for all n ≥ N.

(iv) a sequence {xn} in (X, σq) is σ∗q -Cauchy if there exists an a ∈ P such that for

every ε > 0 there exists an N ∈ N such that ||σ∗q (xn, xm)−a|| < ε for each n,m ≥ N.

(v) a TV S-quasi cone metric space (X, σq) is Cauchy bicomplete if every σ∗q -

Cauchy sequence σ∗q -converges to a point x ∈ X.

Remark 2.2.1 Let (X, σq) be a TV S-quasi cone metric space. Then
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(i) if a sequence {xn} σq-converges to a point x we shall write limn σq(xn, x) = 0 or

simply xn
σq- x.

(ii) if a sequence {xn} σ−1q -converges to a point x we shall write limn σ
−1
q (xn, x) = 0

or simply xn
σ−1
q- x.

(iii) limn σ
∗
q (xn, x) = 0 if and only if limn σq(xn, x) = 0 and limn σ

−1
q (xn, x) = 0.

Definition 2.2.3 Let (X, σq) be a TV S-quasi cone metric space. Define Bσq(x, c) =

{y ∈ X : c ≺≺ σq(x, x)−σq(x, y)} for all x ∈ X, c �� 0. The set Bσq(x, c) is called an

open ball with the center x and the radius c. The family, {Bσq(x, c) : x ∈ X, c �� 0}

is a base for the topology τ(σq) on X. We denote by τ(σq) the topology on X induced

by σq.

We now relate TV S-partial cone metric space and TV S-quasi cone metric space.

Lemma 2.2.1 Let (X, σp) be a TV S-partial cone metric space. Then σqp : X×X →

[0,∞) defined by

σqp(x, y) = σp(x, y)− σp(x, x)

is a TV S-quasi cone metric for all x, y ∈ X. Furthermore, τ(σp) = τ(σqp ).

Proof. (i) σqp(x, y) � 0 for all x, y ∈ X, since σp(x, x) � σp(x, y).

(ii) Suppose that x = y. Then σqp(x, y) = σqp(x, x) = σp(x, x) − σp(x, x) = 0.

Conversely, suppose that σqp(x, y) = 0 and σqp(y, x) = 0. Then σp(x, y)− σp(x, x) =

0 ⇒ σp(x, y) = σp(x, x) and σp(y, x)− σp(y, y) = 0 ⇒ σp(y, x) = σp(y, y). Therefore

σp(x, y) = σp(y, y) = σp(x, x). Thus x = y by (i) of Definition 1.5.1.

(iii) We prove that σqp(x, z) � σqp(x, y) + σqp(y, z).

σqp(x, z) = σp(x, z)− σp(x, x)

≺ σp(x, y) + σp(y, z)− σp(x, x)− σp(y, y)

= σp(x, y)− σp(x, x) + σp(y, z)− σp(y, y)

= σqp(x, y) + σqp(y, z).

Therefore (X, σqp) is a TV S-quasi cone metric space.
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We show that τ(σp) = τ(σqp ).

Suppose that A ∈ τ(σqp ). Then there exists 0 ≺≺ c such that Bσqp (x, c) ⊂ A for all

x ∈ A. If y ∈ Bσqp (x, c), then σqp(x, y) ≺ c, it follows that σqp(x, y) = σp(x, y) −

σp(x, x) ≺ c. We know that 0 ≺ c − σp(x, y) + σp(x, x). Therefore y ∈ Bσp(x, c).

Hence, A ∈ τ(σp). This implies that τ(σqp ) ⊆ τ(σp).

Conversely, suppose that A ∈ τ(σp). Then there exists 0 ≺≺ c such that Bσp(x, c) ⊂ A

for all x ∈ A. If y ∈ Bσp(x, c), then 0 � c − σp(x, y) + σp(x, x). So, σqp(x, y) =

σp(x, y)−σp(x, x) ≺ c. Therefore y ∈ Bσqp (x, y) ⊂ A. Hence, A ∈ τ(σqp ). This implies

that τ(σp) ⊆ τ(σqp ). In conclusion τ(σp) = τ(σqp ). �

Note that if σqp is a TV S-quasi cone metric on X, then σq∗p : X×X → [0,∞) defined

by σq∗p(x, y) = σqp(x, y) + σqp(y, x), for all x, y ∈ X, is a TV S-cone metric on X.

In the sequel consider (X, σp) to be a TV S-partial cone metric space and (X, σqp)

be a TV S-quasi cone metric space, where σqp : X × X → [0,∞) is defined by

σqp(x, y) = σp(x, y)− σp(x, x) for all x, y ∈ X [Lemma 2.2.1].

Theorem 2.2.1 A TV S-partial cone metric space (X, σp) is σp-Cauchy complete if

and only if a TV S-cone metric space (X, σq∗p) is σq∗p -Cauchy complete.

Proof. Suppose that (X, σq∗p) is σq∗p -Cauchy complete. Let {xn} be a σp-Cauchy se-

quence in (X, σp), then {xn} is a σq∗p -Cauchy sequence in (X, σq∗p). Hence, there exists

x ∈ X, such that xn
τ(σq∗p

)

- x. Thus xn
τ(qp)- x, so, σqp(xn, x) = σp(xn, x)−σp(x, x)→ 0,

and σqp(x, xn) = σp(x, xn) − σp(xn, xn) → 0. For 0 ≺≺ c,N ∈ N, σqp(xn, x) ≺ c ⇒

σp(xn, x) − σp(x, x) ≺ c, n ≥ N. This implies that σp(xn, x) ≺ c + σp(x, x) and

σp(xn, xn) ≺ c+ σp(x, x). Thus limn σp(xn, x) = σp(x, x) = limn σp(xn, xn).

Conversely, if (X, σp) is σp-Cauchy complete. Let {xn} be a σq∗p -Cauchy sequence in

(X, σq∗p). So, {xn} is a σp-Cauchy sequence in (X, σp). Find a point x ∈ X, such that

xn
τ(σp)- x. That is, limn σp(xn, x) = σp(x, x) = limn σp(xn, xn). We shall show that

there exists N ∈ N, and 0 ≺≺ c such that σq∗p(xn, x) ≺≺ c, for all n > N and ||c|| < ε.

Note that if xn
τ(σp)- x, then there exists N ∈ N, such that 0 ≺ c−σp(xn, x)+σp(x, x)

for all n ≥ N.
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Now

σqp(xn, x) = σp(xn, x)− σp(xn, xn)

� c+ σp(x, x)− σp(xn, xn)

� 2c, n ≥ N.

Also,

σqp(x, xn) = σp(x, xn)− σp(x, x)

� c, n ≥ N.

This shows that xn
(σqp )- x, and xn

(σq−1
p
)

- x. Therefore xn
(σq∗p )- x. �

2.3 TV S-partial cone metric spaces and TV S-cone

metric spaces

In this section we start by showing that every TV S-partial cone metric space gives

rise to a TV S-cone metric space. The following result extends Proposition 1.3.4 the

proof is similar.

Theorem 2.3.1 Let (X, σp) be a TV S-partial cone metric space and σdp : X×X →

E be defined by

σdp(x, y) =

 0 whenever x = y

σp(x, y) otherwise

for all x, y ∈ X. Then σdp is a TV S-cone metric on X.

Proof. (i) Clearly σdp(x, y) = 0 if and only if x = y.

(ii) Since σp(x, y) = σp(y, x) we get σdp(x, y) = σdp(y, x) for all x, y ∈ X.

(iii) To show that σdp(x, z) � σdp(x, y) + σdp(y, z) note that σdp(x, z) � σp(x, z) �

σp(x, y) + σp(y, z)− σp(y, y).
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If x 6= z and x = y, then

σdp(x, z) � σp(x, z) � σp(x, y) + σp(y, z)− σp(y, y)

= σp(y, y) + σp(y, z)− σp(y, y)

= σp(y, z)

= σdp(y, z).

If x 6= z and y = z, then

σdp(x, z) � σp(x, z) � σp(x, y) + σp(y, y)− σp(y, y)

= σp(x, y)

= σdp(x, y).

If x 6= z and y 6= z, then σdp(x, z) � σdp(x, y) + σdp(y, z).

If x = z, then σdp(x, z) = 0 � σdp(x, y) + σdp(y, z). Therefore (X, σdp) is a TV S-cone

metric space. �

In the following results let (X, σdp) be a TV S-cone metric space as in Theorem

2.3.1 and (X, σp) be a TV S-partial cone metric space. The following result extends

Theorem 1.3.2 the proof is similar.

Theorem 2.3.2 Let (X, σp) be a TV S-partial cone metric space, P be a normal

cone in E and (X, σdp) be a TV S-cone metric space. Then (X, σdp) is σdp-Cauchy

complete if and only if (X, σp) is 0-Cauchy complete.

Proof. Suppose that TV S-partial cone metric space (X, σp) is 0-Cauchy complete, P

be a normal cone in E with normal constant K and {xn} be a σdp-Cauchy sequence in

(X, σdp). Without loss of generality assume that xn 6= xm for all n 6= m. Then {xn} is

a 0-Cauchy sequence in (X, σp). Since (X, σp) is 0-Cauchy complete, limn σp(xn, x) =

0 for some x ∈ X. Note that x 6= xn for all n. Therefore limn σdp(xn, x) = 0. So,

(X, σdp) is σdp-Cauchy complete.

Conversely, suppose that (X, σdp) is σdp-Cauchy complete, P be a normal cone in E

with normal constant K and {xn} be a 0-Cauchy sequence in (X, σp). Without loss
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of generality assume that xn 6= xm for all n 6= m. So, σp(xn, xm) = σdp(xn, xm) →

0, where 0 is the neutral element in E. Hence, {xn} is a σdp-Cauchy sequence in

(X, σdp). Since (X, σdp) is σdp-Cauchy complete then there exists x ∈ X such that

limn σdp(xn, x) = 0. Thus limn σp(xn, x) = 0 and so, (X, σp) is 0-Cauchy complete. �
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Chapter 3

Partial metric type structures and

Lipschitzian mappings

The notion of metric type structure was originally developed and studied by Khamsi

[22] in 2010 as a generalization of metric spaces. Inspired and motivated by this

notion we introduce partial metric type structure as a generalization of partial metric

spaces and metric type structures and present some fixed point results of Lipschitzian

mappings in this setting.

