Introduction

Let k be a field. Let G/k be a connected reductive algebraic group. J. Tits
invented the notion of the spherteatbutlding A(G) of G [25]; that is a simplicial
complex on which G(k) acts by permuting simplices of A(G). The following is
the 50-year-old center conjecture of Tits (see [19] and [24]), which was recently
proved by Tits, Miihlherr, Leeb, and Ramos-Cuevas [13], [15], [18]: if X is a
convex contractible subcomplex of A(G), then there exists a simplex in X which
is stabilized by all automorphisms of A(G) stabilizing X. The center conjecture
has far-reaching consequences in many areas of mathematics; see [5], [16], [18]
for example.

We are interested in the subgroup structure of G. Representation theory
has been very useful in this respect [11]. In [19], generalizing of the notion of
complete reduciblity in representation theory, Serre defined: a closed subgroup
H of G is G-completely reducible over k (G-cr over k for short) if whenever
H is contained in a k-defined parabolic subgroup P of G, H is contained in
some k-defined Levi subgroup of P. In particular, if H is not contained in any
k-defined parabolic subgroup of G, H is G-irreducible over k (G-ir over k for
short).

The notion of complete reducibility has been much studied [3], [14], [19], [22],
but most work assume k = k where k is an algebraic closure of k. In this thesis,
we investigate the unexplored area of complete reducibility over an arbitrary k.

In [4], it was shown that if k is perfect (for example if k is finite or the
characteristic of k is 0), a subgroup H of G is G-cr over k if and only if H
is G-cr over k. So our problem is interesting only when k is nonperfect. In
particular, we show that there exist subgroups H of G such that H are G-cr
over k but not G-cr over k, and vice versa; see, [27], [28], [29]. The key there
is to find non-separable subgroups. Recall that a subgroup H of G is called
non-separable if the scheme-theoretic centralizer of H is G is not smooth [6].
Non-separability is crucial to construct various interesting examples concerning
complete reducibility over k, the number of conjugacy classes, representations
of finite groups (Kiilshammer’s question), etc., in [2], [6], [27], [28], [29].
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Although traditional representation-theoretic methods give detailed infor-
mation on subgroup structure of G, their arguments tend to be long and de-
pend on a complicated case-by-case analysis; see [14], [21], [22], [23]. Instead,
we use geometric invariant theory (GIT for short) and the theory of spherical
buildings, in particular, the center conjecture which enabled a short and uniform
proof in many results concerning complete reducibility and other various related
problems in [1], [3], [7], [28].

The center conjecture comes into play in the study of complete reducibil-
ity via the following argument. First, we can identify each simplex of A(G)
with a proper k-parabolic subgroup of G. Second, Serre has shown that if a
subgroup H of G is not G-cr over k, then the fixed point subcomplex A(G)H
is contractible [19]. This means, roughly speaking, that the center conjecture
gives an optimal (in the spirit of Kempf [12]) k-parabolic subgroup P of G such
that P witnesses the non-G-complete reducibility of H.

Now, we turn the attention to GIT. Let V/k be an affine variety on which G
acts. A central problem in GIT is to understand the structure of the set of orbits
of G on V [17]. GIT is related to complete reducibility in the following way. Let
H be a subgroup of G such that H := (hq, ha,--- , hx) for some natural number
N. Suppose that G acts on G by simultaneous conjugation. Bate et al. [7]
showed that H is G-cr over k if and only if the G(k)-orbit G(k)- (h1, ho, -+, hn)
is closed in GV. Thus, we can turn a problem concerning complete reducibility
into a problem concerning G(k)-orbits. This technique is used in the proofs
of [28, Prop. 3.6] and [29, Thm. 6.4] for example.

