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Abstract

The purpose of the thesis is to study completeness of abstract spaces. In particular,
we study completeness in partial metric spaces, partial metric type spaces, dislo-
cated metric spaces, dislocated metric type spaces and symmetric spaces that are
generalizations of metric spaces. It is well known that complete metric spaces have
a wide range of applications. For instance, the classical Banach contraction princi-
ple is phrased in the context of complete metric spaces. Analogously, the Banach’s
fixed point theorem and fixed point results for Lipschitzian maps are discussed in
this context, namely in, partial metric spaces and metric type spaces. Finally, fixed

point results are presented for symmetric spaces.
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map, Lipschitzian constant, Lipschitzian map, fixed point, metric type space, dislo-

cated metric type space, partial metric type space, symmetric space.
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Summary

The thesis deals with the completeness problem for spaces, this is a continuation to
the study of completeness in metric spaces as presented in the literature. In this
study, however, we look at more general spaces than metric spaces, for example the
spaces considered are partial metric spaces and symmetric spaces. As applications,
we also present some fixed point results in this context. In the literature [19] TV S-
cone metric structures are introduced and are shown to be a generalization of metric
spaces. More specifically, it is shown that topological properties of T'V S-cone metric
spaces arise easily from those of metric spaces see, [9] and [24]. So, we will also
discuss the relationship on TV S-partial cone metric spaces and dislocated metric

spaces.

The first part, with the main work starting at Chapter 2 of the thesis, begins by
establishing that a T'V S-partial cone metric space gives rise to a dislocated metric
space. An interesting but unexpected result is that these spaces are not topologically

equivalent. Later on, the quasimetrizability of partial metric spaces is discussed.

Chapter 3, focuses on partial metric type spaces as a generalization of metric type
spaces. We define two types of Cauchy sequences, and consequently two types of
completeness are discussed and some fixed point results are presented for these spaces.

A fixed point result for TV S-partial cone metric space is also presented.

The final part, Chapter 4, deals with the study of completeness in symmetric spaces.
In the literature two types of completeness for symmetric spaces are obtained. The
one that deals with completeness using Cauchy sequences [17], [35] and the other one
that deals with completeness without appealing to Cauchy sequences [32], [33]. We
show that a symmetric space that is complete in the sense of [32] and [33] is actually
Cauchy complete and present further properties of symmetric spaces, like products
of complete symmetric spaces and some fixed point results for single-valued maps

and multi-valued maps in the context of complete symmetric spaces.
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Chapter 1

Introduction

In this chapter we provide a background study of metric spaces [47] in Section 1.1,
quasi metric spaces [26] in Section 1.2, partial metric spaces [28] in Section 1.3,
TV S-cone metric spaces [19] in Section 1.4 and TV S-partial cone metric spaces
[48] in Section 1.5. The work presented in this chapter shall be generalized in the
subsequent chapters. Most of the results are taken from the literature and thus are
well-known. Consequently, we shall omit most of the proofs of the results presented

and provide references to guide the reader.

Our notation is fairly standard. For instance, we denote the set of real numbers by
R, the set of positive real numbers by Ry, the set of positive integers by N, and the

set of rational numbers by Q.

1.1 Metric spaces and some fixed point results

References used for metric spaces are [36] and [47].

Definition 1.1.1 Let X be a nonempty set. A map d : X x X — [0,00) is said to
be a metric on X if for all z,y, z € X the following conditions hold:

(i) d(z,y) 2 0;

(i) d(z,y) = d(y, v);



(7i1) x =y iff d(x,y) = 0;
() d(z, z) < d(x,y) + d(y, 2).

The pair (X, d) is called a metric space.

The reader should note that (i7) is called the symmetric property and (iv) is called
the triangle inequality.

Example 1.1.1 [47, Example 1.2.2] Let X = R, define a map d : R x R — [0, 00)
by d(z,y) = |z —y| for all ,y € X. A map d is called the usual(standard) metric
on R. Thus (X, d) is a metric space.

Definition 1.1.2 Let (X, d) be a metric space. Then

(1) a sequence {z,} in (X,d) d-converges to a point x € X if for each ¢ > 0 there

exists an N € N such that d(x,,z) < € for each n > N.

(71) a sequence {z,} in (X,d) is d-Cauchy if for each € > 0 there exists an N € N

such that d(z,, z,,) < € for each m,n > N.

(#7i) a metric space (X, d) is d-Cauchy complete if every d-Cauchy sequence {z,}

d-converges to a point z € X.

Remark 1.1.1 Let (X, d) be a metric space.

() If a sequence {x,} d-converges to a point z € X we shall also write lim,, d(z,, ) =

0 or simply z,, LI

(1) If a sequence {z,} in (X, d) is d-Cauchy we shall also write lim,, ,,, d(x,,, ,,) = 0.

Example 1.1.2 [47, Example 1.2.2] The metric space (X,d) of Example 1.1.1 is

d-Cauchy complete.

Proposition 1.1.1 Let (X,d) be a metric space, {x,} and {y,} be sequences in X
and x € X. If lim, d(z,,z) = 0 and lim,, d(y,,y) = 0, then lim, d(z,, y,) = d(x,y).



Proposition 1.1.2 Let (X,d) be a metric space and {x,} be a sequence in X. If a

sequence {x,} is d-convergent then it is d-Cauchy.

The converse of Proposition 1.1.2 is not necessarily true.

Example 1.1.3 [47, Example 1.4.14 | Let X = (0, 00) be equipped with the usual
metric d. A sequence {z, = %,n > 1} is d-Cauchy but does not d-converge to a

point in X.

Proposition 1.1.3 Let (X,d) be a metric space and {z,} be a sequence in X. If
lim, d(x,,x) = 0 and lim,, d(z,,y) =0, then z = y.

Definition 1.1.3 Let (X, d) be a metric space. Define
Bu(,e) = {y € X+ d(z,y) < ¢}

for all x € X, e > 0. The set By(z, €) is called an open ball with center x and radius
€. The family {Bg4(z,€) : x € X, e > 0} is a base for the topology 7 on X. We denote
by 7(4) the topology induced by d on X.

Definition 1.1.4 A topological space (X, 7) is metrizable if there exists a metric

d on X such that 74 = 7.

It should be observed that every metric space (X, d) is a Ty-space(Hausdorff space).

Definition 1.1.5 Let d; and dy be two metrics on a nonempty set X. Then d; and
dy are equivalent when lim,, d;(z,, x) = 0 if and only if lim,, ds(x,, ) = 0 holds for

a sequence {x,} in X and x € X. If d; is equivalent to dy we will write d; ~ ds.
Next is an example of equivalent metrics on a set X.

Example 1.1.4 [47, Example 1.2.4] Let X = R, dy(z,y) = |z — y| and da(x,y) =
2=l for all 2,y € X. Then d; ~ do.

1+|z—y|




Remark 1.1.2 Let X be a nonempty set, dq, ds and dz be metrics on X. If dy ~ d»
and dy ~ d3 then d; ~ ds.

Definition 1.1.6 Let (X, d) be a metric space and A be a nonempty subset of X.
Then A is bounded if there exists an N > 0 such that d(z,y) < N for all z,y € A.

By reverting back to Example 1.1.4, we see that if (X,d;) is a metric space, by

defining dy : X x X — [0, 00) with dy(z,y) = lifj(fzfl), for all z,y € X, we obtain a

bounded metric space (X, ds) associated with (X, d;). Hence,

Proposition 1.1.4 Every metric space (X, dy) admits a bounded equivalent metric

space (X, dy).

Definition 1.1.7 Let (X, d) be a metric space and T : (X,d) — (X, d) be a map.
Then

(1) T is called a Lipschitzian map if there exists a constant A, where A > 0 such
that d(Tz,Ty) < Ad(x,y) for any z,y € X. Furthermore, the number A\, where
A > 0 is called a Lipschitzian constant. The smallest constant A will be denoted

by Lip(T).

(73) T is called a contraction map if there exists a constant A\, where 0 < \ < 1
such that d(Tz, Ty) < Ad(z,y) for any z,y € X. Furthermore, the number \, where

0 < X\ < 1is called a contraction constant.

(731) a point z € X is said to be a fixed point of T if Tz = x.

It should be noted that from now on, both Lipschitzian maps and contraction maps
considered in the entire thesis are self maps, that is for a map 7' : (X,d) — (X, d),

we require that T'X C X, unless stated otherwise.

Remark 1.1.3 Let T : (X,d) — (X,d) be a map between metric spaces. If T is a

contraction map then it is a Lipschitzian map but the converse is not true.



Example 1.1.5 Let X = R be equipped with the usual metric d. Consider a map
T:(X,d) — (X,d) defined by Tx = 3z for all z € X. Then T is a Lipschitzian map

with a Lipschitzian constant A = 3 but not a contraction.

Definition 1.1.8 Let (X,dx) and (Y, dy) be metric spaces. A map T : (X,dx) —
(Y, dy) between metric spaces is continuous if a sequence {x,} dx-converges to a

point z in X implies that {T'(z,)} dy-converges to a point T'(z) in Y.

Remark 1.1.4 It should be noted that a Lipschitzian map is continuous but a

continuous map may neither be a contraction nor a Lipschitzian.

There are several results on fixed point theory in the literature; we recall only those

that we shall use in the subsequent chapters.

Theorem 1.1.1 Let (X,d) be a d-Cauchy complete metric space and T : (X,d) —
(X,d) be a map. If T"™ is a Lipschitzian map for allm >0 and Y ", Lip(T™) < oo,
then T' has a unique fized point x € X. Moreover, for any x € X the orbit {T"x}

d-converges to x.

Remark 1.1.5 Let (X,d) be a metric space and T : (X,d) — (X,d) be a map.
Note the following:

(7) If T is a Lipschitzian map with a Lipschitzian constant (A > 0), then any iterate

T™ is a Lipschitzian map with a Lipschitzian constant (A" > 0).

(77) A unique fixed point of 7" will also be a fixed point of any iterate 7.

The converse of Remark 1.1.5 (i7) does not necessarily hold; see the example below.

Example 1.1.6 Let X = R, endowed with the usual metric d and T : (X,d) —
(X,d) be defined by T'(x) = 1 — x for all x € X. T is a Lipschitzian map with the

Lipschitzian constant A = 1. T has a unique fixed point at zy = % Furthermore,

T?x = x for all 2 € X. So, 7y = % is a fixed point for T2. Hence, T? : (X, d) — (X, d)

does have a fixed point which is not unique. In this case z; = i is also a fixed point

for 7% : (X,d) — (X, d), but not a fixed point for T": (X, d) — (X, d).



We now present the well-known Banach’s fixed point theorem which plays a funda-

mental role in many applications.

Theorem 1.1.2 Let (X, d) be a d-Cauchy complete metric space and T : (X,d) —
(X,d) be a map. If d(Tx,Ty) < Ad(z,y) for allz,y € X and 0 < X\ < 1, then T has

a unique fized point.

The d-Cauchy completeness of X in Theorem 1.1.2 cannot be removed. Indeed, a
contraction on a metric space which is not d-Cauchy complete may fail to have a

fixed point.

Example 1.1.7 Let X = (1,00) and d be the usual metric on X. Then (X,d) is
not a d-Cauchy complete metric space. Let T : (X, d) — (X, d) be a map defined by

T(zx) = % for all z € X. Then T is a contraction map without a fixed point.

1.2 Quasi metric spaces and their properties

We shall briefly present fundamental properties of quasi metric spaces. Details can

be found in [13], [26] and [44].

Definition 1.2.1 Let X be a nonempty set. A map ¢ : X x X — [0,00) is a quasi

metric on X if for all z,y, 2 € X the following conditions hold:
() q(z,y) = 0;

(i) v =y iff q(z,y) = q(y, ) = 0;

(iid) q(x, z) < q(z,y) + q(y, 2).

The pair (X q) is called a quasi metric space.

Definition 1.2.2 Let (X, q) be a quasi metric space and ¢~ : X x X — [0,00) be
defined by ¢ !(z,y) = q(y,z) for all x,y € X. Then (X,q ') is also a quasi metric
space. We call ¢! the conjugate of ¢ on X. Now define ¢* : X x X — [0,00) by
q*(z,y) = max{q(z,y),q(y,x)}. Then ¢* is a metric on X, see, [44].



Example 1.2.1 [26, Example 1] Let X = R and ¢ : X x X — [0,00) be defined
by q(z,y) = max{z — y,0} for all z,y € X. Then (X, q) is a quasi metric space.
Define ¢! : X x X — [0,00) by ¢ !(x,y) = max{y — z,0} for all z,y € X. Then
(X,q7!) is also a quasi metric space. Furthermore, ¢* : X x X — [0, 00) is given by

q¢*(z,y) = |z —y| for all z,y € X. Note that (X, ¢*) is the standard metric space
on X.

There are many notions related to convergence and completeness in quasi metric

spaces [44]. In the thesis we shall focus on the following:

Definition 1.2.3 Let (X, q) be a quasi metric space. Then

(1) a sequence {z,} in (X, q) ¢-converges to a point = € X if for each € > 0 there

exists an N € N such that ¢(z,,z) < € for each n > N.

(i) a sequence {z,} in (X, q) ¢"'-converges to a point € X if for each ¢ > 0 there

exists an N € N such that ¢~ *(z,,z) < € for each n > N.

(7i1) a sequence {x,} in (X, q) ¢*-converges to a point = € X if for each € > 0 there

exists an N € N such that ¢*(z,,z) < € for each n > N.

(1v) a sequence {z,} in (X, ¢q) is ¢*-Cauchy if for each € > 0 there exists an N € N

such that ¢*(z,, z,,) < € for each n,m > N.

(v) a quasi metric space (X, ¢q) is Cauchy bicomplete if every ¢*-Cauchy sequence

q*-converges to a point x € X.

Throughout the thesis we adhere to the following notation; given a quasi metric space
(X, q) the function ¢* : X x X — [0, 00) is defined by ¢*(z,y) = max{q(z,v), q(y,z)}
for all z,y € X.

Remark 1.2.1 Note that every metric space is a quasi metric space but not every
quasi metric space is a metric space. Therefore the class of quasi metric spaces is

larger than the class of metric spaces.

Remark 1.2.2 Let (X, g) be a quasi metric space. Then



(1) if a sequence {z,} in (X, q) g-converges to a point x € X we shall write lim,, ¢(z,, z) =

0 or simply x, 1.

(i) if a sequence {z,} in (X,q) ¢ '-converges to a point z € X we shall write
-1
lim,, ¢~ (&, z) = 0 or simply z,, — z.

(¢17) if a sequence {z,} in (X, q) is ¢-Cauchy we shall write lim,, ,,, ¢(@p, T,) = 0.
(iv) lim, ¢*(z,, x) = 0 if and only if lim,, ¢(z,,z) = 0 and lim,, ¢(z, z,) = 0.
(v) limy, , ¢* (@, Tm) = 0 if and only if lim,, ,,, ¢(2y, ) = 0 and lim,, ,, ¢(24,, ) = 0.

(vi) a quasi metric space (X, ¢) is Cauchy bicomplete if and only if the quasi metric

space (X, ¢ !) is Cauchy bicomplete.

(vit) a quasi metric space (X, q) is Cauchy bicomplete if and only if the metric space

(X, q") is ¢*-Cauchy complete.
An example of a Cauchy bicomplete quasi metric space is presented below.

Example 1.2.2 [26, Example 1] The quasi metric space (X, ¢) in Example 1.2.1 is
Cauchy bicomplete.

Next is an example of a quasi metric space which is not Cauchy bicomplete.

Example 1.2.3 Let X = (0,1] and ¢ : X x X — [0,00) be defined by ¢(z,y) =
max{z — y, 0} for all z,y € X. The sequence {z, = £,n > 1} is ¢*-Cauchy and does

not converge to a point in X. Then (X, ¢) is not Cauchy bicomplete.

Definition 1.2.4 Let (X, q) be a quasi metric space. Define

By(z,e) ={y € X : q(z,y) < ¢}

for all z € X, e > 0. The set By(x,¢) is called an open ball with the center z and
radius e. The family {B,(z,¢€) : x € X, e > 0} is a base for the topology 7 on X. We
denote by 7, the topology induced by g on X.



Given a quasi metric space (X, q) we see that X is endowed with two topologies

namely, 7, and 7(4-1). Hence, (X, 7y, 7(4-1)) is a bitopological space [45].

Definition 1.2.5 A topological space (X, 7) is quasi metrizable if there exists a
quasi metric ¢ on X that induces the topology 7, such that 7 = 7(4). In this case we

say ¢ is compatible with 7 and that (X, 7) is a quasi metrizable topological space.

Remark 1.2.3 Observe that every quasi metric space (X, q) is a Ti-space [13].

1.3 Partial metric spaces and some Lipschitzian

mappings

Some well-known results and notions on partial metric spaces due to Matthews are
recalled; details can be found in [28] and [29]. We include some proofs for the sake

of completeness.

Definition 1.3.1 Let X be a nonempty set. A map p: X x X — [0,00) is a partial

metric on X if for all z,y, 2z € X, the following conditions hold:

(i) @ =y iff p(z, 2) = p(z,y) = p(y,y);

(ii) p(z,x) < p(z,y);

(iii) p(z,y) = p(y, v);

(iv) p(z, 2) <p(z,y) +p(y, 2) — p(y,y)-

The pair (X, p) is called a partial metric space.

Note that if p(x,y) = 0, then from (i) and (i7) we obtain that x = y. But if z = y,

then p(z,y) is not necessarily zero, that is a partial metric space has nonzero self-

distance property.

Example 1.3.1 [10, Example 1.3] Let X = R{. Define a map p: X x X — [0, 00)
by p(z,y) = max{z,y}, for all x,y € RS. Then (X, p) is a partial metric space. We

can see that p(z, ) # 0, for all z € Ry, hence, p is not a metric on X.

10



Example 1.3.2 [29, Example 3.2] Let X = {[a,b],a,b € R,a < b} and define
p: X x X —[0,00) by p([a,b], [c,d]) = max{b,d} — min{a, c}, for all a,b,¢c,d € X.
Then (X, p) is a partial metric space.

Remark 1.3.1 Let (X, p) be a partial metric space. Note that every metric space
is a partial metric space but the converse is not true as reflected in Example 1.3.1.

Therefore the class of partial metric spaces is larger than the class of metric spaces.

Definition 1.3.2 Let (X, p) be a partial metric space. Then

(1) a sequence {x,} in (X,p) p-converges to a point z € X if lim, p(z,,z) =
p(z, z) = lim, p(z,, z,). This is equivalent to saying that for each € > 0 there exists

an N € N such that p(z,,x) < p(z,z) + € and p(z,, z,) < p(z,x) + € for all n > N.
(1) a sequence {x,} in (X, p) is p-Cauchy if the lim,, ,,, p(z,,, ,,) exists and is finite.

(7i7) a partial metric space (X, p) is p-Cauchy complete if every p-Cauchy sequence

{x,} p-converges to a point = € X.