The chapter is aligned as follows: Preliminaries and some basic notions are recalled

in Section 3.1. In Section 3.2 we present some fundamental properties of partial

metric type structures and further show that every partial metric type space gives

rise to a metric type space. Lipschitzian mappings and some fixed point results on

metric type structures and partial metric type structures are discussed in Section

3.3. Most results in this chapter can be found in the papers [5] and [6].

3.1 Metric type structures and Lipschitzian map-

pings

We start by showing that TV S-cone metric space gives rise to a metric type structure.
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Theorem 3.1.1 [22] Let (X, σ) be a TV S-cone metric space over a Banach space

E with a normal cone P and normal constant K. The map D : X × X → [0,∞)

defined by

D(x, y) = ||σ(x, y)||

for all x, z, yi ∈ X, i = 1, 2, ..., n satisfies the following properties:

(i) D(x, y) = 0 iff x = y;

(ii) D(x, y) = D(y, x);

(iii) D(x, z) ≤ K[D(x, y1) +D(y1, y2) + ...+D(yn, z)].

Proof. (i) Let x = y. Then this implies that D(x, y) = D(x, x) = ||σ(x, x)|| = ||0|| =

0. Hence, D(x, y) = 0. Conversely, suppose that D(x, y) = 0. Then this implies that

||σ(x, y)|| = 0⇒ σ(x, y) = 0. Therefore x = y.

(ii) To prove that D(x, y) = D(y, x) for all x, y ∈ X, we know that ||σ(x, y)|| =

||σ(y, x)|| for all x, y ∈ X. It follows that D(x, y) = D(y, x) for all x, y ∈ X.

(iii) Let x, z, y1, y2, ..., yn be any points in X. By the inequality we get

σ(x, z) � σ(x, y1) + σ(y1, y2) + ...+ σ(yn, z).

Since P is normal in E with normal constant K we get

||σ(x, z)|| ≤ K[||σ(x, y1) + σ(y1, y2) + ...+ σ(yn, z)||],

which implies that

||σ(x, z)|| ≤ K[||σ(x, y1)||+ ||σ(y1, y2)||+ ...+ ||σ(yn, z)||].

It follows that, D(x, z) ≤ K[D(x, y1)+D(y1, y2)+...+D(yn, z)]. �

Definition 3.1.1 Let X be a nonempty set and D : X ×X → [0,∞) be a function

for all x, yi, z ∈ X, i = 1, 2, ..., n, for some K > 1 such that:

(i) D(x, y) = 0 iff x = y;

(ii) D(x, y) = D(y, x);
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(iii) D(x, z) ≤ K[D(x, y1) +D(y1, y2) + ...+D(yn, z)].

The pair (X,D) is called metric type space.

Note that metric type spaces are not Hausdorff.

Remark 3.1.1 It is important to note that, every metric space is a metric type

space, but not conversely.

Definition 3.1.2 Let (X,D) be a metric type space. Then

(i) a sequence {xn} in (X,D) D-converges to a point x ∈ X if limnD(xn, x) = 0.

(ii) a sequence {xn} in (X,D) is D-Cauchy if limn,mD(xn, xm) = 0.

(iii) a metric type space (X,D) is D-Cauchy complete if every D-Cauchy sequence

in X D-converges to a point x ∈ X.

Remark 3.1.2 Note that if a sequence {xn} in a metric type space (X,D) is D-

convergent to a point x ∈ X, we shall write limnD(xn, x) = 0 or simply xn
D- x.

We shall present some properties of sequences in metric type structures. The next

proposition is our own contribution.

Proposition 3.1.1 Let (X,D) be a metric type space and {xn} be a sequence in X.

If limnD(xn, x) = 0 and limnD(xn, y) = 0, then x = y.

Proof. Let (X,D) be a metric type space and {xn} be a sequence in X. Suppose

that limnD(xn, x) = 0 and limnD(xn, y) = 0. Then

D(x, y) ≤ K[D(x, xn) +D(xn, y)]

lim
n
D(x, y) ≤ K lim

n
[D(x, xn) +D(xn, y)]

= 0

D(x, y) = 0.

So, x = y. �

51



Definition 3.1.3 Let (X,D) be a metric type space and T : (X,D)→ (X,D) be a

map. Then

(i) T is called a Lipschitzian map if there exists a constant λ, where λ ≥ 0 such

that D(Tx, Ty) ≤ λD(x, y), for any x, y ∈ X. Moreover, the constant λ, where λ ≥ 0

is called a Lipschitzian constant. A smallest constant λ will be denoted by Lip(T ).

(ii) T is called a contraction map if there exists a contraction constant λ, where

0 ≤ λ < 1 such that D(Tx, Ty) ≤ λD(x, y), for any x, y ∈ X. Moreover, the constant

λ, where 0 ≤ λ < 1 is called a contraction constant.

(iii) a point x ∈ X is said to be a fixed point of T if Tx = x.

Definition 3.1.4 Let (X,DX) and (Y,DY ) be metric type spaces. A map T :

(X,DX) → (Y,DY ) between metric type spaces is continuous if a sequence {xn}

DX-converges to a point x in X implies that {T (xn)} DY -converges to a point T (x)

in Y.

Remark 3.1.3 Let T : (X,D)→ (X,D) be a map between metric type spaces.

(i) If T is a contraction map then it is a Lipschitzian map but the converse is not

true.

(ii) Any contraction map and a Lipschitzian map is continuous but a continuous

map may neither be a contraction nor a Lipschitzian.

Theorem 3.1.2 [22] Let (X,D) be a D-Cauchy complete metric type space and

T : (X,D) → (X,D) be a map. If T n is a Lipschitzian map for all n ≥ 0 and∑∞
n=0 Lip(T

n) < ∞, then T has a unique fixed point ω ∈ X. Moreover, for any

x ∈ X, the orbit limnD(T nx, ω) = 0.

Proof. Let x ∈ X and m,n ≥ 0. Then

D(T n+mx, T nx) = D(T n(Tmx), T n(x))

≤ Lip(T n)D(Tmx, x).
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Note that

D(Tmx, x) ≤ K[D(x, Tx) +D(Tx, T 2x) + ...+D(Tm−1x, Tmx)].

Then

D(T n+mx, T nx) ≤ K[Lip(T n)
m−1∑
i=0

D(T i+1x, T ix)]

≤ K[Lip(T n)[
m−1∑
i=0

Lip(T i)]D(x, Tx)].

Since
∑∞

n=0 Lip(T
n) is convergent then

∑∞
n=0 Lip(T

n) = 0. Thus

limn,mD(T n+mx, T nx) = 0. Therefore {T nx} is a D-Cauchy sequence. Since X is

D-Cauchy complete then limnD(T nx, ω) = 0.

D(T n−1x, ω(x)) ≤ K[D(T n−1x, T nx) +D(T nx, ω(x))]

≤ K[D(T n−1(x, Tx)) +D(T nx, ω(x))]

≤ K[Lip(T n−1)D(x, Tx) +D(T nx, ω(x))].

Now

D(ω(x), Tω(x)) ≤ K[D(Tω(x), T nx) +D(T nx, ω(x))]

≤ K[D(ω(x), T nx) +D(T (T n−1x, Tω(x)))]

≤ K[D(ω(x), T nx) + Lip(T )D(T n−1x, ω(x))].

Furthermore,

D(ω(x), Tω(x)) ≤ K[D(ω(x), T nx) + Lip(T )[KD(T n−1x, T nx) +KD(T nx, ω(x))]]

D(ω(x), Tω(x)) ≤ K[D(ω(x), T nx)+Lip(T )[KLip(T n−1)D(x, Tx)+KD(T nx, ω(x))]]

D(ω(x), Tω(x)) ≤ K(1 +KLip(T ))D(ω(x), T nx) +Lip(T )KLip(T n−1)D(x, Tx). So,

D(ω(x), Tω(x)) ≤ K(1 +KLip(T ))D(ω(x), T nx) + Lip(T )KLip(T n−1)D(x, Tx).

D(ω(x), Tω(x)) ≤ K(1 +KLip(T ))D(ω(x), ω(x)) + Lip(T )KLip(T n−1)D(x, Tx).

Let n→∞. Then we get D(ω(x), Tω(x)) = 0. Therefore Tω(x) = ω(x).
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Next we show that T has at most one fixed point. Let ω1 and ω2 be two fixed points

of T. Then

D(ω1, ω2) = D(T nω1, T
nω2) ≤ Lip(T n)D(ω1, ω2)

for any n ≥ 1. Since limn Lip(T
n) = 0, we get D(ω1, ω2) = 0. Therefore ω1 = ω2.

That is ω(x) = ω(y) for all x, y ∈ X. �

Regarding Definition 3.1.1 it worthwhile to mention that we require

∞∑
n=0

Lip(T n) <∞

such that property (iii) is satisfied. In particular, a more natural condition is pre-

sented as follows:

(iii)′D(x, z) ≤ K(D(x, y) +D(y, z))

for all x, y, z ∈ X and some constant K ≥ 1.

We present an example which fulfills (iii)′.

Example 3.1.1 [22, Example 3.2] Let X be the set of the Lebesque measurable

functions on [0, 1] such that
∫ 1

0
|f(x)|2dx <∞. Define D : X ×X → [0,∞) by

D(f, g) =

∫ 1

0

|f(x)− g(x)|2dx

for all x ∈ X. Then

(i) D(f, g) = 0 iff f = g;

(ii) D(f, g) = D(g, f) for all f, g ∈ X;

(iii) D(f, g) ≤ 2(D(f, h) +D(h, g)) for all f, g, h ∈ X.

