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CHAPTER 1 

 

Introduction 

 

1.1 Nanostructures 

Due to rapid advances in nanoscience and nanotechnology, developing new materials 

with superior properties is becoming an important engineering endeavour. The term 

“Nanostructures” is frequently used to recognize those novel materials in which characteristic 

length scale lies in the range of 1-100 nm. One of the important and extraordinary aspects of 

nanostructures is that those thermal and mechanical characteristics may be very different 

from the characteristics of corresponding bulk counterparts. For example, graphene and 

carbon-based nanostructures possess very high thermal conductivity (TC) than their 

corresponding bulk counterparts [1]; moreover Si/Ge superlattices retain lower TC compared 

to bulk Si, Ge and SiGe alloys [2].  

Large varieties of different nanostructures have been introduced, tested and applied in a 

broad range of applications. The wide applications of nanostructures can be seen in 

thermoelectric energy conversions, optoelectronic applications etc. A few of the commonly 

used types of nanostructures are illustrated in Figure 1-1. Nanostructures can be classified 
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according to the relative dimensions of the structures. When all three dimensions are in the 

same order and nanoscale, the structure is called a 0D nanostructure: examples are Au 

nanodots and nanoparticles [3]. Structures where lateral dimensions are small compared to 

the longitudinal direction are called 1D nanostructures such as carbon nanotubes of single [4], 

[5] and multiple walls [6] and Si nanowires [7], [8]. 2D nanostructures have one dimension 

significantly small compared to the other dimensions. Examples are Graphene sheets [9], Si 

nanomesh [10] and silicone nanomesh [11]. In 3D nanostructures none of the dimensions are 

in nanoscale but nanopatterning was created such as a InGaAsP/InAlAs superlattice [12]. 

Furthermore, a higher dimensional arrangement of 1D structures can be formed (e.g. hyper-

branched nanowires using PbS and PbSe [13] and kinked Si nanowires [14]).   

In order to improve performance (e.g. thermal transport, mechanical strength), hetero-

nanostructures have been introduced where two or more materials are combined while 

keeping the layer thicknesses in nanoscale. Some of the examples are Si/SiGe superlattice 

films [16],[17], graphene/boron nitride superlattice [17] and Graphene hetero-structures [18]. 

Moreover, combinations of low dimensionality and hetero-structuring were also investigated. 

For instance,  axial hetero-junction Si/Ge nanowires [19] and Si based core-shell nanowire 

hetero-structures [20] have been reported.  Another innovative method is to mix the hetero-

structures of different dimensions such as MnAs quantum dots built on the surface of  InAs 

nanowires [21], InAs nanowire built on Si substrate [22] etc. 
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Figure 1-1: Different types of nanostructures (a) multi-layers [23] (b) ZnO nanowires [24] 

(c) Carbon nanotubes [25] (d) Sinanomesh[10] (e) InGaAsP/InAlAs superlattice [12] 

1.2 Nanostructures in Thermoelectric Applications 

Harnessing waste energy emitted by power plants, vehicles etc. is becoming a very 

important engineering task with the energy crisis and associated environmental issues faced 

by the world [26].  Thermoelectric (TE) materials demonstrate the potential for being a 

promising waste recovering technology with their ability to directly convert heat to 

electricity. More importantly, TE materials offer high reliability, zero pollutants and higher 

temperature feasible solutions [27]. As far as the environment is concerned, zero pollutant 

solutions to recover waste energy, thereby reducing fossil fuel consumption and green gas 

emission are highly admired.  The usage of TE materials is not limited to power generation 

technology but also can be used in refrigeration applications. The Peltier effect is utilized in 

refrigeration technology and the Seebeck effect in power generation [27]. The key advantage 
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of using TE material governed refrigeration technology is that the systems can be made very 

compact without fluid circulation and moving components. Therefore, potential applications 

of TE materials range from waste heat recovery from automobiles to radioisotope 

thermoelectric generators in deep space missions and seat cooling in automobiles to 

electronic cooling in integrated circuits [28]. 

However, the key challenge in utilizing TE materials is their lower efficiency. The 

efficiency of TE materials is mainly evaluated by the TE figure of merit, ZT, which is defined 

as [26], 

 
𝑍𝑇 =

𝑆2𝛾𝑇

𝑘𝑒 + 𝑘𝑙
 1-1 

where S, γ, T, ke and kl  denote the Seebeck coefficient, electrical conductivity, absolute 

temperature and thermal conductivity due to electrons and lattice structure, respectively. The 

straightforward rationale of improving the TE figure of merit is increasing the power factor 

(𝑆2𝛾) while reducing the TC. Historically the power factor has been optimized for narrow-

gap semiconducting materials via doping carriers [28], [29] while TC was decreased by 

adding point defects such as alloying. For example, Bi2Te3 systems were alloyed using Sb 

which yielded  better ZT compared to parent materials [30], [31]. However, it is important to 

note that improving electrical conductivity via increasing carrier concentration leads to higher 

carrier TC. Furthermore, reducing lattice TC by adding point defects deteriorates the 

electrical conductivity, demanding a compromise of electrical and thermal conductivities 

[32]. As far as the power factor is concerned, carrier concentration affects the Seebeck 

coefficient and electrical conductivity in contrasting ways. As such it demands optimum 

carrier concentration which maximizes the power factor [33]. Several material systems can be 

found in the literature where point defect strategy was adopted to increase ZT such as in SiGe 

[34] and Bi2Te3 [30] assemblies.  Another approach called phonon glass electron crystal 
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(PGEC) [35] to enhance the ZT of TE material was introduced where  phonons and electrons 

are made to be propagated through glass-like and crystal-like structures, respectively. 

Therefore, structures are designed to move electrons freely while phonons are scattered 

heavily. In PGEC strategy, voids are created inside the structures and filled with other 

materials, for example, skutterudite is filled with lanthanum, cerium, iron, etc. [36], [37] 

having ZT~1.4.   

Nanostructures can be used to  improve the ZT significantly compared to the 

corresponding bulk materials due to the effect of quantum confinement to the increment of 

the power factor and/or the effect of larger phonon scatterings to reduce thermal conductivity 

[26]. For example, a ZT of ~2.4 was achieved using Bi2Te3/ Sb2Te3  quantum well 

superlattices of 6nm periodic length [38] despite bulk counterpart yields of only up to a ZT of 

1.1. Moreover, nanostructuring improves the ZT of Si nanocomposites, even though bulk 

silicon is considered as poor TE material. For example, 3.5 times increment of ZT over bulk 

Si was achieved adding Si1-xGex nanoparticles [39]. Furthermore, nanograined Si composite 

yielded ZT ~1 at 1173 K as grain size reduced to 10 nm. The nanowires are supposed be an 

efficient TE material due to the fact their small diameter causes quantum confinement and 

additional phonon scatterings lead to a higher power factor and lower TC [40]. It was 

reported that rough Si nanowire of diameter 50 nm fabricated by electroless etching attains 

the a ZT of ~0.6 at room temperature which has 60-fold improvement over bulk Si [8]. 

Moreover, Boukai et al. reported that a ZT of ~1 can be achieved by decreasing the nanowire 

diameter down to 20 nm at 200 K [7]. This higher ZT was attributed to the significant 

reduction of TC due to phonon-wall scatterings and enhancement of the Seebeck coefficient 

due to improved phonon drag effect.  
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1.3 Heat Transfer in Nanostructures 

Classically the heat conduction process is described as a diffusion process and is 

interpreted by Fourier‟s law given by                 

 𝐪 = −𝐊𝛁𝑇 1-2 

where q, K and T are heat flux vector, thermal conductivity tensor and temperature, 

respectively. This law is well-established and proven to be successful in describing the heat 

conduction process on a macroscopic scale. It was argued that when the length scales 

associated with heat carriers are comparable or larger than the characteristic length of the 

medium, the heat conduction process deviates from a diffusive process and thereby, Fourier‟s 

law fails in such cases [41]. The type of heat carrier depends on the category of materials 

such that phonons are the dominant heat carriers in insulators and semi-conductors while 

electrons dominate in metals. In this study, we are interested in the heat conduction of non-

metals, therefore, our focus is limited to phonon-governed thermal conduction  

On a nanoscale, the term “ballistic phonon transport” is typically used to designate the 

propagation of phonons without being subject to scattering (no energy dissipation) for 

hundreds of nanometres which is different to “diffusive phonon transport” which is governed 

by temperature gradient [42].  Low temperature also encourages phonons to have ballistic 

transport which depends on the relative size of the phonon mean free path (MFP) and 

structure characteristic lengths [43]. Experimental confirmations of the existence of ballistic 

phonon transport can be found on silicon-nitride membranes at low temperatures [43] and Si 

membranes at room temperature [44]. Moreover, strong evidence for the ballistic phonon 

transport of superlattices was provided for AlN-GaN [45] and GaAs-AlAs [46] superlattices 

where size dependent thermal conductivity was observed experimentally. Depending on the 
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preservation of phase correlations of atomic fluctuations spatially, phonons can also be 

categorized as wave-like (coherent) or particle-like (incoherent) [47]. Here it is important to 

note that “ballistic” refers to momentum preserve transport while “coherent” refers to phase 

preserve transport and these two notions are not necessarily the same [48], [49]. When 

phonons exhibit coherent behaviour, wave phenomena such as interference [50], tunnelling 

[51] and localisation [52] are observable and those appearances critically depend on the 

relative size of structure characteristic length and phonon coherence length [47]. Strong 

experimental evidence of the existence of coherent phonons of epitaxial oxide superlattices 

was provided in Ravichandran et al.[53] where crossover of thermal conductivities  of 

superlattices was demonstrated. Crossover is attributed to the change from diffuse phonon to 

specular phonon transport meaning incoherent to coherent phonon transport [54]. 

The lower dimensionality of structures also results in anomalous (non-Fourier) heat 

conduction due to the effect of quantum confinement [55]. Violation of Fourier‟s law was 

first detected numerically for a 1D non-linear lattice known as a Fermi-Pasta-Ulam chain 

model [56] where divergence of thermal conductivity was observed with the structure total 

length. This anomalous behaviour is attributed to the momentum conservation of phonons 

[57]. Moreover, inconsistencies of Fourier‟s law prediction at room temperature were 

identified experimentally with heat conduction in 1D nanostructures such as multi-wall 

carbon and boron nitride nanotubes [58]. More importantly, it was shown in that study, the 

anomalous heat conduction occurs even in the cases where structure length L > phonon MFP. 

Moreover, several studies attempted to establish a connection between anomalous heat 

conduction to the diffusivity of 1D lattices [59], [60].    
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1.4 Motivation 

This work is primarily motivated by the identification of nanostructures as promising 

candidates in TE applications. Among different varieties of nanostructures, nanowires, 

hetero-structures and combinations of both are taken as the focus of this study since their 

inspiring characteristics lead to lower lattice TC while retaining the same electrical 

conductivity and Seebeck coefficient of the corresponding bulk counterpart. Furthermore, the 

objectives of this work are to investigate the phonon-governed heat conduction performance 

of above-mentioned nanostructures and introduce novel nanostructures of remarkable thermal 

insulating performance. 

Even though nanowires have been investigated extensively, there is still a lack of 

comprehensive modal analysis of their thermal behaviour. Here what we mean by 

“comprehensive modal analysis” is the ability to derive the value of thermal conductivity in 

terms of modal characteristics such as relaxation time, group velocity etc. Moreover, due to 

the lack of comprehensive modal analysis, some of the unique thermal characteritics of 

nanowires are not well understood and adequately addressed. These unique thermal 

characteristics include non-monotonic TC trends over cross sectional area and the effect of 

shell modifications to the TC. Therefore, this study partly focuses on investigating some of 

the important thermal behaviours of nanowires by conducting comprehensive modal analysis.  

Moreover, as shown in recent studies [49], [61], the thermal insulating performance of 

superlattices, one of the widely investigated hetero-structures, is outperformed by  random 

layer structures. However, thermal insulating performance of structures with randomly 

arranged material layers has not been satisfactorily evaluated. For example, the performance 

of the nanowire form of the random layer structures has not been addressed in the literature. 
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Therefore, one of the aims of this work is to fill that gap by comprehensively evaluating their 

performance.  

The effect of phonon-grain boundary scattering has been widely addressed in the 

literature  to reduce the TC of nanostructures [62]–[64]. However those studies assumed the 

particle-like behaviour of phonons, thereby reduced TC due to the phonon-grain boundary 

scatterings was explained. Recently, a few studies [65]–[67] identified the existence of wave-

like phonons in Si twin boundaries (one of the grain boundaries) and subsequently proposed 

nanostructures which utilized wave-like properties to get further reduction of TC. Based on 

that finding it is aimed to propose naval nanostructures of remarkable thermal insulating 

characteristics as efficient TE materials.  

As material constituents, Lennard-Jones (LJ) materials, which demand less computational 

facilities, and Si/Ge which are used extensively in the semiconductor industry are employed 

in the present work. 

1.5 Outline of TheThesis 

In Chapter 2, the theoretical foundations of the computational methods used in the study 

are briefly presented. This chapter contains a summary of classical molecular dynamics (MD) 

including the direct method and the Green-Kubo (GK) method, the Boltzmann transport 

equation (BTE) including normal mode decomposition (NMD) and Allen Feldman (A-F) 

theory.  

TC of nanowires is investigated in Chapter 3. LJ fictitious material is used as the material 

constituent and the NMD method is applied for TC evaluation. Subsequently, results given by 

the NMD method are verified using the GK method which is based on a fundamentally 
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different physical perspective to the NMD formulation. The convergence issue of nanowires‟ 

TC and the effect of nanowire diameter on TC are investigated scrutinizing the modal 

contribution, particularly at low frequencies. Furthermore, the effect of shell alloy on the 

nanowires‟TC is probed with the virtual crystal (VC) approximation and contribution of non-

propagating modes is estimated via A-F theory. 

In Chapter 4, the influence of randomly arranged layer thicknesses on TC is tested for 

nanowires made of Si and Ge. The thermal conductivities are compared with corresponding 

superlattice nanowire counterparts to demonstrate the effectiveness of random layer 

arrangements. Moreover, the effects of cross-sectional width, mean layer thickness, total 

length, temperature and shell modifications including surface roughness and atomic mixing 

are examined indicating some anomalous behaviours of TC demonstrated over superlattice 

counterparts. 

Chapter 5 demonstrates phonon localisation due to the twin boundaries of nanotwinned 

random layer (NTRL)  structures. In this investigation, NTRL structures are introduced which 

are shown to be having reduced TC over superlattice counterparts. Furthermore, 

combinations of twin boundaries and different material interfaces (Si and Ge) are tested 

seeking further reduction of TC and compared with the TC of corresponding amorphous 

structures.  

This study is concluded in Chapter 6 stating limitations and related future work.   
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CHAPTER 2 

 

Theoretical Background 

 

2.1 Outline 

This chapter presents the theoretical background of the computational methods used in 

this study. Here the thermal conductivity (TC) of structures is evaluated using molecular 

dynamic based methods such as the direct method and the Green-Kubo (GK) method. Thus, 

the discussion is started with a description of molecular dynamic (MD) simulations (section 

2.2 ) and further direct and GK methods are discussed in sections 2.3 and 2.4 respectively. 

Mode level analysis is one of the crucial parts of this study, therefore, key subject areas 

needed to understand this approach are presented here, including lattice dynamic calculations 

(section 2.5 ), Boltzmann transport equation (BTE) (section 2.6 ) and normal mode 

decomposition (NMD) (section 2.7 ). Finally Allen-Feldman (A-F) theory is discussed in 

section 2.8 which facilitates to evaluate the TC of disordered solids.  
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2.2 Molecular Dynamics in Nanoscale Heat Transfer 

MD simulation is a real space analysis, dealing with atomic/molecular structures of 

materials, currently considered as a very powerful tool for investigating the details of 

nanoscale phenomena. Despite MD being a generic tool for understanding numerous physical 

aspects of matter, our discussion in this thesis is particularly limited to the heat conduction 

process. Depending on the strategy to evaluate interatomic forces, MD methods can be 

differentiated as ab-initio and classical approaches where quantum theory-based sub-atomic 

particle level evaluations and experimental data-based empirical interatomic potentials are 

used, respectively [68]. The use of the ab-initio MD method is restricted due to the higher 

computational demands, therefore, currently it is limited for systems with few atoms [69].  