It is important to note that the limit need not be unique in partial metric spaces.
Before providing an example of a p-Cauchy complete partial metric space, we present

a definition and a remark.

Definition 1.3.3 [43] Let (X, p) be a partial metric space. Then
(i) a sequence {x,} in (X, p) is 0-Cauchy if lim,, », p(z,, xm) = 0.

(1) a partial metric space (X, p) is 0-Cauchy complete if every 0-Cauchy sequence

in X converges to a point z € X and p(x,z) = 0.

Remark 1.3.2 Let a partial metric space (X, p) be a metric space. Then
(1) a sequence {z,} is 0-Cauchy if and only if it is a p-Cauchy sequence in (X, p).

(71) a metric space (X, p) is 0-Cauchy complete if and only if it is a p-Cauchy complete.

We present examples of p-Cauchy complete partial metric spaces.

11



Example 1.3.3 [10, Example 1.3] The partial metric space (X, p) in Example 1.3.1
is p-Cauchy complete.

Example 1.3.4 [10, Example 2.9] Let X = [0,1] U [2,3] and define p : X X X —
[0,00) by
max{z,y} if  (z,y)N[2,3]#0

p(r,y) =

for all z,y € X. Then (X, p) is a p-Cauchy complete partial metric space.

The two examples provide a 0-Cauchy complete partial metric space that is not p-
Cauchy complete. In particular, we show that Remark 1.3.2 does not necessarily

hold in the partial metric space setting.

Example 1.3.5 [43, Page 3] Let X = Q NR{, be endowed with a partial metric
p: X xX — [0,00) defined by p(z,y) = max{z,y}, for all z,y € Q N R;. Then
(X, p) is a 0-Cauchy complete partial metric space which is not a p-Cauchy complete

partial metric space.

Example 1.3.6 [1, Example 2] Let X = (1,00) be equipped with a partial metric
p: X x X — [0,00) defined by p(z,y) = max{z,y}, for all z,y € X. Then (X, p) is

a 0-Cauchy complete but not a p-Cauchy complete partial metric space.

The importance of Definition 1.3.3 can be seen in [43]. It is shown in [43] that

0-Cauchy sequences cannot be replaced by p-Cauchy sequences.

Remark 1.3.3 Let (X, p) be a partial metric space. Then

(1) every 0-Cauchy sequence is a p-Cauchy sequence but not conversely [Example

1.3.5].

(74) a nonzero constant sequence {z,} in (X,p) is a p-Cauchy sequence but not a

0-Cauchy sequence.

(211) every p-Cauchy complete partial metric space is 0-Cauchy complete partial

metric space but the converse does not necessarily hold [Example 1.3.6].

12



We are now ready to provide properties of sequences in partial metric spaces.

Proposition 1.3.1 [14] Let (X, p) be a partial metric space, {x,} and {y,} be se-
quences in X. If {x,} p-converges to x and {y,} p-converges toy, then lim,, p(x,,y,) =

p(z,y).

Proof. Let (X,p) be a partial metric space, {z,} and {y,} be sequences in X.
Suppose that {z,} p-converges to = and {y,} p-converges to y. Then p(z,z) =
lim, p(x, z,) = lim,, p(x,, z,) and p(y,y) = lim,, p(y, y,,) = lim,, p(y,, yn). For n € N,
we have p(zy, yn) < p(zn, ) + p(2,y) + P(Y, yn) — p(z,2) — p(y, y) and

p(x,y) < p(@,20) + p(@n, Yn) + W, ¥) = P> Yn) — D(Tn, ).

Let n — oo. Then lim, p(xy, yn) < p(z, 2)+p(2, y)+p0(y, y)—p(z,2)—D(Y,y) = D(T,Y)
and p(z,y) < p(z, ) +limy, p(xn, yn) + 2y, y) — p(z, ) — p(y, y) = lim, p(@n, ). So,
lim,, p(zn, yn) = p(z,y). O

Proposition 1.3.2 [14] Let (X, p) be a partial metric space and {x,} be a sequence
in X. If {x,} p-converges to z, then {x,} is a p-Cauchy sequence.

Proof. Let (X,p) be a partial metric space and {z,} be a sequence in X such that
{x,} p-converges to z. Then p(z,z) = lim, p(z, z,) = lim, p(x,, z,). For n,m € N,

P(Tn, ) < p(Tn, ) + p(2, 740) — p(z,7) and
p(a:,x) S p(x,xn) +p<xnaxm) +p((13m,13) _p(il:n,%n) _p<xmyxm>-
Let n,m — oo. Then p(z,z) < limy, ., p(2n, ) < p(x,x). So, lim, m, p(Tn, Tm) =

p(z,x), and then {x, } is a p-Cauchy sequence in (X, p). O

Proposition 1.3.3 Let (X,p) be a partial metric space and {x,} be a 0-Cauchy

sequence in X. If {x,} p-converges to x and p-converges to y, then x = y.

Proof. Let {x,} be a 0-Cauchy sequence in a partial metric space (X, p). Suppose
that {z,} p-converges to x and p-converges to y. Then p(z,x) = p(y,y) = 0. For
each € > 0, find N € N such that p(z,,z) < € + p(z,x),p(x,,y) < € + p(y,y) and
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p(Tn, Tn) < €+ p(x,z) for all n > N. Then

p(x,y) < pla,z,) + p(en,y) — p(T,, ).
< 2e+2p(z, z).

= 2e.

So, p(x,y) — p(x,z) < 2¢ for all n > N and since p(x,y) > p(x,x) for all z,y € X
and € > 0 is arbitrary, we conclude that p(z,y) = p(z, x). Hence, p(z,y) = p(z,z) =
p(y,y). Therefore z = y. O

We present Definition 1.1.3 in the partial metric space setting.

Definition 1.3.4 Let (X, p) be a partial metric space. Define B,(x,¢) = {y € X :
p(x,y) < e+ p(z,z),e > 0} for all x € X. The set B,(x,¢) is called an open ball
with center x and radius e. The family {B,(z,€) : © € X,e > 0} is a base for the

topology 7 on X. We denote by 7, the topology induced on X by p.

Remark 1.3.4 Observe that every partial metric space (X, p) is a Ty-space [28].

Lemma 1.3.1 [29] Let (X, p) be a partial metric space. Then g, : X x X — [0, 00)
defined by

b(z,y) = p(z,y) — p(z, )
is a quasi metric on X for all x,y € X. Furthermore, 7(p) = 7(4,)-

Proof. We start by showing that ¢,(z,y) = p(z,y) — p(z, z) is a quasi metric for all
z,y € X. (i) ¢p(z,y) >0 for all z,y € X, since p(z,x) < p(z,y).

(1) Suppose that = y, then g,(x,z) = p(z,z) — p(x,x) = 0. Conversely, suppose
that g,(z,y) = 0. Then p(x,y) — p(x,z) = 0, so, p(z,y) = p(z,z) for all z,y € X.
We know that g,(z,y) = ¢,(y,z) and g¢,(y,x) = p(y,x) — p(y,y) for all z,y € X.
Let ¢,(y,z) = 0,p(y,z) — p(y,y) = 0. Then p(y,z) = p(y,y) for all z,y € X. Hence,
p(z,y) = p(z,z) = p(y,y). Therefore = = .
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(11i) We prove that g,(z, 2) < gy(z,y) + g,(y, 2).

@z, 2) = p(z,z)—plx,x)

IN
=
8
s
+
=
&
I\
~—
|
=
8
a¥
|
=
—~
s
<
~—

= @(@,y) + 4y, 2).
Therefore (X, g,) is a quasi metric space. Next we show that 7(,) = 7).

Suppose that A € 7(,,). Then there exists ¢ > 0 such that B, (r,e) C A for every
v A lfy e By (z,¢) and q,(z,y) <, it follows that g,(z,y) = p(z,y) —p(r,z) < e
We know that p(z,y) < € + p(z,x). Therefore y € B,(z,e) C A. Hence, A € 7).

This implies that 7,y € 7).

Conversely, suppose that A € 7(;,). Then there exists ¢ > 0 such that B,(z,e) C A
for every x € A. If y € B,(x,¢) and p(z,y) < e +p(z,z),p(z,y) — p(x,x) < €. Then
a(z,y) = p(x,y) — p(x, x) < €. Therefore y € By (x,¢) C A. Hence, A € 7(,,). This

implies that 7(,) C 7(,,). Therefore 7(,) = 7(4,). U

Remark 1.3.5 The reader should observe that from Definition 1.2.5, we see that a

partial metric space (X, p), is quasi-metrizable.

Given a partial metric space (X,p), from now on, we shall denote a quasi metric
space by (X, g,) and a metric space obtained from (X, g,) by (X, qy;), see Definition
1.2.2.

Definition 1.3.5 [40] Let X be a nonempty set. A map p: X x X — R is a

dualistic partial metric on X if for all z,y, z € X, the following conditions hold:
(1) =y iff p(z,x) = p(z,y) = p(y,y);

(ii) p(z, x) < p(z,y);

(ii1) p(x, y) = p(y, v);

(iv) p(z, z) < p(e,y) +p(y, 2) = (Y, y)-

The pair (X, p) is called a dualistic partial metric space.
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Theorem 1.3.1 [39] A dualistic partial metric space (X, p) is p-Cauchy complete if
and only if the metric space (X, q;) is q,-Cauchy complete.

Corollary 1.3.1 A partial metric space (X, p) is p-Cauchy complete if and only if

a metric space (X, qy) is q,-Cauchy complete.

Proposition 1.3.4 [16] Let (X,p) be a partial metric space. Then d, : X x X —
[0,00) defined by

p(z,y) whenever xFy
dy(z,y) =

0 whenever x =1,

for all z,y € X is a metric on X. Hence, (X,d,) is a metric space.
Proof. (i) Clearly d,(z,y) = 0 if and only if x = y.
(#7) Since p(z,y) = p(y, z) we get d,(z,y) = d,(y,z) for all z,y € X.

(i77) To show that d,(x, z) < d,(z,y)+d,(y, z) note that dy(x, z) < p(z,2) < p(z,y)+
p(y, z) — p(y,y) and if x # z and = = y, then

dp(z,2) < p(x,2) < pla,y)+ply,2) — oY, y)

= ply,y) +py,2) — p(y,y)

If x # z and y = 2, then

dp(x72> S p(x, Z) S p(:c,y) +p<272) —p(Z,Z)
= p(xay)
= dy(,y).

If © #y # 2, then dy(z,2) < dy(z,y) + dp(y,2). If © = 2, then dy(z,2) =0

IN

O

dy(x,y) +d,(y, z). Therefore (X, d,) is a metric space.
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Theorem 1.3.2 [16] Let (X,p) be a partial metric space. The metric space (X, d,)
is dy-Cauchy complete if and only if the partial metric space (X,p) is 0-Cauchy

complete.

Proof. Suppose that (X, p) is 0-Cauchy complete, and {z,} be a d,-Cauchy sequence
in (X,d,). Without loss of generality assume that z,, # x,, for all n # m. Hence,
dy(xp, ) = p(apn, xy) for all n,m > 1 and lim,, ,, d,(2p, z,,,) = 0. It follows that
limy, ,, p(Tp, ) = 0. Thus {z,} is a p-Cauchy sequence in (X,p). Since (X,p) is
0-Cauchy complete, lim, p(z,,z) = 0 for some z € X. Note that = # x,, for all n.

Therefore lim,, d,(x,,x) = 0. So, (X, d,) is a d,-Cauchy complete metric space.

Conversely, suppose that (X, d,) is d,-Cauchy complete and {x,} be a 0-Cauchy se-
quence in (X, p). Without loss of generality assume that x,, # x,, for all n # m. Then
P(Tny ) = dp(T, Ti) for all n,m > 1. So, lim,, , dpp (T4, Tr) = UMy, 4, (@, ) = 0.
Hence, {z,} is a d,-Cauchy sequence in (X, d,). Since (X, d,) is d,-Cauchy complete,
there exists © € X such that lim, d,(x,, ) = 0. Thus lim,, p(z,, z) = 0 and so, (X, p)

is a 0-Cauchy complete partial metric space. 0

Definition 1.3.6 Let (X, p) be a p-Cauchy complete partial metric space and T :
(X,p) = (X,p) be a map. Then

(1) T is called a Lipschitzian map if there exists a constant A, where A > 0 such
that p(Tx,Ty) < Ap(z,y), for any z,y € X. Furthermore, the constant A\, where
A > 0 is called a Lipschitzian constant. The smallest constant A will be denoted

by Lip(T).

(73) T is called a contraction map if there exists a constant A, where 0 < A\ < 1
such that p(Tz, Ty) < Ap(z,y), for any =,y € X. Furthermore, the constant A, where

0 < X\ < 1 is called the contraction constant.

(7i1) a point z is said to be a fixed point of T if Tx = z.

Definition 1.3.7 Let (X,px) and (Y,py) be partial metric spaces. A map T :
(X,px) — (Y, py) between partial metric spaces is continuous if a sequence {z,}

px-converges to a point z in X implies that {T'(x,)} py-converges to a point T'(x)

17



inY.

Remark 1.3.6 Let T: (X,p) — (X, p) be a map between partial metric spaces.

(1) If T is a contraction map then it is a Lipschitzian map but the converse is not

true.

(74) Any contraction map and a Lipschitzian map is continuous, but a continuous

map may neither be a contraction nor a Lipschitzian.

Theorem 1.3.3 [28] Let (X,p) be a p-Cauchy complete partial metric space and
T : (X,p) — (X,p) be a map. If p(Tx,Ty) < Ap(x,y) for any z,y € X and
0< A< 1, then T has a unique fixed point.

Proof. Suppose that T': X — X is a contraction in a p-Cauchy complete partial
metric space with partial metric p : X x X — [0,00), and that 0 < A < 1 is such
that for all z,y € X, p(T(y), T(x)) —p(T(z), T(x)) < Mp(y,x) —p(x,z)). Let x € X
and {z,} € X for all n € N be such that {z,} = T"(x) for all n.

We first show that {z,} is a p-Cauchy sequence. T(Z, 2, ZTni1) — T(Tpi1, Tni1) <
MT (zpi1,20) — T(2p, x,)). Therefore for all n > 0. T(zp10, Tni1) — T(ni1, Tny1) <
N T (2, 2) — T(20,70)). For all n,m > 0.

T(:En—i-m—‘rl» xn>_T(5En7 xn) S T(xn—l—m—‘rl» xn—&-m)_T(xn—&—ma xn+m)+T(l’n+m7 an)—T(l'n, xn)

< )\"+m(T(JI1, xo) — T(x0,20) + T(Tpym, Tn) — T(zp, x,)).

Therefore for all n,m > 0,

T(Trsmets Tn) — T(Tn,y2y) < (N + 0+ X)) (T4, 20) — T(20, 70))
= MO (0, m0) - o, m0)

AT
(1=24)

(T(Il, ZL'()) — T(ZL‘[), [Eo))
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Thus, {x,} is a p-Cauchy sequence, since (X,p) is p-Cauchy complete and {z,}

p-converges to z* € X.

We now show that x* is a fixed point of 7. Choose € > 0, then as {x,} p-converges

to z* we can find m > 0 such that, for all n > m. p(z*,2,,) — p(zn, 2,) < 55 and

€

p(xn, %) — p(a*, 2*) < 5. Thus for all n > m.

p(T(z"), ") = p(a®,2") < p(T(x7), 2n41) = pTnt1; Tnsr) + P(Tnsr, 27) — pla”, 27)
S )‘(p(x*’xn> - p<xm xn)) —|—p(xn+1,x*) - p(x*,x*)
€ €
A
< AT T
= e
Thus, as € is arbitrary, p(T'(z*), z*) = p(z*, x*) (1)

Similarly, for all n > m.

IA

p(T(a"),2") = p(T(2"), T(2") < p(T(2"), @nt1) = p(@ns1, Tntr) + p(ni, 27)

—p(T(z7),T(x"))
= (p(T@"), #ny1) = p(T(27), T(27))) + p(Tn 41, 27)

—P(Tpi1, Tpg1)
€

< Ap(z*,x,) — p(a*, z*) + T

€ )+ €
14+ A 1+A

< X

Thus, as € is arbitrary, p(T'(z*), 2*) = p(T'(2*), T(x*)). By property (i) of Definition
1.3.1 and (1) we have z* = T'(z*) and so, T has a fixed point. We now show that z*
is unique. Suppose that y* € X and y* = T'(y*), then
p(*y") —ply"y") = p(T("),T(y") —p(T(y), T(y"))
< Ap(@®y") = py", y).
Therefore p(z*,y*) — p(y*,y*) = 0 as 0 < X\ < 1. Similarly, p(y*, z*) — p(z*, 2*) = 0.
Therefore x* = y*. 0
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Theorem 1.3.4 [28] Let (X,p) be a p-Cauchy complete partial metric space and
T : (X,p) = (X,p) be a map. If T" is a Lipschitzian map for all n > 0 and
Yoot o Lip(T™) < oo, then T has a unique fized point x € X. Moreover, for any
z € X, the orbit {T"x} p-converges to .

1.4 Properties of T'V S-cone metric spaces

In what follows we recall basic properties of T’V .S-cone metric spaces and refer the
reader to [8], [12] and [19] for more details. In this section by (X, o) we refer to
(X, P, E,0) where X is a nonempty set, E is a normed topological vector space,

P is a normal cone in E with normal constant K and o is a T'V S-cone metric on X.

Definition 1.4.1 [15] A topological vector space (T'V S) E is a vector space over
a topological field K that is endowed with a topology such that the vector addition

and scalar multiplication are continuous functions.

A subset P of a topological vector space (T'V.S) E is called a cone if

(1) P is closed, nonempty and P # {0}, here 0 is the zero vector in F;

(7i) a,b € R,a,b >0 and x,y € P, then azx + by € P;

(7i1) both z € P and —x € P then z = 0.

Given a cone P in E a partial ordering < on E via P is defined by z < y if and
only if y —x € P for x,y € E. We write x < y to indicate that x < y but = # y
while x << y will stand for y — x € int(P) where int(P) denote the interior of
P in the norm topology on E. The cone P in E is called normal if there exists a
constant K > 0 such that for all a,b € F,0 < a < b implies ||a|| < K||b||, where

[| ]| : E— [0,00) is a norm on E. We will always assume that a topological vector

space E has a norm on it.

Example 1.4.1 Let E=R* X =R and P = {(z,y) : > 0,y > 0} be a subset of

X. Equip R with the usual norm || - ||. Then P is a normal cone in F with constant
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K =1

Definition 1.4.2 A TV S-cone metric space is an ordered pair (X, o) where X
is a nonempty set, E is a topological vector space, P be a normal cone in F and

o : X x X — F is a map satistying for all z,y, z € X:

(1) 0 2 o(x,y);

(i) o(x,y) =0 iff x = y;

(iii) o(z,y) = o(y, z);

() o(x,z) 2 o(x,y) + oy, 2).

Example 1.4.2 [19, Example 1] Let E = R?, where E is equipped with the usual
norm || - ||, P ={(z,y) € E,2,y >0} CR* X =R and 0 : X X X — E be defined

by o(x,y) = {|ly — z|,aly — |} for all z,y € X, where @ > 0 is a constant. Then

(X,0) is a TV .S-cone metric space.