It worth noting that Example 3.1.1 is also a TV S-cone metric space with K > 1.

Theorem 3.1.3 [22] Let (X, σ) be a TV S-cone metric space over the Banach space

E with a normal cone P and normal constant K. Let T : (X, σ) → (X, σ) be a

contraction with constant λ < 1. Then T has a unique fixed point ω, and any orbit

σ-converges to ω.
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Proof. Let (X, σ) be a TV S-cone metric space over the Banach space E with a cone

P which is normal with normal constant K. Consider D : X ×X → [0,∞) defined

by D(x, y) = ||σ(x, y)|| for all x, y ∈ X. Let T : (X, σ) → (X, σ) be a contraction

with constant λ < 1. Then

σ(Tx, Ty) � λσ(x, y), so, σ(T nx, T ny) � λnσ(x, y).

Hence,

||σ(T nx, T ny)|| ≤ ||Kλnσ(x, y)||

≤ Kλn||σ(x, y)||.

Thus, σ(T nx, T ny) � Kλnσ(x, y) for any x, y ∈ X and n ≥ 0. Hence, Lip(T n) ≤

Kλn, for any n ≥ 0. Therefore
∑

n≥0 Lip(T
n) is convergent, which implies that T has

a unique fixed point ω, and any orbit σ-converges to ω. �

3.2 Dislocated metric type structures

We shall show that every TV S-partial cone metric space gives rise to a dislocated

metric type structure.

Theorem 3.2.1 Let (X, σp) be a TV S-partial cone metric space over a Banach

space E with a normal cone P and normal constant K. A map Dp : X×X → [0,∞)

defined by

Dp = ||σp(x, y)||

for all x, y ∈ X satisfies the following properties:

(i) Dp(x, y) = 0⇒ x = y;

(ii) Dp(x, y) = Dp(y, x);

(iii) Dp(x, z) ≤ K[Dp(x, y1) +Dp(y1, y2) + ...+Dp(yn, z)].

Proof. Let (X, σp) be a TV S-partial cone metric space over a Banach space E with

a normal cone P and normal constant K. Define a map Dp : X × X → [0,∞) by

Dp(x, y) = ||σp(x, y)|| for all x, y ∈ X.
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(i) Let Dp(x, y) = 0. This implies that ||σp(x, y)|| = 0, σp(x, y) = 0. Then σp(x, x) =

σp(y, y) = 0. So, σp(y, x) = σp(x, x) = σp(y, y). Therefore x = y.

(ii) To prove that Dp(x, y) = Dp(y, x) for all x, y ∈ X. We know that ||σp(x, y)|| =

||σp(y, x)|| for all x, y ∈ X. It follows that Dp(x, y) = Dp(y, x) for all x, y ∈ X.

(iii) Let x, y1, ..., yn, z ∈ X. Then by the inequality, Dp(x, z) = ||σp(x, z)|| ≤ ||σp(x, y1)+

σp(y1, y2) + ... + σp(yn, z)||. Since P is normal in E with normal constant K we get

||σp(x, z)|| ≤ K[||σp(x, y1) + σp(y1, y2) + ...+ σp(yn, z)||], which implies that

||σp(x, z)|| ≤ K[||σp(x, y1)||+ ||σp(y1, y2)||+ ...+ ||σp(yn, z)||]. It follows that

Dp(x, z) ≤ K[Dp(x, y1) +Dp(y1, y2) + ...+Dp(yn, z)].

This complete our proof. �

Definition 3.2.1 Let X be a nonempty set and Dp : X×X → [0,∞) be a function

for all x, yi, z ∈ X, i = 1, 2, ..., n for some K > 1 such that:

(i) Dp(x, y) = 0⇒ x = y;

(ii) Dp(x, y) = Dp(y, x);

(iii) Dp(x, z) ≤ K[Dp(x, y1) +Dp(y1, y2) + ...+Dp(yn, z)].

The pair (X,Dp) is called dislocated metric type space.

Remark 3.2.1 We would like to point out the following:

(i) Every metric space is a dislocated metric type space, but not conversely.

(ii) Every metric type space is a dislocated metric type space, but the converse does

not necessarily hold.

3.2.1 TV S-partial cone metric spaces and partial metric type

spaces

Definition 3.2.2 Let X be a nonempty set and Dp : X×X → [0,∞) be a function

for all x, y, z ∈ X such that:
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(i) x = y iff Dp(x, x) = Dp(x, y) = Dp(y, y);

(ii) Dp(x, y) ≥ 0;

(iii) Dp(x, y) = Dp(y, x);

(iv) Dp(x, x) ≤ Dp(x, y);

(v) Dp(x, z) ≤ K[Dp(x, y1) +Dp(y1, y2) + ...+Dp(yn, z)]−
∑n

i=1Dp(yi, yi), for some

constant K > 1 and i = 1, 2, ..., n.

The pair (X,Dp) is called partial metric type space.

Remark 3.2.2 Every partial metric type space is a dislocated metric type space,

but not conversely.

It should be observed that if a sequence converges to a point then its self distance

converges to the self distance of that point. In particular, we define convergence and

Cauchy completeness (Definition 3.1.2) in partial metric type space settings.

Definition 3.2.3 Let (X,Dp) be a partial metric type space. Then

(i) a sequence {xn} in (X,Dp) Dp-converges to a point x ∈ X if limnDp(xn, x) =

Dp(x, x) = limnDp(xn, xn).

(ii) a sequence {xn} in (X,Dp) is Dp-Cauchy if limn,mDp(xn, xm) is finite and exists.

(iii) a partial metric type space (X,Dp) is Dp-Cauchy complete if every Dp-Cauchy

sequence in X Dp-converges to a point x ∈ X.

Definition 3.2.4 Let (X,Dp) be a partial metric type space. Then

(i) a sequence {xn} is 0-Cauchy if limn,mDp(xn, xm) = 0.

(ii) a partial metric type space (X,Dp) is 0-Cauchy complete if every 0-Cauchy

sequence in X converges to a point x ∈ X and Dp(x, x) = 0.

It worth noting that if (X,D) is a metric type space, then a sequence {xn} is 0-

Cauchy if and only if it is a D-Cauchy sequence in (X,D). Furthermore, a metric

type space (X,D) is 0-Cauchy complete if and only if it is D-Cauchy complete.
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Remark 3.2.3 Let (X,Dp) be a partial metric type space. Observe that a 0-Cauchy

sequence is a Dp-Cauchy sequence but the converse is not necessarily true.

The example below shows that the implications of Remark 3.2.3 are not reversible.

Example 3.2.1 Let X = {a, b} and Dp : X ×X → [0,∞) be defined by

Dp(x, y) =

 1 if x = y

2 otherwise.

We note that (X,Dp) is a partial metric type space. Consider a sequence {xn =

a, n ≥ 1}. Then {xn} is a Dp-Cauchy sequence but not a 0-Cauchy sequence.

Remark 3.2.4 The reader should observe that a Dp-Cauchy complete partial metric

type space is a 0-Cauchy complete partial metric type space but the converse is not

necessarily true.

Proposition 3.2.1 Let (X,Dp) be a 0-Cauchy complete partial metric type space

and {xn} be a 0-Cauchy sequence in X. If {xn} Dp-converges to a point x and {xn}

Dp-converges to a point y, then x = y.

Proof. Let (X,Dp) be a 0-Cauchy complete partial metric type space and {xn} be

a 0-Cauchy sequence in X. Suppose that {xn} Dp-converges to a point x in X and

{xn} Dp-converges to a point y in X. Then

Dp(x, y) ≤ K[Dp(x, xn) +Dp(xn, y)]−Dp(xn, xn)

lim
n
Dp(x, y) ≤ K lim

n
[Dp(x, xn) +Dp(xn, y)]− lim

n
Dp(xn, xn)

≤ KDp(x, x) +KDp(y, y)−Dp(x, x)

Dp(x, y) ≤ (K − 1)Dp(x, x) +KDp(y, y).

Note thatDp(x, x) = Dp(y, y) = 0, since {xn} is a 0-Cauchy sequence and (X,Dp) is a

0-Cauchy complete partial metric type space. So, Dp(x, y) = 0 then this implies that

x = y. �
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Theorem 3.2.2 Let (X,Dp) be a partial metric type space. Define dDp : X ×X →

[0,∞) by

dDp(x, y) =

 0 whenever x = y

Dp(x, y) whenever x 6= y

for all x, y ∈ X. Then dDp is a metric type distance function, hence, (X, dDp) is a

metric type space.

Proof. (i) Clearly, dDp(x, y) = 0 if and only if x = y.

(ii) Since Dp(x, y) = Dp(y, x) we get dDp(x, y) = dDp(y, x) for all x, y ∈ X.

(iii) To show that dDp(x, z) ≤ K[dDp(x, y1) + dDp(y1, y2) + ... + dDp(yn, z)] for all

x, yi, z ∈ X. Note that if x = z, then dDp(x, z) = 0. So, without loss of generality, we

assume that x 6= z and yi 6= yj for all i 6= j = 1, 2, ..., n. Then dDp(x, z) = Dp(x, z)

and

Dp(x, z) ≤ K[Dp(x, y1) +Dp(y1, y2) + ...+Dp(yn, z)]−
n−1∑
i=1

Dp(yi, yi).

Furthermore, we assume that x 6= y1 and z = yn. Indeed, if x = y1, and z = yn, then

the inequality holds. So, this implies that

dDp(x, z) ≤ K[dDp(x, y1) + dDp(y1, y2) + ...+ dDp(yn, z)].

Therefore (X, dDp) is a metric type space. �

Let (X,Dp) be a partial metric type space and dDp : X × X → [0,∞) be a metric

type distance function defined by

dDp(x, y) =

 0 whenever x = y

Dp(x, y) whenever x 6= y

for all x, y ∈ X [Theorem 3.2.2].