Nevertheless, classical MD simulations can be used for wide range of applications and it is 

very convenient and practical with respect to the current computational power. However, use 

of classical MD is limited in cases where quantum effects are critical such as in low 

temperature (relative to material Debye temperature) [70].Therefore, some works [70]–[72] 

introduced quantum corrections for classical MD simulations resulting if the system 

temperature is not near or above the Debye temperature.  

The fundamental inputs needed for MD simulations (from this point onward MD 

simulation refers to its classical form) are the atomic structure of the matter and interatomic 

potentials which satisfactorily characterize the potential fields among atoms. Newton‟s 

second law is applied for translational motion of each and every atom in the structure as 

given below. 

 
𝑚𝑖

𝑑2𝐫𝐢
𝑑𝑡2

= 𝐟𝐢 = −𝛁𝐢𝜙 
2-1 
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where mi, ri, fi and 𝜙 represent the mass, position vector, force vector acting on i
th

 atom 

and resultant potential field of the whole system, respectively.  If the system consisting of P 

atoms and Cartesian components in 3D space is considered, 3P equations have to be solved to 

get the particle‟s position and momentum trajectories. Several algorithms are introduced for 

integrating Newton‟s equation to improve the computational efficiency while minimising 

numerical errors. Computationally efficient algoritFhms suggest computationally faster and 

lower in memory storage. From the physics point of view, selected algorithms must satisfy 

the time reversible property and thereby energy conservation which Newton‟s equation 

possesses. Even though literally none of the available algorithms satisfy the above 

requirements, it is widely accepted Verlet algorithms are a very good candidate [73]. The 

Velocity Verlet algorithm is well-known for its easy implementation among other Verlet 

algorithms.  

The evaluation of proper interatomic potential function is the most challenging task of 

MD implementations since its success substantially affects the accuracy of results. The 

accurate prediction of potential functions is currently a combined effort of real experiments 

and density functional analysis [74]. It is a rather acceptable practice to decompose the 

combined potential energy in a P-atom system as a summation of one body, two body, three 

body and so on [75]. Thus, the total potential energy 𝜙 is in the following form. 

 

𝜙 1, 2, … , 𝑃 =   𝜙1 𝐫𝐢 

𝑖

+  𝜙2 𝐫𝐢, 𝐫𝐣 
𝑖,𝑗
𝑗>𝑖

+  𝜙3 𝐫𝐢, 𝐫𝐣, 𝐫𝐤 
𝑖,𝑗 ,𝑘

𝑘>𝑗 >𝑖

+ ⋯ + 𝜙𝑃 𝐫𝐢, 𝐫𝐣, … , 𝐫𝑷  

 

2-2 

 

Here one body potential 𝜙1represents the effects from walls and external electrical fields 

on the system. To be useful, it is a necessary condition that 𝜙𝑝converges to zero immediately 
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P increases. Lennard-Jones (LJ) potential [76] is the most widely used pair potential function. 

Among the different variants of LJ potential, LJ 12-6 form 

 

𝜙2 𝐫𝐢, 𝐫𝐣 = 4𝜖   
𝜎

 𝐫𝐢 − 𝐫𝐣 
 

12

−  
𝜎

 𝐫𝐢 − 𝐫𝐣 
 

6

  

 

2-3 

 

is well recognized as a suitable potential to model the properties of noble elements such as 

Argon [77]. In equation 2-3, 𝜖 and σ have the dimensions of energy and length, respectively. 

The repulsive forces due to the overlapping of inner shell electrons and ions are modelled by 

the first term on the right hand side of equation 2-3 while second term models the attractive 

forces due to electrostatic effects. A large number of studies used this potential to 

demonstrate the heat conduction of matter [49], [61], [78]–[81]. Although, LJ potential is 

successful in modelling the behaviour of noble elements and some crystals, the stability of 

diamond structure of tetrahedral semiconductors such as Si and Ge cannot be described in a 

proper way. Thus, Stillinger-Weber (SW) potential [75] which comprises both two-body and 

three-body terms, was introduced for diamond lattices such as Si, C, Ge and GaAs. This 

potential was proved to be capable of replicating mechanical and thermal properties of Si. For 

example, the heat conduction of Si thin films [79] and nanowires [82], [83] was investigated 

using SW potential. Tersoff [84], [85] proposed a many-body potential called the Tersoff 

potential for materials such as Si, Ge. The Tersoff potential has been widely used to predict 

trends in the heat conduction process of materials, for example, crystalline/amorphous 

core/shell Si nanowires [86], Si/Ge superlattice nanowires [87], polycrystalline Si nanowires 

[88], carbon nanotubes [89], etc. 
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2.3 Direct Method for Evaluating Thermal Conductivity 

The direct method is based on non-equilibrium molecular dynamics (NEMD) and is 

closely analogous with the experimental evaluation of TC. In this method, the structure in 

which TC must be calculated is sandwiched by heat source and sink similar to the 

experimental set up. Subsequently two fixed regions are attached to the two extremes of the 

simulation cell including the structure and two heat reservoirsin order to keep atoms attached 

in reservoirs.Basically there are two different implementation procedures in the direct 

method: in one precedure the heat flux is imposed while in the other the temperature gradient 

is imposed. In the former, a prescribed heat flux is added to the heat source while same 

amount is removed from the sink in the form of kinetic energy and the system is allowed to 

develop a steady state temperature gradient. In the latter method, the temperatures of the 

reservoirs are prescribed and the system is allowed to create a steady state heat flux. 

However, Lukes et al. [90] showed that the latter method takes a long simulation time for the 

system to approach a converged heat flux, therefore the former method is employed in this 

study.  Once the steady state temperature gradient is developed in the system, the TC (K) is 

evaluated using Fourier‟s law as follows, 

𝐾 =
 𝒒 
𝑑𝑇

𝑑𝑥

 

where q is the prescribed heat flux. Also it is important to note that the prescribed q must 

be big enough to create a large enough temperature difference between the heat reservoirs 

compared to the statistical temperature fluctuation of the system and small enough to create a 

linear temperature profile along the structure [91]. Even though the direct method uses finite 

sized structures to evaluate the TC, techniques were developed to infer the TC of infinitely 
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large structures [92]. A large number of studies can be found in the literature which applied 

the direct method to evaluate the TC of structures including LJ materials [78], Si,diamond 

[92] and  Si, Si/Ge nanowires [87], [93] etc. 

2.4 Green-Kubo Method for Evaluating Thermal 

Conductivity 

The Green-Kubo (GK) method is taken as a key approach to evaluate transport 

phenomena such as electric current, momentum, heat, etc. [94]. The underlying principle in 

this approach is to relate the currents due to an externally applied field in a system governed 

by Hamiltonian dynamics to equilibrium correlation functions of the current. The molecular 

chaos assumption employed in the Boltzmann transport equation (see section 2.6 ) is not 

applied here, therefore, the GK formulation can be applied for both dilute and dense systems. 

When transportation takes place in a system such as heat conduction, the change of the 

Hamiltonian is taken as a perturbation to the initial equilibrium Hamiltonian.  Thus, the 

external disturbance which perturbs the initial equilibrium Hamiltonian leads to a small 

disturbance of the particle density function mentioned above. Linear response theory 

facilitates establishing the linear relation via the transport coefficient between the external 

force field and the flux arising due to the disturbance to the particle distribution function. The 

works of Green [95] and Kubo [96], [97] led to an exact expression based on the fluctuation-

dissipation theorem for the linear transport coefficient in terms of time-dependent equilibrium 

fluctuations of flux.  In the case of the heat transport process, the external force field becomes 

the temperature gradient even though it is internal, while the flux becomes the heat flux 

vector. Therefore, using the GK formulation the thermal conductivity coefficient is expressed 

in terms of autocorrelation of the heat flux vector which fluctuates around zero at 
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equilibrium. Therefore, the GK method is based on equilibrium molecular dynamics and the 

parameters described in the following equations are evaluated using MD simulations. The 

heat flux vector is defined as,  

 
𝐪 =

1

𝑉

𝑑  𝐫𝐢𝐸𝑖𝑖

𝑑𝑡
 

2-4 

where V, ri and Ei stand for volume, i
th

 atom‟s position vector and total energy, 

respectively. The total energy Ei is the summation of both kinetic and potential energies as 

given in the following equation 

 
𝐸𝑖 =

1

2
𝑚𝑖𝐯𝑖

2 +
1

2
 𝜙𝑖𝑗

𝑗

(𝑟𝑖𝑗 ) 
2-5 

wheremi,vi and 𝜙𝑖𝑗 (𝑟𝑖𝑗 ) are mass, velocity of i
th

 atom and pair-wise interaction of i
th

 atom 

with j
th

 atom when they are apart from the distance rij, respectively. The lattice thermal 

conductivity tensor is given by  

 
𝐾𝛼𝛽 =

𝑉

𝑘𝐵𝑇2
 < 𝑞𝛼 (0)𝑞𝛽 (𝑡) > 𝑑𝑡

∞

0

 
2-6 

where Kαβ is the rank-two thermal conductivity tensor. A large body of works can be 

found which used the GK formulation to evaluate the thermal conductivity of different 

materials, for example, LJ argon [98], [99], diamond [100] , crystalline Si [92], [101], 

amorphous Si [72] and Si nanowire [102]. The GK formulation can yield all the components 

of  the thermal conductivity tensor following a single simulation in contrast to the direct 

method based on NEMD. However, one of the drawbacks of this method is the slow decay of 

the heat flux autocorrelation function for higher thermal conductivity material compared to 

lower ones [102]. 
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2.5 Lattice Dynamics 

In this section some important concepts in lattice dynamics such as normal mode 

coordinates, dynamical matrix, Hamiltonian etc. are presented in the limit of harmonic 

approximation where the potential energy function is approximated to a quadratic form, 

therefore, the restoring force is proportional to the square of the displacement from the 

equilibrium position. This fact is clear as the potential energy function is expanded in a 

Taylor series [103] as shown in below.  

 
𝜙 = 𝜙 𝐫0 +  

𝜕𝜙

𝜕𝑟
 

0
. 𝐮 +

1

2!
 
𝜕2𝜙

𝜕𝑟2  
0

𝑢2 +
1

3!
 
𝜕3𝜙

𝜕𝑟3  
0

𝑢3 + ⋯ 
2-7 

Here u is the small displacement defined as r-r0 where r0 denotes the equilibrium position 

of the atom in which potential energy is minimum. The first and second parts of equation 2-7 

can be neglected as those represent a constant and a force that vanishes at the equilibrium 

point, respectively. Therefore, in the harmonic approximation only the quadratic term is 

considered . 

The lattice energy (E) is defined as the sum of the interaction energy of each pair of atoms 

in crystalline structures. Therefore, 

 
𝐸 =

1

2
 𝜙  

𝑗𝑗′

𝑙𝑙′
 

𝑗 𝑗 ′ ,𝑙𝑙 ′ ,

 
2-8 

where 𝜙 𝑗𝑗 ′
𝑙𝑙 ′

  denotes the interaction energy between the j
th

 atom in the l
th

 unit-cell and the 

𝑗′th atom in the 𝑙′th unit-cell of a given crystalline structure. Under the harmonic 

approximation the force constant matrix F can be represented as [104] 
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𝐹𝛼𝛽  

𝑗𝑗′

𝑙𝑙′
 =

𝜕2𝐸

𝜕𝑢𝛼(𝑗𝑙 )𝜕𝑢𝛽(𝑗 ′ 𝑙 ′ )
 

2-9 

where uα,and uβ represent Cartesian displacement vector components. The equation of 

motion for the j
th

 atom in the l
th

 unit cell can be written as 

 
𝑚𝑗𝐮  𝑗𝑙, 𝑡 = − 𝐅  

𝑗𝑗′

𝑙𝑙′
 

𝑗 ′ 𝑙 ′

. 𝐮 𝑗′ 𝑙′ , 𝑡  
2-10 

where mj is the mass of the j
th

 atom.  

 Taking plane wave assumption, the displacement of the j
th

 atom of the l
th

 unit-cell is 

given by 

 𝐮 𝑗𝑙, 𝑡 =  𝐚(𝑗, 𝐤, 𝜈)exp⁡(𝑖[𝐤. 𝐫 𝑗𝑙 − 𝜔(𝐤, 𝜈)𝑡])

𝐤,𝜈

 2-11 

where k, v and 𝜔 stand for wave vector, phonon branch in the dispersion diagram and 

angular frequency, respectively. Here summation is conducted over all the wave vectors and 

phonon polarization.  

Substitution of equation 2-11 to 2-10 with some re-arrangements lead to the following 

form. 

 𝜔2 𝐤, 𝑣 𝐞 𝐤, 𝑣 = 𝐃 𝐤 . 𝐞(𝐤, 𝑣) 2-12 

where e and D denote the eigenvector and the dynamical matrix, respectively. 

The time dependant complex scalar quantity called normal mode coordinates and those 

time derivatives are defined such that  

 
𝑄  

𝐤

𝜈
, 𝑡 =

1

 𝑁
  𝑚𝑗 exp⁡(− −1𝐤. 𝐫 𝑗𝑙 )𝐞∗ 𝑗, 𝐤, 𝑣 . 𝐮(𝑗𝑙, 𝑡))

𝑗𝑙

 
2-13 
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𝑄  

𝐤

𝜈
, 𝑡 =

1

 𝑁
  𝑚𝑗 exp⁡(− −1𝐤. 𝐫 𝑗𝑙 )𝐞∗ 𝑗, 𝐤, 𝑣 . 𝐮 (𝑗𝑙, 𝑡))

𝑗𝑙

 
2-14 

where N denotes the number of unit cells. These normal mode coordinates represent 

travelling waves of the crystal structure with unique wave vector and frequency. It is also 

important to note that the normal modes are orthogonal, therefore, modes are independent of 

each other.  

The Hamiltonian of the crystal within harmonic approximationcan be expressed by 

normal modes and corresponding derivatives as below [104]. 

 
ℋ =

1

2
 𝑄 

𝐤,𝑣

 
𝐤

𝜈
 𝑄  

−𝐤

𝜈
 +

1

2
 𝜔2

𝐤,𝑣

𝑄  
𝐤

𝜈
 𝑄  

−𝐤

𝜈
  

2-15 

In equation 2-15 the first part on theright hand side denotes the kinetic energy while 

second part denotes the potential energy.  

2.6 Boltzmann Transport Equation 

The average number of phonons of a given quantum state in a system at equilibrium is 

given by the Bose-Einstein distribution as below. 

 
 𝑛 =

1

𝑒𝑥𝑝  
ℏ𝜔

𝑘𝐵𝑇
 − 1

 
2-16 

where  𝑛  and kB are the occupation number and Boltzmann constant, respectively. 