Definition 1.4.3 Let (X,0) be a TV S-cone metric space. Then

(1) a sequence {x,} in (X, o) o-converges to a point = € X if for each ¢ € int(P)

there exists an N € N such that o(z,,x) << ¢ for each n > N.

(17) a sequence {z,} in (X, o) is o-Cauchy if there exists an a € P such that for

every € > 0 there is a natural number N such that m,n > N, ||o(zn, ) — a]| <.

(7i1) a TV S-cone metric space (X, o) is o-Cauchy complete if every o-Cauchy

sequence in X o-converges to a point z € X.

Remark 1.4.1 Let (X,0) be a TV S-cone metric space and {z,} be a sequence
in X. If a sequence {x,} is o-convergent to a point x € X we shall also write

lim,, o(z,,z) = 0 or simply x, ..
We present examples of a o-Cauchy complete T'V .S-cone metric space.

Example 1.4.3 [19, Example 1] The TV S-cone metric space (X,o) in Example
1.4.2 is 0-Cauchy complete.
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Example 1.4.4 [42, Example 9.2] Let F = R? be equipped with the usual norm.
P={(z,y) € E,x,y >0} CR* X = Pand 0: X x X — F be defined by

r+y if  x#y
0 if rT=1y

o(z,y) =
for all z,y € X. Then (X, 0) is a 0-Cauchy complete TV S-cone metric space.

Definition 1.4.4 Let (X, o) be a TV S-cone metric space. Define B,(z,c) = {y €
X :o(z,y) << ¢} for all x € X,0 << c¢. The set B,(z,c) is called an open ball
with center x and radius c¢. The family {B,(z,c) : x € X, ¢ >=> 0} is a base for the

topology 7 on X. We denote by 7, the topology induced by o on X.
We now present some properties of sequences in a 7'V S-cone metric space.

Proposition 1.4.1 [19] Let (X, 0) be a TV S-cone metric space, P be a normal cone
in E with normal constant K, {x,} and {y,} be sequences in X. If lim,, o(x,,z) =0

and lim,, o(y,,y) = 0, then lim, o(z,,y,) = o(x,y).

Proof. Let (X,0) be a TV S-cone metric space, P be a normal cone in E with
normal constant K, {z,} and {y,} be sequences in X such that lim, o(z,,z) = 0

and lim,, 0 (y,,y) = 0. Then for every € > 0 choose ¢ € E, ¢ > 0 and ||c|| < 755.

Since lim,, (2, ) = 0 and lim,, 0(y,,y) = 0 there exists an N € N such that for all
n > N,o(x,,x) << c and o(y,,y) << c¢. We have
0(Znyym) 2 0(2n, ) +0(z,y) + 0(y, yn)

= o(x,y) + 2c.

Similarly,
olz,y) = o(z,2) +0(Tn, Yn) + 0(Yn,y)
= o(Tp,Yn) + 2¢.
Hence, 0 < a(z,y) + 2¢ — o(xy, y,) = 4c and

o (@n,un) — o(z,9)l| < lo(z,y) +2¢ = o (@n, ya)l| +[|2¢]|

< (4K +2)||c]|

A\

€.
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Therefore lim,, o(z,,y,) = o(z,y). O

Proposition 1.4.2 [19] Let (X,0) be a TV S-cone metric space and {x,} be a se-

quence in X. If lim,, o(z,,z) = 0, then {x,} is a o-Cauchy sequence.

Proof. Let (X,0) be a TV S-cone metric space and lim,, 0(z,,2) = 0. Then for any
c =» 0,c € E there is an N € N such that for all m,n > N,o(z,,r) << § and

o (2, r) << 5. Hence,

o(p,xm) =X o(zp,z)+o(z,x,)

<< S48
2 2
<< c
Therefore {x,} is a o-Cauchy sequence. O

Proposition 1.4.3 [19] Let (X, 0) be a TV S-cone metric space, P be a normal cone
in a normed topological space E with normal constant K and {x,} be a sequence in
X. If lim,, o(x,, x) = 0 and lim,, o(z,,y) = 0, then x = y.

Proof.  Suppose that (X,o0) is a TV S-cone metric space, P be a normal cone
in a normed topological space E with normal constant K, lim, o(z,,x) = 0 and
lim, o(xy,y) = 0. Then for any ¢ € E, ¢ >=> 0, with 2K]||c|| < ¢, there is an N € N

such that for all n > N, o(x,,z) << c and o(z,,y) << c. Hence,

o(z,y) 2 own, ) +0(rn,y)

< 2c.

We have ||o(z,y)|| < 2K]||c||. Since ¢ is an arbitrary then o(z,y) = 0. Therefore x =
Y. U

Lemma 1.4.1 [12] Let (X,0) be a TV S-cone metric space. Then d : X x X —
[0,00) defined by

d(x,y) = inf{||u||,u € P:o(z,y) Ju,z,y € X},
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15 a metric on X.
Proof. (i) Clearly d(x,y) > 0 for all z,y € X.

(71) To prove that d(z,y) = d(y, z) for all x,y € X. We know that o(z,y) = o(y, x)
for all z,y € X. It follows that for all z,y € X, d(z,y) = d(y, z).

(zi1) If d(x,y) = inf{||ul|,u € P : o(z,y) X u,z,y € X} = 0, then for each n € N

there exists u, € P, o(z,y) < u, such that |[u,|| < I. Since o(z,y) = u, and

u, — 0 as n — oo, by Proposition 1.4.3 we have 0 = o(z,y) which implies that

o(z,y) € PN (—P). Hence, o(z,y) =0 and = = y.

(1v) Now we prove that d(z, z) < d(z,y) + d(y, z) for all z,y, 2z € X. In fact, let
d(z, z) = inf{||u]| : o(x, 2) 2 uy,uy € P},

d([L‘,y) = Hlf{”UQH : O'([E,y) = U, Uz € P}7
d(y,z) = inf{||us|| : o(y, z) 2 us,us € P}.
Since ug, uz € P, we have o(x,y) = uz,0(y, z) = us. Now

o(z,2) 2 o(x,y)+o(y,=2)

=< Uo + Us3.

So, {us +ug € P :o(z,y) X ug,0(y,2) 2 us} C {uy € P:o(x,2) < uy} which
implies that inf{||u|| : o(z,2) < ur} < inf{||lug + us|| : o(z,y) = ug,0(y,z) < us}.
Note that inf{||us + us|| : o(z,y) S us,0(y, 2) 2 us} < inf{||us|| + ||lus]| : o(z,y) =
ug,0(y, 2) 2 ug}t = inf{||usl| : o(x,y) = us,up € P} + inf{||us|| : o(y,2) < us,us €
P}. Thus, inf{||ui]| : o(z,2) = up,uy € P} < inf{||us|| : o(z,y) = us,us € P} +
inf{||us|| : o(y,2) = uz,us € P}. That is

d(z,z) < d(x,y+d(y,2).

By (), (i7), (7i7) and (iv), d is a metric on X. O

Next, the notion of equivalent TV S-cone metrics (Definition 1.1.5) is presented.



Definition 1.4.5 Let E, E be normed topological vector spaces, o1 : X x X — E
and 0y : X x X = E be two TV S-cone metrics on a nonempty set X. Then o, and
09 are said to be equivalent if a sequence {z, } o;-converges to x if and only if {z,}
oo-converges to x for a sequence {z,} in X and z € X. If 07 is equivalent to oy we

will write o1 ~ 09.

Remark 1.4.2 Let X be a nonempty set, o1, 09 and o3 be T'V S-cone metrics on X.

If 04 ~ 09 and o9 >~ 03, then o1 ~ 03.

Theorem 1.4.1 [8] Let (X,0) be a TV S-cone metric space, P be a normal cone
with normal constant K and (X,d) be a metric space, where d : X x X — [0,00) is
defined by

d(z,y) = inf{||u||,u € P:o(x,y) [ u,z,y € X}

on X. Then for every TV S-cone metric o : X x X — FE there exists a metric

d: X x X —[0,00) such that d ~ o on X.

Proof. By Lemma 1.4.1, d is a metric on X. Suppose that {z,} d-converges to
a point x in (X,d). Then lim, d(x,,z) = 0. For each ¢ »=> 0 there exists ¢ > 0
such that K||c|| < €, where K is a normal constant. Since d(z,,z) = inf{||unm]| :

0(xp, ) X Upp } for all n,m € N, then there exists u,,, such that

1
|| < d(@n, ) + —,  0(2p, T) = U,
m
Let v, = Upy. Then |v,]] < d(zy,2) + L, (n — o0) and o(zy, ) =< v,. Now if z,
d-converges to a point = in (X, d) then lim, d(z,,z) = 0 and v, d-converges to 0.
Therefore for all ¢ => 0 there exists an N € N such that v,, << ¢ for all n > N.

This implies that o(x,,x) << ¢ for all n > N. That is, lim,, o(x,,x) = 0.

Conversely, for every real € > 0 choose ¢ € E with ¢ => 0 and ||¢|| < €. Then
there exists an N € N such that o(x,,x) << ¢ for all n > N. This means that
for all € > 0 there exists an N € N such that d(z,,z) < ||¢|| < € for all n >
N. Therefore lim, d(x,,x) = 0 as n — oo, so, {z,} d-converges to z in (X,d).

O
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An example to support Theorem 1.4.1 is presented below. For more examples the

reader should consult [8].

Example 1.4.5 [8, Example 2.3] Let £ = R? be equipped with the usual norm,
X=R,P={(r,y) € E,z,y >0} CR* a € P,a# Owith [|a]| =1land o : X x X —
E be defined by

a if x#y

0 if rT=1y

o(z,y) =

for all x,y € X. Then o is a TV .S-cone metric on X and its equivalent metric

d: X x X —[0,00) is defined by

1 it z#y
0 if xz=y

d(z,y) =

for all z,y € X. Note that d is a discrete metric on X. Hence, 7(,) is a discrete

topology on X.

We discuss the relationship between o-Cauchy sequence in a T'V S-cone metric space

(X,0) and d-Cauchy sequence in a metric space (X, d).

Lemma 1.4.2 [12] Let (X,0) be a TV S-cone metric space and (X,d) be a metric

space where d : X x X — [0,00) is defined by
d(z,y) = nf{[[ul|,u € P:o(z,y) Ju,z,y € X}

on X. Then {x,} is d-Cauchy in (X,d) if and only if it is o-Cauchy sequence in
(X, 0).

Proof. Suppose that {x,} is a d-Cauchy sequence in a metric space (X, d). For any
¢ >=> 0 there exists € > 0 such that ¢+ B(0,¢) C P. Note that {z,} is a d-Cauchy
sequence, there is N € N such that d(z,,r,,) < { for m,n > N, that is

€

d(xp, ) = inf{||ul| : o(Tp, zm) S u,u € P} < 1

for all n,m > N. Hence, there exists v € P, ||v|| < § such that o(zy, z,,) = v. Note
that ¢ — v € int(P), thus o(x,, x,) = u << ¢ for m,n > N, which implies {z,} is a

o-Cauchy sequence of (X, o).
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Conversely, suppose that {z,} is a o-Cauchy sequence in a TV S-cone metric space
(X,0). Given ¢ == 0 and a positive number § > 0, there is K > 1 such that || || < 0.
Noting that % > 0 and {z,} be a 0-Cauchy sequence in (X, o), there exists N € N

such that for all m,n > N we have o (2, 2,) << . Hence,

d(.ﬁEn,IL’m) = lnf{HuH : U(l’n,l'm) = u} < @ <9

for all m,n > N, which implies that {z,} is a d-Cauchy sequence in (X, d). U
By virtue of Lemma 1.4.2 and Theorem 1.4.1 we immediately have the next theorem.

Theorem 1.4.2 [12] Let (X,0) be a TV S-cone metric space and (X, d) be a metric
space, where d : X x X — [0,00) is defined by

d(z,y) = inf{{|ul|,u € P:o(z,y) Ju,z,y € X}

on X. Then (X,d) is d-Cauchy complete if and only if (X, o) is o-Cauchy complete.

Definition 1.4.6 Let (X, o) be a T'V.S-cone metric space and T : (X,0) — (X, 0)
be a map. Then

(1) T is called a Lipschitzian map if there exists a constant A, where A > 0 such
that o(Tx, Ty) < Ao(x,y) for any =,y € X. Moreover, the constant A, where A > 0
is called a Lipschitzian constant. The smallest constant A will be denoted by

Lip(T).

(73) T is called a contraction map if there exists a constant A, where 0 < A < 1
such that o(Tz, Ty) =< Ao(z,y) for any =,y € X. Moreover, the constant A, where

0 < X\ < 1is called a contraction constant.

(7i1) a point z € X is said to be a fixed point of T if Tz = x.

Definition 1.4.7 Let (X,0x) and (Y, 0y) be TV S-cone metric spaces. A map 7T :
(X,0x) — (Y,0y) between TV S-cone metric spaces is continuous if a sequence
{z,} ox-converges to a point x in X implies that {T'(z,)} oy-converges to a point

T(xz)inY.
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Theorem 1.4.3 [19] Let (X, 0) be a o-Cauchy complete TV S-cone metric space, P
be a normal cone in E with normal constant K. Suppose that a map T : (X,0) —
(X, 0) satisfies the contraction condition o(Tx,Ty) < Ao(z,y) for some A € (0,1)
and x,y € X. Then T has a unique fized point in X. And for any x € X iterative

sequence lim, o(T"z,z) = 0.

Proof. Let (X,0) be a o-Cauchy complete TV S-cone metric space, P be a normal

cone in F with normal constant K. Choose zqg € X, and 21 = Txg, 20 = Tx1 =

T?xg, ..., 0 = Ta, = T axg, ... Then we have
o(Tps1,xn) = o(Tx,, Tr, 1)
=< Ao(Tp, Tn_1)
< No(2p_1,Tn_2)
=
=< Nlo(zy,xp).

So, for n > m,

O-(xnv xm) j U(tfn; xn—l) + U<xn—17 xn—Q) + ...+ O-(xm+17 ‘rm)
< (AR Ao (g, 20)
P
=< . )\0($1,x0).

Then we get ||o(2y, 2n)|| < 25 K| (21, xo)||. This implies that limy, m, 0(2,, ) =
0. Hence, {z,} is a o-Cauchy sequence. Since X is o-Cauchy complete there exists

x* € X such that lim, o(x,,z*) = 0. Hence,

o(Tz*,z*) = o(Txy, Tx") 4+ o(Txy,x")

= Ao(zp, %) + o(Tpgq, 7).

So,
lo(Tz", 2")|| < K(Allo(zn, 27)|| + [|o(2ns1, 27)|])

and

KAllo(zn, )| + [lo(zn41, 27)[]) = 0
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as n — oo. Hence, ||o(Tx*,z*)|| = 0. This implies that Tz* = z*. So, z* is a fixed
point of 7. Now if y* is another fixed point of T, then o(z*,y*) = o(Tx*, Ty*) =<
Ao (z*,y*). Hence, ||o(z*,y*)|| = 0 implies that o(z*,y*) = 0 for all z*,y* € X. By
condition (#7) of Definition 1.4.2 it follows that z* = y*. Therefore the fixed point of T’

is unique. 0

Example 1.4.6 [19, Page 8] Let £ = R?, be equipped with the usual norm, P =
{(z,y) eR*: 2,y >0} and X = {(z,0) e R0 <z <1} U{(0,z) e R*|0 <z < 1}.
Define 0 : X x X — E by

7((2,0), (5:0) = (5 = vl |o = o),

7((0,2), 0.9) = (|2 = ul, 510 — o),

2

7((2,0), 0,9)) = o((0,1),(2,0)) = (52 + 9,2+ 50

for all z,y € X. Then (X, 0) is a 0-Cauchy complete TV S-cone metric space. Define
a mapping T : (X,0) — (X,0) by T(z,0) = (0,z) and T7(0,z) = (3,0). Then T
satisfies the contractive condition o((T'z1, Tz2), (Ty1, Ty2)) = Ao((z1,x2), (y1,Y2)),
for all (z1,22), (y1,42) € X, with A = 2 € [0,1). Furthermore, T has a unique fixed

point (0,0) € X and it is not contractive.

Theorem 1.4.4 [12] Let (X,0) be a o-Cauchy complete TV S-cone metric space,
T:(X,0) = (X,0) be a map and d : X x X — [0,00) be a metric defined by

d(z,y) = inf{|[u]| : o(z,y) R u,u € P,z,y € X}

on X. If o(Tx,Ty) < Ao(x,y) for some X € (0,1) and x,y € X, then d(Tz,Ty) <
Md(z,y) for all z,y € X and X € (0,1).

Proof. Suppose that T': (X,0) — (X, 0) is a contraction. Let v € P,o(x,y) < v

and ||u,|] <wv for z,y € X,n > 1. Then

o(Tx, Ty) < Ao(z,y) < \v
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for all x,y € X, A € (0,1). Since { v : o(z,y) <v,v € P} C{u:0(Tx,Ty) 2 u,u €
P}. Then

d(Tz,Ty) = inf{||u]|:0(Tz,Ty) < u,u € P}
< inf{||M|| : o(z,y) < v,v € P}
= Ainf{||v|| : o(x,y) 2 v,v € P}

= Ad(z,y).

Therefore d(Tx, Ty) < Md(z,y) and T : (X,d) — (X, d) is a contraction. O

Theorem 1.4.5 [12] Let (X,0) be a o-Cauchy complete TV S-cone metric space,
T:(X,0) = (X,0) be a map and d : X x X — [0,00) be a metric defined by

d(z,y) = nf{||ul| : o(z,y) Ju,u € P,y € X}

on X. If T : (X,0) = (X,0) has a fized point, then T : (X,d) — (X,d) has a fized

point.

Proof. Let (X,0) be a o-Cauchy complete TV S-cone metric space, and for T :
(X,0) = (X, 0) we have o(Tx,Ty) < Ao(z,y), where A € (0,1). Then T": (X,0) —
(X, 0) has a fixed point. Let x be a fixed point for T. Then it follows that T": (X, d) —
(X, d) has a fixed point. O

1.5 TV S-partial cone metric spaces and their prop-

erties

Some well know fundamental results and notions of T'V S-partial cone metric spaces
are presented in this section. We refer the reader to [11] and [48]. Note that by (X, 0,,)
we refer to (X, P, E,0,) where X is a nonempty set, £ is a normed topological
vector space, P is a normal cone in E with normal constant K and o, is a TV S-

partial cone metric on X. We begin with:

30



Definition 1.5.1 [48] Let X be a nonempty set. A map o, : X x X — E is called

TV S-partial cone metric on X if for all z,y, 2 € X, the following conditions hold:
(1) e =y iff op(z,y) = op(z,2) = 0,(y,y);

(ii) op(z,y) = op(y, z);

(iid) op(x, ) = 0p(2, y);

(i) op(z, 2) 2 op(x,y) + 0p(y, 2) = op(y, y).