Lemma 3.2.1 Let (X,Dp) be a partial metric type space and dDp : X×X → [0,∞)

be a metric type distance function. If {xn} is a dDp-Cauchy sequence in (X, dDp)

then it is either a 0-Cauchy sequence or eventually constant sequence in (X,Dp).
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Proof. Let (X,Dp) be a partial metric type space. If {xn} is a dDp-Cauchy sequence in

(X, dDp), then limn,m dDp(xn, xm) = 0. There are two cases to consider. Case (i) xn =

xm for all m,n ≥ 1 in this case {xn} is an eventually constant sequence in (X,Dp).

Case (ii) xn 6= xm for some m,n ≥ 1 and limn,m dDp(xn, xm) = 0. Clearly, in this case

we have limn,mDp(xn, xm) = 0. This shows that the sequence is a 0-Cauchy sequence

in (X,Dp). �

Lemma 3.2.2 Let (X,Dp) be a partial metric type space and dDp : X×X → [0,∞)

be a metric type distance function. If {xn} is a 0-Cauchy sequence in (X,Dp) then

it is a dDp-Cauchy sequence in (X, dDp).

Remark 3.2.5 Let (X,Dp) be a partial metric type space. It is important note that

the converse of Lemma 3.2.2 does not necessarily hold.

Hence,

Theorem 3.2.3 Let (X,Dp) be a partial metric type space and dDp : X×X → [0,∞)

be a metric type distance function. Then (X,Dp) is 0-Cauchy complete if and only

if (X, dDp) is dDp-Cauchy complete.

Proof. Let (X,Dp) be a 0-Cauchy complete partial metric type space and {xn} be

a dDp-Cauchy sequence in (X, dDp). By Lemma 3.2.1, {xn} is a 0-Cauchy sequence

in (X,Dp). Thus there exists x ∈ X such that {xn} Dp-converges to x in the partial

metric type space (X,Dp). Hence, (X, dDp) is dDp-Cauchy complete.

Conversely, assume that (X, dDp) is dDp-Cauchy complete, and let {xn} be a 0-Cauchy

sequence in (X,Dp). Without loss of generality we assume that xn 6= xm for all n,m ≥

1. By Lemma 3.2.1, {xn} is a dDp-Cauchy sequence in (X, dDp). Thus, there exists

x ∈ X, such that {xn} dDp-converges to x in the metric type space (X, dDp). Now

Dp(xn, x) = dDp(xn, x) Dp-converges to 0 as n tends to∞. This shows that (X,Dp) is

0-Cauchy complete. �

Remark 3.2.6 Every TV S-cone metric space (X, σ) gives rise to a metric type

structure (X,D) [Theorem 3.1.1]. In a similar vein, every TV S-partial cone metric
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space (X, σp) gives rise to a dislocated metric type structure (X,Dp) [Theorem 3.2.1].

Moreover, for every partial metric type space (X,Dp) there exists a metric type space

(X, dDp) [Theorem 3.2.2].

3.3 Lipschitzian mappings and some fixed point

results in partial metric type structures

We begin with a definition.

Definition 3.3.1 Let (X,Dp) be a partial metric type space and T : (X,Dp) →

(X,Dp) be a map. Then

(i) T is called a Lipschitzian map if there exists a constant λ, where λ ≥ 0 such

that Dp(Tx, Ty) ≤ λDp(x, y), for any x, y ∈ X. Moreover, the constant λ, where

λ ≥ 0 is called a Lipschitzian constant. A smallest constant λ will be denoted by

Lip(T ).

(ii) T is called a contraction map if there exists a contraction constant λ, where

0 ≤ λ < 1 such that Dp(Tx, Ty) ≤ λDp(x, y), for any x, y ∈ X. Moreover, the

constant λ, where 0 ≤ λ < 1 is called a contraction constant.

(iii) a point x ∈ X is said to be a fixed point of T if Tx = x.

Definition 3.3.2 Let (X,DpX ) and (Y,DpY ) be partial metric type spaces. A map

T : (X,DpX ) → (Y,DpY ) between partial metric type spaces is continuous if a

sequence {xn} DpX -converges to a point x in X implies that {T (xn)} DpY -converges

to a point T (x) in Y.

Theorem 3.3.1 Let (X,Dp) be a 0-Cauchy complete partial metric type space and

T : (X,Dp) → (X,Dp) be a map. If T n is a Lipschitzian map for all n ≥ 0 and∑∞
n=0 Lip(T

n) < ∞, then T has a unique fixed point ω ∈ X. Moreover, for any

x ∈ X, the orbit {T nx} Dp-converges to ω.
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Proof. Let (X,Dp) be a 0-Cauchy complete partial metric type space. By Theorem

3.2.2, (X, dDp), is a metric type space. Then (X, dDp) is dDp-Cauchy complete by

Theorem 3.2.3. Clearly, T : (X, dDp)→ (X, dDp) satisfies the properties in Theorem

3.1.2. Hence, T has a unique fixed point ω ∈ X. Moreover, for any x ∈ X, the orbit

{T nx} dDp-converges to ω. �

Theorem 3.3.2 Let (X,Dp) be a Dp-Cauchy complete partial metric type space and

T : (X,Dp) → (X,Dp) be a map. If T n is a Lipschitzian map for all n ≥ 0 and∑∞
n=0 Lip(T

n) < ∞, then T has a unique fixed point ω ∈ X. Moreover, for any

x ∈ X, the orbit {T nx} Dp-converges to ω.

Proof. Let (X,Dp) be a Dp-Cauchy complete partial metric type space. Then (X,Dp)

is 0-Cauchy complete. The proof is complete by Theorem 3.3.1. �

Regarding Definition 3.2.2 it worthwhile to mention that we require

∞∑
n=0

Lip(T n) <∞

such that property (v) is satisfied. In particular, a more natural condition is presented

as follows:

(v)′Dp(x, z) ≤ K(Dp(x, y) +Dp(y, z))−Dp(y, y)

for all x, y, z ∈ X and some constant K ≥ 1.

Now we present an example which fulfills (v)′.

Example 3.3.1 Let X = N and Dp : X × X → [0,∞) be defined by Dp(x, y) =

[max{x, y}]p + |x− y|p for all x, y ∈ X and p ≥ 1. Then

(i) x = y iff Dp(x, x) = Dp(x, y) = Dp(y, y);

(ii) Dp(x, y) ≥ 0;

(iii) Dp(x, y) = Dp(y, x);

(iv) Dp(x, x) ≤ Dp(x, y);

(v)′ Dp(x, z) ≤ 2p[Dp(x, y) +Dp(y, z)]−Dp(y, y).
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Therefore (X,Dp) is a partial metric type space. Note that K = 2p, p ≥ 1.

Theorem 3.3.3 Let (X, σp) be a TV S-partial cone metric space and (X,Dp) be the

dislocated metric type space. The function dDp : X ×X → [0,∞) defined by

dDp(x, y) =

 0 whenever x = y

Dp(x, y) whenever x 6= y

for all x, y ∈ X is a metric type on X.

Theorem 3.3.4 Let (X, σp) be a TV S-partial cone metric space. If (X, σp) is 0-

Cauchy complete, then (X, dDp) is dDp-Cauchy complete.

Theorem 3.3.5 Let (X, σp) be a 0-Cauchy complete TV S-partial cone metric space

over the Banach space E with a normal cone P and normal constant K. Let T :

(X, σp) → (X, σp) be a contraction with constant λ < 1. Then T has a unique fixed

point ω, and any orbit σp-converges to ω.

Proof. Let (X, σp) be a 0-Cauchy complete TV S-partial cone metric space over the

Banach space E with a cone P which is normal with normal constant K. Consider

Dp : X ×X → [0,∞) defined by Dp(x, y) = ||σp(x, y)|| for all x, y ∈ X. Then Dp is

a dislocated metric type on X and (X, dDp) is a dDp-Cauchy complete metric type

space [Theorem 3.3.3]. Let T : (X, σp) → (X, σp) be a contraction with constant

λ < 1. Then σp(Tx, Ty) � λσp(x, y) so, σp(T
nx, T ny) � λnσp(x, y). Without loss of

generality, assume that x 6= y. So,

||σp(T nx, T ny)|| ≤ ||Kλnσp(x, y)||

≤ Kλn||σp(x, y)||.

Actually, dDp(T
nx, T ny) ≤ KλndDp(x, y) for any x, y ∈ X and n ≥ 0. So, by Theorem

3.1.2 T has a unique fixed point ω, and any orbit σp-converges to ω. �

Since a σp-Cauchy complete TV S-partial cone metric space is 0-Cauchy complete:
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Corollary 3.3.1 Let (X, σp) be a σp-Cauchy complete TV S-partial cone metric space

over the Banach space E with a normal cone P and normal constant K. Let T :

(X, σp) → (X, σp) be a contraction with constant λ < 1. Then T has a unique fixed

point ω, and any orbit σp-converges to ω.
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Chapter 4

Completeness in symmetric spaces

and some fixed point results

In the literature the notion of completeness for metric spaces is discussed in terms

of Cauchy sequences. Unlike in the classical case (metric spaces), in symmetric

spaces not every convergent sequence is a Cauchy sequence. Motivated by the notion

of absolute closure [41], the author in [31] defined a new notion of completeness

for symmetric spaces. It should be observed that this new notion is equivalent to

completeness when restricted to the class of metric spaces. A similar study was done

for quasi pseudo metric spaces [31] and for symmetric spaces [32].

The reader should also note that using the classical notion of (Cauchy) completeness

for symmetric spaces, analogous fixed point results are presented in the literature see

for example [17] for single valued maps; [30], [35], [37], [38] and [49] for multivalued

maps. We note that the paper [33] presents a fixed point theory result of a single

valued maps as presented in [17], without appealing to Cauchy sequences.

The notion of a complete metric space and symmetric space is very important and so,

is the completion of such structures; recently a completion for the dislocated metric

spaces is presented in [25].