However, when the system does not possess equilibrium, for example, in the case of heat 

conduction, the above distribution is no longer applicable. Thus, it is needed to formulate a 

phonon non-equilibrium distribution and governing equation to determine how such a 

distribution evolves in the system as time advances.  
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The Liouville equation describes the dynamics of a system in phase space [94]. If there 

are P particles in a system, the corresponding phase space is 2𝑑 × 𝑃 dimensional space where 

d is the degree of freedom of a single particle and factor 2 accounts for both generalized 

spatial coordinates and corresponding momentum coordinates. Now the evolution of a system 

of particles can be represented using a line in the phase space traced by a single point. The 

corresponding ensemble of states, a large number of microstates of the system satisfying the 

same macroscopic constraint, can be depicted by a set of points in the phase space. Since the 

number of states in the ensemble is enormously large, the representing points of each micro 

state at t=0 can be taken as a continuum and their time evolution can be viewed as lines 

analogous to path lines in fluid dynamics. It is important to note that these lines never 

intersect each other since initial conditions of each state uniquely determine its trajectory in 

phase space, thereby making points in the phase space conserved as fluid mass conserved in 

fluid mechanics. The 𝑃th 
particle density is defined as 

 𝑁𝑜. 𝑜𝑓𝑆𝑡𝑎𝑡𝑒𝑠 = 𝑓 𝑃  𝑡, 𝐫 𝑛 , 𝐩 𝑛  ∆𝐫 𝑛 ∆𝐩 𝑛  2-17 

in the small volume of the phase space ∆𝐫 𝑛 ∆𝐩 𝑛 and the conservation of particle density 

𝑓 𝑃 follows, 

 𝜕𝑓 𝑃 

𝜕𝑡
+  𝐫  𝑖 ×

𝜕𝑓 𝑃 

𝜕𝐫 𝑖 

𝑛

𝑖=1

+  𝐩  𝑖 ×
𝜕𝑓 𝑃 

𝜕𝐩 𝑖 

𝑛

𝑖=1

= 0 
2-18 

 

Since the direct solution of the Liouville equation is not available, a key simplification is 

imposed to P
th 

particle density called one particle density function with molecular chaos 

assumption. The molecular chaos assumption treats the particles as independent, therefore, 

velocities are uncorrelated before and after the collisions and further, collisions are 

infrequent. Therefore, this assumption is valid only for dilute systems such as phonon gas. 
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The one-particle density function is defined as an averaging of P
th

 particle density to a state 

having  only r and p, therefore it is interpreted as shown in equation 2-19. 

 𝑁𝑜. 𝑜𝑓𝑆𝑡𝑎𝑡𝑒𝑠 = 𝑓 1  𝑡, 𝐫, 𝐩 ∆𝐫∆𝐩 2-19 

Applying this averaging to the Liouville equation yields BTE which contains a particle 

collision part [105] as shown in equation 2-20. 

 
 

𝜕

𝜕𝑡
+ 𝐯. 𝛁𝑟 + 𝐟. 𝛁𝑝 𝑓 𝐫, 𝐩, 𝑡 =  

𝜕𝑓

𝜕𝑡
 
𝑐𝑜𝑙𝑙

 
2-20 

 

where v, f and f denote velocity of particles, external force and one-particle distribution in 

the phase space, respectively. When the heat transport is addressed via BTE, phonons are 

taken as carriers and f denotes the phonon distribution. Then, taking steady state condition 

and neglecting external forces, equation 2-20 simplifies to the following form. 

 
𝐯. 𝛁𝑟𝑓 𝐫, 𝐩, 𝑡 =  

𝜕𝑓

𝜕𝑡
 
𝑐𝑜𝑙𝑙

 
2-21 

Even though, BTE simplifies to equation 2-21, owing to the complicated form of the 

collision part, it is extremely hard to obtain a solution. To make the collision part simpler, 

relaxation time approximation is invoked. Here, the collision term is defined as the ratio of 

equilibrium small fluctuating distribution around fe and relaxation time τ as shown in equation 

2-22. 

 
 
𝜕𝑓

𝜕𝑡
 
𝑐𝑜𝑙𝑙

=
− 𝑓 − 𝑓𝑒 

𝜏
 

2-22 

Here 𝜏 is the relaxation time of a particular particle distribution (i.e. phonons of particular 

wave vector k and branch v) and refers to the time taken to achieve the non-equilibrium 

distribution towards equilibrium distribution. Taking fluctuations as independent of 

temperature T, 
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 𝑑𝑓

𝑑𝑇
=

𝑑𝑓𝑒

𝑑𝑇
. 2-23 

By substituting equations 2-22 and 2-23 into 2-21taking phonons with wave vector k and 

branch v,  

 
 𝑓  

𝐤

𝜈
 − 𝑓𝑒 = −𝜏  

𝐤

𝜈
 𝐯𝑔  

𝐤

𝜈
 . 𝛁𝑟𝑇

𝑑𝑓𝑒
𝑑𝑇
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Here vg is the phonon group velocity. The heat flux can be written as 

 
𝐪 =   ℏ𝜔𝐯𝐠  𝑓  

𝐤

𝜈
 − 𝑓𝑒  

𝐤

𝜈
  

𝑣𝐤
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Then, thermal conductivity K can be written as 

 
𝐾 =   𝐶𝑝𝑕vg

2  
𝐤

𝜈
 𝜏  

𝐤

𝜈
 

𝑣𝒌

 
2-26 

where 𝐶𝑝𝑕  denotes the phonon volumetric heat capacity.  

 

2.7 Normal Mode Decomposition 

Normal mode decomposition (NMD) is a method which can be used to evaluate the 

phonon relaxation time and anharmonic frequency. This method requires atomic velocities 

and positions as inputs which can be obtained by MD simulations.Therefore, NMD accounts 

for the complete anharmonicity of the system beyond the third order of the potential function 

(see equation 2-7). This fact makes the NMD method advantageous over density functional 

theory in terms of accounting the full anharmonicity. Furthermore, the fact of relying on 

empirical potentials adds another advantage from the computational efficiency point of view.  
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Using the normal mode coordinates the energy associated with mode of wave vector k and 

branch v can be given by, 

 
𝐸  

𝐤

𝜈
, 𝑡 =

1

2
𝑄  

𝐤

𝜈
, 𝑡 𝑄  

−𝐤

𝜈
, 𝑡 +

1

2
𝜔2𝑄  

𝐤

𝜈
, 𝑡 𝑄  

−𝐤

𝜈
, 𝑡  
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Here the first term of equation 2-27 illustrates the kinetic energy while the second part 

depicts the mode potential energy. Furthermore, following the equipartition theorem the 

expectation value of mode energy E can be written as two times the kinetic energy. 

 
 𝐸  

𝐤

𝜈
, 𝑡  = lim

𝑡0→∞

1

𝑡0
 𝑄  

𝐤

𝜈
, 𝑡 𝑄  

−𝐤

𝜈
, 𝑡 

𝑡0

0

𝑑𝑡 
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The finite value for the relaxation time of phonons gained due to the anharmonicity, 

existence of defects, boundary etc. results in an exponential decay of the autocorrelation of 

mode energy with time.  Therefore, 

 𝐸 𝐤
𝜈

, 𝑡 𝐸 𝐤
𝜈

, 0 
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𝜈
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𝜈

, 0 
= exp⁡(−2𝛤  

𝐤

𝜈
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where Γ represents the line width. Subsequently, following the Wiener-Khintchine 

theorem, the phonon spectral energy density (SED) is evaluated using equation 2-29 as 

shown below omitting the autocorrelation of time derivative of normal mode coordinates in 

time domain [106], [107]. 
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Following the anharmonic theory [108], the SED given in equation 2-30 is fitted to the 

Lorentzian function which is centered at 𝜔0 
𝑘
𝜈
  while the full width at half maximum is 𝛤 𝒌

𝜈
 . 
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where 𝐶0 
𝐤
ν
  is associated with the average energy of the mode. Therefore, phonon relaxation 

time is given by [108] 
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2.8 Allen-Feldman Theory 

When the structure is disordered, it does not possess a periodicity and the concept of wave 

vector is no longer an appropriate concept, therefore mean free path and group velocity are 

hard to define for the vibrational modes. In an attempt to explain anomalous behaviour of 

glasses in which thermal conductivity decreases as temperature decreases contrary to 

crystalline structures, Kitle concluded that the MFP ~lattice constant, thus, TC~constant 

irrespective of the structure size [109]. In such cases where the MFP ~lattice constant, the 

vibrational modes are no longer propagating as assumed in the phonon gas model, therefore, 

a new approach is demanded.  

Allen and Feldman [110], [111] introduced a novel theory (A-F theory) to address an 

intermediate regime where disorder is sufficient for modes to cause diffuse while insufficient 

to cause localised, revealing deep insight into the contribution of vibrational modes to the 

heat conduction process. Their theory was based on harmonic approximation, therefore, 

material should be stiff enough and/or at low temperature to satisfy the approximation. This 

study led to some detail and rigorous classification of vibrational modes considering their 

propagating/diffusing and extended/localised characteristics. Concerning the extended 
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properties, modes are categorized into two groups called extendons and locons and 

subsequently,extendons are further categorized as propagons and diffusions. The propagons 

behave similar to phonons which propagate carrying heat with a corresponding group 

velocity. On the other hand wave vector cannot be defined for diffusions, thus, heat is 

diffusively transported by them. It is important to note that diffusion is extended throughout 

the structure unlike locons which is localised in a limited space. Following a Kubo-based 

harmonic theory, Allen and Feldman formulated an expression mode diffusity of diffusions 

as, 

 
𝐷𝑛 =

𝜋𝑉2

ℏ2𝜔𝑛
2

   𝑛 𝑞𝑧 𝑛′  2𝛿(𝜔𝑛 − 𝜔𝑛′)

𝑛′≠𝑛
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where Dn and   𝑛 𝑞𝑧 𝑛′   are n
th

 mode diffusivity and z component of heat flux operator 

projected on 𝑛 and 𝑛′ eigenstates. Therefore, mode diffusivity can be related to the thermal 

conductivity as  

 𝐾 =  𝐶𝑛𝐷𝑛

𝑛

 2-34 

where Cn represents the n
th

 mode specific heat capacity. 
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CHAPTER 3 

 

Modal Analysis of the Thermal 

Conductivity of Nanowires 

 

3.1 Introduction 

Investigating the phonon-driven heat transport mechanism of quasi one dimensional (1D) 

structures such as nanowires, nanotubes and nanoribbons is important because of their 

potential uses in thermoelectric (TE) applications [40]. The key differences of thermal 

transport mechanism in low dimensional structures over their bulk counterparts emerges due 

to phonon confinement and extra phonon-surface scatterings [8], [55], [112]. The origin of 

the former effect is connected with the relative dimensions of characteristic length of the 

structure and phonon wavelength [112], [113]. This confinement effect of quasi 1D structures 

modifies the phonon spectrum, thereby increasing the dominance of long wavelength 

phonons and reducing phonon group velocities [87], [114]. These distinctive characteristics 

of phonons give rise to anomalous thermal behaviours over bulk materials. For instance, a 

universal quantum conductance, quantized limiting value for the conductance, was 

experimentally demonstrated [115] for a 1D ballistic channel at low temperature as 𝜋2𝑘𝑏
2𝑇/

6𝑕.  
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Furthermore, the problem of “long wavelengthphonons” and convergence issues of quasi 

1D thermal conductivity (TC) with the total length have long been the subject of debate. As 

discussed in Appendix A, the combined effects of 1D Brillouin zone (BZ), linear dispersion 

and first-order 3-phonon scatterings inevitably lead to the divergence of TC of 1D structures. 

Several studies [56], [58], [89], [102], [116]–[121] addressed the convergence issue of quasi 

1D structures with different material assemblies and techniques which sometimes led to 

contradictory conclusions. These contradictory conclusions would be consequences of the 

material structures analysed and the limitations of the techniques employed in the studies. 

The purpose of this chapter partly is to shed some light on this convergence issue using the 

techniques based on the Boltzmann transport equation (BTE) in the limit of single mode 

relaxation time approximation (SMRTA). Among the different varieties of quasi 1D 

structures, our study is limited for nanowires. In this study, the TC of nanowires is 

investigated employing normal mode decomposition (NMD) simulations [81], [107], [122] 

which are based on BTE-SMRTA and subsequently, equilibrium molecular dynamics. The 

Green-Kubo (GK) method is used for the verification of the results given by NMD. For the 

investigation, Lennard-Jones (LJ) materials are used to examine thermal transport of solids 

with a significantly more reduced computational demand than real materials such as Si and 

Ge [61], [81], [107], [122]. LJ potential is considered as a suitable inter-atomic potential to 

evaluate the physical and thermal properties of Argon including solid phase. Tretiakov and 

Scandolo [99] demonstrated that TC evaluated for solid Argon by MD simulations using LJ 

potential is in good agreement with experimental values. By varying energy depth (ε) and 

zero-potential pair separation (σ), materials with different properties (soft or hard) can be 

derived. LJ potential has been widely used to investigate thermal performance of materials 

due to less computational demand than real materials. LJ potential is popular among 

researchers for comprehensive analysis of material properties including thermal performance. 
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Moreover the investigation of the non-monotonic trends in TC of nanowires with cross-

sectional width is another case of this chapter which was addressed before [87], [102], [121] 

with seemingly different explanations. For example, Karamitaheri et al. [121] attributed the 

increasing TC trend as cross-sectional width is decreased to the emergence of low frequency 

modes while Zhou et al. [102] attributed that phenomenon to the dominance of the normal 

process of acoustic phonons which leads to phonon hydrodynamic flow. We revisit the 

problem using the system derived from LJ materials mentioned above and suggest possible 

causes for that non-monotonic trend in the limits of the computational procedure employed 

here.  

Seeking further reduction of TC of nanowires via doping or alloying the entire structure 

with heavier mass atoms has been tested before [123], [124] experimentally and 

computationally. Even though significant reduction of TC is achieved, it might adversely 

affect the electrical conductivity of the structure, and thereby the TE figure of merit [125]. 

Consequently, alloying or doping was confined only to the shell region [125]–[127], thus, the 

electrons are free to move through the core region while phonons are disrupted with the shell 

modifications. Despite the significant reduction of TC of shell alloyed/doping nanowires 

being attributed to the mode localisation [125], [128] depicted by the mode participation ratio 

(PR), comprehensive analysis is still lacking.Thus, in this chapter, we develop computational 

techniques which facilitate analyzing and decomposing the contribution of different 

vibrational modes to the TC of nanowires in which shell is alloyed with heavier mass atoms.   

This chapter is organized as follows. Firstly, the theoretical and computational formalisms 

of the NMD method are presented including lattice dynamics calculations at the harmonic 

limit. Subsequently, the NMD implementation is demonstrated and compared with GK 

simulations using pristine and superlattice nanowires with a discussion pertaining to the 

convergence of TC of the structures considered here. Subsequently, the non-monotonic 
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behaviour of TC of nanowires is addressed and an attempt is made to explain the trend 

following the insight given by the NMD method. Then we investigate the effect of shell mass 

disorder on the TC of nanowires by developing techniques to decompose the influence of 

different vibrational modes such as propagons and diffusions.  

3.2 Theoretical and Computational Formalism 

3.2.1  Lattice dynamic calculations 

The nanowire structures investigated in this study are built upon a crystalline structure 

with a face centred cubic lattice. Fictitious LJ materials are used as the material constituents. 

Therefore, atomic interactions are evaluated following LJ potential in the form of equation 

2-3 as shown below. 

 
𝜙2 𝐫𝒊, 𝐫𝒋 = 4𝜖   

𝜎

 𝐫𝒊 − 𝐫𝒋 
 

12

−  
𝜎

 𝐫𝒊 − 𝐫𝒋 
 

6

  

 

 

where 𝜖 =3.34×10
-21

 J which is two times the corresponding value of Argon [78] and 

σ=3.4×10
-10 

m which is the same value as Argon. The mass of an atom (mA) is 6.63×10
-26 

kg 

which is the value of the Argon atom and the cut-off radius is kept at 2.5σ. The nanowire‟s 

Unit Cell (UC) taken for implementing NMD procedure is shown in Figure 3-1(b). The 

longitudinal direction is along the X axis where lateral dimensions are along the Y and Z 

axes. Here BZ is one dimensional and UC is repeated only along the X axis contrary to the 

bulk structures such as bulk Ar, Si [81] and superlattices [122]. The number of atoms per UC 

in this particular case is 64 atoms. With this definition, nanowire can be presented as a 1D 

Bravais Lattice of lattice vector 𝑹   = 𝑛"𝜆𝒙  where λ, 𝑛" and 𝒙  are distance to adjacent UCs, an 
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integer and unit vector along X axis respectively. Furthermore,the reciprocal lattice vector is 

given by=
2𝜋

𝜆
𝒙  . Then the allowed wave vectors of the nanowire can be obtained from, 

𝐤 = 𝐆
𝑛

𝑁𝑥
 

Nx is an even integer and 𝑛" is an integer which satisfies 
−𝑁𝑥

2
< 𝑛" ≤

𝑁𝑥

2
. 