The pair (X, 0,) is called a partial cone metric space.

A TV S-cone metric space is necessarily a T'V S-partial cone metric space, but the

converse does not necessarily hold, see the upcoming example:

Example 1.5.1 [20, Example 2] Let £ = C[0,1] with the norm ||u|| = ||us|| +
[|t/||c and X = P ={u € E :u(t) > 0,¢ € [0,1]}. Define a map 0, : X x X — E by

x if x=y
O'p(x7 y) = )
x+1y otherwise

for all z,y € X. Then o0, is a TV .S-partial cone metric, but not a 7'V S-cone metric

since o, (z, x) # 0, for some x € X with « # 0.

Remark 1.5.1 Let (X, 0,) be a TV S-partial cone metric space. Then the class of

TV S-partial cone metric spaces is larger than the class of TV S-cone metric spaces.

Definition 1.5.2 Let (X, 0,) be a TV S-partial cone metric space. Then

(7) a sequence {z,} in (X, 0,) o,-converges to a point x € X if for each ¢ € int(P)
there exists an N € N such that o,(z,,z) << o,(x,2) + ¢ and op(z,, x,) <<

op(x,x) + ¢ for each n > N.

(77) a sequence {x,} in (X, 0,) is 0,-Cauchy if there exists an a € P such that for

every € > 0 there is a natural number N such that m,n > N, ||o,(n, xm) — a|| < e

(17i) a TV S-partial cone metric space (X, 0,) is 0,-Cauchy complete if every o,-

Cauchy sequence in X o,-converges to a point z € X.
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Remark 1.5.2 In [48] a sequence {x,} in (X, 0,) is defined to o,-converge to x € X
if lim,, o, (z,,, ) = 0,(x, x). It is also mentioned that o, (z,, v) — o,(x, x) implies that

0p(Tn, Tn) — 0p(x, x). This is not true in general see the following example.

Example 1.5.2 Let X = [0,00),F = X,P = {x € X : xz > 0}, and define
o, : X x X — P by o,(z,y) = max{z,y} for all z,y € X. A sequence {z, =
—5,n > 1} in (X, 0,) o,-converges to x = 2, per definition in [48](Remark 1.5.2).
Clearly lim,, 0, (2, ) = o,(x, x) and lim, 0,(x,, x,) # op(x,2). So, {x,} does not
op-converge to o = 2, using Definition 1.5.2. Note that according to Definition 1.5.2

(1) we have lim,, 0,(xp, z,) = 0,(x, x) = lim,, 6,,(z,,, x), where z = 0. Therefore {z,}

o,-converges to 0.

Remark 1.5.3 The reader should note that with Definition 1.5.2 (i) a sequence
{z,} in a TV S-partial cone metric space (X,0,) can o,-converge to at most one

point.

Next is an example of a 0,-Cauchy complete 7'V S-partial cone metric space.

Example 1.5.3 [48, Example 1] Let E = R?, be equipped with the usual norm,
X =R{,P={(x,y) € E,z,y >0} and g, : X x X — F be defined by o,(z,y) =
(max{z,y}, amax{z,y}) for all z,y € X, where a > 0 is a constant. Then (X, 0,)

is a 0,-Cauchy complete 7'V S-partial cone metric space.

Definition 1.5.3 Let (X,0,) be a TV S-partial cone metric space. Then
() a sequence {z,} in (X,0,) is 0-Cauchy if lim,, ,, 0,(z,, T.m) = 0.

(27) a TV S-partial cone metric space (X,o0,) is 0-Cauchy complete if every 0-

Cauchy sequence in X o,-converges to a point € X and o,(x,x) = 0.

Remark 1.5.4 Let (X,0,) be a TV S-partial cone metric space. If (X,0,) is 0,

Cauchy complete then this implies that it is 0-Cauchy complete, but not conversely.
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Next is an example of 0-Cauchy complete TV S-partial cone metric space which is

not a o,-Cauchy complete 7'V S-partial cone metric space.

Example 1.5.4 Let E = R?, be equipped with the usual norm, X = Q N[0, c0),
P = {(z,y) € E,z,y > 0}. Then P is normal with normal constant K = 1. Let
o, X x X — E be defined by o,(z,y) = (max{z,y}, amax{x,y}) for all z,y € X
where a > 0. Then (X,o0,) is 0-Cauchy complete T'V S-partial cone metric space

which is not o,-Cauchy complete.

Remark 1.5.5 It worth noting that if a 7'V S-partial cone metric space (X, 0,) is
a TV S-cone metric space, then a sequence {z,} is 0-Cauchy if and only if it is
o,-Cauchy in (X, 0,). Furthermore, a TV S-cone metric space (X, 0,) is 0-Cauchy

complete if and only if it is o-Cauchy complete.

The proof of the following two results use o,-convergence as in [11] (Remark 1.5.2).
Note that since o,-convergence as in Definition 1.5.2 implies o,-convergence as in
[11] (Remark 1.5.2). Therefore the following two results also hold when Definition
1.5.2 (7) is used.

Proposition 1.5.1 [11] Let (X, 0,) be a TV S-partial cone metric space, where P is
a normal cone in E with normal constant K, {x,} and {y,} be sequences in X. If

{z,,} o,-converges to x and {y,} o,-converges to y, then lim, o,(x,, yn) = op(z, y).

Proof. Let (X,0,) be a TV S-partial cone metric space, P be a normal cone in F
with normal constant K, {z,} and {y,} be sequences in X. Suppose that {z,} o,

converges to x and {y, } o,-converges to y. Then for every e > 0 choose ¢ € E, ¢ >> 0

and ||c|| < 55 Since {z,} o,-converges to z and {y,} o,-converges to y then
there exists an N € N such that for all n > N,o,(z,,z) << ¢+ oy(z,z) and

0p(Yn,y) << ¢+ 0,(y,y). We have for all n > N,

O-p(xn7 yn) j Up(zna ZL’) + Up([)ﬁ', y) + Up(y7 yn) - O-P(x> $) - Up(ya y)

< op(z,y) + 2c.

33



Similarly,

op(z,y) =2 0p(®,20) + 0p(T0, Yn) + 0p(Yns YY) — 0p(Tn, Tn) — 0p(Yns Yn)

= op(Tn, yn) + 2¢.

Hence, for all n > N, 0 < 0,(x,y) + 2¢ — 0,(zy, yn) = 4c and so, for n > N,

llop(@n, yn) = op(@, 9l < lop(,y) +2¢ = oy (@0, ya) || + []2¢]]

< (4K 4 2)]f]]
< €
Therefore lim,, 0, (2, yn) = 0p(,y). 0

Proposition 1.5.2 [11] Let (X,0,) be a TV S-partial cone metric space, P be a
normal cone in E with normal constant K and {x,} be a sequence in X. If {x,}

o,-converges to x, then {z,} is a o,-Cauchy sequence.

Proof. Let (X,0,) be a TV S-partial cone metric space, P be a normal cone in E
with normal constant K and {z,} be a sequence in X that o,-converges to a point
z € X. Then for any € > 0 choose ¢ >=> 0,c € E with K||c|| <€, there isan N € N
such that for all m,n > N,op(z,, 7) << § +0p(7, 7) and 0,(Tm, ) << § +0p(2, 7).

Then for any n,m > N

Op(Tns ) = 0p(Tn, @) + 0p(T, T1) — 0p(2, )
c ¢
= 5 + 5 +o,(x,x)
< c+op(z, ).

So, ||op(@n, Tm) — op(z, x)|| < K||c|| < e. Therefore {x,} is a o,-Cauchy sequence.

The proof is complete. U

Proposition 1.5.3 Let (X,0,) be a TV S-partial cone metric space, P be a normal
cone in E with normal constant K, {x,} be a 0-Cauchy sequence in X and x,y € X.

If {z,,} o,-converges to = and o,-converges to y, then x = 1.



Proof. Suppose that (X, 0,) is a TV S-partial cone metric space, P be a normal cone
in F with normal constant K and {z,} be a 0-Cauchy sequence in X. Suppose that
{z,,} o,-converges to x and to y. Then o,(z,z) = 0,(y,y) = 0. Forany c € E, ¢ >=> 0,
such that, 2K]||c|| < € there is an N € N such that for all n > N,o,(z,,z) <<

c+op(x,x),0p(Tn,y) << c+0,(y,y) and o, (2, x,) << c+0,(z,z). So, for n > N

Op([E, y) = O-p<x’ xn) + O-p(l‘na y) - O-p(l‘na xn)
= cHop(x,2) + c+ oy, ) — oy, 20)
= 2c+20,(z,2)

2c

llop(z, y)l| < 2K]|d|

< €.

So, o,(x,y) = 0. This implies that o,(z,y) = o,(z,2) = 0,(y,y). Therefore x = y.
O

Definition 1.5.4 Let (X, 0,) be a T'V S-partial cone metric space. Define B, (z,c) =
{ye X:c<=<oy(z,2)—0,(z,y)} forallz € X,c => 0. The set B, (z,c) is called an
open ball with the center  and the radius c. The family, { B, (z,c) : # € X, ¢ => 0}
is a base for the topology 7(,,) on X. We denote by 7, the topology on X induced
by .

Definition 1.5.5 Let (X, 0,) be a TV S-partial cone metric space and T": (X, 0,) —
(X,0,) be a map. Then

(1) T is called a Lipschitzian map if there exists a constant A, where A > 0 such
that o,(Tz,Ty) = Ao,(z,y), for any x,y € X. Furthermore, the constant A\, where
A > 0 is called a Lipschitzian constant. The smallest constant A\ will be denoted

by Lip(T).

(73) T is called a contraction map if there exists a constant A\, where 0 < \ < 1
such that o,(Tx,Ty) = Aop(z,y), for any x,y € X. Furthermore, the constant A,

where 0 < A < 1 is called a contraction constant.
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(731) a point z € X is said to be a fixed point of T if Tz = x.

Definition 1.5.6 Let (X,0,,) and (Y, 0,, ) be TV S-partial cone metric spaces. A
map T : (X, 0,,) — (Y, 0,, ) between T'V S-partial cone metric spaces is continuous
if a sequence {x,, } 0, -converges to a point x in X implies that {T'(x,)} o,,-converges

to a point T'(z) in Y.

Theorem 1.5.1 [48] Let (X,0,) be a 0,-Cauchy complete TV S-partial cone metric
space, P be a normal cone in E with normal constant K. Suppose that the map
T:(X,0,) = (X,0,) satisfies the contractive condition o,(Tx,Ty) < Ao,(z,y) for
some XA € (0,1) and z,y € X. Then T has a unique fixed point in X. And for any

x € X iterative sequence {T™x} o,-converges to the fized point.

Proof. Let (X,0,) be a g,-Cauchy complete 7'V S-partial cone metric space, P be
a normal cone in F with normal constant K. Choose g € X, and 21 = Txg, 19 =

Txy = T?xg,...,0011 = Tx, = T" 2, ... Then we have for m > n,

Up(xma xn) j Up($m7 $m,1) + O'p(xmfla xme) + ...+ Up(xn+27 fEn«H) +

m—n—1

O-p(xn+17'rn) - Z O'p(xmfia xmfz)v
i=1

PN

(NPT A2 L N Yoy (w0, To);
L1 me
1—-A
1

)\”map(xl, .T,'o),

= A

ap(1, %o);

PN

we get [|op(Tm, 7,)|| < A"K 25|op(21, 20)||. Thus {T"z} is a 0,-Cauchy sequence
in (X, 0,) such that lim, , o,(T"ze, T"x¢) = 0. As (X, 0,) is 0,-Cauchy complete
there exists o € X such that {T"x¢} o,-converges to z* and

op(z*, z") = limo,(x,, 2%) = limo,(xy, x,) = 0.

n n

Now for any n € N, we have that o,(Ta*, 2*) < o,(Tx*, T" ' xg) + o) (T ag, 2*) —
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op(T g, T ag) < Aop(2*, T™xo) + 0, (T g, ).

lop(Tz", 2")|| < KA|lop(a*, T"xo)|| + [|op (T 2o, %) = 0.

Hence, o,(Tx*,2*) = 0. But since 0,(Tz*,Tz*) < Ao,(z*,2*) = 0. We have that
op(Tz*, Tx*) = 0,(Tx*, z*) = 0,(2*, 2*) = 0 which implies that Tz* = z*. Now if y*
is another fixed point of 7', then o, (z*, y*) = 0,(T'z*, Ty*) < Ao,(z*,y*). Since A < 1
we have o,(z*, y*) = o,(z*, 2*) = 0,(y*, y*). Hence, 2* = y*, thus the fixed point of

T is unique. 0
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Chapter 2

Relationship between 7'V S-partial
cone metric spaces, dislocated

metric spaces and metric spaces

In the literature, it has been established that T'V .S-cone metric spaces and metric
spaces are equivalent see, [8] and [12]. Also, it is shown that every partial metric
space gives rise to a metric space [16]. In this chapter we discuss the relationship

between T'V S-partial cone metric spaces, dislocated metric spaces and metric spaces.

In particular, we show that a T'V S-partial cone metric space does not gives rise to a
partial metric space, unlike in the case where a T’V S-cone metric space give rise to an
equivalent metric space as seen in Chapter 1 and [8], [12]. In fact, TV S-partial cone

metric space gives rise to a dislocated metric space but the two are not equivalent.

The chapter shall unfold as follows: Section 2.1 present some relationship on TV S-
partial cone metric spaces, dislocated metric spaces and partial metric spaces. In
Section 2.2 we show that every TV S-partial cone metric space gives rise to a TV S-
quasi cone metric space. The relations between TV S-partial cone metric spaces
and T'V S-cone metric spaces are discussed in Section 2.3. Fixed point results on

TV S-partial cone metric spaces will be discussed in Chapter 3.
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It is important to note that in this chapter by (X, 0,) we refer to (X, E, P, 0,,) where
X is a nonempty set, F is a normed topological vector space, P is a normal
cone in F with normal constant K and o, : X x X — E may be a T'V S-partial cone
metric or a dislocated cone metric on X, or any well known mapping. Each context

will be made explicit in order to avoid a possible confusion.

2.1 More properties of T'V.S-partial cone metric

spaces

Definition 2.1.1 [25] Let X be a nonempty set. A map p: X x X — [0,00) is a

dislocated metric on X if for all z,y, 2 € X the following conditions hold:
(1) p(z,y) = 0=z =y;

(i2) p(x,y) = p(y, ©);

(idi) p(z, z) < p(z,y) + p(y, 2).

The pair (X, p) is then called a dislocated metric space.

Note that every partial metric space is a dislocated metric space but the converse is

not true.

Example 2.1.1 [2, Example 1] Let X = {0,1} and p: X x X — [0, 00) be defined
by
2 if r=y=0
p(z,y) =
1 otherwise

for all z,y € X. Then (X, p) is a dislocated metric space, but not a partial metric

space, since p(0,0) £ p(0,1).

Definition 2.1.2 Let (X, p) be a dislocated metric space. Then

(i) a sequence {z,} in (X, p) is p-convergence to a point z € X if lim, p(x,,x) =
p(z,x). This is equivalent to saying that for each ¢ > 0 there exists an N € N such

that p(x,,x) < p(z,z) + €.
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(1) a sequence {z,} in (X, p) is p-Cauchy if the lim,, ,, 6, (2., T,,) exists and is finite.

(7i1) a dislocated metric space (X,p) is p-Cauchy complete if every p-Cauchy

sequence p-convergence to a point x € X.
(iv) a sequence {z,} is 0-Cauchy if the lim,, ,, p(x,, x,) = 0.

(v) a dislocated metric space (X,p) is 0-Cauchy complete if every 0-Cauchy se-

quence p-convergence to a point x € X and p(z,x) = 0.

The reader should note that convergence of dislocated metric space in this thesis is

due to Amini-Harandi in [2].

Definition 2.1.3 Let X be a nonempty set and E be a normed topological vector
space with a normal cone P. A map g, : X x X — E is called a dislocated cone

metric such that for all z,y,z € X :
(1) op(z,y) =0 =2 =y;

(i) op(z,y) = 0p(y, ©);

(iid) op(, 2) =X op(x,y) + 0p(y, 2).

The pair (X, 0,) is called a dislocated cone metric space.

We now show that every dislocated cone metric o, on X gives rise to a dislocated

metric p on X.

Theorem 2.1.1 Let (X, 0,) be a dislocated cone metric space. Then p: X x X —
[0,00) defined by

p(,y) = inf{[|u]| : op(2,y) 2 u,u € P,y € X}

1s a dislocated metric on X.

Proof. (i) Suppose that p(x,y) = 0, that is, inf{||u]| : op(z,y) 2 u,u € P,x,y €
X} =0, then for an arbitrary n € N, there exists u,, € P,u, = o,(x,y) such that

||un|| < L. Since u, = o,(x,y) and u, — 0 as n — oo, we have o,(z,y) = 0 which
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implies that o, (z,y) € PN(—P). Thus o,(z,y) = 0. This means o,(z, x) = o,(z,y) =
0p(y,y). Therefore x = y.

(#7) To prove that p(z,y) = p(y, z) for all x,y € X. We note that o,(x,y) = 0,(y, x)
for all z,y € X. It follows that for all z,y € X, p(z,y) = p(y, x).

(7i1) Now we prove that p(z, z) < p(x,y) + p(y, z) for all z,y,z € X. First, we note
that o,(z,2) 2 op(z,y)+0,(y, 2) —0,(y,y) =2 0p(2,y) +0,(y, 2). We follow the same

process as in the proof of Lemma 1.4.1 (iv). Let
p(x, z) = inf{||u1|| : op(z,2) 2 uy,u; € P},

p(a,y) = inf{[[uz|] : oy (2, y) = us,us € P},

p(y, 2) = inf{||us|| : 0,(y, 2) 2 us,us € P}.
Since uy, ug € P, o,(z,y) = ug, 0,(y, 2) = us.

Then

op(z,2) 2 op(w,y) +0p(y, 2)

=< U + U3.

So, {us +us € P:oy(z,y) <X ug,05(y,2) 2 ust C {wg € P:op(x,z) = uy} which
implies that inf{||u;|| : op(z, 2) = w } < inf{||lug+us|| : o,(x,y) < Uz, 0,(y, 2) < us}.
Note that:

IA

inf{[lus + usl|| : op(2,y) = ug,05(y,2) 2wz} < nf{[Jusf| + [[us]| : op(z,y)

A

ug, 0p(y, 2) =X us} = mf{[|ual| : op(z,y) = ug,up € P} + imf{|fus|| : op(y, 2) =
ug, ug € P}. Thus, inf{||w]| : 0,(x, 2) < uy,uy € P} <inf{||us|| : 0p(z,y) < ug,us €

P} +inf{||us|| : 0p(y, 2) = us, u3 € P}. That is

p(x, 2) < p(x,y) +py, 2).