The purpose of this chapter is to revisit the notion of convergence completeness in
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symmetric spaces and discuss some properties of symmetric spaces. Furthermore,

some fixed point results are discussed in this setting. We recall some well known

results in Section 4.1. Completeness in symmetric spaces are discussed in Section

4.2. Products of symmetric spaces are presented in Section 4.3. In Section 4.4 we

present symmetric spaces and some fixed point results in this setting. Some work

presented in this chapter is from the paper [4].

4.1 Some properties on symmetric spaces

Definition 4.1.1 [7] A symmetric space (X, s) is a nonempty set X together with

a real-valued function s : X ×X → [0,∞) such that for all x, y ∈ X, the following

conditions are satisfied:

(i) s(x, y) = 0 if and only if x = y

(ii) s(x, y) = s(y, x).

As in [32] and [33] we denote the class of all symmetric spaces by S and the class of

all metric spaces by M.

Example 4.1.1 [32, Example 1.1] Let X = R and s : X ×X → [0,∞) be defined

by s(x, y) = (x − y)2 for all x, y ∈ X. Then (X, s) is a symmetric space but not a

metric space. Choose x = 1, y = 2 and z = 3, then s(x, z) > s(x, y) + s(y, z). Hence,

triangle inequality does not hold.

Definition 4.1.2 [32] Let (X, s) be a symmetric space. Then

(i) a sequence {xn} in (X, s) is convergent to a point x if for each ε > 0 there exists

an N ∈ N such that s(xn, x) < ε whenever n ≥ N. The point x ∈ X will be called a

limit of a sequence {xn}.

(ii) a sequence {xn} of points in (X, s) is called Cauchy sequence if for each ε > 0

there exists an N ∈ N such that s(xn, xm) < ε whenever n,m ≥ N.
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(iii) a symmetric space (X, s) is said to be Cauchy complete if every Cauchy

sequence in X converges to a point in X.

(iv) a point x in X is a cluster point of a sequence {xn} in X if there are positive

integers n1 < n2 < ... such that limk s(xnk , x) = 0, for k ≥ 1.

Remark 4.1.1 Note the following facts:

(i) if a sequence {xn} converges to a point x in (X, s) we shall write limn s(xn, x) = 0

or simply xn
s- x.

(ii) if a sequence {xn} is Cauchy in (X, s) we shall write limn,m s(xn, xm) = 0.

The class of all symmetric spaces where convergent sequences have unique limits is

denoted by U , as in [32] and [33].

The next examples illustrates the following:

(i) A symmetric space in which the limits of a sequence may not be unique.

(ii) A symmetric space in which sequences that converge will have unique limits but

the space is not necessarily a metric space.

(iii) The class of U , is larger than the class of M.

Example 4.1.2 [32, Example 1.2] Let X = N. Define s : X × X → [0,∞) by

s(x, y) = (x−y)2, for all x, y ∈ X. Then (X, s) belong to S. We construct (X̄, s̄) ∈ S

that contains (X, s). Let X̄ = N ∪ {α, β}, α 6= β both do not belong to N. Define

s̄ : X̄ × X̄ → [0,∞) by

s̄(x, y) =



(x− y)2 if x, y ∈ X

0 if x = y

1
x

if x ∈ X, y = α

1
y

if y ∈ X, x = α

1
x

if y = β, x ∈ X
1
y

if y ∈ X, x = β

1 if y = α, x = β

1 if x = α, y = β
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for all x, y ∈ X̄. Now let {xn = n, n ≥ 1} in X. Then (X̄, s̄) is a symmetric space

and the sequence {xn} converges to both α and β with respect to s̄.

Example 4.1.3 [32, Example 1.3] Let X = N be equipped with the discrete metric

s. Then (X, s) belong to S. We construct (X̄, s̄) ∈ S that contains (X, s). Let X̄ =

N ∪ {α}, α 6∈ N. Define s̄ : X̄ × X̄ → [0,∞) by

s̄(x, y) =



s(x, y) if x, y ∈ X

0 if x = y

1
x

if x ∈ X, y = α

1
y

if x = α, y ∈ X

for all x, y ∈ X̄. We easily see that (X̄, s̄) ∈ S. A sequence in (X̄, s̄) that converges

with respect to s̄ has a unique limit. As we now show this, let {xn} be a sequence

in X̄ that converges to x and y in X̄ with respect to s̄. Without loss of generality,

assume that {xn} belongs to X, x ∈ X and y = α. Now limn s(xn, x) = 0. It follows

that {xn} is eventually constant. Let xnk = x, k ≥ 1. Then {xnk} is a subsequence

of {xn}. Also we have s̄(xnk , α) → 0. Thus s̄(x, α) = 0, hence, x = α. However, we

clearly observe that s̄ is not a metric.

Definition 4.1.3 [32] Let A be a subset of (X, s) ∈ S, we shall say that A is S-

closed if for a sequence {xn} in A and x ∈ X then limn s(xn, x) = 0, imply that

x ∈ A.

Definition 4.1.4 [32] Let (X, s) ∈ S and (X̄, s̄) ∈ S. Then we write (X, s) ⊂ (X̄, s̄)

to mean that X ⊆ X̄ and s̄|X×X = s.

In the sequel, as in [32] and [33], we shall say (X̄, s̄) contains (X, s) to mean that

(X, s) ⊂ (X̄, s̄). We shall call the (X̄, s̄) an extension of (X, s).

More specifically, if (X, s) ⊂ (X̄, s̄) and (X̄, s̄) ∈ U , then (X, s) ∈ U . However, it

is possible to have (X, s) ∈ U with (X, s) ⊂ (X̄, s̄) but (X̄, s̄) is not necessarily in

U . We shall make it explicit when we require both (X, s) and its extension (X̄, s̄) to

belong to the same class.
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4.2 Completeness in symmetric spaces

Definition 4.2.1 [32] Let (X, s) be a symmetric space. Then

(i) (X, s) is S-convergence complete if for every (X̄, s̄) ∈ S that contains (X, s)

a sequence {xn} in X that converges to x̄ ∈ X̄ with respect to s̄ also converges to

some point x ∈ X with respect to s.

(ii) (X, s) is weakly S-convergence complete if for every (X̄, s̄) ∈ S that contains

(X, s) a sequence {xn} in X that converges to x̄ ∈ X̄ with respect to s̄ has a

subsequence {xnk} that converges to some point x ∈ X with respect to s.

Definition 4.2.2 [32] Let {xn} be a sequence in (X, s) ∈ S. We say that {xn} has

property F if for every finite subset F of X there is N ∈ N such that n ≥ N implies

that xn 6∈ F.

The proof of the following result is a slight modification of what appears in [33],

regarding the construction of (X̄, s̄).

Proposition 4.2.1 [32] A non-convergent sequence in (X, s) ∈ S converges in (X̄, s̄) ∈

S that contains (X, s) if and only if it has property F .

Proof. Let {xn} be a non-convergent sequence in (X, s) ∈ S. Suppose that limn s̄(xn, x̄)

= 0, where x̄ belongs to (X̄, s̄) ∈ S that contains (X, s). Let F be a finite subset of

X and fix a ∈ F . Then a cannot appear as xn for infinitely many indices n, other-

wise there would be a subsequence {xnk} of {xn} such that xnk = a for all k. Now

limk s̄(xnk , x̄) = 0 implies that s̄(a, x̄) = 0, hence x̄ = a. It follows that {xn} con-

verges in X, a contradiction. Conversely, let {xn} be a non-convergent sequence in

X with property F . Let p = {xn} and X̄∪{p}. Define a function s̄ : X̄×X̄ → [0,∞)

by
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s̄(x, y) = s(x, y) if x, y ∈ X;

s̄(x, p) = 1 if x 6∈ {xn : n ∈ N};

s̄(p, y) = 1 if y 6∈ {xn : n ∈ N};

s̄(p, p) = 0;

s̄(x, p) =
1

N
if x 6= xn, for all n ≥ N and N

is the smallest integer with this property;

s̄(p, y) =
1

N
if y 6= xn, for all n ≥ N and N

is the smallest integer with this property.

It easily follows that (X̄, s̄) ∈ S and contains (X, s). We will show that limn s̄(xn, p) =

0. Let ε > 0 and N ∈ N such that 0 < 1
N
< ε. Fix N, then {x1, x2, ..., xN} is finite.

Now there is K ∈ N such that k > N and k ≥ K implies that xk 6∈ {x1, x2, ..., xN}, so,

for n ≥ K we have s̄(xn, p) = 1
k
< 1

N
< ε. �

Lemma 4.2.1 Let (X, s) be a symmetric space, {xn} be a Cauchy sequence in (X, s)

which is not eventually constant. Then {xn} has property F .

Proof. Let {xn} be a Cauchy sequence in a symmetric space (X, s) which is not

eventually constant. Assume that {xn} does not have property F . That is, there

exists a finite subset F of X such that xn ∈ F for all n ∈ N. Let ε = min{s(x, y) :

x, y ∈ F, x 6= y}. Find N ∈ N such that s(xn, xm) < ε for all m,n ≥ N. Hence,

s(xn, xN) = 0, for n ≥ N. So, xn = xN for every n ≥ N. This shows that {xn} is

eventually constant. A contradiction. It follows that {xn} has property F . �

The proof of the next result is a slight modification of the result in [4].

Theorem 4.2.1 [4] Let (X, s) be S-convergence complete, then (X, s) is Cauchy

complete.

Proof. Suppose that (X, s) is S-convergence complete but not Cauchy complete.

Let {xn} be a Cauchy sequence in X. If {xn} is eventually constant, then there
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exists x ∈ X, such that limn s(xn, x) = 0. A contradiction. On the other hand

assume that {xn} is not eventually constant. Then by Lemma 4.2.1, {xn} has prop-

erty F . By Proposition 4.2.1, {xn} converges to x̄ with x̄ 6∈ X and (X̄, s̄) contains

(X, s). Note that (X, s) is S-convergence complete. Hence, limn s(xn, x) = 0 for

some x ∈ X, which is also a contradiction. Therefore (X, s) is Cauchy complete.