The lattice dynamics calculations are conducted using the General Utility Lattice Program 

(GULP) [129] to find harmonic phonon eigenfrequencies, eigenvectors and group velocities.  

The UC information is fed to the GULP package and the large lateral dimensions are applied 

to make free nanowire‟s surface instead of a periodic boundary condition. Figure 3-2(a) 

shows the dispersion curve of nanowire for the above described UC definition indicating the 

different acoustic branches where AT, AL and AF refer to acoustic torsional, longitudinal and 

flexural branches, respectively. Vector plots of the atomic velocities relevant to different 

branches are given in Appendix B. Furthermore, Figure 3-2(b) shows participation ratios for 

each mode in harmonic limit. The participation ratio (PRn) [130] is defined as, 

 

𝑃𝑅𝑛 =
  𝒆𝑖,𝑛

𝑃
𝑖

2
 

2

𝑃  𝒆𝑖,𝑛
𝑝
𝑖

4  
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which provides an indication of the localisation behavior of vibration modes at the 

harmonic limit [131]. Here, ei, n represents the eigenvector of the i
th

 atom of mode n and PRn 

varies from 1 to 1/P (P represents total number of atoms). The number of atoms participating 

to a given mode n is equal to PRn×P. As shown in Figure 3-2(b), the modes do not show any 

significant localisation since the PR of majority of the modes is higher than 0.1.    
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Figure 3-1: Atomic configurations of (a) nanowire of cross-sectional width 2.1 nm and (b) 

unit-cell (UC) defined for the nanowire. 

 

 

 



35 

 

 

Figure 3-2: (a) Dispersion curve of the nanowire in Figure 3-1. (b) PR of modes of 

nanowire of total length 32 UCs. 

3.2.2  Normal mode decomposition 

To begin the NMD implementation, first the atomic velocities of nanowire are extracted 

by EMD simulations. The time step is keptat 2 fs which is in accordance with the arguments 

stressed in McGaughey(2004) [132]. Periodic boundary conditions are applied along the 

longitudinal direction while free boundary conditions are imposed along transverse 

directions. Firstly, the nanowire structure is relaxed in the NPT (constant number of atoms, 

pressure and temperature) ensemble for 400 ps and once equilibration is achieved, atomic 

velocity components are collected for a given velocity sampling lag while the structure is 

running at NVE (constant mass, volume and energy) ensemble for a prescribed total 

simulation time. The velocity sampling lag is determined as atomic velocity data can capture 

the system‟s highest frequency and the total simulation time is evaluated in accordance with 

the frequency resolution required to capture the relaxation times accurately. Structure size 

therefore plays a key role on determination of total simulation time since low frequency 

phonons (which have a higher relaxation time) get activated as the structure size gets larger. 
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Therefore the SED of such phonons is extremely narrow. To evaluate the relaxation time of 

such modes, a higher frequency resolution is important.  

Using the atomic velocities sampled, the time derivative of normal mode coordinates is 

evaluated applying equation 2-14 with the harmonic eigenvectors calculated at wave vector k 

as shown in equation 3-2. 
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Here v𝛼 𝒍
𝑖
, 𝑡  represents the α

th
 Cartesian component of velocity v of i

th
 atom of l

th 
UC at 

time t. 𝒆∗ 𝐤
𝜈

𝑖
𝛼
  and 𝒓0 

𝑙
𝑖
  represent the conjugate of eigenvector and equilibrium position 

vector of the i
th

 atom of the l
th 

UC. Subsequently, following the Wiener-Khintchine theorem, 

the phonon spectral energy density (SED) is evaluated using equation 2-30 as shown below 

omitting the autocorrelation of time derivative of normal mode coordinates at the time 

domain [106], [107]. 
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Moreover, following the anharmonic theory[108], the SED shown in equation 2-30 is 

fitted to the Lorentzian function which is centered at 𝜔0 
𝑘
𝜈
  while full width at half maximum 

is 𝛤 𝒌
𝜈
  as given in equation 2-31, 
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where 𝐶0 
𝒌
𝜈
  is associated with the average energy of the mode. Therefore following 

equation 2-32 the phonon relaxation time (𝜏) is given by [108], 
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The BTE is used to evaluate the TC of structures in terms of phonon relaxation times 

given by normal mode decomposition and phonon group velocities calculated using harmonic 

lattice dynamics as described above. The application of BTE is valid when modes are 

phonons which are delocalised plane waves. Following the SMRTA the lattice TC along 

direction 𝒙  can be written using equation 2-26 as shown below. 

 
𝐾𝒙 =   𝐶𝑝𝑕

𝑣𝒌
 
𝐤
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2  
𝐤
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Even though the SMRTA fails for materials with large thermal conductivities such as 

GaN [133] and diamond [134], it has been shown that this approximation can be successfully 

applied for materials such as Si and LJ Argon [81]. Due to the classical nature of MD 

simulation which follows the Maxwell-Boltzmann statistics, 𝐶𝑝𝑕 𝒌
𝑣
  is equal to kB/V at the 

harmonic limit [81], [122].  
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3.3 Results and Discussion 

3.3.1  Case Studies: pristine and superlattice nanowires 

In this section, we demonstrate the NMD implementation procedure carried out 

throughout this study using two scenarios: pristine nanowire (PNW) and superlattice 

nanowire (SLNW). The NMD implementation is carried out for a few stages to minimise the 

computational cost of the procedure. For the case of PNW of cross sectional width 2.1×2.1 

nm
2
, the UC contains 64 atoms and 196 modes per given wave vector while SLNW contains 

128 atoms and 384 modes per given wave vector. The both systems are kept at 40 K. The 

atomic masses of the SLNW are mA and 2mA. The existence of long wavelength phonons 

demands longer nanowire to have proper evaluation of TC making the process extremely 

computationally expensive. The strategy we apply to circumvent this issue is addressing 

modes separately as acoustic and optical modes following the nanowire‟s dispersion curve. 

As the first step, we take the PNW structure of size ≤ 32UCs and SLNW of size ≤ 32UCs and 

implement NMD procedure as described in sections 2.7 and 3.2.2 . The velocity sampling lag 

and the total simulation time are shown in Table 3-1. Subsequently,TC due to the optical 

phonons is evaluated following equations 2-30, 2-31, 2-32 and 2-26. The optical modes are 

identified using the information given by the dispersion curves. Figure 3-3 illustrates the 

cumulative TC given by optical phonons (K_OP) for three different structure sizes over the 

angular frequency (𝜔). It can be seen that K_OP is converged at 16 UCs in both structures. 

Therefore, the structures of 32 UCs yield converged values of K_OP for both cases.  
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Table 3-1: Computational parameters of NMD implementation of PNW and SLNW. 

 STEP 1 Velocity 

sampling 

lag 

Total 

time 

steps 

STEP 2 Velocity 

sampling 

lag 

Total 

time 

steps 

PNW ≤ 32 UCs 2
6
 2

22
 ≤ 192 UCs 2

9
 2

24
 

SLNW ≤ 32 UCs 2
6
 2

22
 ≤ 120 UCs 2

9
 2

25
 

 

 

Figure 3-3: Cumulative K_OP of (a) PNW and (b) SLNW. 

However, contrary to optical phonons, acoustic branches demand a longer structure to 

attain the convergence of TC. Consequently, NMD procedure is implemented for PNW 

structures of size ≤ 192UCs and SLNW structure of size ≤ 120 UCs taking only acoustic 

branches, which curtail the computational cost significantly. The new velocity sampling and 

total simulations are shown in Table 3-1for both structures, which are later shown to be large 

enough to capture the dynamics of acoustic phonons. The phonon relaxation time (𝜏) against 

𝜔 evaluated following the two steps described above is illustrated in Figure 3-4 for both 

structures.  
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Figure 3-4: Phonon relaxation times of the (a) PNW and (b) SLNW. 

It can be clearly noticed that three different acoustic branches follow distinct trends as 𝜔 

approaches lower values. Moreover, it is interesting to observe that the relaxation time of low 

frequency phonons tends to attain a constant value contrary to the relaxation time observed in 

bulk structures before [81], [122] where 𝜔2
 scaling was followed. This trend can be seen very 

clearly for the AF branch since it extends towards ultra-low frequencies compared to other 

two branches. This constant trend at lower frequencies could be a result of second-order 3-

phonon scatterings as suggested by Mingo and Broido [119]. They showed that the 

convergence of the TC of carbon nanotubes can be attained by adding an extra term 

representing second-order 3-phononprocess in addition to the conventional first order 3-

phonon scattering term [135] as given below, 

 1 

𝜏
= 𝐵𝜔2𝑇𝑒𝑥𝑝  

−𝐶

𝑇
 +  𝐴𝑇2 

3-3 

 

where A, B and C are constants. However, AL and AT branches also indicate some 

curvature at low frequencies. We assume here that both AL and AT branches follow a similar 
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trend as shown by AF branch at low frequencies. However, carrying out simulations is 

computationally prohibited as it demands a significantly larger structure. Following Mingo‟s 

derivation on second-order 3-phonon scatterings, we fit each branch using the function in the 

form of 1  𝐴1𝜔
2 + 𝐴2   (see equation 3-3). A better agreement between fitting function and 

relaxation time values is achieved particularly at low frequencies as depicted in Figure 3-4 

indicating the validity of the assumptions we made above.  

This agreement is important for attaining a converged TC of the nanowires as length 

increases. Moreover, this fitting function facilitates extrapolating the relaxation values at 

ultra-low 𝜔which are computationally prohibited to evaluate as stated earlier. This is an 

important step to evaluate the TC at the limit of infinitely long nanowires since finite size 

structures offer only a finite number of points in the 1
st
 BZ instead of the entire volume. 

Therefore, we infer the converged thermal conductivities of each branch utilizing the fitted 

function (as shown in Figure 3-4) and consequently the total TC. It is important to note that 

the extrapolation procedure implemented before [136] for bulk materials is not applicable for 

quasi 1D structures (e.g. nanowires).This is because the DOS of quasi 1D structures no 

longer exhibits quadratic variation with respect to 𝜔. As shown in the Figure 3-5(a) and (d), 

AF branches in both structures yield converged TC for the structure sizes considered here. 

However, there is no guarantee that the other two branches achieve a converged value for the 

structure sizes taken here. Therefore, the curve fitting procedure introduced in the study 

assists achieving the points near to the centre of BZ, and thereby the converged value TC. It 

is important to note that the frequencies at the harmonic limit are taken for the fitting 

procedure. 
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Figure 3-5: Cumulative TC of PNW‟s (a) AF, (b) AL, (c) AT and SLNW‟s (d) AF, (e) 

AL, (f) AT branches over 𝝎 at different structure size. 
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GK simulations which are based on an alternative physical perspective are implemented 

to evaluate the TC of structures, in order to verify the procedure mentioned above. This 

method is used to evaluate the TC of Si nanowires by Zhou et al. [102] demonstrating the 

ability to have a converged value for TC of Si nanowires. Unlike the BTE based methods 

such as NMD, the GK method is based on the correlation of heat current which is a 

fundamentally different way of looking at the heat conduction mechanism. The comparison 

of TCs evaluated by the NMD and GK methods was conducted for bulk LJ alloys [81] and LJ 

superlattices [122] showing the close agreement between the results given by both methods. 

We implement the GK method following the equation 2-6. Here 20 independent simulations 

are conducted to attain a steady TC curve over the correlation time for both cases as shown in 

Figure 3-6.  

 

Figure 3-6: Comparison of TC evaluated by NMD and GK methods of (a) PNW and (b) 

SLNW. 

 

The calculated TC of PNW and SLNW are 0.82∓0.118 and 0.64∓0.171 W/mK 

respectively. As shown in Figure 3-6 the results given by the NMD procedure described 

above closely follow the results given by the GK method. The validation given by the GK 
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method, which is free from the assumptions made in BTE-SMRTA, justifies the multi-

stepped NMD procedure including the fitting procedure described in this section.      

3.3.2  Non-monotonic diameter dependence of TC of nanowires 

In this section, we address the non-monotonic diameter dependence of the TC of ultra-

narrow nanowires reported before for Si based structures [87], [102], [121]. The non-

monotonic trend is first demonstrated using the LJ materials mentioned before using the GK 

method as shown in Figure 3-7. A minimum of TC can be seen when the width is at 2.6 nm 

indicating a crossover of the dominance of competing mechanisms of phonon transport at this 

width. The NMD evaluation is performed for nanowires of cross-sectional widths 2.1, 2.6 and 

3.2nm to get more understanding on the competing phonon transport mechanisms. The 

procedure for the NMD evaluation for these structures is similar to the one followed in the 

above case studies in section 3.3.1 . As can be seen in Figure 3-7, the NMD evaluated results 

closely follow the GK ones within 10% difference. Furthermore, the contribution of each 

acoustic branch and optical modes is illustrated.  
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Figure 3-7:TC variation with the NW cross-sectional width. 

Figure 3-8(a) illustrates the DOS, evaluated using the velocity autocorrelation function 

[104], of the three different nanowires with the corresponding bulk counterpart. The DOS is 

shifted to lower frequencies as cross-sectional width decreases indicating more influence of 

low frequency phonons for the TC of narrower nanowires. The cumulative TC curves for the 

structures in Figure 3-8(b) further verify that fact, demonstrating the distinct cumulative trend 

of nanowires over the bulk counterpart. All the nanowires taken here carry more than 70% of 

the heat using the phonons of 0-2 rad.THz spectrum while bulk material transports only 10% 

within that spectrum. As shown in the inset of Figure 3-8(a), nanowires deviate from the 𝜔2 
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trend of bulk material giving a constant value of DOS. It is important to note that at very low 

frequencies the DOS seems to be diverging from the constant DOS due to the effect of 

flexural modes; however, it does not affect to convergence of TC since the velocity of 

flexural modes approaches  zero at low frequencies.  

 

Figure 3-8: (a) DOS over 𝝎. (b) Normalized cumulative TC of structures over 𝝎. 

To explain the trends of the TC of different branches shown in Figure 3-7, three important 

phonon characteristics are considered in the discussion: phonon DOS, group velocities and 

relaxation times. The phonon group velocity evaluated at the harmonic limit illustrated in 

Figure 3-9(a) shows lower group velocities for narrower nanowires. Higher DOS and lower 

group velocities of narrow nanowires stem from the effect of phonon confinement as the 

nanowire‟s cross-sectional width is decreased. Furthermore, the effect of phonon-surface 

scatterings is shown in Figure 3-9(b), which shows a higher relaxation time as width is 

increased. This trend remains throughout the spectrum including acoustic modes. Even 

though the phonon group velocities and relaxation times are getting higher values particularly 

at low frequencies as cross-sectional width increases, the TC of acoustic branches does not 
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follow the same pattern due to the effect of higher DOS as width is lowered. This effect is 

critical for the AT branch of the nanowire of 2.1 nm width over the nanowire of 2.6 nm as 

shown in Figure 3-7. The contribution of the AT branch dominates the total TC of the 

nanowire of width 2.1 nm compared to its effect on higher cross-sectional width nanowires. 