By (i), (#4) and (i7i) we conclude that p is a dislocated metric on X. O

Note that every metric space (X, d) can be regarded as a T'V .S-cone metric space.
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Example 2.1.2 Let E = C§[0, 1] with ||u|] = ||u]|e + |[t]|ec and X = P = {u €
X :u(t) >0 for all t € [0,1]}. Define 0, : X x X — E by o,(z,y) =z if x = y and
op(z,y) = x+y, otherwise. It is easy to check that o, is a 'V S-partial cone metric on
X. Define p: X x X — [0,00) by p(z,y) = inf{||u]| : op(z,y) S u,u € P,x,y € X},
then p(z,y) = ||o,(x,y)||, for all z,y € X. Note that for z,y € P such that

supp = N supp y=0,|lz|| =]yl

we have ||z + y|| = |[z]| = |ly|| which implies that p(z,y) = p(z,z) = p(y,y) but,

x # y. Hence, (X, p) is not a partial metric space but a dislocated metric space.

Example 2.1.3 Consider the T'V S-partial cone metric space as in Example 2.1.2.
FOI' p(l’,y) = lnf{HuH : Up(x7y) j U, U € P,l’,y € X}7 we get p(l’,y) = |’0P(x7y)||

Let {z,} be a normalized sequence in P and {z} be a normalized vector in P such

that

supp {z,} N supp {z}=0.
We have z,, # x. So, 0,(xp, ) = x, + & and o,(z,2) = z. Now ||o,(x,,x)|| = 1 and
llop(z, z)|| = 1. So, p(z,,x) = p(z,z) but g,(z,,x) does not converge to o,(x, x).

Proposition 2.1.1 Let (X, 0,) be a TV S-partial cone metric space and (X,p) be a
dislocated metric space. Then {x,} is a 0-Cauchy sequence in (X, o,) implies that it

is a 0-Cauchy sequence in (X, p).

Proof. Let {z,} be a 0-Cauchy sequence in (X, 0,). For each € > 0 there exists an

N € N such that for each 0 << ¢, we have o,(z,, ) << eﬁ for m,n > N. Thus

P(Tn, ) = Inf{| ||| : 0p (20, ) S w,u € P} < (—:Hﬁﬂ = €. This shows that {z,} is

a 0-Cauchy sequence in (X, p). O

2.2 TV S-partial cone metric spaces and T’V .S-quasi

cone metric spaces

We begin with a definition.
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Definition 2.2.1 [46] Let X be a nonempty set and P be a normal cone in E.
Suppose that the mapping o, : X x X — I satisfies the following conditions for all
x,y,z2 € X;

(7') 0 j O-Q(xay>;
(11) x =y iff o4(x,y) = 0 = 0,4(y, 2);
(#41) o4(z,2) = og(x,y) + 04(y, 2).

Then o, is called the TV S-quasi cone metric on X, and (X, 0,) is called TV S-

quasi cone metric space.

Note that by (X, 0,) we refer to (X, E, P,0,), where X is a nonempty set, E is a
normed topological vector space with a norm, P is a normal cone in £ with normal

constant K and o, is a T'V S-quasi cone metric on X.

Let (X, 0,) be a TV S-quasi cone metric space. Define o} : X x X — E by o7(r,y) =
og(z,y) + 0, (x,y),r,y € X. Then (X,0}) is a TV S-cone metric space.

Definition 2.2.2 Let (X, 0,) be a TV S-quasi cone metric space. Then

() a sequence {z,} in (X, 0,) 0,-converges to a point z if for 0 << ¢, there exists

N € N such that o,(z,,z) << c for all n > N.

(#1) a sequence {z,} in (X, 0,) o, '-converges to a point z if for 0 << ¢, there exists

N € N such that o' (z,,,2) << ¢ for all n > N.

(4ii) a sequence {z,,} in (X, 0,) o;-converges to a point x if for 0 << ¢, there exists

N € N such that o7 (z,,7) << cforalln > N.

(iv) a sequence {z,} in (X, 0,) is o;-Cauchy if there exists an a € P such that for

every € > 0 there exists an N € N such that ||o} (2, 7,n) —al| < € for each n,m > N.

v) a TV S-quasi cone metric space (X,0,) is Cauchy bicomplete if every o*-
q q

* .
Cauchy sequence o, -converges to a point z € X.

Remark 2.2.1 Let (X,0,) be a TV S-quasi cone metric space. Then
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(¢) if a sequence {z,} o,-converges to a point x we shall write lim,, o,(z,,z) = 0 or

. Oq
simply z,, — .

(#1) if a sequence {z,} o, '-converges to a point = we shall write lim, o, (25, 2) = 0

0_71

or simply z,, — x.

*

#(#n, ) = 0 if and only if lim, o, (2,, z) = 0 and lim, o ' (z,, z) = 0.

(7i7) lim,, o .

Definition 2.2.3 Let (X, 0,) be a T'V S-quasi cone metric space. Define B, (z,c) =
{ye X e == oy(z,x)—0oy(z,y)} forallz € X, ¢ => 0. The set B, (z,c) is called an
open ball with the center x and the radius c. The family, { B, (z,c) : # € X, ¢ >=> 0}
is a base for the topology 7(,,) on X. We denote by 7, ) the topology on X induced
by oy.

We now relate T'V S-partial cone metric space and TV S-quasi cone metric space.

Lemma 2.2.1 Let (X, 0,,) be a TV S-partial cone metric space. Then g, : X x X —
[0,00) defined by

04, (2, Y) = 0p(2,y) = 0p(7, 7)
is a TV S-quasi cone metric for all x,y € X. Furthermore, 7(4,) = T(0qy)-

Proof. (i) o4,(x,y) = 0 for all z,y € X, since o,(x,z) < op(x,y).

(¢7) Suppose that x = y. Then o, (v,y) = o4 (z,2) = op(x,x) — op(x, ) = 0.
Conversely, suppose that oy, (z,y) = 0 and 0,4, (y, ) = 0. Then o,(z,y) — op(z,7) =
0= oy(z,y) = op(x,x) and o,(y,z) — op(y,y) = 0 = 0,(y,z) = 0,(y,y). Therefore
op(x,y) = 0p(y,y) = op(x,x). Thus x = y by (i) of Definition 1.5.1.

(¢7i) We prove that o, (x,2) = 04, (2,y) + 04,(y, 2).
qu(l', Z) = Jp(xv Z) - O';,,(.I,I‘)
= UP($> y) + Up(y, Z) - Up(*rv 13) - Up(yy y)
= 0p(7,y) — 0p(x,7) + 0p(y, 2) — 0p(y, )

= 04,(7,y) +0q,(y,2).

Therefore (X, 0g,) is a TV S-quasi cone metric space.

44



We show that 7,,) = T(04p)-

Suppose that A € 7, ). Then there exists 0 << ¢ such that B, (z,c) C A for all
z € A lfy € B, (z,¢), then o,,(z,y) < ¢, it follows that o4, (z,y) = op(z,y) —
op(z,2) < c. We know that 0 < ¢ — 0,(z,y) + op(x, ). Therefore y € B, (z,c).

Hence, A € 7). This implies that 7, ) C 7(,,).

Conversely, suppose that A € 7(,,). Then there exists 0 << ¢ such that B, (z,c) C A
for all z € A. If y € B, (x,¢c), then 0 < ¢ — o,(z,y) + op(z,2). So, 0y, (x,y) =
op(z,y) — op(x,x) < c. Therefore y € B,, (x,y) C A. Hence, A € 7, ). This implies
U

that 7,,) C T(04p)- In conclusion 7,,) = T(04p)-

Note that if o, is a TV S-quasi cone metric on X, then o4 : X x X — [0, 00) defined

by o4 (2, y) = 04,(2,y) + 04,(y, x), for all z,y € X, is a TV S-cone metric on X.

In the sequel consider (X,o,) to be a T'V S-partial cone metric space and (X, o,,)
be a TV S-quasi cone metric space, where o,, : X x X — [0,00) is defined by

0q,(x,y) = op(x,y) — 0p(x, x) for all 7,y € X [Lemma 2.2.1].

Theorem 2.2.1 A TV S-partial cone metric space (X, 0,) is o,-Cauchy complete if

and only if a TV S-cone metric space (X, O'q;> is 04:-Cauchy complete.

Proof. Suppose that (X, aq;) i8 04:-Cauchy complete. Let {z,} be a 0,-Cauchy se-

quence in (X, 0,), then {x,} is a 04:-Cauchy sequence in (X, o4:). Hence, there exists

T(o )

q T(ap)
z € X, such that z,, —> z. Thus z, — , 50, 0, (Tn, T) = 0p(Tn, ¥)—0p(z, ) — 0,

and o, (v, %,) = 0p(2,2,) — 0p(Tp,2,) = 0. For 0 << ¢, N € N, oy, (2p,2) < ¢ =
op(Tn,x) — op(z,z) < ¢,n > N. This implies that o,(x,,z) < ¢ + op(z,z) and

0p(Tn, Tn) < ¢+ 0p(x,x). Thus lim, 0, (2, ) = 0p(x, ) = lim,, 0,(zy, T4).

Conversely, if (X, 0;) is 0,-Cauchy complete. Let {z,,} be a o :-Cauchy sequence in
(X, 04s). So, {z,,} is a o,-Cauchy sequence in (X, 0,). Find a point z € X, such that
2~ 2. That is, lim,, 0,(xp, ) = op(z, ) = lim, 0,(2,,, z,). We shall show that
there exists N € N, and 0 << ¢ such that o (z,,7) << ¢, foralln > N and |[c|| <.
Note that if 2, 2> x, then there exists N € N, such that 0 < c—o,(x,, x)+0,(z, )

for all n > N.
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Now

Og(Tn @) = 0p(Tn, ) — 0p(Tp, Tp)
= cHop(r,z) — op(xh, y)

= 2¢, n>N.

Also,
0, (T, 2n) = op(x, 1) — 0p(x, )
< ¢, n>N.
) (0ap) (04-1,) (9g3)
This shows that z,, — z, and z,, — x. Therefore x,, — x. O

2.3 TV S-partial cone metric spaces and TV S-cone

metric spaces

In this section we start by showing that every T'V S-partial cone metric space gives
rise to a T’V .S-cone metric space. The following result extends Proposition 1.3.4 the

proof is similar.

Theorem 2.3.1 Let (X, 0,) be a TV S-partial cone metric space and o4, : X x X —
E be defined by

0 whenever x =1y
oa,(,y) = ,
op(x,y) otherwise

Jor all z,y € X. Then og4, 1s a TV S-cone metric on X.
Proof. (i) Clearly o4,(z,y) = 0 if and only if z = y.
(it) Since o,(z,y) = 0,(y, ) we get o4, (x,y) = 04,(y, ) for all z,y € X.

(ii7) To show that og,(x,2) =X 04, (x,y) + 04,(y, 2) note that o4, (z,2) < o,(z,2) =

op(7,y) + 0p(y, 2) — 0p(y,y)-
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If  # 2z and = = y, then

Udp(x’ Z) = 0P<x7z) = Up(aj?y) + Up(wa) - Up<y7y)

= 0y, y) + 0,(y, 2) — 0p(y,y)

If x # z and y = z, then

0a,(v,2) 2 op(w,2) =2 op(@,y) + 0p(y,y) — 0p(y, y)
= op(z,y)

= O-dp('riy)’
If v # z and y # z, then o4 (7,2) =X 04, (2,y) + 04, (Y, 2).

If x = 2, then 04, (7, 2) = 0 X 04,(7,y) + 04, (y, 2). Therefore (X, 04,) is a T'V S-cone

metric space. O

In the following results let (X, 04,) be a TV S-cone metric space as in Theorem
2.3.1 and (X, 0,) be a TV S-partial cone metric space. The following result extends

Theorem 1.3.2 the proof is similar.

Theorem 2.3.2 Let (X,0,) be a TV S-partial cone metric space, P be a normal
cone in B and (X, 04,) be a TV S-cone metric space. Then (X, 04,) is 0q4,-Cauchy

complete if and only if (X, 0,) is 0-Cauchy complete.

Proof. Suppose that TV S-partial cone metric space (X, 0,,) is 0-Cauchy complete, P
be a normal cone in £ with normal constant K and {z,} be a 74,-Cauchy sequence in
(X, 04,). Without loss of generality assume that x,, # x,, for all n # m. Then {x,} is
a 0-Cauchy sequence in (X, 0,,). Since (X, ;) is 0-Cauchy complete, lim,, 6,,(z,,, ) =
0 for some x € X. Note that  # x, for all n. Therefore lim,, og,(z,,z) = 0. So,

(X, 04,) is 04,-Cauchy complete.

Conversely, suppose that (X, 04,) is 04,-Cauchy complete, P be a normal cone in F

with normal constant K and {z,} be a 0-Cauchy sequence in (X, ,). Without loss
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of generality assume that x, # x,, for all n # m. So, 0,(x,,zy) = 04, (Tn, 1) —
0, where 0 is the neutral element in . Hence, {z,} is a 04,-Cauchy sequence in
(X,04,). Since (X, 04,) is 04,-Cauchy complete then there exists x € X such that

lim, 04, (2, ) = 0. Thus lim,, op(x,, 2) = 0 and so, (X, 0,) is 0-Cauchy complete. [J
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Chapter 3

Partial metric type structures and

Lipschitzian mappings

The notion of metric type structure was originally developed and studied by Khamsi
[22] in 2010 as a generalization of metric spaces. Inspired and motivated by this
notion we introduce partial metric type structure as a generalization of partial metric
spaces and metric type structures and present some fixed point results of Lipschitzian

mappings in this setting.

The chapter is aligned as follows: Preliminaries and some basic notions are recalled
in Section 3.1. In Section 3.2 we present some fundamental properties of partial
metric type structures and further show that every partial metric type space gives
rise to a metric type space. Lipschitzian mappings and some fixed point results on
metric type structures and partial metric type structures are discussed in Section

3.3. Most results in this chapter can be found in the papers [5] and [6].

3.1 Metric type structures and Lipschitzian map-
pings

We start by showing that T’V S-cone metric space gives rise to a metric type structure.
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Theorem 3.1.1 [22] Let (X,0) be a TV S-cone metric space over a Banach space
E with a normal cone P and normal constant K. The map D : X x X — [0, 00)

defined by
D(z,y) = |lo(z,y)]l
forall z,z,y; € X,1=1,2,...,n satisfies the following properties:
(i) D(z,y) =0 iff 2 = y;
(i4) D(z,y) = D(y, );
(113) D(z,z) < K[D(x,y1) + D(y1,y2) + ... + D(yn, 2)|.

Proof. (i) Let « = y. Then this implies that D(z,y) = D(z,z) = ||o(x,z)|| = ||0]| =
0. Hence, D(z,y) = 0. Conversely, suppose that D(x,y) = 0. Then this implies that
llo(x,y)|| = 0= o(z,y) = 0. Therefore z = y.

(71) To prove that D(z,y) = D(y,z) for all x,y € X, we know that ||o(x,y)|| =
llo(y, x)|| for all z,y € X. It follows that D(x,y) = D(y, z) for all z,y € X.

(7i1) Let z, z,y1, Yo, ..., Yn be any points in X. By the inequality we get
o(x,2) 2 o(x,y1) + oy, y2) + - 4 0 (Yn, 2).
Since P is normal in £ with normal constant K we get
lo(z, 2)|l < K[llo(z,51) + 0(y1,42) + - + 0 (yn, 2)I],
which implies that
llo(z, 2)|| < K{llo(z, yo)ll + llo(yr, y2)ll + - + [l (yn, 2)][]-

It follows that, D(x, z) < K[D(z,y1)+D(y1,y2)+...+D(Yn, 2)]. O

Definition 3.1.1 Let X be a nonempty set and D : X x X — [0,00) be a function

for all z,y;, 2 € X,1=1,2,...,n, for some K > 1 such that:
(i) D(z,y) =0iff z = y;

(i) D(z,y) = D(y, v);
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(1) D(z,2) < K[D(z,y1) + D(y1,92) + .. + D(yn, 2)]-

The pair (X, D) is called metric type space.

Note that metric type spaces are not Hausdorff.

Remark 3.1.1 It is important to note that, every metric space is a metric type

space, but not conversely.

Definition 3.1.2 Let (X, D) be a metric type space. Then
(1) a sequence {x,} in (X, D) D-converges to a point x € X if lim,, D(x,,x) = 0.
(17) a sequence {z,} in (X, D) is D-Cauchy if lim,, ,, D(z,, Z,,) = 0.

(7i1) a metric type space (X, D) is D-Cauchy complete if every D-Cauchy sequence

in X D-converges to a point x € X.

Remark 3.1.2 Note that if a sequence {z,} in a metric type space (X, D) is D-

convergent to a point € X, we shall write lim,, D(x,,x) = 0 or simply z, L.

We shall present some properties of sequences in metric type structures. The next

proposition is our own contribution.

Proposition 3.1.1 Let (X, D) be a metric type space and {x,} be a sequence in X.
If lim,, D(z,,z) = 0 and lim,, D(z,,y) = 0, then x = y.

Proof. Let (X, D) be a metric type space and {x,} be a sequence in X. Suppose
that lim,, D(x,,x) = 0 and lim,, D(x,,y) = 0. Then

D(z,y) < K[D(z,2n) + D(xn,y)]
li7rlnD(x,y) < KliTEn[D(x,xn)—i-D(xn,y)]

0

D(z,y) 0.

So, x =y. O
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Definition 3.1.3 Let (X, D) be a metric type space and T": (X, D) — (X, D) be a
map. Then

(1) T is called a Lipschitzian map if there exists a constant A, where A > 0 such
that D(Tx,Ty) < AD(x,y), for any z,y € X. Moreover, the constant A\, where A\ > 0

is called a Lipschitzian constant. A smallest constant A will be denoted by Lip(T).

(7i) T is called a contraction map if there exists a contraction constant A\, where
0 < X < 1such that D(Tx,Ty) < AD(x,y), for any x,y € X. Moreover, the constant

A, where 0 < X < 1 is called a contraction constant.

(791) a point z € X is said to be a fixed point of T if Tz = x.

Definition 3.1.4 Let (X, Dyx) and (Y, Dy) be metric type spaces. A map T :
(X, Dx) — (Y, Dy) between metric type spaces is continuous if a sequence {z,}
D x-converges to a point x in X implies that {T(z,)} Dy-converges to a point T'(z)
inY.

Remark 3.1.3 Let T : (X, D) — (X, D) be a map between metric type spaces.

(1) If T is a contraction map then it is a Lipschitzian map but the converse is not

true.

(74) Any contraction map and a Lipschitzian map is continuous but a continuous

map may neither be a contraction nor a Lipschitzian.

Theorem 3.1.2 [22] Let (X, D) be a D-Cauchy complete metric type space and
T :(X,D) = (X,D) be a map. If T"™ is a Lipschitzian map for all n > 0 and
Yo o Lip(T™) < oo, then T has a unique fized point w € X. Moreover, for any
x € X, the orbit lim,, D(T"z,w) = 0.

Proof. Let x € X and m,n > 0. Then

D(T" ™z, T"x) = D(T™(T™"x), T"(z))

< Lip(T")D(T"x, x).
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Note that
D(T™z,x) < K[D(x,Tx) + D(Tx,T?*z) + ... + D(T™ 'z, T™x)).