�

Theorem 4.2.2 [4] Let (X, s) be weakly S-convergence complete. Then every Cauchy

sequence in (X, s) has a cluster point.

Proof. Let (X, s) be a weakly S-convergence complete symmetric space and {xn} be a

Cauchy sequence in X. If {xn} is eventually constant, our proof is complete. Assume

that {xn} does not cluster in X. We may assume that {xn} is not eventually constant,

then by Lemma 4.2.1, {xn} has property F . Thus {xn} converges to p ∈ (X̄, s̄), where

p 6∈ X and (X̄, s̄) contains (X, s). Hence, we can find a subsequence {xnk} of {xn}

and a point x ∈ X such that limk s(xnk , x) = 0. It follows that x is a cluster point of

{xn}, this leads to a contradiction. Hence, our proof is complete. �

In the following result we require both (X, s) and its extension (X̄, s̄) to belong to

the class U . We use the same construction as in Theorem 4.2.1 and Theorem 4.2.2

and the fact that a subsequence in the extension (X̄, s̄) can have at most one limit

point.

Corollary 4.2.1 Let (X, s) be weakly U-convergence complete. Then (X, s) is Cauchy

complete.

Example 4.2.1 [32, Example 2.1] Let (X, s) be defined as in Example 4.1.3. We

know that (X, s) is a complete metric space. Let {xn = n, n ≥ 1} and (X̄, s̄) be

defined as in Example 4.1.3. Then we have limn s̄(xn, α) = 0. Thus {xn} converges

in (X̄, s̄) but not in (X, s). Therefore a complete metric space in the classical case is

not necessarily S-convergence complete.
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It was observed in [32] and [33] that a sequence in a symmetric space (X, s) that

converges in (X̄, s̄) ∈ S that contains (X, s) is not necessarily a Cauchy sequence.

In fact, Example 4.1.3 is an example of a Cauchy complete metric space which is not

S-convergence complete, nor it is U -convergence complete.

The next result discuss S-convergence complete on subspaces of symmetric space

(X, s).

Lemma 4.2.2 [32] Let (X, s) ∈ S and A be a subspace of X. If (Á, ś) ∈ S contains

A there exists (X̄, s̄) ∈ S that contains (X, s) and (Á, ś).

Proof. Suppose that A is a subspace of (X, s) ∈ S and (Á, ś) ∈ S contains A.

Without loss of generality, we may assume that Á = A ∪ {á} and á 6∈ X. Now let

X̄ = X ∪ {á}. Define a function s̄ : X̄ × X̄ → [0,∞) by

s̄(x, y) =


s(x, y) if x, y ∈ X

0 if x = y = á

infa∈A{ś(á, a) + s(a, y)} if x = á, y ∈ X

for all x, y ∈ X̄. Then (X̄, s̄) ∈ S and contains (X, s) as well as (Á, ś). �

As for metric spaces, S-convergence complete spaces are closed hereditarily and

closed under countable products.

Theorem 4.2.3 [32] Let (X, s) be a symmetric space. If A is an S-closed subset of

S-convergence complete (X, s), then A is S-convergence complete.

Proof. Let A be an S-closed subset of S-convergence complete (X, s). To show that

A is S-convergence complete, consider a sequence {an} in A such that for (Á, ś) ∈ S

that contains (A, sA) we have limn ś(an, á) = 0, for some á ∈ (Á, ś). We shall show

that {an} converges in A. Let X̄ = X ∪ {á}. By Lemma 4.2.2 we obtain (X̄, s̄) ∈ S

that contains (X, s) and (Á, ś). Now limn s̄(an, á) = 0, where s̄ is constructed as in

the proof of Lemma 4.2.2. It follows that limn s(an, x) = 0 for some x ∈ X since X

is S-convergence complete. Now A is sequentially closed in X, so, we get x ∈ A. �
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The converse holds for the class of symmetric spaces where limits of sequences are

unique. In fact,

Theorem 4.2.4 [32] Let (X, s) ∈ U . Then U-convergence complete subspace A of

X is sequentially closed.

Hence, the following corollary follows.

Corollary 4.2.2 [32] Let A be an S-closed subset of a weakly S-convergence com-

plete (X, s) ∈ S. Then A is weakly S-convergence complete.

The proof of the next result follows from [32] and Corollary 4.2.1 and it is therefore

omitted.

Proposition 4.2.2 [4] Let A be an S-closed subset of an S-convergence complete

(X, s) ∈ S. Then A is Cauchy complete.

The result below concerns an S-closed subset of a Cauchy complete space.

Proposition 4.2.3 [4] Let A be an S-closed subset of a Cauchy complete (X, s) ∈ S.

Then A is Cauchy complete.

Definition 4.2.3 Two symmetrics s and s̃ on the same nonempty set X are said

to be equivalent if for every sequence {xn} in X and a point x in X, then we have

limn s(xn, x) = 0 if and only if limn s̃(xn, x) = 0.

Definition 4.2.4 [35] Let (X, s) be a symmetric space and A be a nonempty subset

of X. Then A is bounded if there exists an N > 0 such that s(x, y) ≤ N for

all x, y ∈ A. If A is bounded we define the diameter of A as δ(A) < ∞, where

δ(A) = sup{s(x, y) : x, y ∈ A}.

For every (X, s) ∈ S, there exists (X, s̃) ∈ S such that:

(i) (X, s̃) is bounded.
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(ii) s̃ is equivalent to s.

To see this, given (X, s) ∈ S define s̃(x, y) = min{1, s(x, y)}, then (X, s̃) has the

desired properties. We shall call (X, s̃) a bounded equivalent of (X, s).

Lemma 4.2.3 [4] Let (X, s) ∈ S and (X, s̃) be its bounded equivalent. If (X, s) ⊂

(X̄, s̄), then there exists (X∗, s∗) ∈ S such that (X∗, s∗) is equivalent to (X̄, s̄) and

contains (X, s̃).

Proof. Let (X, s) ∈ S and (X, s̃) be its bounded equivalent. Suppose that (X, s) ⊂

(X̄, s̄) holds. We construct (X∗, s∗) ∈ S such that (X, s̃) ⊂ (X∗, s∗). Let X∗ = X̄

and define s∗ : X∗ ×X∗ → [0,∞) by

s∗(x, y) =


s̃(x, y) if x, y ∈ X

0 if x = y

min{1, s̄(x, y)} otherwise

for all x, y ∈ X∗. Then easily (X∗, s∗) ∈ S and it is equivalent to (X∗, s̄). Further, we

have (X, s̃) ⊂ (X∗, s∗). �

Lemma 4.2.4 [4] Let (X, s) ∈ S and (X, s̃) be its bounded equivalent. If (X, s̃) ⊂

(X̄, s̄), then there exists (X∗, s∗) ∈ S such that (X∗, s∗) is equivalent to (X̄, s̄) and

contains (X, s).

Proof. A similar construction as in Lemma 4.2.3 will do. �

Using Lemma 4.2.3 and Lemma 4.2.4 the following two theorems follows.

Theorem 4.2.5 [4] A symmetric space (X, s) is S-convergence complete if and only

if (X, s̃) is S-convergence complete.

Theorem 4.2.6 [4] A symmetric space (X, s) is weakly S-convergence complete if

and only if (X, s̃) is weakly S-convergence complete.

Proposition 4.2.4 [4] Let (X, s) be S-convergence complete. Then (X, s̃) is weakly

S-convergence complete.
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Proof. Let (X, s) be S-convergence complete and (X, s̃) be its bounded equivalent.

Since S-convergence complete implies weakly S-convergence complete, it follows that

(X, s) is weakly S-convergence complete. By Theorem 4.2.6, (X, s̃) is weakly S-

convergence complete. �

In fact, the following results hold.

Proposition 4.2.5 [4] A symmetric space (X, s) is Cauchy complete if and only if

(X, s̃) is Cauchy complete.

Proposition 4.2.6 [4] Let (X, s) be S-convergence complete. Then (X, s̃) is Cauchy

complete.

4.3 Products of symmetric spaces

In this section we present products of symmetric spaces. Note that Lemma 4.2.2 is

crucial for the proof of the following results on product of S-convergence complete

symmetric spaces.

Theorem 4.3.1 [34] Let {(Xi, si) : i = 1, 2, 3, ...} be a collection of symmetric

spaces and suppose that X = Π∞i Xi is S-convergence complete with X equipped with

s : X × X → [0,∞) defined by s(x, y) = Σ∞i=1
min{1,si(xi,yi)}

2i
for all x, y ∈ X. Then

(Xi, si) is S-convergence complete for each i = 1, 2, 3, ....

Proof. LetX = Π∞i Xi and s : X×X → [0,∞) be defined by s(x, y) = Σ∞i=1
min{1,si(xi,yi)}

2i

for all x, y ∈ X. Then s is a symmetric on X. Suppose that (X̄, s̄) ∈ S contains

(X, s) and that a sequence {xn = (x1n, x
2
n, ...)} in X converges in (X̄, s̄) to some

α ∈ X̄ with respect to s̄. Let X̃i = Xi∪{α} for each i = 1, 2, ... and define a function

s̃i : X̃i × X̃i → [0,∞) by

s̃i(x, y) =


0 if x = y = α

si(x, y) if x, y ∈ Xi

infa=(a1,a2)∈X{s̄(α, a) + si(a
i, y)} if y ∈ Xi
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for all x, y ∈ X̃i. Then for each i = 1, 2, ..., (X̃i, s̃i) ∈ S and contains (Xi, si). Now

s̃i(α, x
i
n) ≤ s̄(α, a) + si(a

i, xin)

for all a ∈ X. In particular, let a = {xn}. Then

s̃i(α, x
i
n) ≤ s̄(α, xn) + si(x

i
n, x

i
n)

and this gives limn s̃i(α, x
i
n) = 0. So, for each i = 1, 2, ... a sequence {xin} in (Xi, si)

converges to α. Hence, by assumption, {xin} converges to some point yi in (Xi, si).