Therefore, it can be concluded that a higher TC can be achieved as cross-sectional width 

decreases from 2.6 nm due to the effect of low frequency phonons and increases again for 

values larger than 2.6 nm. The latter phenomenon is due to the lesser effect of phonon-

boundary scatterings, which is illustrated by higher group velocities, and relaxation times of 

higher width nanowires. Thus, the key reason for the higher TC before a critical cross-

sectional width is the increment of DOS of narrower nanowires. A similar conclusion was 

attained in the study by Karamitaheri et al. [121] which addressed the thermal transport of Si 

nanowires based on analytical formulations.  

We would now like to compare the treatment of Zhou et al. [102] on a similar case using 

Si nanowires. In their study, effect of phonon hydrodynamic flow was attributed to the higher 

TC of narrow Si nanowires and non-monotonic behaviour was described as the competing 

effect of the dominance of normal and umklapp scatterings. However, the NMD formulation 

we implemented is based on SMRTA, therefore, all the scatterings are assumed to be 

momentum destroying and heat dissipative [137], [138]. The close agreement of the TC 

results given by both the NMD and GK methods indicates that the NMD formulation is 

accurate enough to evaluate the TC of LJ nanowires taken in this study.  More importantly, 

the ability to model and explain the non-monatomic TC behaviour without considering the 

hydrodynamic behaviour of phonons suggests that the mechanism proposed in this study is 

more responsible than the mechanism suggested in Zhou et al. which could sharpen the 

effect.  
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Figure 3-9: Modal (a) group velocity and (b) relaxation time of NWs of three different 

cross-sectional widths. 

 

3.3.3  TC evaluation of shell alloyed nanowires (SANWs) 

In this section, we begin to explore the thermal transport characteristics of shell alloy 

nanowires (SANWs). For the investigation, PNWs of cross-section 2.1×2.1 nm
2 

are taken and 

50% of shell atoms are randomly replaced by heavy mass atoms (see Figure 3-10). Here three 

cases are considered in which alloy atomic masses (mB) are 2, 3 and 5 times the mass of an 

Argon atom (mA). As demonstrated by the seminal work of Allen and Feldman [110], [111], 

three kinds of modes exist in disordered solids: propagons, diffusions and locons. Propagons, 

as the name suggests, exhibit propagating behaviour in which aperiodically modulated atomic 

velocity field can be identified. Therefore, BTE can be used to evaluate the contribution by 

propagons to the TC of structures. On the other hand, Locons yield a spatially localised 
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velocity field in the structure, therefore their contribution to the TC can be neglected at 

harmonic approximation. Diffusions are delocalised, the corresponding atomic velocity field 

features are spatially randomised in contrast to propagons, and mode group velocity is 

impossible to define. Nonetheless, diffusions actively participate in the heat transport of 

structures and their contribution to TC is firmly formulated in A-F theory [110], [111] within 

the limits of harmonic approximation.  

 

Figure 3-10: Atomic configuration of SANW. The green box encloses the core region of 

the SANW. 

 

Identification of locons has been known for a long time [130], but there was not a 

universal technique for identifying diffusions until the work of Seyf and Henry [139] which 

started using the eigenvector periodicity argument for modes. Before that, Allen and Feldman 

[110] applied a structure factor-based method to distinguish propagons and diffusions 

evaluating plane wave characteristics of modes. However, this method lacks generality, as it 

produces different magnitudes for different materials [139]. Since eigenvectors are directly 
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related to the velocity field of modes, different spatial behaviour of modes‟ velocity fields 

can be revealed through the spatial behaviour of eigenvectors. For example, it is reasonable to 

accept that corresponding eigenvectors of propagons feature spatial periodicity while 

diffusions show spatially randomised patterns[139].  

Here, we develop an alternative method, which is also based on the same principle of 

eigenvector periodicity, but correlation techniques are used to identify the spatial pattern of 

eigenvectors. A method is developed for evaluating eigenvector periodicity of modes in 

crystalline structures and details of the method are presented in Appendix C. As can be seen 

in Figure 3-11(a)-(d), SANWs demonstrate distinct deviation from the mode periodicity 

index In =0 (which corresponds to the eigenvector periodicity) after some frequency (see the 

dotted line in Figure 3-11). By comparing the In of the PNW, it can be taken the modes of In> 

0.2 as non-propagons (diffusions or locons). The propagon/non-propagon boundaries (ωcut) 

lie at ~2, ~1.75 and ~1.1 THz for the alloy species of mass 2mA, 3mA and 5mA, respectively, 

indicating that the higher the alloy mass, the sooner it deviates from the propagon behaviour. 

Figure 3-11(f)-(h) depicts the localisation of mode due to shell alloying indicating that higher 

alloy mass leads to more localisation. Interestingly, the limit which shows the distinct change 

of In coincides with the limit that marks the distinct change of PR indicating that shell 

alloying makes modes‟ eigenvectors simultaneously more localised and random after that 

limit.  
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Figure 3-11: In of (a) PNW, (b) SANW of mB=2mA, (c) SANW of mB=3mA and (d) SANW 

of mB=5mA. PR of (e) PNW, (f) SANW of mB=2mA, (g) SANW of mB=3mAand (h) SANW of 

mB=5mA. 
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Once the ωcut is evaluated, the next task is to estimate the TC contribution of different 

kinds of modes with respective methods. The application of NMD procedure described in 

section 2.7 is not straightforward to the propagons (modes before ωcut) of the structures which 

do not possess the periodicity. Thus, we utilize the idea of VC approximation developed by 

Abeles [140] to evaluate the lattice TC of semiconductor alloys where alloy atoms are 

scattered randomly. The VC approximation facilitates to define an ordered crystal in terms of 

the parameters of an actual disordered crystal by treating disorder as a perturbation. Abeles 

used VC approximation to evaluate the TC of Si/Ge, GaAs/InAs and InAs/InP alloys via 

Klemens [141]-Callaway [142] theory and found an excellent agreement with experimental 

results for Si/Ge, GaAs/InAs systems.  

The parameters of a virtual crystal are determined as it possesses the same density and 

elastic constants of the disordered system. Therefore, the atomic mass of a virtual crystal 

(mvc) is defined as, 

 𝑚𝑣𝑐 =  𝑐𝑖 𝑚𝑖

𝑖

 3-4 

 

where ci and mi represent the concentration and atomic mass of the i
th

 material constituent. 

The systems in this study possess only mass disorder confined to the shell region.Therefore, 

the virtual crystal is defined such that a disordered shell is replaced by an ordered structure of 

atoms of single mass while keeping the same core structure of the original structure as shown 

in Figure 3-12. The atomic mass of the new structure is determined according to equation 

3-4.The DOS, based on velocity autocorrelation, of the original disordered and new VC are 

evaluated and compared as shown in Figure 3-13 for the three different structures considered 

here. It can be seen that corresponding DOS curves closely follow at low frequencies while 

deviating from each other at high frequencies, but again overlap at highest frequencies. 
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Furthermore, we have evaluated the phonon relaxation times following NMD at the 

GAMMA point (GNMD) for the disordered structure and VC-NMD for the newly defined 

virtual crystal as shown in Figure 3-14. It is interesting to note that the relaxation time trend 

at low frequencies closely follows the trend observed in DOS curves revealing important 

characteristics of the VC defined above. The agreement of low frequency phonons is 

attributed to the similar mass and elastic characteristics which are influential to the behaviour 

of long wavelength, low frequency modes, of both disordered and VC crystals. Furthermore, 

a close overlap at highest frequencies can be ascribed to the similar core atomic structure of 

both crystals.However, the TC contribution of this spectrum is negligible for nanowires.  The 

VC approximation was used by Larkin and McGaughey [81] to evaluate the thermal 

performance of mass disordered alloy systems such as LJ Argon and Stillinger-Weber (SW) 

silicon. In their cases, heavy mass species were added to alloy the perfect crystals and lattice 

dynamics calculations were verified by the GK analysis. Discrepancies were found for the 

predictions of relaxation times of high frequency modes evaluated for the virtual crystal and 

real disordered alloy. These discrepancies were notable for higher concentrations of alloy 

atoms. Moreover, this disagreement led to under-prediction of thermal conductivity of LJ 

Argon since high frequency phonons play a dominant role for heat conduction in LJ Argon. 

However, close agreement of the thermal conductivity predictions of SW silicon was attained 

by both lattice dynamics and GK analyses since the insignificant role of high frequency 

phonons in Si thermal conductivity. The VC defined here is also capable of accurately 

modelling the behaviour of low frequency modes which play the dominant role of the TC of 

nanowires.  
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Figure 3-12: Corresponding virtual crystal atomic configuration for the one shown in 

Figure 3-10. 

 

 

Figure 3-13: Comparison of the DOS of SANW and corresponding virtual crystal 

structure. 
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Figure 3-14: Comparison of relaxation times evaluated by VC-NMD and GNMD. 

In case of TC evaluation of SANWs, several implications derived in previous discussion 

must be taken into consideration. The deviation of mode behaviour from propagons to non-

propagons as shown above leads to implementing different treatment for TC evaluation 

discussed so far. However, the depiction of propagons‟ behaviour by the modes at low 

frequency can be treated as described before as VC approximation facilitates to do so. To 

evaluate the contribution of non-propagons to the TC, we follow the A-F theory as described 

in section 2.8 . 

As shown in Figure 3-15, the diffusivities of modes following respective methods are 

evaluated.  

 

Figure 3-15: Diffusivities evaluate by both VC-NMD and AF for SANWs of alloy atomic 

mass of (a)2mA, (b)3mA and (c)5mA. 

The TC of SANWs is evaluated with the combined method of A-F and VC-NMD and 

compared with the GK method as shown in Figure 3-16(a). The K_D evaluated for three 
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different broaden factors are presented in the inset of the figure. As can be seen, there is no 

significant variation of the values and K_D is evaluated taking the mean of those three 

values.The gradual decline of K_VC with the shell with heavier mass species can be 

attributed to the combined effect of low group velocities and large ωcut associated. 

Furthermore, a similar decline trend can be seen for K_D also due to heavier alloy mass. 

Thus, one can expect a lower TC with a heavier alloy mass. It is important to point out that 

the TC calculated by GK analysis is within 10% of the TC evaluated by the combined method 

of VC-NMD and A-F theories. As shown in Figure 3-16(b), adding heavier alloy atoms led to 

a shift of dominance of lower frequency modes for the TC. For example, 80% of the heat is 

transported by the modes of  ω less than 1.85, 1.21, 0.80 and 0.52 rad.THz for PNW and 

SANW of mB= 2mA, 3mA and 5mA, respectively.  

 

Figure 3-16: (a) TC evaluation different modes of SANWs. (b) Comparison of normalized 

cumulative TC of SANWs of different alloy mass species and the PNW counterpart. 
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CHAPTER 4 

 

Thermal Performance of Si/Ge Random 

Layer Nanowires 

  

4.1 Introduction 

Nanostructures yielding ultra-low thermal conductivity (TC) have been receiving 

significant attention due to their potential applicability in thermoelectric (TE) devices. It has 

been demonstrated both experimentally and theoretically [7], [8], [143] that Si nanowires can 

be used as a potential TE material which can achieve up to a two-order reduction of TC over 

those bulk constituents while retaining the same electrical conductivity and Seebeck 

coefficient of doped bulk Si [8]. This notable TC reduction of Si nanowires over bulk 

counterparts is attributed to phonon confinement and phonon-surface scattering [8], [55], 

[112]. The former leads to modification of the phonon spectrum, thereby reducing group 

velocity [87], [114]. Furthermore, the larger surface to volume ratio of nanowires causes a 

phonon-surface scattering effect and hence further reduction of TC can be attained [114].  

These two factors make nanowires‟ heat conduction process different from the bulk 

constituent as illustrated by the experimental results of Li et al. [144]. 
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Further enhancements of nanowires‟ TE efficiency along the pathway of reducing TC have 

been investigated considering different means such as geometric effects [14], [145], [146], 

doping [147], [148], adding impurities [149] or making defects [150], generating 

polycrystalline structure [88], change of crystal orientations [65], [151],introducing porosity 

[152], surface [86], [153]–[155] or interface functionalisation [87], [93], [144], [156]–[158] 

and any combinations of them. Chen et al. [146] studied the effect of different cross sectional 

shapes of nanowires on TC and claimed that triangular shapes yield the lowest TC over 

circular and rectangular shapes of same area due to highest surface-to-volume ratio. The 

kinked Si nanowires were investigated by Jiang [14] who reported up to 70% TC reduction 

over straight Si nanowires at room temperature demonstrating phonon interchange and 

pinching effects are the possible reasons for that.The significant TC reduction due to random 

distribution of point defects reported in the literature is mainly attributed to high frequency 

phonon scatterings with defects thereby generating the localised vibration modes. Yang [148] 

reported an exponentially decreasing TC trend for the case of randomly doping Si isotopes on 

Si nanowires. In their study, 28Si nanowire doped with 50% of 42Si and 29Si isotopes yielded 

27 and 77% of the TC of pristine Si nanowire, respectively, showing the effectiveness of 

higher mass isotopes that suppress phonon propagation.  A strong anisotrophy of TC along 

different crystal orientations of  Si nanowires  was observed at room temperature, indicating 

50 to 75 % larger thermal conductance along <1 1 0> over <1 0 0> and <1 1 1>[151].  Zhou 

[88] investigated the TC of polycrystalline Si nanowire and achieved a TC reduction of 77 

times less TC over pristine Si nanowires. The reason for such significant TC reduction is 

attributed to the presence of non-propagating modes and more importantly the suppression of 

propagating modes.  

Improving phonon scattering on the surface of nanowires is another successful approach to 

obtain significant TC reduction. Surface amorphosization of nanowires was shown to be an 
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effective technique to reduce the TC of Si nanowires significantly [86] due to the presence of 

non-propagating modes. An experimental  treatment for rough Si nanowires was conducted 

[154], suggesting roughness influences a broadband of phonon spectrum via frequency 

dependent scatterings that results in reduction of TC of Si nanowires. By incorporating a 

second material, such as Ge with Si to exploit interface effects, a significant reduction of TC 

of nanowires has been achieved. For instance, different forms of heterogeneous nanowire 

structures were suggested in the literature including Si/Ge superlattice nanowires (SLNWs) 

[87], [144], [157], hierarchical SLNWs [93] and Si/Ge core/shell or vice versa nanowires 

[156], [158]. Hu and Poulikakos [87] predicted that ~ 92% TC reduction can be achieved by 

Si/Ge SLNWs with optimal periodic length over pristine Si nanowires. Newly introduced 

hierarchical SLNWs in which defective layers are added to disrupt the superlattice 

periodicity, is claimed to have an ~38% reduction over corresponding regular SLNW.  

The thermal insulating performance of structures which have randomly organized material 

layer thicknesses, instead of regular layer ones (superlattice), was tested for fictitious LJ 

materials [49], [61] and Si/Ge [159]. These studies have reported a lower TC compared to 

corresponding superlattice structures. Furthermore, in these investigations it was 

demonstrated that the random alloy limit can be broken for some arrangements [61]. The 

phonon suppressing mechanism of random multi-layer strctures is thought to be a result of 

Anderson localisation due to the random nature of layer thickness distribution [49]. The aim 

of this study is to incorporate the idea of random material layer thickness for nanowires made 

of Si and Ge and investigate the distinctive thermal behaviours specific to those structures. 

The main focus of this chapter is to provide a comparison of TC between random layer 

nanowires (RLNWs) and corresponding SLNWs at different physical and geometrical 

conditions. Note that the term „random layer‟ (RL) is used throughout this paper which is 

identical to the term „random multi-layer‟ used by Wang et al. [49]. Furthermore, superlattice 
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(SL) or RL structure implies that the lateral dimensions are infinitely large while a „nanowire‟ 

has finite lateral dimensions.  