Then

—

3

D(T"t"g, Trx) < K[Lip(T™) Y D(T" 'z, T'z)]

™

3
L

< K[Lip(T")[)_ Lip(T")]D(x, Tx)].

i=0
Since Y2, Lip(T™) is convergent then ) > Lip(T™) = 0. Thus
lim,, ;, D(T" ™z, T"x) = 0. Therefore {T™z} is a D-Cauchy sequence. Since X is
D-Cauchy complete then lim, D(T"z,w) = 0.

D(T" 'z, w(x))

IN

K[D(T" 'z, T"z) + D(T"x,w(x))]

< K[D(T" Yz,Tx))+ D(T"z,w(x))]
< K[Lip(T" Y)D(z,Tx) + D(T"z,w(z))].
Now
D(w(z),Tw(x)) < K[D(Tw(x), T"x)+ D(T"x,w(x))]
< K[D(w(x),T"z) + D(T(T" 'z, Tw(x)))]
< K[D(w(z),T"z) + Lip(T)D(T" 'z, w(x))].
Furthermore,

D(w(z),Tw(z)) < K[D(w(x),T"z) + Lip(T)[KD(T" 'z, T"z) + KD(T"z,w(x))]|
D(w(z),Tw(z)) < K[D(w(x), T"x)+Lip(T)[K Lip(T" ') D(z, Tx)+ K D(T"z,w(z))]]
D(w(x), Tw(x)) < K(1+ KLip(T))D(w(z), T"x) + Lip(T) K Lip(T" ) D(z, Tz). So,

D(w(x), Tw(x)) < K(1+ KLip(T))D(w(x), T"z) + Lip(T)K Lip(T" ") D(x, Tx).

D(w(z), Tw(z)) < K(1+ K Lip(T))D(w(z),w(x)) + Lip(T)K Lip(T™ ") D(z, Tx).

Let n — oco. Then we get D(w(z),Tw(x)) = 0. Therefore Tw(x) = w(zx).
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Next we show that 7" has at most one fixed point. Let w; and wy be two fixed points
of T. Then
D(wq,wq) = D(T"wy, T"ws) < Lip(T™) D (w1, w2)

for any n > 1. Since lim,, Lip(T™) = 0, we get D(wq,wq) = 0. Therefore w; = ws.
That is w(x) = w(y) for all z,y € X. O

Regarding Definition 3.1.1 it worthwhile to mention that we require
Z Lip(T") < oo
n=0

such that property (iii) is satisfied. In particular, a more natural condition is pre-
sented as follows:

(i)' D(x, 2) < K(D(z,y) + D(y, 2))
for all z,y, z € X and some constant K > 1.

We present an example which fulfills (i)’
Example 3.1.1 [22, Example 3.2] Let X be the set of the Lebesque measurable
functions on [0, 1] such that fol |f(z)]Pdx < co. Define D : X x X — [0, 00) by
1
D(f.g) = [ 11@) ~ gla)ds
0
for all z € X. Then
(i) D(f,g) = 0iff f = g;

(it) D(f,g) = D(g, f) for all f,g € X;

(iii) D(f.9) < 2(D(f.h) + D(h.g)) for all f.g.h € X.
It worth noting that Example 3.1.1 is also a T’V S-cone metric space with K > 1.

Theorem 3.1.3 [22] Let (X, 0) be a TV S-cone metric space over the Banach space
E with a normal cone P and normal constant K. Let T : (X,0) — (X,0) be a
contraction with constant A < 1. Then T has a unique fixed point w, and any orbit

o-converges 1o w.



Proof. Let (X, o) be a TV S-cone metric space over the Banach space F with a cone
P which is normal with normal constant K. Consider D : X x X — [0, 00) defined
by D(x,y) = ||o(x,y)]|| for all z,y € X. Let T : (X,0) — (X,0) be a contraction

with constant A < 1. Then
o(Tz, Ty) X Ao(x,y), so, o(T"z,T"y) = N'o(z,y).
Hence,

lo (T, T )| < [[KA"o (2, y)]

< EX'|o(z,y)l]-

Thus, o(T"z, T"y) = K\"o(z,y) for any x,y € X and n > 0. Hence, Lip(T") <
K", for any n > 0. Therefore ) . Lip(T™) is convergent, which implies that 7" has

a unique fixed point w, and any orbit o-converges to w. 0

3.2 Dislocated metric type structures

We shall show that every T'V S-partial cone metric space gives rise to a dislocated

metric type structure.

Theorem 3.2.1 Let (X,0,) be a TV S-partial cone metric space over a Banach

space E with a normal cone P and normal constant K. A map D, : X x X — [0, 00)

defined by
Dy = [lop(z, )|
for all x,y € X satisfies the following properties:
(1) Dp(z,y) = 0=z =y;
(i) Dp(x,y) = Dp(y, );
(i20) Dp(w,2) < K[Dp(x,91) + Dp(y1,92) + - + Dp(yn, 2)]-

Proof. Let (X, 0,) be a TV S-partial cone metric space over a Banach space £ with
a normal cone P and normal constant K. Define a map D, : X x X — [0,00) by

Dp([E,?J) - ||O-P(:E7y>|’ fOI‘ aH z,y € X
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(i) Let Dy(z,y) = 0. This implies that ||o,(x,y)|| = 0,0,(x,y) = 0. Then o,(z,z) =

op(y,y) = 0. So, 0,(y,x) = op(z,z) = 0,(y,y). Therefore z = y.

(27) To prove that D,(x,y) = D,(y,x) for all z,y € X. We know that ||o,(z,y)|| =
llop(y, x)|| for all z,y € X. It follows that D,(x,y) = D,(y,z) for all z,y € X.

(¢49) Let x, y1, ..., Yn, 2 € X. Then by the inequality, D,(z, 2) = ||o,(z, 2)|| < ||op(z, y1)+
op(Y1,Y2) + ... + 05(Yn, 2)||. Since P is normal in £ with normal constant K we get
oz, 2)1| < KTllop(, ) + 0p(yt,98) + -+ 0,2, which implies that

llop(z, 2)[| < Klllop(z, )| + llop(yr, )l + - + [lop(yn, 2)]]]. Tt follows that

Dp(z,z) < K[Dy(x,y1) + Dy(y1,92) + - + Dp(Yn, 2)].
This complete our proof. 0

Definition 3.2.1 Let X be a nonempty set and D, : X x X — [0, 00) be a function

for all x,y;,z € X,2=1,2,...,n for some K > 1 such that:
(i) Dp(z,y) =0 =z =y;

(1) Dp(x,y) = Dy(y, x);

(119) Dy(x,2) < K[Dp(z,y1) + Dp(y1,92) + ... + Dp(yn, 2)].

The pair (X, D,) is called dislocated metric type space.

Remark 3.2.1 We would like to point out the following:
(7) Every metric space is a dislocated metric type space, but not conversely.

(71) Every metric type space is a dislocated metric type space, but the converse does

not necessarily hold.

3.2.1 TV S-partial cone metric spaces and partial metric type

spaces

Definition 3.2.2 Let X be a nonempty set and D, : X x X — [0,00) be a function
for all z,y, z € X such that:
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(1) v =y iff Dp(z,2) = Dp(2,y) = Dp(y, y);
(i) Dp(x,y) = 0;

(iii) Dy(z,y) = Dp(y, x);

(iv) Dy(x,x) < Dy(,y);

(v) Dp(z, 2) < K[Dy(x,y1) + Dp(y1,y2) + ... + Dp(yn, 2)] — Dy Dp(ys, vi), for some

constant K > 1andi=1,2,...,n.
The pair (X, D,) is called partial metric type space.

Remark 3.2.2 Every partial metric type space is a dislocated metric type space,

but not conversely.

It should be observed that if a sequence converges to a point then its self distance
converges to the self distance of that point. In particular, we define convergence and
Cauchy completeness (Definition 3.1.2) in partial metric type space settings.

Definition 3.2.3 Let (X, D,) be a partial metric type space. Then

(1) a sequence {z,} in (X, D,) D,-converges to a point x € X if lim, D,(x,,x) =

Dy(z,z) = lim, D,(zy, ).

(1) a sequence {z,} in (X, D,) is D,-Cauchy if lim,, ,,, D,,(,,, ) is finite and exists.
(t4i) a partial metric type space (X, D)) is D,-Cauchy complete if every D,-Cauchy
sequence in X D,-converges to a point z € X.

Definition 3.2.4 Let (X, D,) be a partial metric type space. Then

() a sequence {z,} is 0-Cauchy if lim,, ,, D,(z,, z,,) = 0.

(1) a partial metric type space (X, D,) is 0-Cauchy complete if every 0-Cauchy

sequence in X converges to a point z € X and D,(z,z) = 0.

It worth noting that if (X, D) is a metric typd space, then a sequence {z,} is 0-

Cauchy if and only if it is a D-Cauchy sequence in (X, D). Furthermore, a metric

type space (X, D) is 0-Cauchy complete if and only if it is D-Cauchy complete.
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Remark 3.2.3 Let (X, D,) be a partial metric type space. Observe that a 0-Cauchy

sequence is a D,-Cauchy sequence but the converse is not necessarily true.

The example below shows that the implications of Remark 3.2.3 are not reversible.

Example 3.2.1 Let X = {a,b} and D, : X x X — [0,00) be defined by

1 if z=y
Dp(ma y) =
2 otherwise.

We note that (X, D,) is a partial metric type space. Consider a sequence {z, =

a,n > 1}. Then {z,} is a D,-Cauchy sequence but not a 0-Cauchy sequence.

Remark 3.2.4 The reader should observe that a D,-Cauchy complete partial metric
type space is a 0-Cauchy complete partial metric type space but the converse is not

necessarily true.

Proposition 3.2.1 Let (X, D,) be a 0-Cauchy complete partial metric type space
and {x,} be a 0-Cauchy sequence in X. If {x,} D,-converges to a point x and {z,}

D,,-converges to a point y, then x = y.

Proof. Let (X, D,) be a 0-Cauchy complete partial metric type space and {x,} be
a 0-Cauchy sequence in X. Suppose that {z,,} D,-converges to a point x in X and

{zn} D,-converges to a point y in X. Then

Dy(x,y)

lim D, (x,y)

IN

K[Dy(z,2n) + Dp(wn,y)] — Dp(Tn, Tn)

IN

KUm[D,(z, z,) + Dp(xn,y)] — lim Dy (2, )

IA

KDP(%“/’) + KD:D(ZU; y) - DP('TJ 1’)

Dy(z,y)

IN

(K = 1)Dy(z,z) + KDy(y, y).

Note that D,(z,z) = Dy(y,y) = 0, since {z,,} is a 0-Cauchy sequence and (X, D,) is a
0-Cauchy complete partial metric type space. So, Dy(z,y) = 0 then this implies that
T =1. U]
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Theorem 3.2.2 Let (X, D,) be a partial metric type space. Define dp, : X x X —
[0,00) by

0 whenever x =y
de (-Tv y) =
D,(z,y) whenever x#vy

for all x,y € X. Then dp, is a metric type distance function, hence, (X,dp,) is a

metric type space.
Proof. (i) Clearly, dp,(z,y) = 0 if and only if x = y.
(i) Since Dy(x,y) = Dy(y, ) we get dp,(z,y) = dp,(y, v) for all z,y € X,

(i17) To show that dp, (z,z) < Kldp,(x,31) + dp,(y1,y2) + ... + dp, (yn, )] for all
x,y;, 2 € X. Note that if # = 2, then dp, (, z) = 0. So, without loss of generality, we
assume that x # z and y; # y; for all i # j = 1,2,...,n. Then dp,(z, 2) = Dy(z, 2)

and
n—1
Dy(x,2) < K[Dy(x,51) + Dp(y1,42) + . + Dp(yn, 2)] — Z Dy (Yi, yi)-
i=1

Furthermore, we assume that x # y; and z = y,,. Indeed, if x = y;, and z = y,,, then

the inequality holds. So, this implies that

dp,(x,2) < Kldp,(x,y1) +dp,(y1,y2) + ... + dp, (Yn, 2)].

Therefore (X, dp,) is a metric type space. O

Let (X, D,) be a partial metric type space and dp, : X x X — [0,00) be a metric
type distance function defined by

0 whenever x =y
dp,(z,y) =
D,(z,y) whenever x #vy

for all z,y € X [Theorem 3.2.2].
Lemma 3.2.1 Let (X, D,) be a partial metric type space and dp, : X x X — [0, 00)

be a metric type distance function. If {x,} is a dp,-Cauchy sequence in (X,dp,)

then it is either a 0-Cauchy sequence or eventually constant sequence in (X, D,).
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Proof. Let (X, D,) be a partial metric type space. If {x,} is a dp,-Cauchy sequence in
(X,dp,), then lim,, ,,, dp, (Tn, =) = 0. There are two cases to consider. Case (i) z,, =
xy for all m,n > 1 in this case {z,,} is an eventually constant sequence in (X, D,).
Case (ii) o, # @y, for some m,n > 1 and lim,, ,,, dp, (¥, Tmm) = 0. Clearly, in this case
we have lim,, ,,, D, (2, Z.,) = 0. This shows that the sequence is a 0-Cauchy sequence

in (X, D,). 0

Lemma 3.2.2 Let (X, D,) be a partial metric type space and dp, : X x X — [0, 00)
be a metric type distance function. If {x,} is a 0-Cauchy sequence in (X, D,) then

it is a dp,-Cauchy sequence in (X, dp,).

Remark 3.2.5 Let (X, D,) be a partial metric type space. It is important note that

the converse of Lemma 3.2.2 does not necessarily hold.

Hence,

Theorem 3.2.3 Let (X, D,) be a partial metric type space and dp, : X x X — [0, 00)
be a metric type distance function. Then (X, D,) is 0-Cauchy complete if and only
if (X,dp,) is dp,-Cauchy complete.

Proof. Let (X, D,) be a 0-Cauchy complete partial metric type space and {z,} be
a dp,-Cauchy sequence in (X,dp,). By Lemma 3.2.1, {z,} is a 0-Cauchy sequence
in (X, D,). Thus there exists © € X such that {z,} D,-converges to x in the partial

metric type space (X, D,). Hence, (X,dp,) is dp,-Cauchy complete.

Conversely, assume that (X, dp,) is dp,-Cauchy complete, and let {x, } be a 0-Cauchy
sequence in (X, D,). Without loss of generality we assume that z,, # z,, for alln,m >
1. By Lemma 3.2.1, {z,} is a dp,-Cauchy sequence in (X,dp,). Thus, there exists
x € X, such that {z,} dp,-converges to = in the metric type space (X, dp,). Now
Dy(xy,x) = dp,(x,, x) Dy-converges to 0 as n tends to co. This shows that (X, D)) is
0-Cauchy complete. O

Remark 3.2.6 Every TV S-cone metric space (X,o) gives rise to a metric type

structure (X, D) [Theorem 3.1.1]. In a similar vein, every TV S-partial cone metric
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space (X, 0,) gives rise to a dislocated metric type structure (X, D,) [Theorem 3.2.1].
Moreover, for every partial metric type space (X, D,,) there exists a metric type space

(X,dp,) [Theorem 3.2.2].

3.3 Lipschitzian mappings and some fixed point

results in partial metric type structures

We begin with a definition.

Definition 3.3.1 Let (X, D,) be a partial metric type space and T : (X, D,) —
(X, D,) be a map. Then

(1) T is called a Lipschitzian map if there exists a constant A, where A > 0 such
that D,(Tz,Ty) < ADy(z,y), for any =,y € X. Moreover, the constant A\, where
A > 0 is called a Lipschitzian constant. A smallest constant A will be denoted by

Lip(T).

(7i) T is called a contraction map if there exists a contraction constant A\, where
0 < XA < 1 such that D,(Tz,Ty) < AD,(z,y), for any =,y € X. Moreover, the

constant A\, where 0 < A < 1 is called a contraction constant.

(77i) a point = € X is said to be a fixed point of 7" if Tx = x.

Definition 3.3.2 Let (X, D, ) and (Y, D,,.) be partial metric type spaces. A map
T : (X,D,,) = (Y,D,,) between partial metric type spaces is continuous if a
sequence {x,} D,,-converges to a point = in X implies that {T'(z,)} D,, -converges

to a point T'(z) in Y.

Theorem 3.3.1 Let (X, D,) be a 0-Cauchy complete partial metric type space and
T:(X,D,) — (X,D,) be a map. If T™ is a Lipschitzian map for all n > 0 and
Yov o Lip(T™) < oo, then T has a unique fized point w € X. Moreover, for any
x € X, the orbit {T"x} D,-converges to w.
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Proof. Let (X, D,) be a 0-Cauchy complete partial metric type space. By Theorem
3.2.2, (X,dp,), is a metric type space. Then (X,dp,) is dp,-Cauchy complete by
Theorem 3.2.3. Clearly, T': (X, dp,) — (X, dp,) satisfies the properties in Theorem
3.1.2. Hence, T has a unique fixed point w € X. Moreover, for any x € X, the orbit

{T"x} dp,-converges to w. UJ

Theorem 3.3.2 Let (X, D,) be a D,-Cauchy complete partial metric type space and
T:(X,D,) = (X,D,) be a map. If T™ is a Lipschitzian map for all n > 0 and
Yovo o Lip(T™) < oo, then T has a unique fized point w € X. Moreover, for any
x € X, the orbit {T"x} D,-converges to w.

Proof. Let (X, D,) be a D,-Cauchy complete partial metric type space. Then (X, D,)

is 0-Cauchy complete. The proof is complete by Theorem 3.3.1. O

Regarding Definition 3.2.2 it worthwhile to mention that we require

i Lip(T") < oo

n=0
such that property (v) is satisfied. In particular, a more natural condition is presented

as follows:

(U)/Dp(xv Z) < K(Dp<$a y) + Dp(% z)) — Dp(ya Y)
for all z,y, z € X and some constant K > 1.

Now we present an example which fulfills (v)'.

Example 3.3.1 Let X = N and D, : X x X — [0,00) be defined by D,(z,y) =
max{z,y}? + |z — y|? for all x,y € X and p > 1. Then

(1) v =y iff Dp(z,2) = Dp(2,y) = Dp(y, y);
(ii) Dp(z,y) = 0;

(iii) Dp(x,y) = Dy(y, x);

(iv) Dy(x, ) < Dy(z,y);

(v)' Dp(x, z) < QP[Dp(xa y) + Dy(y, z)] — Dp(y,y)'
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Therefore (X, D,) is a partial metric type space. Note that K =27, p > 1.

Theorem 3.3.3 Let (X,0,) be a TV S-partial cone metric space and (X, D,) be the
dislocated metric type space. The function dp, : X x X — [0,00) defined by

0 whenever x =y
dp,(z,y) =
D,(z,y) whenever x#vy

for all x,y € X is a metric type on X.

Theorem 3.3.4 Let (X,0,) be a TV S-partial cone metric space. If (X,0,) is 0-

Cauchy complete, then (X,dp,) is dp,-Cauchy complete.