Let y = (y1, y2, ...). Then y ∈ X and by the above construction limn s(xn, y) = 0.

Conversely, let X =
∏
Xi. The product symmetric is a function s : X ×X → [0,∞)

defined by

s(x, y) = Σ∞i=1

min{1, si(xi, yi)}
2i

where x = (x1, x2, ...), y = (y1, y2, ...) ∈ X. Suppose that for all i = 1, 2, ... a sequence

{xin} in (Xi, si) converges to αi in (X̄i, s̄i) ∈ S that contains (Xi, si). We show that

{xin} converges in (Xi, si) for each i = 1, 2, .... Without loss of generality, assume

that X̄i = Xi ∪ {αi} for all i = 1, 2, .... Let X̄ =
∏
X̄i and define a function

s̄ : X̄ × X̄ → [0,∞) by

s̄(x, y) = Σ∞i=1

min{1, s̄i(xi, yi)}
2i

for all x, y ∈ X̄. Then (X̄, s̄) ∈ S and contains (X, s). Now consider a sequence {xn =

(x1n, x
2
n, ...)} in X. It can be checked that limn s̄(xn, α) = 0, where α = (α1, α2, ...) ∈

X̄. Therefore there exists some point β ∈ X such that limn s(xn, β). Let β =

(β1, β2, ...). Then it follows that limn si(x
i
n, βi) = 0. �

Theorem 4.3.2 [4] Let {(Xi, si) : i = 1, 2, 3, ...} be a collection of symmetric spaces

and suppose that X = Π∞i Xi is weakly S-convergence complete with X equipped with

s : X × X → [0,∞) defined by s(x, y) = Σ∞i=1
min{1,si(xi,yi)}

2i
for all x, y ∈ X. Then

(Xi, si) is weakly S-convergence complete for each i = 1, 2, 3, ....

Proof. Suppose that (X, s) is weakly S-convergence complete with the symmetric

s : X × X → [0,∞) defined by s(x, y) = Σ∞i=1
min{1,si(xi,yi)}

2i
for all x, y ∈ X. We
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want to show that (Xi, si) is weakly S-convergence complete for i = 1, 2, .... For a

sequence {xn} in (X, s), note that {xn = (x1n, x
2
n, ...)}. Fix i ∈ {1, 2, ..., } arbitrarily

and assume that a sequence {xin} in (Xi, si) converges to α in (X̄i, s̄i), with respect to

s̄i, where (X̄i, s̄i) contains (Xi, si). Without loss of generality we put X̄i = Xi ∪{α},

and X̄j = Xj, for i 6= j. Next we let X̄ = ΠjX̄j. Define s̄ : X̄ × X̄ → [0,∞) by

s̄(x̄, ȳ) =



Σ∞j=1
min{1,sj(xj ,yj)}

2j
if x̄, ȳ ∈ X,

0 if x̄ = ȳ,

s̄i(x
i, α) if x̄ ∈ X and

ȳ ∈ X̄, that is, ȳ = (y1, y2, ...), with yi = α,

s̄i(α, y
i) if x̄ ∈ X̄, that is,

x̄ = (x1, x2, ...) with xi = α and ȳ ∈ X

for all x, y ∈ X̄. Clearly, (X, s) ⊂ (X̄, s̄) ∈ S. Define ϕj : ΠjX̄j → X̄j by ϕj(x =

(x1, x2, ..., )) = xj for (x1, x2, ...) ∈ ΠjX̄j and xj ∈ Xj for all j = 1, 2, ..., otherwise

we put ϕj(x) = α, if j = i, and xi = α. For each j ∈ {1, 2, ...} and a sequence

{xjn : n ≥ 1} in Xj, define {xn} in X by xn = ϕ−1(xjn), n ≥ 1. In particular,

for a fixed i ∈ {1, 2, ...} and {xin} we find a sequence {xn} in X such that xn =

ϕ−1(xin), n ≥ 1. Now we have limn s̄(xn, α) = limn s̄i(x
i
n, α) = 0. Since (X, s) is weakly

S-convergence complete, we can find x ∈ X and a subsequence {xnk} of {xn} such

that limk s(xnk , x) = 0. In particular, let x = (x1, x2, ...) ∈ X and xnk = (x1nk , x
2
nk
, ...),

where {xink} is a subsequence of {xin}. Then limk si(x
i
nk
, xi) = 0, it follows that

(Xi, si) is weakly S-convergence complete. Since the fixed i was arbitrary, the proof

is complete. �

Our next result characterizes weakly S-convergence completeness, albeit in a special

case, namely, in the product of a finite sequence of symmetric spaces.

Theorem 4.3.3 [4] Let {(Xi, si) : i = 1, 2, 3, ..., n} be a finite collection of symmetric

spaces. Then X = Πn
iXi is weakly S-convergence complete if and only if (Xi, si) is

weakly S-convergence complete for each i = 1, 2, 3, ..., n, where X is equipped with

the function s : X ×X → [0,∞) defined by

s(x, y) = max
1≤i≤n

{si(xi, yi)}
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for all x, y ∈ X.

Proof. Let {(Xi, si) : i = 1, 2, 3, ..., n} be a collection of finite symmetric spaces

and suppose that X = Πn
iXi with the symmetric s : X × X → [0,∞) defined by

s(x, y) = max{si(xi, yi) : i = 1, 2, ..., n.} for all x, y ∈ X, is weakly S-convergence

complete. Emulating the proof of Theorem 4.3.2 we can show that (Xi, si) is weakly

S-convergence complete for each i = 1, 2, 3, ..., n. Conversely, suppose that (Xi, si) is

weakly S-convergence complete for all i = 1, 2, ..., n. We want to show that (X, s) is

weakly S-convergence complete. We shall provide proof for i = 1, 2 and by induction

our proof shall be complete. We use a technique in [34], see pages 101-102 to construct

an extension of (X, s). Consider an arbitrary sequence {xn = (x1n, x
2
n)} in (X, s) that

converges to α in (X̄, s̄) ∈ S that contains (X, s) with respect to s̄. Let X̃i = Xi∪{α}

for each i = 1, 2 and the function s̃i : X̃i × X̃i → [0,∞) for i = 1, 2 be defined by

s̃i(x, y) =


0 if x = y = α

si(x, y) if x, y ∈ Xi

infa=(a1,a2)∈X{s̄(α, a) + si(a
i, y)} if y ∈ Xi

for all x, y ∈ X̃i. Then (X̃i, s̃i) ∈ S and contains (Xi, si) for each i = 1, 2. In

particular,

s̃i(α, x
i
n) ≤ s̄(α, a) + si(a

i, xin)

for all a ∈ X. Let a = {xn}, then

s̃i(α, x
i
n) ≤ s̄(α, xn) + si(x

i
n, x

i
n).

This gives limn s̃i(x
i
n, α) = 0 for i = 1, 2. Since (Xi, si) is weakly S-convergence

complete we find a sequence of positive integers n1 < n2 < ... such that {x1nk} is a

subsequence of {x1n} in X1 and limk s1(x
1
nk
, x1) = 0 for some x1 ∈ X1. Also, (X2, s2) is

weakly S-convergence complete, from the sequence of positive integers n1 < n2 < ...

we can find a sequence of positive integers nk1 < nk2 < ... such that {x2nkj } is a subse-

quence of {x2n} and limj s2(x
2
nkj
, x2) = 0 for some x2 ∈ X2. Note that {x1nkj } is a sub-

sequence of {x1n} and limj s1(x
1
nkj
, x1) = 0. Now let x = (x1, x2) ∈ X. Then {xnkj } =

(x1nkj
, x2nkj

) is a subsequence of {xn} and limj s(xnkj , x) = 0. This shows that (X, s) is

weakly S-convergence complete. �
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4.4 Symmetric spaces and fixed point results

Definition 4.4.1 Let (X, s) be a symmetric space. A mapping T : (X, s)→ (X, s)

is called a contraction mapping on X if there exists a constant λ ∈ (0, 1) such

that s(T (x), T (y)) ≤ λs(x, y) for all x, y ∈ X.

We shall say that a map T : (X, sX)→ (Y, sY ) between symmetric spaces is continu-

ous, if for every sequence {xn} inX, limn sX(xn, x) = 0 implies that limn sY (T (xn), T (x))

= 0.

Definition 4.4.2 [33] Let (X, s) be a symmetric space and T : (X, s) → (X, s) be

a self map. Then a point x ∈ X such that T (x) = x is called a fixed point of T .

Let (X, s) ∈ S and denote by C the family of all non-empty and S-closed subsets in

X.

Definition 4.4.3 [17] Let (X, s) be a symmetric space, {xn}, {yn}, x and y ∈ X.

Then

(W.3) limn s(xn, x) = 0 and limn s(xn, y) = 0 imply that x = y.

(W.4) limn s(xn, x) = 0 and limn s(xn, yn) = 0 imply that limn s(yn, x) = 0.

Definition 4.4.4 [21] Two mappings T : (X, s) → (X, s) and g : (X, s) → (X, s)

of a symmetric space (X, s) are said to be commuting if T (g(x)) = g(T (x)) for all

x ∈ X.

It is important to note that the uniqueness condition denoted by (W.3) was previously

denoted as (X, s) belongs to the class U .

Theorem 4.4.1 [17] Let (X, s) be a bounded and Cauchy complete symmetric space

satisfying (W.3) and T : (X, s) → (X, s) be a continuous map. Then T has a fixed

point if and only if there exists a λ ∈ (0, 1) and a continuous function g : (X, s) →

(X, s) which commutes with T and satisfies

g(X) ⊂ T (X) and s(gx, gy) ≤ λs(Tx, Ty) for all x, y ∈ X (1)
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Therefore T and g has a unique common fixed point if (1) holds.