4.2 Simulation Procedures 

4.2.1  Constructing random layer structures 

All nanowires investigated in this paper are built on the diamond lattice structure of lattice 

length 0.543 nm. The longitudinal direction lies along the <1 0 0> crystal axis while lateral 

dimensions are built along the <0 1 1> crystal axis. This particular choice of surface 

orientation is selected since the other surface orientations were found to be unstable for 

nanowires resulting in surface disordering [160]. Atoms of the structures are populated 

keeping epitaxial material interfaces which preserve coherent phonons. Nanowire 

configurationsare depicted in Figure 4-1. 

As the name implies, random layer thicknesses seem rather arbitrary. In this study, 

however, the simulations are restricted to layer thicknesses with uniform random distribution.  

The criterion of comparing TC of RLNWs and SLNWs is based on the mean layer thickness 

[49]. Therefore, a RLNW with particular mean thickness is generated by the random 

alternative arrangement of sets of Si and Ge layers, and each set follows a uniform random 

distribution in which mean is equal to the expected mean layer thickness of the structure. The 

lower bound of the uniform random thickness distribution is a unit cell. 
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Figure 4-1:(top) Atomic configuration of SLNW of mean layer thickness 1.08 nm and 

cross-sectional width 1.54 nm. (Bottom) Atomic Configuration of RLNW of same mean layer 

thickness and cross-sectional width. 
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4.2.2  Implementation of non-equilibrium molecular dynamics 

The non-equilibrium molecular dynamics (NEMD) method is used to evaluate the TC of 

the structures and all MD simulations are conducted by an efficient MD solver, Large Scale 

Atomic/Molecular Massively Parallel Simulator [161] (LAMMPS) package. Furthermore, 

atomic interactions are modelled by Tersoff potential with the original parameter optimized 

for Si-Ge systems [85]. The time step is kept at 1 fs. The NEMD procedure of this study is 

basically similar to the method followed by Hu and Poulikakos [87] and is, briefly, as 

follows.  

The nanowire structure is sandwiched by a heat source and a heat sink and two additional 

regions are added to the two extremes of the structure to prevent atoms in baths from 

sublimating. Free boundary conditions are applied in lateral directions and periodic boundary 

conditions are applied along the longitudinal direction (Figure 4-1). Initially the structure is 

relaxed along the longitudinal axis corresponding to the zero pressure keeping in NPT 

ensemble for 4 - 6 ns depending on the number of atoms. After that the structure is further 

relaxed 1 ns for each in NVT and NVE ensemble respectively. Once the structure is fully 

relaxed following the above procedure, a HEX algorithm [162] is implemented  by adding 

heat  flux to the source while removing same amount from the sink.  Simulations take 20-50 

ns to achieve steady state depending on the size and type of the structure and simulations 

continue for an additional 10 -15 ns to evaluate the steady state temperature field along the 

longitudinal direction (see Figure 4-2). Basically, two different methods can be found in the 

literature to evaluate the temperature gradient (dT/dx) of structures in NEMD 

implementations. Hu et al. [87] and Mu et al. [93] obtained dT/dx by fitting the linear portion 

of the temperature profile along the structure avoiding the non-linear effects near the heat 

baths. However, Samvedi and Tomar [163] and Wang et al. [49] argued differently that the 

non-linear effects at interfaces (thermal resistance) nearest to the baths are attributed to the 
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filtering of phonons not following the dispersion of multilayer structures. Thus, dividing the 

temperature difference by the length of the nanowire accurately captures the interface effects. 

Therefore, the latter procedure to evaluate the temperature gradient is followed.  

 

Figure 4-2: Temperature profile of a RLNW of 52.1 nm long. 

 

4.2.3  Implementation of GAMMA-normal mode decomposition 

For GAMMA-normal mode decomposition (GNMD) implementation, all the MD 

simulations are done using LAMMPS [161] and harmonic eigenvectors are evaluated using 

the GULP [129] package. The procedure is similar to the one described in section 3.2.2 , but 

the wave vector k is kept at the GAMMA point only. Firstly, structures are relaxed in the 

NPT ensemble for 500 ps. The time step is kept at 1fs. Subsequently the system is run in 2
23 

timesteps in the NVE ensemble and atomic velocities are collected every 2
4 

time steps. The 

sampling frequency is selected according to the maximum frequency the structure possesses. 
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Using the atomic velocities sampled, the time derivative of normal mode coordinates is 

evaluated using the harmonic eigenvectors calculated at the GAMMA point as shown in 

equation 4-1. 

 

𝑸  
𝒌 = 0

𝜈
, 𝑡 =   𝑚𝐯𝛼 𝑖, 𝑡 𝒆∗  

𝐤 = 0

𝜈

𝑖

𝛼
 exp  −1 𝐤 = 𝟎 . 𝐫i 

3,𝑃

𝛼,𝑖
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Here v𝛼(𝑖, 𝑡) represents the α
th

 Cartesian component of velocity v of the i
th

 atom at time t.  

e and ri represent the eigenvector and equilibrium position vector of the i
th

 atom, respectively. 

Subsequently, following the Wiener-Khintchine theorem, the phonon spectral energy density 

(SED) is evaluated using equation 4-2 as shown below omitting the autocorrelation of time 

derivative of normal mode coordinates at the time domain [106], [107].  
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Finally the anharmonic mode frequency 𝜔0 and linewidth are predicted by fitting the SED 

to a Lorentzian function and subsequently the phonon relaxation time (𝜏) is evaluated as 

described in sections 2.7 and 3.2.2 . 
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4.3 Results and Discussion 

4.3.1  Mode level analysis of SL and RL structures 

As will be demonstrated in this study, the structures with random layer arrangements (RLs 

or RLNWs) always demonstrate improved thermal insulating performance over 

corresponding regular layer ones (SLs or SLNWs) at different physical and geometrical 

conditions. Therefore, our focus is first directed towards the mode level properties of 

structures which would shed some light on the nature of vibrational modes and possible 

causes of reduction of TC.  

The Participation Ratio (PRn) (see equation  

3-1) is evaluated for both SL and RL structures as illustrated in Figure 4-3(a). It can be seen 

a distinct localisation effect for phonons in the RL structure over SLs indicating the effect of 

random layer arrangement on the mode spatial extension. Further, the higher the total length 

of RL structures, the more suppression of modal spatial behaviour can be seen as shown in 

Figure 4-3(b). It can be taken that the lower TC given by the structures of random layer 

arrangement over their regular counterparts emerges due to the degree of localisation of 

modes.  

 

https://www.bestpfe.com/
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Figure 4-3: Comparison of PR of (a) SL and RL structures and (b) RL structures of 

different total lengths. 
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NMD is conducted to evaluate the mode relaxation times of RL and SL structures. For 

NMD implementation, the supercell of structures of dimensions 13 𝑛𝑚 × 1.54 𝑛𝑚 ×

1.54 𝑛𝑚 are taken. The wave vector is kept at the GAMMA point since periodicity cannot be 

applied for the RL structure. Atomic velocities are mapped to the time derivative of the 

vibrational mode coordinates 𝑄  𝒌=𝟎
𝜈

, 𝑡  and the phonon spectral energy density [107] (SED) 

of a mode of angular frequency 𝜔 and branch v is evaluated. Subsequently, the Lorentzian 

function is used to fit the energy density as shown in Figure 4-4(a) in SL and (b) in RL 

structures for selected modes against the frequency spectrum.The NMD analysis on SLs was 

done previously [122] where plane wave characteristics of modes were illustrated. Having 

well-defined peaks of energy spectrum is considered as an indication of plane wave 

characteristics of modes [81]. 

As demonstrated in Figure 4-4(a) and (b), the selected modes of the RL structure also yield 

well-defined peaks for the mode energy densities similar to its superlattice counterpart. 

Figure 4-4(c) illustrates that the mode relaxation time is evaluated for both SL and RL 

structures. The majority of mode relaxation times of the RL structure closely follow those of 

the SL structure, and furthermore, at low frequencies, mode relaxation times follow the 𝜔-2 

scaling in both structures indicating 3-phonon scatterings due to the anharmonic effects 

[142]. However, some modes (few in number) at mid and high frequency spectrums in the 

RL structure deviate from the trend acquiring low relaxation times. Further, it is identified 

that the energy spectrum of these deviated modes demonstrates ill-defined peaks. As a whole, 

it can be taken that both structures possess similar phonon scattering properties, even though 

their layer arrangements are different (regular and random). This result is consistent with the 

claim made by Wang et al. [49] that both RL and SL structures possesses similar phonon 

properties except the localisation experience by modes in RL structures.  
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Figure 4-4: SED of selected few modes of (a) SL (b) RL structures, (c) phonon relaxation 

time values. 
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4.3.2  Effect of cross-sectional width 

Figure 4-5 shows a variation of TC as a function of cross-sectional width for RLNWs and 

corresponding SLNWs. The non-monotonic trend of TC of SLNWs with cross-sectional 

widths featuring here, is attributed to the contradictory effects of long wavelength (LW) 

phonons and phonon-wall scattering [121]. To get more microscopic insight, the phonon 

density of states (DOS) of both SL and RL nanowires is evaluated via Fourier transformation 

of the time-velocity correlation function for different cross-sectional widths as depicted in 

Figure 4-6. Contrary to the quadratic trend of DOS (i.e. DOS ∝ 𝜔2) when angular frequency 

ω→0 in bulk materials, nanowires‟ scaling behaves differently due to the quasi 1D nature of 

BZ [119]. However, type of phonon branch is also a factor here, where longitudinal and 

torsional branches follow linear dispersion which results in constant DOS when ω→0 while 

quadratically dispersive flexural branches diverge in a different scaling. As expected, both 

RLNWs and the equivalent SLNWs exhibit almost the same DOS curve as a consequence of 

similar material composition and cross-sectional widths.  

This result and the plot of mode relaxation times (see Figure 4-4(c)) support the claim of 

similar phonon properties of a given RLNW and its superlattice counterpart which was 

shown to be plausible for SL and RL structures (the bulk counterpart of SLNWs and RLNWs, 

respectively) before [49]. Wang et al. used that claim to decompose coherent and incoherent 

phonon fractions of TC in SLs and further concluded that only incoherent phonons transmit 

heat in RL structures since coherent phonons get localised with the total length. Nonetheless, 

it is rational to take that coherence characteristics of phonons can be directly attributed to the 

mean layer thickness [47]. Extending this idea to the NWs discussed here, demands an 

additional consideration on finite cross-sectional width of NWs which causes extra phonon-

wall scatterings and originating LW phonons. These two affect the degree of phonon 

coherence opposite ways where phonon-wall scattering destroys the coherence while origin 
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of LW phonons increases the coherence. However, at this point it is taken that those coherent 

characteristics of phonons in nanowires can be safely attributed to the cross-sectional width 

as well as mean layer thickness. 

 

 

 

Figure 4-5: Illustration of TC of RLNWs and corresponding SLNW of different cross-

sectional widths. The total length of all the nanowires in the figure is 52.1 nm.Here NW 

reduction % is corresponding to the reduction % of RLNWs over SLNWs while bulk 

reduction % is for bulk counterparts. 
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Figure 4-6: DOS against Frequency for nanowires of three different cross-sectional widths 

and corresponding bulk counterpart. The mean layer thickness of all the nanowires is kept as 

1.08 nm 
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Figure 4-7: PR of SLNW and RLNW of mean layer thickness 1.08 nm, cross-sectional 

width 1.54 nm and total length 52.1 nm. 

 

Despite the fact of originating LW phonons in RLNWs, their behaviour under the 

localisation inside RLNWs is not still clear. Thus, PRn is evaluated to test the localisation of 

LW phonons as shown in Figure 4-7. According to the figure, the RLNW shows a distinct 

localisation effect compared to the SLNW, which is pronounced at the mid frequency 

spectrum. The PR at the very low frequency spectrum indicates (highlighted in the green 

circle in the figure) some LW phonons hardly get localised. This phenomenon is consistent 

with the study of Anderson localisation at 1D mass disordered harmonic crystal [164] where 

delocalised low frequency modes were observed at finite length. However, the existence of 

delocalised LW phonons in the RLNW taken here explains the non-monotonic TC trend at 

low cross sections shown in Figure 4-5. The TC trend of SLNWs after the minimum can be 

described as the dominance of phonon-wall scattering over the effect of LW phonons. This 

statement can be verified by observing the DOS curve of cross-sectional width 3.08 nm. The 
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ω
2
 scaling is closely followed there similar to the bulk case indicating the weak effect of LW 

phonons. Phonon-wall scatterings dominate the TC of SLNWs henceforth, expected to be 

decreased with higher cross-sectional width. Even though RLNWs initially follow a trend 

similar to SLNWs, we can expect a reverse trend after some higher cross-sectional width 

since the TC of bulk RL is lower than the TC of RLNWs of higher cross-sectional width. 

However, determining this point of inflection is computationally prohibitive. To explain this 

behaviour, it is important to consider the effect of phonon-wall scatterings on the phonon 

localisation effect. The decrease in phonon-wall scatterings as cross-sectional width increases 

leads coherent phonons to propagate longer distances, thereby phonon localisation becomes 

more efficient which finally leads to a reverse trend of the TC of RLNWs. When it comes to 

an analysis of the difference of the TC of a RLNW and its equivalent SLNW, the assumption 

of similar phonon characteristics, as we tested before, is taken into consideration. This leads 

to the argument that the difference between the TC of RLNW and SLNW arises from how far 

the localisation mechanism is effective in RLNW to suppress coherent phonons. The 

reduction percentage is calculated as, 

𝑇𝐶𝑆𝐿𝑁𝑊 − 𝑇𝐶𝑅𝐿𝑁𝑊

𝑇𝐶𝑆𝐿𝑁𝑊
× 100.  

Even though the reduction percentage fluctuates at low cross-sectional widths due to the 

competing influence of both LW phonons and phonon-wall scatterings, after some cross-

sectional width (3.08 nm where DOS follows ω
2
 scaling) it can be observed a gradual 

increment of reduction percentage as phonon-wall scatterings are declining.  
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4.3.3  Effect of mean layer thickness 

In order to investigate how mean layer thickness affects the TC, it is evaluated for both 

RLNWs and equivalent SLNWs by varying mean layer thickness while keeping the total 

length of 100 nm as shown in Figure 4-8. Wang et al. [61] investigated a similar case using 

fictitious LJ material and the results from the present study closely follow the implication 

derived there qualitatively. The reason for the non-monotonic trend of the TC of SL 

structures was established elsewhere [47], [54] as the change of dominance of coherent 

phonons to incoherent phonons.The fact of declining coherent phonon dominance as layer 

thickness increases, yields a monotonic TC trend for RLNWs. Here, the TCs of RLNWs of 

two extreme uniform distributions are illustrated in the Figure 4-8. However, the selected two 

different distributions show no significant difference. The lower (type2)  and upper (type1) 

variances were determined based on the prescribed mean layer thickness (see Appendix D). 

As can be seen, the reduction percentage is gradually decreasing from 42 to 4% with the 

increasing mean layer thickness from 1.08 to 3.8 nm.  It is interesting to see that that RLNW 

of the lowest mean layer thickness can attain a lower TC than that of corresponding random 

alloy nanowire.    
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Figure 4-8:Comparison of TC between RLNWs and corresponding SLNWs of different 

mean layer thicknesses. 
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4.3.4  Effect of temperature and total length 

As shown in Figure 4-9(a), temperature (T) affects the TC of RLNWs and SLNWs in 

different ways. Temperature causes the reduction of SLNW‟s TC as the lifetime of phonons 

decreases following 1/T trend with the enhancement of phonon-phonon umklapp 

scattering[86]. It is established that increased temperature reduces the phonon coherence 

length dramatically for opticals[47], thus, a fraction of coherent phonons turns into 

incoherent. If the same case is viewed using the concept of coherence, it can be argued that 

faster heat carriers which pass several interfaces freely (coherent phonons) convert to 

disrupted heat carriers which disperse at interfaces (incoherent phonons). Contrary to that, the 

role of coherent phonons is different in RLNWs where localisation (see Figure 4-3 andFigure 

4-7) makes them extremely inefficient heat carriers. The deterioration of coherent properties 

of phonons with increasing temperature weakens the localisation mechanism, thereby causing 

an increase in the TC. However the fraction of incoherent phonons of RLNW follows the 1/T 

trend leading to a decrease in the TC of RLNWs. These two competing effects lead to a weak 

increment of the TC of RLNW as shown in Figure 4-9(a). Furthermore, keeping the claim of 

similar phonon characteristics of both structures, it can be argued that the TC due to 

incoherent phonons is identical for both structures at a given temperature while the coherent 

phonons‟ contribution is lower in the RLNW. Along with this line of argument, we expect to 

have lower coherent phonon TC contribution with increasing temperature and therefore the 

difference of TC of both structures must be reducing, which is further verified by the 

reduction percentage in Figure 4-9(a). The reduction percentage reduces from 56 to 27% as 

temperature varies from 100 to 600 K.  