Theorem 3.3.5 Let (X,0,) be a 0-Cauchy complete TV S-partial cone metric space
over the Banach space E with a normal cone P and normal constant K. Let T :
(X,0p,) = (X,0p) be a contraction with constant X\ < 1. Then T has a unique fized

point w, and any orbit o,-converges to w.

Proof. Let (X, 0,) be a 0-Cauchy complete TV S-partial cone metric space over the
Banach space E with a cone P which is normal with normal constant K. Consider
D, : X x X — [0,00) defined by D,(z,y) = ||o,(x,y)|| for all z,y € X. Then D, is
a dislocated metric type on X and (X,dp,) is a dp,-Cauchy complete metric type
space [Theorem 3.3.3]. Let T : (X,0,) — (X,0,) be a contraction with constant
A < 1. Then o,(Tz, Ty) < Aop(x,y) so, o,(T"x, T"y) < A"o,(x,y). Without loss of

generality, assume that x # y. So,

lop (T2, T™y)|| < [[KX"0p(2, y)]|

< EX|op(z, y)l]-

Actually, dp, (T"z,T"y) < KX"dp,(x,y) for any z,y € X and n > 0. So, by Theorem

3.1.2 T has a unique fixed point w, and any orbit o,-converges to w. Il

Since a 0,-Cauchy complete TV S-partial cone metric space is 0-Cauchy complete:
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Corollary 3.3.1 Let (X, 0,) be a o,-Cauchy complete TV S-partial cone metric space
over the Banach space E with a normal cone P and normal constant K. Let T :
(X,0p,) = (X,0p) be a contraction with constant X\ < 1. Then T has a unique fized

point w, and any orbit o,-converges to w.
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Chapter 4

Completeness in symmetric spaces

and some fixed point results

In the literature the notion of completeness for metric spaces is discussed in terms
of Cauchy sequences. Unlike in the classical case (metric spaces), in symmetric
spaces not every convergent sequence is a Cauchy sequence. Motivated by the notion
of absolute closure [41], the author in [31] defined a new notion of completeness
for symmetric spaces. It should be observed that this new notion is equivalent to
completeness when restricted to the class of metric spaces. A similar study was done

for quasi pseudo metric spaces [31] and for symmetric spaces [32].

The reader should also note that using the classical notion of (Cauchy) completeness
for symmetric spaces, analogous fixed point results are presented in the literature see
for example [17] for single valued maps; [30], [35], [37], [38] and [49] for multivalued
maps. We note that the paper [33] presents a fixed point theory result of a single

valued maps as presented in [17], without appealing to Cauchy sequences.

The notion of a complete metric space and symmetric space is very important and so,
is the completion of such structures; recently a completion for the dislocated metric

spaces is presented in [25].

The purpose of this chapter is to revisit the notion of convergence completeness in
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symmetric spaces and discuss some properties of symmetric spaces. Furthermore,
some fixed point results are discussed in this setting. We recall some well known
results in Section 4.1. Completeness in symmetric spaces are discussed in Section
4.2. Products of symmetric spaces are presented in Section 4.3. In Section 4.4 we
present symmetric spaces and some fixed point results in this setting. Some work

presented in this chapter is from the paper [4].

4.1 Some properties on symmetric spaces

Definition 4.1.1 [7] A symmetric space (X, s) is a nonempty set X together with
a real-valued function s : X x X — [0, 00) such that for all z,y € X, the following

conditions are satisfied:
(¢) s(z,y) =0if and only if x =y

(i) s(z,y) = s(y, ).

As in [32] and [33] we denote the class of all symmetric spaces by S and the class of
all metric spaces by M.

Example 4.1.1 [32, Example 1.1] Let X = R and s : X x X — [0,00) be defined
by s(z,y) = (z —y)? for all x,y € X. Then (X, s) is a symmetric space but not a
metric space. Choose = 1,y = 2 and z = 3, then s(z,2) > s(x,y) + s(y, z). Hence,

triangle inequality does not hold.

Definition 4.1.2 [32] Let (X, s) be a symmetric space. Then

(1) a sequence {z,} in (X, s) is convergent to a point z if for each € > 0 there exists
an N € N such that s(z,,z) < € whenever n > N. The point z € X will be called a

limit of a sequence {z,}.

(71) a sequence {x,} of points in (X, s) is called Cauchy sequence if for each ¢ > 0

there exists an N € N such that s(z,,z,) < € whenever n,m > N.
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(791) a symmetric space (X,s) is said to be Cauchy complete if every Cauchy

sequence in X converges to a point in X.

(1v) a point z in X is a cluster point of a sequence {z,} in X if there are positive
integers n; < ng < ... such that limy s(x,,,z) =0, for k > 1.

Remark 4.1.1 Note the following facts:

(1) if a sequence {x,} converges to a point x in (X, s) we shall write lim,, s(z,,z) =0

or simply z,, — .

(17) if a sequence {z,} is Cauchy in (X, s) we shall write lim,, ,,, s(x,,, %) = 0.

The class of all symmetric spaces where convergent sequences have unique limits is
denoted by U, as in [32] and [33].

The next examples illustrates the following:

(1) A symmetric space in which the limits of a sequence may not be unique.

(7i) A symmetric space in which sequences that converge will have unique limits but

the space is not necessarily a metric space.

(7i1) The class of U, is larger than the class of M.

Example 4.1.2 [32, Example 1.2] Let X = N. Define s : X x X — [0,00) by
s(z,y) = (x—1y)?, for all ,y € X. Then (X, s) belong to S. We construct (X, 35) € S
that contains (X, s). Let X = NU {a, 3}, # B both do not belong to N. Define
5: X x X —[0,00) by

((J:—y)z if z,yeX
0 if x=y

% if reXy=a«a

L if yeXrx=a

s(z,y) =9 7

s ib y=p8reX

%} if yeX,z=p

1 if y=a,x=0

\1 if r=a,y=p

67



for all 7,y € X. Now let {x, = n,n > 1} in X. Then (X,5) is a symmetric space

and the sequence {z,} converges to both o and  with respect to s.

Example 4.1.3 [32, Example 1.3] Let X = N be equipped with the discrete metric
s. Then (X, s) belong to S. We construct (X,3) € S that contains (X, s). Let X =
NU {a},a & N. Define 5: X x X — [0,00) by

.

s(z,y) if zyeX
0 if z=y
S({L‘7’y)—
% if reXy=a
1 _
L if r=ayelX

for all x,5 € X. We easily see that (X,5) € S. A sequence in (X, 35) that converges
with respect to s has a unique limit. As we now show this, let {x,} be a sequence
in X that converges to z and y in X with respect to 5. Without loss of generality,
assume that {z,} belongs to X,z € X and y = a. Now lim,, s(x,,x) = 0. It follows
that {z,} is eventually constant. Let z,, = z,k > 1. Then {z,, } is a subsequence
of {z,}. Also we have §(z,,,a) — 0. Thus §(z,a) = 0, hence, = . However, we

clearly observe that 5 is not a metric.

Definition 4.1.3 [32] Let A be a subset of (X,s) € S, we shall say that A is S-
closed if for a sequence {z,} in A and = € X then lim, s(z,,x) = 0, imply that

x € A.

Definition 4.1.4 [32] Let (X,s) € S and (X, 5) € 8. Then we write (X, s) C (X, 5)

to mean that X C X and 5|xxx = s.

In the sequel, as in [32] and [33], we shall say (X, 35) contains (X, s) to mean that
(X,s) C (X,5). We shall call the (X, 3) an extension of (X, s).

More specifically, if (X,s) C (X,3) and (X,5) € U, then (X,s) € U. However, it
is possible to have (X,s) € U with (X,s) C (X,5) but (X,5) is not necessarily in
U. We shall make it explicit when we require both (X, s) and its extension (X, 3) to

belong to the same class.
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4.2 Completeness in symmetric spaces

Definition 4.2.1 [32] Let (X, s) be a symmetric space. Then

(i) (X, s) is S-convergence complete if for every (X,5) € S that contains (X, s)
a sequence {x,} in X that converges to z € X with respect to 5 also converges to

some point z € X with respect to s.

(ii) (X, s) is weakly S-convergence complete if for every (X,5) € S that contains
(X,s) a sequence {z,} in X that converges to # € X with respect to 5 has a

subsequence {x,, } that converges to some point z € X with respect to s.

Definition 4.2.2 [32] Let {z,,} be a sequence in (X, s) € S. We say that {z,} has
property F if for every finite subset F' of X there is NV € N such that n > N implies
that z,, € F.

The proof of the following result is a slight modification of what appears in [33],

regarding the construction of (X, 3).

Proposition 4.2.1 [32] A non-convergent sequence in (X, s) € S converges in (X, ) €

S that contains (X, s) if and only if it has property F.

Proof. Let {x,} be a non-convergent sequence in (X, s) € S. Suppose that lim,, §(x,,, T)
= 0, where Z belongs to (X, 3) € S that contains (X, s). Let F be a finite subset of

X and fix a € F. Then a cannot appear as x,, for infinitely many indices n, other-

wise there would be a subsequence {z,, } of {z,} such that z,, = a for all k. Now

limy, 5(x,,, &) = 0 implies that $(a,z) = 0, hence Z = a. It follows that {z,} con-

verges in X, a contradiction. Conversely, let {z,,} be a non-convergent sequence in

X with property F. Let p = {,} and X U{p}. Define a function 5 : X x X — [0, )

by
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5(z,y) = s(z,y) if z,y€eX;

s(x,p) = 1 if z¢{x,:ne N};

Spy) = 1 if y¢{z,:ne N}

sp,p) = O;

S(z,p) = % if v#ux, forall n>N and N
is the smallest integer with this property;

s(p,y) = % if y#ux, foral n>N and N

is the smallest integer with this property.

It easily follows that (X, 5) € S and contains (X, s). We will show that lim,, 5(z,,, p) =
0. Let ¢ > 0 and N € N such that 0 < % < e. Fix N, then {z1, s, ..., x5} is finite.
Now there is K € Nsuch that £ > N and k > K implies that x & {z1, 22, ...,z }, SO,

for n > K we have 5(z,,,p) = 7 < % < €. O

Lemma 4.2.1 Let (X, s) be a symmetric space, {x,} be a Cauchy sequence in (X, s)
which is not eventually constant. Then {z,} has property F.

Proof.  Let {x,} be a Cauchy sequence in a symmetric space (X,s) which is not
eventually constant. Assume that {z,} does not have property F. That is, there
exists a finite subset F' of X such that z, € F for all n € N. Let ¢ = min{s(z,y) :
z,y € Fyo # y}. Find N € N such that s(z,,z,) < € for all m,n > N. Hence,
s(xn,zy) = 0, for n > N. So, x,, = zy for every n > N. This shows that {z,} is

eventually constant. A contradiction. It follows that {z,} has property F. O

The proof of the next result is a slight modification of the result in [4].

Theorem 4.2.1 [4] Let (X,s) be S-convergence complete, then (X,s) is Cauchy

complete.

Proof. Suppose that (X, s) is S-convergence complete but not Cauchy complete.

Let {x,} be a Cauchy sequence in X. If {z,} is eventually constant, then there
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exists x € X, such that lim, s(z,,2) = 0. A contradiction. On the other hand
assume that {z,} is not eventually constant. Then by Lemma 4.2.1, {z,,} has prop-
erty F. By Proposition 4.2.1, {z,,} converges to Z with # ¢ X and (X, 5) contains
(X, s). Note that (X, s) is S-convergence complete. Hence, lim, s(x,,z) = 0 for
some x € X, which is also a contradiction. Therefore (X, s) is Cauchy complete.

4

Theorem 4.2.2 [4] Let (X, s) be weakly S-convergence complete. Then every Cauchy

sequence in (X, s) has a cluster point.

Proof. Let (X, s) be a weakly S-convergence complete symmetric space and {z, } be a
Cauchy sequence in X. If {z,} is eventually constant, our proof is complete. Assume
that {x,} does not cluster in X. We may assume that {x, } is not eventually constant,
then by Lemma 4.2.1, {z,,} has property F. Thus {x, } converges to p € (X, 3), where
p & X and (X, 3) contains (X, s). Hence, we can find a subsequence {z,, } of {z,}
and a point € X such that limy s(x,,, ) = 0. It follows that z is a cluster point of

{z,}, this leads to a contradiction. Hence, our proof is complete. O

In the following result we require both (X, s) and its extension (X, 5) to belong to
the class ¢. We use the same construction as in Theorem 4.2.1 and Theorem 4.2.2
and the fact that a subsequence in the extension (X,3) can have at most one limit

point.

Corollary 4.2.1 Let (X, s) be weakly U-convergence complete. Then (X, s) is Cauchy

complete.

Example 4.2.1 [32, Example 2.1] Let (X, s) be defined as in Example 4.1.3. We
know that (X,s) is a complete metric space. Let {z, = n,n > 1} and (X, 35) be
defined as in Example 4.1.3. Then we have lim, 5(z,,«) = 0. Thus {z,} converges
in (X, 5) but not in (X, s). Therefore a complete metric space in the classical case is

not necessarily S-convergence complete.
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It was observed in [32] and [33] that a sequence in a symmetric space (X,s) that
converges in (X,5) € S that contains (X, s) is not necessarily a Cauchy sequence.
In fact, Example 4.1.3 is an example of a Cauchy complete metric space which is not

S-convergence complete, nor it is U-convergence complete.

The next result discuss S-convergence complete on subspaces of symmetric space

(X, s).

Lemma 4.2.2 [32] Let (X, s) € S and A be a subspace of X. If (A,$) € S contains
A there exists (X,5) € S that contains (X, s) and (A, ).

Proof. Suppose that A is a subspace of (X,s) € § and (A, §) € § contains A.
Without loss of generality, we may assume that A = AU {¢} and ¢ ¢ X. Now let
X = X U {d}. Define a function 5: X x X — [0,00) by

s(z,y) if x,ye X
s(x,y) =14 0 if * Ae— a4
inf,ea{5(d,a) + s(a,y)} if z=dyeX

forall 2,y € X. Then (X, 5) € S and contains (X, s) as well as (4, §). O

As for metric spaces, S-convergence complete spaces are closed hereditarily and

closed under countable products.

Theorem 4.2.3 [32] Let (X, s) be a symmetric space. If A is an S-closed subset of

S-convergence complete (X, s), then A is S-convergence complete.

Proof. Let A be an S-closed subset of S-convergence complete (X, s). To show that
A is S-convergence complete, consider a sequence {a,} in A such that for (4,$) € S
that contains (A, s4) we have lim, $(a,, @) = 0, for some ¢ € (A, §). We shall show
that {a,} converges in A. Let X = X U {G}. By Lemma 4.2.2 we obtain (X,3) € S
that contains (X, s) and (A, $). Now lim, 5(a,, d) = 0, where 5 is constructed as in
the proof of Lemma 4.2.2. It follows that lim, s(a,,z) = 0 for some = € X since X

is S-convergence complete. Now A is sequentially closed in X, so, we get z € A. [
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The converse holds for the class of symmetric spaces where limits of sequences are

unique. In fact,

Theorem 4.2.4 [32] Let (X,s) € U. Then U-convergence complete subspace A of

X 15 sequentially closed.

Hence, the following corollary follows.

Corollary 4.2.2 [32] Let A be an S-closed subset of a weakly S-convergence com-
plete (X,s) € S. Then A is weakly S-convergence complete.

The proof of the next result follows from [32] and Corollary 4.2.1 and it is therefore

omitted.

Proposition 4.2.2 [4] Let A be an S-closed subset of an S-convergence complete

(X,s) €S. Then A is Cauchy complete.

The result below concerns an S-closed subset of a Cauchy complete space.

Proposition 4.2.3 [4] Let A be an S-closed subset of a Cauchy complete (X, s) € S.

Then A is Cauchy complete.

Definition 4.2.3 Two symmetrics s and § on the same nonempty set X are said
to be equivalent if for every sequence {x,} in X and a point x in X, then we have

lim, s(x,,z) = 0 if and only if lim,, 5(z,,z) = 0.

Definition 4.2.4 [35] Let (X, s) be a symmetric space and A be a nonempty subset
of X. Then A is bounded if there exists an N > 0 such that s(z,y) < N for
all z,y € A. If A is bounded we define the diameter of A as J(A) < oo, where
0(A) = sup{s(z,y) : z,y € A}.

For every (X, s) € S, there exists (X, 5) € S such that:

(1) (X, 38) is bounded.

73



(7i) S is equivalent to s.

To see this, given (X,s) € S define 5(z,y) = min{l, s(z,y)}, then (X,3) has the

desired properties. We shall call (X, 3) a bounded equivalent of (X s).

Lemma 4.2.3 [4] Let (X,s) € S and (X, 5) be its bounded equivalent. If (X,s) C
(X, 3), then there exists (X*,s*) € S such that (X*,s*) is equivalent to (X,5) and
contains (X, 3).
Proof. Let (X,s) € S and (X, §) be its bounded equivalent. Suppose that (X,s) C
(X, 5) holds. We construct (X*,s*) € S such that (X,3) C (X*, s*). Let X* = X
and define s* : X* x X* — [0,00) by

S(z,y) if zye X

s'(z,y) =49 0 if z=y

min{1, s(z,y)} otherwise
for all z,y € X*. Then easily (X*, s*) € S and it is equivalent to (X*, §). Further, we
have (X, §) C (X*,s%). O

Lemma 4.2.4 [4] Let (X,s) € S and (X, 5) be its bounded equivalent. If (X,8) C
(X, 5), then there exists (X*,s*) € S such that (X*,s*) is equivalent to (X,5) and

contains (X, s).

Proof. A similar construction as in Lemma 4.2.3 will do. U

Using Lemma 4.2.3 and Lemma 4.2.4 the following two theorems follows.

Theorem 4.2.5 [4] A symmetric space (X, s) is S-convergence complete if and only

if (X, 38) is S-convergence complete.

Theorem 4.2.6 [4] A symmetric space (X,s) is weakly S-convergence complete if

and only if (X, §) is weakly S-convergence complete.

Proposition 4.2.4 [4] Let (X, s) be S-convergence complete. Then (X, §) is weakly

S-convergence complete.



Proof. Let (X, s) be S-convergence complete and (X, §) be its bounded equivalent.
Since S-convergence complete implies weakly S-convergence complete, it follows that
(X, s) is weakly S-convergence complete. By Theorem 4.2.6, (X, 3) is weakly S-

convergence complete. 0

In fact, the following results hold.

Proposition 4.2.5 [4] A symmetric space (X, s) is Cauchy complete if and only if
(X, 3) is Cauchy complete.

Proposition 4.2.6 [4] Let (X, s) be S-convergence complete. Then (X, §) is Cauchy

complete.

4.3 Products of symmetric spaces

In this section we present products of symmetric spaces. Note that Lemma 4.2.2 is
crucial for the proof of the following results on product of S-convergence complete

symmetric spaces.