Proof. Suppose that T (a) = a for some a ∈ X. Let g(x) = a for all x ∈ X. Then

g(T (x)) = a and T (g(x)) = T (a) = a for x ∈ X, so, g(T (x)) = T (g(x)) for all

x ∈ X and g commute with T. Moreover, g(x) = a = T (a) for all x ∈ X, so, that

g(X) ⊂ T (X). Finally, for any λ ∈ (0, 1) we have for all x, y ∈ X :

s(gx, gy) = s(a, a) = 0 ≤ λs(Tx, Ty).

Thus (1) holds. Suppose that there exists λ and g, so, that (1) holds. Let M =

sup{s(x, y) : x, y ∈ X} and x0 ∈ X. Choose x1 such that g(x0) = T (x1). In general

choose xn such that T (xn) = g(xn−1). We show that s(T (xn), T (xn+m)) ≤ λnM.

Now

s(T (xn), T (xn+m)) = s(g(xn−1), g(xn+m−1))

≤ λ1s(T (xn−1), T (xn+m−1))

≤ ... ≤ λns(T (x0), T (xm))

< λnM.

Clearly, {T (xn)} is a Cauchy sequence and the Cauchy completeness of (X, s) gives an

x ∈ X with limn s(T (xn), x) = 0.Note that g is continuous implies limn s(g(T (xn)), T (x))

= 0. Now T (xn) = g(xn−1) such that limn s(g((xn), x)) = 0. T is continuous gives

limn s(T (g(xn)), T (x)) = 0. Since

Tg = gT, and lim
n
s(T (g(xn)), T (x)) = lim

n
s(T (g(xn)), g(x)) = 0.

By (W.3) we obtain T (x) = g(x).Also T (g(x)) = g(T (x)). Thus T (T (x)) = T (g(x)) =

g(T (x)) = g(g(x)) and s(g(x), g(g(x))) ≤ λs(T (x), T (g(x))) = λs(g(x), g(g(x))) im-

plies that g(x) = g(g(x)). Hence, g(x) = g(g(x)) = T (g(x)), so, g(x) is a common

fixed point of T and g. If x = T (x) = g(x) and y = T (y) = g(y), then (1) gives

s(x, y) = s(g(x), g(y)) ≤ λs(T (x), T (y)) = λs(x, y) or x = y. �

Theorem 4.4.2 [33] Let (X, s) ∈ U be bounded and S-convergence complete and

T : (X, s) → (X, s) be a continuous map. Then T has a fixed point if and only
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if there exists a λ ∈ (0, 1) and a continuous function g : (X, s) → (X, s) which

commutes with T and satisfies

g(X) ⊂ T (X) and s(gx, gy) ≤ λs(Tx, Ty) for all x, y ∈ X (1)

Therefore T and g has a unique common fixed point if (1) holds.

Proof. Suppose that T (a) = a for some a ∈ X. Let g(x) = a for all x ∈ X. Then

g(T (x)) = a and T (g(x)) = T (a) = a for x ∈ X, so, g(T (x)) = T (g(x)) for all

x ∈ X and g commute with T. Moreover, g(x) = a = T (a) for all x ∈ X, so, that

g(X) ⊂ T (X). Finally, for any λ ∈ (0, 1) we have for all x, y ∈ X :

s(gx, gy) = s(a, a) = 0 ≤ λs(Tx, Ty).

Thus (1) holds.

Conversely, suppose that there exists λ ∈ (0, 1) and a continuous function g :

(X, s)→ (X, s), so, that (1) holds. Now since (X, s) is bounded, putM = sup{s(x, y) :

x, y ∈ X}. Let x0 ∈ X. Choose x1 such that g(x0) = T (x1). In general choose xn such

that T (xn) = g(xn−1). It follows that s(T (xn), T (xn+m)) = s(g(xn−1), g(xn+m−1)) and

s(g(xn−1), g(xn+m−1)) ≤ λs(T (xn−1), T (xn+m−1)). Similarly, we have

s(T (xn−1), T (xn+m−1)) ≤ λ2s(T (xn−2), T (xn+m−2)) ≤ ...,

hence, s(T (xn), T (xn+m)) ≤ λns(T (x0), T (xm)) ≤ λnM. We shall now show that

the sequence {T (xn)} converges to a point in a symmetric space (X̄, s̄) that contains

(X, s). Note that limm,n s(T (xm), T (xn)) = 0. If {T (xn)} is eventually constant, then

we are done. Assume, that the sequence {T (xn)} is not eventually constant. Then

by Lemma 4.2.1, {T (xn)} has property F , hence, the sequence {T (xn)} converges to

a point in (X̄, s̄) ∈ S and (X̄, s̄) contain (X, s).

Since (X, s) is S-convergence complete, there exists a ∈ X such that limn s(T ((xn), a))

= 0. By continuity of g we get limn s(g(T (xn)), g(a)) = 0. Now T (xn) = g(xn−1),

so, that limn s(g(xn), a) = 0 and continuity of T gives limn s(T (g(xn)), T (a)) = 0.

Since Tg = gT, we have limn s(T (g(xn)), T (a)) = 0 = limn s(T (g(xn)), g(a)), hence,
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T (a) = g(a), as (X, s) ∈ U . Also, T (g(a)) = g(T (a)). Thus T (T (a)) = T (g(a)) =

g(T (a)) = g(g(a)) and

s(g(a), g(g(a))) ≤ λs(T (a), T (g(a))) = λs(g(a), g(g(a)))

implies that g(a) = g(g(a)), hence, g(a) = g(g(a)) = T (g(a)), so, that g(a) is a

common fixed point of T and g. So, if a = T (a) = g(a) and b = T (b) = g(b), then we

get s(a, b) = s(g(a), g(b)) ≤ λs(T (a), T (b)) = λs(a, b) which implies s(a, b) ≤ 0, since

(1−λ) > 0. Therefore s(a, b) = 0 thus, a = b. �

We provide an alternative prove of Theorem 4.4.2. Restrict S to U .

Theorem 4.4.3 Let (X, s) ∈ U be bounded and S-convergence complete and T :

(X, s) → (X, s) be a continuous map. Then T has a fixed point if and only if there

exists a λ ∈ (0, 1) and a continuous function g : (X, s) → (X, s) which commutes

with T and satisfies

g(X) ⊂ T (X) and s(gx, gy) ≤ λs(Tx, Ty) for all x, y ∈ X (1)

Therefore T and g has a unique common fixed point if (1) holds.

Proof. Let (X, s) ∈ U be bounded and S-convergence complete. Then (X, s) is a

bounded Cauchy complete symmetric space by Theorem 4.2.1. The proof is complete

by Theorem 4.4.1. �

Next is a generalization of the Hausdorff distance to the setting of symmetric spaces.

Definition 4.4.5 [35] Let A and B be two non empty elements of C in a bounded

symmetric space (X, s). We define their Hausdorff distance sH(A,B) by

sH(A,B) = max{sup
a∈A

s(a,B), sup
b∈B

s(A, b)}.

Lemma 4.4.1 [35] Let (X, s) be a bounded symmetric space. Suppose that A,B ∈

(C, sH) and λ > 1. For each a ∈ A, there exists b ∈ B such that s(a, b) ≤ λsH(A,B).
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Theorem 4.4.4 [35] Let (X, s) be bounded and Cauchy complete symmetric space

satisfying (W.4). Suppose that T : (X, s)→ (C, sH) is a multivalued map satisfying

sH(Tx, Ty) ≤ ks(x, y), k ∈ (0, 1) for all x, y ∈ X. (1)

Then there exists u ∈ X such that u ∈ Tu.

Proof. Let x1 ∈ X and λ ∈ (k, 1). Since Tx1 is nonempty, there exists x2 ∈ Tx1 such

that s(x1, x2) > 0 (if not, then x1 is a fixed point of T ). In view of (1), we have:

s(x2, Tx2) ≤ sH(Tx1, Tx2) ≤ ks(x1, x2) < λs(x1, x2)

using s(x2, Tx2) = inf{s(x2, b) : b ∈ Tx2}, it follows that there exists x3 ∈ Tx2 such

that

s(x2, x3) < λs(x1, x2).

Similarly, there exists x4 ∈ Tx3 such that s(x3, x4) < λs(x2, x3).

Continuing in this fashion, there exists a sequence {xn} in X satisfying xn+1 ∈ Txn
and

s(xn, xn+1) < λs(xn−1, xn).

We claim that {xn} is a Cauchy sequence. Indeed, we have

s(xn, xn+m) < λs(xn−1, xn+m−1)

< λ2s(xn−2, xn+m−2)

< ... < λn−1s(x1, xm+1)

< λn−1δs(X).

So, {xn} is a Cauchy sequence. Hence, limn s(u, xn) = 0 for some u ∈ X. Now we

are able to show that u ∈ Tu. Let kε < 1. From Lemma 4.4.1, for each n ∈ {1, 2, ...}

there exists yn ∈ Tu such that

s(xn+1, yn) ≤ εsH(Txn, Tu) ≤ εks(xn, u), n = 1, 2, ...

which implies that limn s(xn+1, yn) = 0. In view of (W.4), we have limn s(yn, u) = 0

therefore u ∈ T̄ u = Tu. �
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We conclude this section with the following result and we restrict S to U . Further-

more, let (X, s) ∈ U . We shall require the (W.4) property.

Theorem 4.4.5 [4] Let (X, s) ∈ S be bounded and S-convergence complete symmet-

ric space. Suppose that T : (X, s)→ (C, sH) satisfies

sH(Tx, Ty) ≤ λs(x, y), λ ∈ (0, 1) for all x, y ∈ X. (2)

Then there exists u ∈ X such that u ∈ Tu.

Proof. Let (X, s) ∈ S be bounded and S-convergence complete symmetric space.

Then (X, s) is a bounded Cauchy complete symmetric space by Theorem 4.2.1. The

proof is complete by Theorem 4.4.4. �
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