The effect of nanowire‟s total length for SLNW and RLNW is presented in Figure 4-9(b). 

The increasing trend of SLNW‟s TC was shown before [87] and explained as the emergence 

of more low frequency phonons with total length. Even though this reason is applicable for 
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RLNWs, those rate of increment is low as more effective localisation is taking place with the 

total length (see Figure 4-3(b)). The increasing trend of reduction percentage as total length 

increases, further verifies that reasoning. 

 

Figure 4-9: (a)TC variation of SLNWs and RLNWs with temperature. The total length 

and cross-sectional width of NWs are kept at 100 nm and 1.54 nm, respectively. (b) TC 

variation with respect to nanowire total length. The mean layer thickness and cross-sectional 

width are kept at 1.08 nm and 1.54 nm, respectively. 
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4.3.5  Effect of shell modifications 

Finally, two kinds of shell modifications to the nanowires are tested and their effects on the 

TC are evaluated. First, nanowire configurations are created by randomly changing the type 

of atoms (Si or Ge) of the shell region called mixing in different percentages ranging from 0 

to 50%. Therefore, these defects enhance more phonon-defect scatterings which lead to a 

drastic reduction of SLNW‟s TC even for 5% (see Figure 4-10(a)). Afterwards, SLNW‟s TC 

remains constant up to the complete shell atom mixing case (50%). On the other hand, the TC 

of RLNWs remains unchanged up to 10% exhibiting weak influence on the localisation 

process. However, at higher atomic mixing (50%) the TC of RLNW attains the value of the 

corresponding SLNW due to the disruption of coherence of phonons which was demonstrated 

in other studies [47], [165]. Moreover, surface roughening is tested by removing shell atoms 

for a range of percentages up to 3% as illustrated in Figure 4-10(b). As expected the TC of 

the SLNW gradually decreases as the atom removing percentage is increased due to enhanced 

phonon-surface scattering. However, lower atom removal percentages do not affect the TC of 

RLNW but eventually approach the same value of SLNW due to the same reason mentioned 

for the above case. Furthermore, the reduction percentage is reducing in both cases as shell 

atomic disorder increases owing to the fact of breaking coherence, thereby, weakening the 

localisation in RLNWs.  
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Figure 4-10: TC of nanowires with (a) random shell atom mixing and (b) random shell 

atom removal. Total length, cross-sectional width and mean layer thickness are kept as 100 

nm, 1.54 nm and 1.08 nm, respectively. 
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Chapter 5 

 

Thermal Performance of Nanotwinned 

Random Layer Structures 

 

5.1 Introduction 

The nanostructuration of Si is considered as an effective way of improving the 

thermoelectric figure of merit over bulk Si essentially due to the yield of significantly low 

thermal conductivities [166]. Therefore, large varieties of Si based nanostructures such as 

nanowires [7], [8], superlattices [167], nanomeshes [168], [169], alloy [170], [171] and 

nanograin polycrystalline [88], [172] structures etc. have been proposed and investigated 

experimentally and theoretically. The low thermal conductivity (TC) of Si polycrystalline 

materials was attributed to the presence of a large number of phonon-grain boundary 

scatterings [172]. Recently, a few studies [65]–[67], [173] attempted to introduce a new kind 

of nanostructuring utilizing the twin boundary orientation of Si. A twin boundary is a special 

form of grain boundary where one side of the crystal is a mirror image of the other [174]. 

Lower excess energy is possessed for twin boundary formation compared to other grain 

boundaries [175], and therefore the formation of twin boundaries is frequent. Moreover, 

nanotwinning (creating twin boundaries in nanoscale) was shown as an effective mechanism 
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for improving the physical and mechanical properties of materials such as hardness, thermal 

stability and fracture toughness [176]–[178].  

The atomistic study by Porter et al. [65] on Si nanotwinned superlattices (NTSL) in bulk 

and nanowire forms demonstrated crossover of phonon transport from diffuse interface 

scatterings (incoherent) to superlattice-like (coherent) behaviour yielding a minimum TC. In 

their study, intrinsic interface scattering was identified when the twin period was higher than 

22.6 nm, having a constant value to interface conductance (6.8 GW/m
2
K) for two different 

temperatures irrespective to the heat flux. However, the Kapitza thermal boundary resistance 

was seen to be decreasing with decreasing twin period after 22.6 nm indicating the existence 

of coherent phonons. Comparisons of TC of Si/Ge hetero-twinned SLs and conventional 

Si/Ge SLs were performed by Dong et al. [67]. Both structures have almost similar thermal 

conductivities over the twin period. However, further investigations suggested that two 

different mechanisms affect the lower thermal conductivities of both structures where Si/Ge 

hetero-twinned SLs had lower group velocities and higher relaxation times compared to 

conventional SLs.  

The motivation of this study is the realisation of coherent phonons (superlattice phonons) 

in NTSL structures [65], [67], which may be subject to localisation for the structures with 

random arrangement of twin boundaries due to the Anderson localisation [164]. The coherent 

phonon localisation effect has been demonstrated for Si/heavy-Si [179], Si/Ge structures 

[159] and Lennard-Jones fictitious materials [49], [61] before. In this study we introduce 

nanotwinned random layer (NTRL) structures in which twin boundaries are randomly 

distributed, and compare their performance with the corresponding NTSL structures where 

twin boundaries are regularly distributed (see Figure 5-1). Moreover, the comparison is 

extended towards the Si/Ge hetero-structures and examines the techniques for getting ultra-
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low thermal conductivities utilizing random arrangements of both twin boundaries and Si/Ge 

interfaces.  

5.2 Computational Procedure 

As illustrated in Figure 5-1, the atoms in the structures are populated in a diamond lattice 

structure of lattice length 0.543 nm keeping crystal orientations along <1 1 1>, <1 0 1 >, 

<1 2  1> and <1 1 1>, <1 0 1 >, <1  2 1 >. Even though different random twin boundary 

distributions can be suggested here, a uniform random distribution is taken for this 

investigation.  The criterion of comparing the TC of RLs and SLs is based on the mean-layer 

thickness [49], therefore, a NTRL with particular mean-layer thickness is generated by the 

random placement of twin boundaries following uniform random distribution in which the 

mean is equal to the expected mean layer thickness of the structure.  

 

 

Figure 5-1: Atomic configurations of NTSL (top) and NTRL structures (bottom). Twin 

boundaries are highlighted in boxes. 

 



84 

 

The NEMD simulations are  conducted to evaluate the TC of the structures using an 

efficient MD solver, LAMMPS [161]. Furthermore, atomic interactions are modelled by 

Tersoff potential with the original parameter optimized for Si-Ge systems [85]. The time step 

is kept at 1 fs. The NEMD procedure of this study is basically similar to the method followed 

in Chapter 4 and is, briefly, as follows.  

The structure is sandwiched by a heat source and heat sink each 18.81 nm thick. Two 

additional regions each 2.82nm long are added to the two extremes of the structure. Periodic 

boundary conditions are prescribed along all three directions. Initially, the entire structure is 

relaxed corresponding to the zero pressure at the NPT ensemble for 500 ps. Subsequently, 

two extreme regions are fixed while the rest of the structure is further relaxed for 100 ps each 

in the NVT and NVE ensembles respectively. Once the structure is fully relaxed following 

the above procedure, the HEX algorithm [162] is implemented  by adding heat flux to the 

source while removing the same amount from the sink.  Simulations take 1-15 ns to achieve 

steady state depending on the size and type of the structure and simulations are continued for 

an additional 5 ns to evaluate the steady state temperature field along the longitudinal 

direction <1 1 1>. The reason stated in section 4.2.2 dividing temperature difference by the 

length of the nanowire accurately captures the interface effects. Therefore, the latter 

procedure to evaluate temperature gradient is followed in the present study.  
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5.3 Results and Discussion 

5.3.1  Evaluation the TC of NTRL structures 

As shown in Figure 5-2, the TC of NTSL and NTRL of different mean-layer thickness are 

compared for the structure lengths of 90 and 170 nm. The variance of the uniform random 

distributions is kept at 0.5897 nm
2
. It is interesting to see that NTRL structures yield a clear 

reduction of TC over their superlattice counterparts which is pronounced at low mean-layer 

thicknesses. Contrary to the non-monotonic trend exhibited by the NTSL structures [65], 

NTRL structures produce a monotonic trend indicating the effectiveness of phonon 

localisation procedure for low mean-layer thicknesses. Similar illustrations were shown 

before for Si/Ge hetero-structures [159] and fictitious LJ materials [49], [61].  However, 

those studies utilized the mass dissimilarity at interfaces to achieve a lower TC while this 

work employs the crystalline orientation dissimilarity. To quantify the difference of TC of 

NTRL and corresponding NTSL structures, the reduction percentage is defined as, 

𝑇𝐶𝑁𝑇𝑆𝐿 − 𝑇𝐶𝑁𝑇𝑅𝐿

𝑇𝐶𝑁𝑇𝑆𝐿
× 100.  

The NLRL of mean-layer thickness 1.88 nm attains reduction percentages of ~23 and 

~27% over corresponding NTSL for the structure sizes 90 and 170 nm, respectively. This 

reduction is as high as ~55 and ~53% for corresponding twin-free Si counterparts. The higher 

reduction percentage of NTRL with lower mean-layer thickness is attributed to the higher 

fraction of coherent phonons [47], since the localisation effect, one of the wave phenomena, 

is effective with coherent phonons [49]. The NTRL‟s results in Figure 5-2(a) are compared 

with a different random layer distribution proposed by Wang et al. [49], [61] (see Appendix 

E). The results of both distributions closely follow each other.   
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Figure 5-2: Illustration of TC of NTSL and NTRL structures of length (a) 90 nm (b) 170 

nm. 
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The Participation Ratio (PRn) is evaluated for similar structures mentioned above as 

illustrated in Figure 5-3. A distinct localisation effect of modes can be seen particularly at the 

mid frequency spectrum of the NTRL over the NTSL structure indicating the possible cause 

of lower TC of NTRL structures. The PR at the very low frequency spectrum indicates 

phonons hardly get localised. This phenomenon is consistent with the study of Anderson 

localisation at a 1D mass disordered harmonic crystal [164] where delocalised low frequency 

modes were observed at finite length. 

 

Figure 5-3:PR of NTSL and NTSL of total length 22.5 nm. 

5.3.2  Effect of temperature for TC of NTRL structures 

Figure 5-4 demonstrates the TC of NTSL and NTRL structures of mean layer thickness 

1.88 nm at different temperatures varied from 300 to 700 K.  The TC reduction of NTSL can 

be explained as a result of increasing umklapp scatterings which causes a decrease in the 

phonon life time in 1/T scaling [86]. To figure out the TC reduction of NTRL, further 

explanation is required for the phonon localisation process as temperature is varied. It is 
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established that  increments of temperature destroy the fraction of coherent phonons [47] 

leading to an increase in the incoherent phonon fraction which is not subject to localisation 

effect anymore. Even though the fraction which turns from coherent to incoherent with the 

temperature increment causes higher TC, the existing incoherent phonons seem to 

overshadow the trend finally leading to a decreasing pattern. Along with this line of 

argument, we expect to have a lower coherent phonon TC contribution with increasing 

temperature and therefore the difference in TC of both structures must be reducing, which is 

further verified by the reduction percentage in Figure 5-4. The reduction changes from ~26 to 

17% as temperature varies from 300 to 700 K.  

 

Figure 5-4: Effect of temperature on TC of NTSL and NTRL structures. 
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5.3.3  Ultra-low TC of mix hetero-nanotwinned random layer structures 

We systematically apply and investigate the effect of twin boundary on the TC of Si/Ge 

hetero random layer structures. Thus, in the present case, three different structures are 

suggested: (i) Si/Ge conventional hetero-random layer (c-HRL) structures (ii) hetero-

nanotwinned random layer (HNTRL) structures where twin boundaries coincide with Si/Ge 

material interfaces and (iii) mix-HNTRL structures in which twin boundary placement and 

the Si/Ge interface placement are arbitrary as shown in Figure 5-5.  

 

Figure 5-5:Atomic configuration of a mix-HNTRL structure in which mean layer 

thicknesses from both twin and material random distributions are kept at 1.88 nm. Twin 

boundaries are highlighted in boxes. 

 

Figure 5-6 illustrates the TC of c-HRL, HNTRL and mix-HNTRL structures in which the 

mean-layer thickness of Si/Ge interface distribution varies from 1.25 to 7.52 nm while the 

mean of twin boundary distribution varies from 1.88 to 7.52 nm. In both distributions, the 

variance is kept at 0.5897 nm
2
. As illustrated in Figure 5-6, the impact of Si/Ge random 

interface distribution is critical for reducing TC. However, random twin boundary 

distributions also contribute towards further reduction of TC. This fact is clear by observing 

the reduction percentage which stays between 20-30% as shown in Figure 5-6.  It is important 

to note that the reduction correlates with the structure‟s lower mean-layer values in both twin 
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boundary and Si/Ge interface distributions. Furthermore, we compare the TC results with the 

corresponding amorphous-Si (a-Si) structure in which atomic coordinates are generated 

following the melt-quench procedure [180]. Via the NEMD method, the TC is evaluated for 

the corresponding a-Si (total length of 90 nm) structure as 1.68 ± 0.04 W/mK which is 

comparable with the TC obtained by He et al. [180] in which TC is reported for a structure of 

a-Si of total length 98 nm as 1.73 W/mK verifying the procedure followed here. It is 

interesting to report that the reduction of ~31% is attained over a corresponding a-Si structure 

by mix-HNTRL in which mean-layer thickness of twin boundary and Si/Ge interface 

distributions are 1.88 and 1.25 nm, respectively. Moreover, this same HNTRL structure 

attains up to ~98% reduction compared to the twin-free Si counterpart. These results thus 

provide strong indications of the effectiveness of mix-HNTRL as thermoelectric materials. 

 

Figure 5-6: TC of c-HRL, HNTRL and mix-HNTRL structures of total length 90 nm for 

different random twin boundary and Si/Ge random distributions. 
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CHAPTER 6 

  

Conclusions, Limitations and Future Work 

 

6.1 Conclusions 

The aim of this work was to investigate the phonon or vibrational-mode driven TC of 

nanostructures. The nanostructures discussed in this study included nanowires, hetero-

structures and combinations of them constructed using LJ materials and Si/Ge. These 

structures are considered as potential efficient thermoelectric materials. 

In Chapter 3, we investigated the TC of nanowires governed by vibrational modes using 

an NMD method based on BTE-SMRTA. The EMD-GK method was employed as an 

alternative approach to verify the NMD procedure. A multi-step approach and separate 

branch analysis were used for the NMD implementation which significantly reduced the 

computational requirements. The convergence issue of TC in nanowires as the structure total 

length increases was looked at in detail. 

As can be seen from Figure 3-4 in Chapter 3, each acoustic branch follows different 

trends as frequency tends to zero. However, all show signs of approaching a constant value. 