Theorem 4.3.1 [34] Let {(X;,s:) : i = 1,2,3,...} be a collection of symmetric
spaces and suppose that X = 1I°X,; is S-convergence complete with X equipped with
s: X x X — [0,00) defined by s(x,y) = Z;’ilw for all xz,y € X. Then

(X, s;) is S-convergence complete for each i = 1,23, ....

Proof. Let X = TI°X; and s : XXX — [0, 00) be defined by s(x,y) = E;’ilw
for all z,y € X. Then s is a symmetric on X. Suppose that (X,5) € S contains
(X,s) and that a sequence {r, = (x},22,...)} in X converges in (X,3) to some

o € X with respect to 5. Let X; = X;U{a} for each i = 1,2, ... and define a function

0 if z=y=«
Si(w,y) = ¢ si(z,y) if zyeX;
inf,—(q1a2ex{5(a,a) + s;(a’,y)} if yeX,
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for all 2,y € X;. Then for each i = 1,2, ..., (XZ, 5;) € § and contains (X, s;). Now
gi(aa $:z) < §<&’ a) + Si(aia x;)
for all @ € X. In particular, let @ = {z,}. Then

§i(a,2') < 5, zn) + s4(2h, o)

n»n

and this gives lim,, §;(c, 2%) = 0. So, for each i = 1,2, ... a sequence {z’} in (X, s;)
converges to . Hence, by assumption, {z’} converges to some point y; in (X, s;).
Let y = (y1,%2,...). Then y € X and by the above construction lim,, s(z,,y) = 0.
Conversely, let X = [ X;. The product symmetric is a function s : X x X — [0, 00)
defined by

o min{1, s;(z;, y;
s(z,y) = X2, { 2i( i

where = (x1, 22, ...),y = (Y1, Y2, ...) € X. Suppose that for all i = 1,2, ... a sequence
{2%} in (X;, s;) converges to a; in (X;,3;) € S that contains (X, s;). We show that

{z!} converges in (X;,s;) for each i = 1,2,.... Without loss of generality, assume

that X; = X; U {o;} for all i = 1,2,.... Let X = J]X; and define a function

5: X xX —[0,00) by

_ o Mmin{l, 8;(x;, y;
8(x,y) = X2, { 2i( i

for all z,y € X. Then (X, 5) € S and contains (X, s). Now consider a sequence {x,, =
(z},22,..)} in X. It can be checked that lim, 5(x,,a) = 0, where a = (ay, ay, ...) €

X. Therefore there exists some point 3 € X such that lim, s(z,,3). Let 8 =
(B1, B2, -..). Then it follows that lim,, s;(z%, 3;) = 0. O

Theorem 4.3.2 [4] Let {(X;,s;) :i=1,2,3,...} be a collection of symmetric spaces
and suppose that X = II?°X; is weakly S-convergence complete with X equipped with
s: X xX — [0,00) defined by s(x,y) = X%, M for all z,y € X. Then

(Xi, s;) is weakly S-convergence complete for each i =1,2,3, ....

Proof. Suppose that (X, s) is weakly S-convergence complete with the symmetric

s: X x X — [0,00) defined by s(z,y) = X2, M for all z,y € X. We
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want to show that (X;,s;) is weakly S-convergence complete for i = 1,2, .... For a

sequence {z,} in (X, s), note that {z, = (z},22,...)}. Fix i € {1,2,..., } arbitrarily

n’ n’

and assume that a sequence {z? } in (X;, s;) converges to a in (X;, §;), with respect to
5;, where (X, 5;) contains (Xj, s;). Without loss of generality we put X; = X; U {a},
and X; = X, for i # j. Next we let X = II;X;. Define 5: X x X — [0,00) by

r .
Z?o:lmln{17séjj'(xj7yj)} if j,?j c X,
if =y,

x
si(zh, ) if T€X and

o

y € X, thatis, §=(y',9%..), with 3 =aq,
5i(a,y’) if 7€ X, thatis,

= (z',2%,..) with 2°=a and 7€ X

&I

\

for all z,y € X. Clearly,

—~

X,s) C (X,5) € S. Define p; : I;X; — X; by ¢;(z =
(z',2%...,)) = 27 for (2,22,...) € I;X; and 27 € X; for all j = 1,2, ..., otherwise
we put p;(z) = «, if j = i, and 2° = «a. For each j € {1,2,...} and a sequence
{d : n > 1} in Xj, define {z,} in X by z, = ¢ '(27),n > 1. In particular,
for a fixed i € {1,2,...} and {2’} we find a sequence {z,} in X such that x, =
¢ 1(z!),n > 1. Now we have lim,, 5(z,,, @) = lim,, 5;(x%, ) = 0. Since (X, s) is weakly
S-convergence complete, we can find x € X and a subsequence {z,, } of {z,} such
that limy, s(2n,, 2) = 0. In particular, let z = (z',2%,...) € X and z,,, = (z, , 22 ,...),
where {z}, } is a subsequence of {z}. Then limy s;(z}, ,2") = 0, it follows that
(Xi, s;) is weakly S-convergence complete. Since the fixed ¢ was arbitrary, the proof

is complete. 0]

Our next result characterizes weakly S-convergence completeness, albeit in a special

case, namely, in the product of a finite sequence of symmetric spaces.

Theorem 4.3.3 [4] Let {(X;,s;) : i =1,2,3,...,n} be a finite collection of symmetric
spaces. Then X = 11X, is weakly S-convergence complete if and only if (X;,s;) is
weakly S-convergence complete for each i = 1,2,3,....,n, where X is equipped with

the function s : X x X — [0,00) defined by

s(z,y) = 1<i§{3i($i; vi) }
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forall z,y € X.

Proof. Let {(X;,s;) : i = 1,2,3,...,n} be a collection of finite symmetric spaces
and suppose that X = II'X; with the symmetric s : X x X — [0,00) defined by
s(z,y) = max{s;(x;,y;) : i = 1,2,...,n.} for all z,y € X, is weakly S-convergence
complete. Emulating the proof of Theorem 4.3.2 we can show that (X, s;) is weakly
S-convergence complete for each i = 1,2, 3, ..., n. Conversely, suppose that (X, s;) is
weakly S-convergence complete for all i = 1,2, ..., n. We want to show that (X, s) is
weakly S-convergence complete. We shall provide proof for ¢« = 1,2 and by induction
our proof shall be complete. We use a technique in [34], see pages 101-102 to construct
an extension of (X, s). Consider an arbitrary sequence {z,, = (z},22)} in (X, s) that
converges to a in (X, 5) € S that contains (X, s) with respect to 5. Let X; = X;U{a}
for each i = 1,2 and the function 3, : X; x X; — [0,00) for i = 1,2 be defined by

0 if r=y=«a
Si(x,y) = si(z,y) if zye X;
inf,— (o1 02)ex{5(a,a) + si(a’,y)} if yeX;
for all 2,y € X;. Then ()N(,,§,) € S and contains (Xj,s;) for each i = 1,2. In
particular,
5i(a, 2) < 5(a, a) + si(a’, 2t

for all @ € X. Let a = {x,}, then

Si(a,1t) < 5(a, xp) + si(xh, 2t).

n»*r'n

This gives lim,, §;(z!,,«) = 0 for ¢ = 1,2. Since (Xj,s;) is weakly S-convergence
complete we find a sequence of positive integers n; < ny < ... such that {z}, } is a
subsequence of {x},} in X; and limy, s1(,, ,z1) = 0 for some z; € X;. Also, (X3, 52) is
weakly S-convergence complete, from the sequence of positive integers nq < ng < ...
we can find a sequence of positive integers ny, < ng, < ... such that {xikj} is a subse-
quence of {z2} and lim; sg(xikj ,T2) = 0 for some x5 € X,. Note that {w}%]} is a sub-
sequence of {x}} and lim; 81(%1%]_,371) = 0. Now let # = (21,22) € X. Then {=,, } =

(), ,xp )isasubsequence of {z,} and lim s(xnkj , ) = 0. This shows that (X s) is

weakly S-convergence complete. O
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4.4 Symmetric spaces and fixed point results

Definition 4.4.1 Let (X, s) be a symmetric space. A mapping T : (X, s) — (X, s)
is called a contraction mapping on X if there exists a constant A € (0,1) such

that s(T'(z), T(y)) < As(z,y) for all z,y € X.

We shall say that amap 7" : (X, sx) — (Y, sy) between symmetric spaces is continu-
ous, if for every sequence {z,} in X, lim,, sx(z,, ) = 0 implies that lim,, sy (T(x,), T(x))

=0.

Definition 4.4.2 [33] Let (X, s) be a symmetric space and T': (X,s) — (X, s) be

a self map. Then a point x € X such that T'(x) = z is called a fixed point of T

Let (X, s) € S and denote by C the family of all non-empty and S-closed subsets in
X.

Definition 4.4.3 [17] Let (X, s) be a symmetric space, {z,},{y.},z and y € X.
Then

(W.3) lim,, s(xp, ) = 0 and lim,, s(z,,y) = 0 imply that z = y.

(W.A4) lim, s(x,,x) = 0 and lim, s(z,, y,) = 0 imply that lim,, s(y,,x) = 0.
Definition 4.4.4 [21] Two mappings T : (X,s) — (X,s) and g : (X,s) = (X, s)

of a symmetric space (X, s) are said to be commuting if T'(g(z)) = g(7T'(z)) for all
r e X.

It is important to note that the uniqueness condition denoted by (W.3) was previously

denoted as (X, s) belongs to the class U.

Theorem 4.4.1 [17] Let (X, s) be a bounded and Cauchy complete symmetric space
satisfying (W.3) and T : (X, s) — (X, s) be a continuous map. Then T has a fized
point if and only if there exists a A € (0,1) and a continuous function g : (X,s) —

(X, s) which commutes with T and satisfies

9(X)CT(X) and s(gz,gy) < As(Tx,Ty) forall z,yeX (1)
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Therefore T and g has a unique common fized point if (1) holds.

Proof. Suppose that T'(a) = a for some a € X. Let g(x) = a for all z € X. Then
g(T(x)) = a and T(g(z)) = T(a) = a for x € X, so, g(T(x)) = T(g(z)) for all
r € X and g commute with 7. Moreover, g(z) = a = T(a) for all z € X so, that
g(X) C T(X). Finally, for any A € (0,1) we have for all z,y € X :

s(gx,gy) = s(a,a) =0 < As(Tz, Ty).

Thus (1) holds. Suppose that there exists A and g, so, that (1) holds. Let M =
sup{s(x,y) : z,y € X} and zg € X. Choose x; such that g(zg) = T'(x1). In general
choose z,, such that T'(z,) = g(x,—1). We show that s(T(x,), T(zpim)) < N"M.

Now

S(T(In),T(CETH_m)) = S(g(xn—l)ag(xn-i-m—l))
MNs(T(xn-1), T(@nim-1))
< < NS(T(xo), T(xm))

IN

< A"M.

Clearly, {T'(x,)} is a Cauchy sequence and the Cauchy completeness of (X, s) gives an

zr € X with lim,, s(T'(z,), ) = 0. Note that ¢ is continuous implies lim,, s(g(7'(x,,)), T(z))
= 0. Now T'(z,) = g(z,_1) such that lim, s(¢((z,),z)) = 0. T is continuous gives
lim,, s(T'(g(z,)), T (x)) = 0. Since

Tg=gT, and lims(T(g(z,)),T(z))=1lms(T(g(z,)),g(z)) =0.

By (W.3) we obtain T'(x) = g(x). Also T'(g(z)) = g(T'(x)). Thus T'(T'(z)) = T'(9(x)) =
9(T(x)) = g(g(z)) and s(g(z), g(g(x))) < As(T'(x), T(g(x))) = As(g(x), g(g(z))) im-
plies that g(z) = g(g(z)). Hence, g(x) = g(g(z)) = T(g(x)), 50, g(x) is a common
fixed point of 7" and ¢g. If z = T'(z) = g(x) and y = T'(y) = g(y), then (1) gives

s(x,y) = s(g(),9(y)) < As(T'(z), T(y)) = As(x,y) or x = y. O

Theorem 4.4.2 [33] Let (X,s) € U be bounded and S-convergence complete and
T : (X,s) = (X,s) be a continuous map. Then T has a fized point if and only
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if there exists a A € (0,1) and a continuous function g : (X,s) — (X,s) which

commutes with T and satisfies
g(X)CT(X) and s(gx,gy) < As(Tx,Ty) forall z,yeX (1)

Therefore T and g has a unique common fixed point if (1) holds.

Proof. Suppose that T'(a) = a for some a € X. Let g(x) = a for all x € X. Then
9(T(x)) = a and T'(g(z)) = T(a) = a for x € X, so, g(T(x)) = T(g(z)) for all
r € X and g commute with 7. Moreover, g(z) = a = T(a) for all z € X, so, that
g9(X) C T(X). Finally, for any A € (0,1) we have for all z,y € X :

s(gz,gy) = s(a,a) =0 < As(Tx, Ty).

Thus (1) holds.

Conversely, suppose that there exists A € (0,1) and a continuous function ¢ :
(X,s) = (X, s), so, that (1) holds. Now since (X s) is bounded, put M = sup{s(z,y) :
z,y € X}. Let xy € X. Choose x; such that g(zg) = T'(z1). In general choose z,, such
that T'(x,,) = g(z,_1). It follows that s(T(x,), T(xnim)) = s(g(xn_1), 9(Tpim—1)) and
$(9(xn-1), 9(@n1m-1)) < AS(T(xp-1), T(p1m—1)). Similarly, we have

S(T(xn-1), T(Tnim-1)) < )‘ZS(T(xan)a T(Tnym—2)) < ..y

hence, s(T(x,), T (Tnim)) < N's(T(x0), T(2y)) < A"M. We shall now show that
the sequence {T'(z,)} converges to a point in a symmetric space (X, 5) that contains
(X, s). Note that lim,, , s(T(z,,), T (z,)) = 0. If {T'(x,,)} is eventually constant, then
we are done. Assume, that the sequence {7T'(z,)} is not eventually constant. Then
by Lemma 4.2.1, {T'(x,)} has property F, hence, the sequence {T(z,)} converges to
a point in (X,5) € S and (X, 5) contain (X, s).

Since (X, s) is S-convergence complete, there exists a € X such that lim,, s(7'((x,), a))
= 0. By continuity of g we get lim, s(g(T(z,)),g(a)) = 0. Now T'(z,) = g(x,_1),
so, that lim,, s(g(x,),a) = 0 and continuity of T gives lim, s(T'(¢(z,)),T(a)) =

Since T'g = ¢T, we have lim,, s(T(g(z,)),T(a)) = 0 = lim, s(T(g(x,)), g(a)), hence,

81



~
—
S
~—
I

g(a), as (X,s) € U. Also, T(g(a)) = g(T(a)). Thus T(T(a)) = T(g(a)) =
9(9(a)) and

=)

~—
S

—
IS

~—

~—
[

s(g(a),g(g(a))) < As(T'(a), T(g(a))) = As(g(a), g(g(a)))

implies that g(a) = g(g(a)), hence, g(a) = g(g(a)) = T(g(a)), so, that g(a) is a
common fixed point of 7" and g. So, if a = T'(a) = g(a) and b = T'(b) = ¢(b), then we
get s(a,b) = s(g(a), g(b)) < As(T'(a), T(b)) = As(a,b) which implies s(a, b) < 0, since
(1—=X) > 0. Therefore s(a,b) = 0 thus, a = b. O

We provide an alternative prove of Theorem 4.4.2. Restrict S to U.

Theorem 4.4.3 Let (X,s) € U be bounded and S-convergence complete and T :
(X,s) = (X, s) be a continuous map. Then T has a fixved point if and only if there
exists a A € (0,1) and a continuous function g : (X,s) — (X,s) which commutes

with T and satisfies
9g(X)CT(X) and s(gx,gy) < As(Tx,Ty) foral z,yeX (1)

Therefore T and g has a unique common fixed point if (1) holds.

Proof. Let (X,s) € U be bounded and S-convergence complete. Then (X, s) is a
bounded Cauchy complete symmetric space by Theorem 4.2.1. The proof is complete

by Theorem 4.4.1. O

Next is a generalization of the Hausdorff distance to the setting of symmetric spaces.

Definition 4.4.5 [35] Let A and B be two non empty elements of C in a bounded

symmetric space (X, s). We define their Hausdorff distance sy (A, B) by

sy (A, B) = max{sup s(a, B),sup s(A4,b)}.

acA beB

Lemma 4.4.1 [35] Let (X,s) be a bounded symmetric space. Suppose that A, B €
(C,sm) and X\ > 1. For each a € A, there exists b € B such that s(a,b) < Asy(A, B).
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Theorem 4.4.4 [35] Let (X,s) be bounded and Cauchy complete symmetric space
satisfying (W.4). Suppose that T : (X,s) — (C, sg) is a multivalued map satisfying

sp(Tx,Ty) < ks(z,y), ke (0,1) foral z,yeX. (1)

Then there exists u € X such that u € Tu.
Proof. Let x1 € X and A € (k, 1). Since T'z; is nonempty, there exists xo € T'zy such
that s(z1,x2) > 0 (if not, then z; is a fixed point of T'). In view of (1), we have:

s(xa, Tag) < spy(Txy, Txg) < ks(xy,x2) < As(xy, z2)

using s(xq, Txo) = inf{s(xs,b) : b € Txs}, it follows that there exists z3 € Tz, such
that

s(xa, x3) < As(x1, x2).
Similarly, there exists x4 € T'z3 such that s(x3,x4) < As(z2, z3).

Continuing in this fashion, there exists a sequence {x,} in X satisfying z,,1 € Tz,
and

S(Tpy Tpy1) < AS(Tp_1,Tn)-
We claim that {x,} is a Cauchy sequence. Indeed, we have
S(Ina l‘n—&-m) < )\S(l’n_l, CUn—i—m—l)
< )\QS(xn—Qy xn+m—2)

< < NNs(@y, Ty

< ATH(X).

So, {x,} is a Cauchy sequence. Hence, lim,, s(u,z,) = 0 for some u € X. Now we
are able to show that u € Tu. Let ke < 1. From Lemma 4.4.1, for each n € {1,2,...}

there exists y,, € T'u such that
$(Tpi1,Yn) < €sp(Txy, Tu) < €ks(z,,u),n=1,2, ...
which implies that lim, s(2,11,y,) = 0. In view of (W.4), we have lim,, s(y,,u) = 0

therefore u € Tu = Tu. O
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We conclude this section with the following result and we restrict S to Y. Further-

more, let (X, s) € U. We shall require the (W.4) property.

Theorem 4.4.5 [4] Let (X,s) € S be bounded and S-convergence complete symmet-
ric space. Suppose that T : (X, s) — (C, sy) satisfies

su(Tz,Ty) < As(z,y), Ae€(0,1) foral z,ye€X. (2)

Then there exists u € X such that u € Tu.

Proof. Let (X,s) € S be bounded and S-convergence complete symmetric space.
Then (X, s) is a bounded Cauchy complete symmetric space by Theorem 4.2.1. The
proof is complete by Theorem 4.4.4. O
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