This trend is clearly visible for AF branches since those are extended towards ultra-low 
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frequencies due to the quadratic nature of the branch. Moreover, phonon relaxation times of 

each acoustic branch were fitted to the form proposed by Mingo et al. [119]. The fitted 

function represented the corresponding data points well indicating the sign of second-order 3-

phonon scatterings at low frequencies which finally led to converged TC values.  The close 

agreement of the results of the NMD and EMD-GK methods suggested a few interesting 

observations.Firstly, it verified the NMD procedure implemented in the study. More 

importantly, phonon hydrodynamic behaviour  for Si nanowires [102] and single-wall carbon 

nanotubes [181] shown before was not visible for the structure with geometrical and physical 

conditions taken here since NMD (applicability of SMRTA) was capable of accurately 

evaluating the TC.  

It was concluded that higher DOS resulted in narrower nanowires to exhibit non-

monotonic behaviour of TC. Even though phonon group velocities and relaxation time values 

decreased with  cross-sectional width, the TC trend was reversed by the higher DOS of the 

nanowires of ultra-low cross section.  It was shown that the behaviour of acoustic modes, 

especially AT branch, are responsible for that.   

The Eigenvector correlation-based technique developed in this study (Appendix C) 

showed that mid and high frequency modes deviate from the propagating behaviour due to 

shell alloying. The TC contribution given by low frequency propagating modes was 

evaluated by the VC-NMD method while the effect of diffusions/locons was calculated by A-

F theory. Several implications were made on the shell alloy nanowires (SANWs) in this 

study. The reduced TC of SANWs, as the mass of alloy species is increased, emerges due to 

several factors. The fact of converting propagons to non-propagons is partially responsible 

for the reduced TC of SANWs. Furthermore, as illustrated, the cutoff frequency shifted 

towards lower values as the mass of alloy species was increased. The behaviour of low 

frequency modes (modes before the 𝜔cut) is similar to the corresponding modal behaviour of 
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PNWs. The combined effects of lower cutoff frequency and higher group velocity are, on the 

other hand, responsible for the reduced TC of SANWs as the mass of alloy species is 

increased.   

In Chapter 4, the NMD results together with PR analysis indicated that the modes in RL 

structures show characteristics similar to those of superlattice counterparts except the higher 

degree of mode localisation of RL structures which leads to the lower TC. The NEMD 

simulations were conducted to investigate the improvement of thermal insulation properties 

of random layer nanowires (RLNWs) over equivalent superlattice counterparts at different 

geometrical parameters such as cross-sectional width, mean layer thickness, total length and 

physical parameters such as temperature. An anomalous pattern with two inflection points 

(minimum and maximum) of RLNW‟s TC against cross-sectional width was identified 

contrary to the pattern of superlattice nanowires (SLNWs) with one inflection point 

(minimum). The possible cause for the maximum could be due to the competing effect of 

phonon-wall scatterings and the phonon localisation process. The simulation results verified 

that the reduction percentage is strongly correlated with the fraction of coherent phonons and 

how effectively they get localised. The lower mean layer thickness, lower temperature and 

longer total lengths cause a higher fraction of coherent phonons and efficient localisation, 

which result in a higher reduction percentage. These considerations would help to realize 

RLNWs from fabrication and application perspectives in the future.  

As shown in Chapter 5, we tested the effect of random placement of twin boundaries in 

nanoscale on the TC of Si and Si/Ge structures via NEMD simulations.  The results show that 

significant improvement of thermal insulation properties can be attained following 

nanotwinning in both Si and Si/Ge structures. The mix-HNTRL structures introduced here 

achieved ~31 and ~98% of TC reduction over corresponding a-Si and twin-free Si structures 

indicating the effectiveness of mixing both twin boundary and Si/Ge interface distributions 
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randomly. These structures may be important for developing efficient thermoelectric 

materials in the future not only due to the significant enhancement of thermal insulating 

properties while preserving the crystalline atomic structure, but also to other desirable 

characteristics such as improved hardness and thermal stability. 

6.2 Limitations 

In this section, limitations of the current workare discussed. These are primarily due to 

structural sizes and the implemented computational methods.  

The number of atoms (P) of a nanostructure and the type of material constituents were 

determined considering the available computer resources. In doing so, scaling of CPU and 

memory with number of atoms for each computational method was taken into account. As 

given by Larkin (2013) [182], both CPU time and memory in MD simulations (which include 

GK and NEMD) scales as P
1
 while NMD method scales as P

2
. Furthermore, in A-F theory, 

CPU time scales as P
3
 and memory scales as P

2
. Taking these factors into consideration and 

with the multi-step NMD implementations, we managed to investigate the atomic structures 

up to ~28,000 which is approximately four times larger than the structures addressed in 

Larkin (2013) [182]. Moreover, the maximum number of atoms in the NEMD simulations 

were taken up to ~200,000. The statistics of the number of simulations against the number of 

atoms in the NMD simulations (Chapter 3) and the NEMD simulations (Chapters 4 and 5) are 

given in Appendix F.  

The inherent drawback of the NMD method is taking all kinds of phonon-phonon 

scattering (including normal process) as momentum destroying and heat dissipative due to the 

single mode relaxation time approximation (SMRTA). Even though the results derived by the 

NMD method closely agreed with those from the GK method for the nanowires of the LJ 
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parameters used here, such agreement may not attain for the LJ nanowires of higher energy 

depth.  Moreover NMD implementation does not provide more insight into the difference of 

the scattering rates of the normal process, umklapp process, phonon-defect and phonon-

surface scatterings which is required for more rigorous investigation. 

The MD simulations implemented in this work are  classical, therefore applicable only in 

the high temperature limit. The application of this method in situations where quantum 

effects are dominant is questionable. Operating temperatures of the structures were carefully 

selected as these are not well below the Debye temperature.Therefore in case of analysing 

nanostructures at well below the Debye temperature, the implementation procedure of this 

work is not appropriate. 

6.3 Future Work 

1. In this study, the NMD analysis on nanowires was limited to investigating PNWs, 

SLNWs and SANWs. This analysis can be extended further for various other 

nanowire configurations such as core/shell and surface modulated nanowires etc. 

which would reveal the interesting modal behaviourssuch nanowires demonstrate.  

2. The close agreement of TC calculated by the NMD and GK methods of LJ nanowires 

suggest that LJ nanowires do not illustrate the phonon hydrodynamic flow 

demonstrated for Si nanowires. This reason could be the dominance of umklapp 

phonon scatterings over normal scatterings of LJ nanowires. It may be important to 

investigate the phonon hydrodynamic flow of nanowires made of soft materials such 

as PbTe, PbS and GeTe to gain a comprehensive understanding of the phonon 

behaviour of ultra-thin nanowires.  

3. An extension of the procedure developed for the SANW based on VC-NMD and A-F 
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methods to the rough and amorphous nanowire is important to check. The ability to 

apply VC approximation to the rough nanowires, in which some of the shell atoms are 

displaced or amorphous nanowires where atomic structure deviate from crystalline 

form, would be challenging tasks since lattice disorder is also involved with those. In 

that case, a proper way of defining corresponding VC structure which satisfied both 

density and elastic constants of the original structure, must be investigated. 

4. Even though the Si/Ge RLNWs, Si NTRLs and Si/Ge NTRLs demonstrate low 

phonon governed TC, it is vital to investigate those effects on the Seebeck coefficient 

and electrical conductivity to make sure of the improved thermoelectric performance. 

Further, it is important to establish the optimum parameters such as layer thickness, 

cross sectional widths etc. which gain the maximum figure of merit.  

5. Conducting comprehensive mode level analysis for RL or RLNW structures has 

significant importance since the behaviour of modes of those are not fully revealed. 

This would shed more insight on the performance of RL structures as geometrical and 

physical parameters are varied. For instance, as far as temperature is concerned,  it 

affects on degree of coherence of modes and the degree of mode localisation, and 

thereby, the TC of the structure are noteworthy to investigate to reveal phonon 

behaviour of nanostructures in general.   
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Appendix A: Convergence Issue of 1D 

Structures 

The TC of a system of volume V is given by  

𝐾 =
1

𝑉𝑘𝑏𝑇2
 𝐶𝑝𝑕 𝑘, 𝑣 𝐯𝑔

2(𝑘, 𝑣)𝜏 𝑘, 𝑣 

𝑘,𝑣

 

When the system is large, therefore, BZ is dense, and the summation can be replaced by 

the integration and with the Debye approximation the above equation can be arranged as 

𝐾 =
𝑘𝑏

𝑉
 𝐯𝑔

2𝜏 𝜔 𝐷𝑂𝑆(𝜔)
𝜔𝑐

0

𝑑𝜔 

where 𝜔𝑐  is the cutoff frequency. In bulk materials, the TC is bounded since 𝜔2
 scaling of 

DOS [183] is cancelled out by the first-order 3-phonon scattering rate 𝜏~1/𝜔2
. However, 

DOS of a 1D structure is finite at low frequencies as below [183] 

𝐷𝑂𝑆 𝜔 =
𝐿

2𝜋v𝑔
 

which leads to divergence of TC as shown below. 

𝐾~  
1

𝜔2

𝜔𝑐

2𝜋v𝑔 𝐿 

𝑑𝜔~𝐿 

where TC is diverging with the length for linear dispersion branches. The lower argument 

of the integrand which denotes the lowest mode frequency comes from the linearly dispersive 

assumption. The equation above demonstrates the divergent trend of TC for the combined 

effects of 1D BZ and first order 3-phonon scatterings.  
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Appendix B: Identification of Acoustic 

Branches 

Eigenvector representation of the nanowire configuration shown in Figure 3-1 for three 

different acoustic branches at 𝜔 = 0.3448 rad. THz. 

 

Figure B-1:Vector plot of eigenvectors of (a)AT (b)AL and (c)AF branches. 
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Appendix C: Evaluation of Eigenvector 

Periodicity Index (In) 

The formulation of eigenvector periodicity index (In) is, briefly, as follows. Firstly, modal 

eigenvectors of the structure (nanowires in this study) are calculated by feeding the entire 

structure as a supercell. The lattice dynamics calculations are done by the GULP package 

[129]. Here we take 

𝛩𝑛
𝛼 𝑌𝑗 , 𝑍𝑘 =  𝑒𝑛,𝐼

𝛼  ℱ 𝑦𝑖 − 𝑌𝑗   ℱ 𝑧𝑖 − 𝑍𝑘   

ℱ 𝑥 =  
1
0
  𝑥 = 0

 𝑥 ≠ 0
 

where 𝛩𝑛
𝛼 𝑌𝑗 , 𝑍𝑘  represents the array of absolute value of eigenvector components along 

α direction corresponding to the n
th

 mode at Yj, Zk lateral spatial coordinates and 𝑒𝑛,𝑖
𝛼   

represents the eigenvector component of the i
th

 atom (equilibrium position of the i
th

 atom at 

[xi , yi , zi]) along α direction corresponding to the n
th

 mode (refer to Figure 3-1). The spatial 

autocorrelation is performed to 𝛩𝑛
𝛼 , thereby, periodicity of the corresponding mode and 

coordinate components of a particular set of atoms can be evaluated. Subsequently, 

summation of autocorrelated 𝛩𝑛
𝛼  (AC [𝛩𝑛

𝛼]) over all the lateral coordinates and Cartesian 

components are conducted as below. 

𝛱𝑛
𝛼 =  𝐴𝐶⌈𝛩𝑛

𝛼 𝑌𝑗 , 𝑍𝑘 ⌉

𝑗 ,𝑘
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Figure C-1: Variation of Eigenvector components of PNW of mode 𝝎= 0.3448 rad.THz 

along (a) X, (b) Y and (c) Z axis, and (d)-(f) corresponding autocorrelation (Π), respectively. 

The * at (d)-(f) denotes the corresponding points of lag equals 0 and Lg/2. 

 

Figure C-1(a)-(c) illustrates the variation of eigenvector components (x, y and z 

respectively) along the structure‟s longitudinal length (L) for different lateral directions for a 

given mode as described above. Furthermore, Figure C-1(d)-(f) shows the corresponding 

𝛱𝑛
𝛼against the lag. As can be seen 𝛱𝑛

𝛼 follows a periodic pattern according to the eigenvector 

components. Subsequently, an index (𝐼𝑛
𝛼 ) is defined taking the standard deviation of the 𝛱𝑛

𝛼at 

lag of 0 and Lg/2.  

𝐼𝑛
𝛼 = 𝑆𝐷  1,

𝛱𝑛
𝛼@ (𝑙𝑎𝑔 = 𝐿𝑔/2)

𝛱𝑛
𝛼@ (𝑙𝑎𝑔 = 0)   

The peak at Lg/2 can be seen for any kind of periodicity of eigenvector components, 

otherwise𝛱𝑛
𝛼 is seen to be decayed to zeros as shown in Figure C-2(e)-(f). When 𝐼𝑛

𝛼 = 0 

corresponds to a mode of periodic eigenvector distribution while aperiodic eigenvector 

distributions significantly deviate from 0 (see Figure 3-11). Finally In is defined as  

𝐼𝑛 = max 𝐼𝑛
𝑥 , 𝐼𝑛

𝑦
, 𝐼𝑛

𝑧 . 
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Figure C-2: Π of PNW for modes of 𝝎 equals to (a) 0.3448, (b) 8.2554 and (c) 16.6858 

rad.THz. Π of SANW of mB=2mA for modes of 𝝎 equals to (a) 0.2903, (b) 7.0679 and (c) 

16.4460 rad.THz. 
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Appendix D: Details of Random Layer 

Distributions 

This section describes the layer thickness variation of type1 and type2 RLNWs illustrated 

in Figure 4-8. The uniform random distribution of layer thicknesses is characterised by two 

parameters: mean layer thickness and variance. Here type1 and type2 belong to two 

distributions of highest and lowest variances that can be defined while keeping the lowest 

layer thickness as single UC (0.543 nm).  For example if the supposed mean layer thickness 

is 5 UCs (2.715 nm), the thickness distribution of highest variance ranges from 1UC to 9 UC 

with a variance of 20/3 UC
2
 while the distribution of lowest variance ranges from 4UC to 

6UC with a variance of 2/3 UC
2
. 

Table D-1: The variance and mean layer thickness of type1 and type2 RLNWs 

 

 

 

Mean layer thickness Variance of type1 Variance of type2 

2 UC=1.086 nm 2/3 UC
2
 2/3 UC

2
 

3 UC=1.629 nm 2 UC
2
 2/3 UC

2
 

5 UC=2.715 nm 20/3 UC
2
 2/3 UC

2
 

7 UC=3.801 nm 14 UC
2
 2/3 UC

2
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Appendix E: Comparison of TC of Two 

Types of NTRL Structures 

Here the TCs given by NTRL of total length 90 nm of two different random twin 

boundary distributions are compared. NTRL type1 designates the structures discussed in the 

main manuscript (see Figure 5-2(a)) which follows the uniform random distributions 

corresponding to the mean-layer thicknesses 1.88, 3.76, 7.52 and 15.05 nm and variance of 

0.5897 nm
2
. But for the creation of NTRL type2, the procedure described in Wang et al. [49], 

[61] is followed in which there is no upper bound for the material layers. As can be seen from 

the figure, there is no significant difference of TC given by both structures.  

 

 

Figure E-1: Comparison of the TC of NTRL of two different random twin boundary 

distributions. 
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Appendix F: Statistics of Computational 

Simulations 

In Figure F-1(a), the statistics of the number of NMD simulations against the number of 

atoms of corresponding structures of Chapter 3 are illustrated. Furthermore similar statistics 

are given in Figure F-1(b) for the NEMD simulations carried out in Chapters 4 and 5.  

 

Figure F-1: (a)NMD simulations in Chapters 3 and (b) NEMD simulations in Chapters 4 

and 5. 
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