This thesis consists of four independent papers [26], [27], [28], [29] on G-
complete reducibility and various related problems. Our basic references for
algebraic groups are [8], [9], [10], [20], and we follow the notation therein. In
particular, we denote by G a (possibly non-connected) reductive algebraic group
defined over k with a k-structure in the sense of Borel [8]. Here is a brief sketch
of each paper in the thesis.

e T. Uchiyama, Separability and complete reducibility of subgroups of the Weyl
group of a simple algebraic group of type E7, J. Algebra, 422:357-372, 2015.

Let G be a connected reductive algebraic group defined over an algebraically
closed field k. In this paper, we present a method to find triples (G, M, H) with
the following three properties. Property 1: G is simple and %k has characteristic
2. Property 2: H and M are closed reductive subgroups of GG such that H <
M < G, and (G, M) is a reductive pair (see the sentence after [28, Prop. 1.4
for the definition of a reductive pair). Property 3: H is G-completely reducible,
but not M-completely reducible. We exhibit our method by presenting a new
example of such a triple in G = E7. Then we consider a rationality problem
and a problem concerning conjugacy classes as important application of our
construction. Our later work ([27] and [29]) was motivated by the construction
in this paper.



Note: Theorem 1.1 appeared in author’s MSc thesis: Separability and com-
plete reducibility of subgroups of the Weyl group of a simple algebraic group,
University of Canterbury, (2012).
http://ir.canterbury.ac.nz/handle/10092/7150

Other main results (Theorems 1.10, 1.12) are new.

e T. Uchiyama, Non-separability and complete reducibility: F, examples with
an application to a question of Kiilshammer, submitted, arXiv:1510.00997, 2015.

This paper supplements our previous work [28]. Let G be a simple alge-
braic group of type F,(n = 6,7,8) defined over an algebraically closed field k
of characteristic 2. We present examples of triples of closed reductive groups
H < M < @G such that H is G-completely reducible, but not M-completely
reducible. As an application, we consider a question of Kiilshammer on rep-
resentations of finite groups in reductive groups. We also consider a rational-
ity problem for G-complete reducibility and a problem concerning conjugacy
classes. We have used the computer software Magma for computations.

e T. Uchiyama, Complete reducibility of subgroups of reductive algebraic groups
over nonperfect fields I, J. Algebra, 463:168-187, 2016.

This and the next papers exclusively deal with the rationality problems for
G-complete reducibility. Let k& be a nonperfect field of characteristic 2. Let G
be a k-split simple algebraic group of type Eg (or G2) defined over k. In this
paper, we present the first examples of nonabelian non-G-completely reducible
k-subgroups of G which are G-completely reducible over k. Our construction is
based on that of subgroups of GG acting non-separably on the unipotent radical
of a proper parabolic subgroup of G in our previous work. We also present ex-
amples with the same property for a non-connected reductive group G. Along
the way, several general results concerning complete reducibility over nonperfect
fields are proved using the recently proved Tits center conjecture for spherical
buildings. In particular, we show that under mild conditions a k-subgroup of G
is pseudo-reductive if it is G-completely reducible over k.

o T. Uchiyama, Complete reducibility of subgroups of reductive algebraic groups
over nonperfect fields II, submitted, arXiv:1512.04616, 2015.

Let k be a separably closed field. Let G be a reductive algebraic k-group.
In this paper, we study Serre’s notion of complete reducibility of subgroups of
G over k. In particular, using the recently proved center conjecture of Tits, we
show that the centralizer of a k-subgroup H of G is G-completely reducible over
k if it is reductive and H is G-completely reducible over k. We also show that a
regular reductive k-subgroup of G is G-completely reducible over k (see [3,
Sec. 2.1] for the definition of a regular subgroup). Various open problems
concerning complete reducibility are discussed. We present examples where



the number of overgroups of irreducible subgroups and the number of G(k)-
conjugacy classes of unipotent elements are infinite. This paper complements
author’s previous work on rationality problems for complete reducibility.
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Abstract

Let G be a connected reductive algebraic group defined over an algebraically closed
field k. The aim of this paper is to present a method to find triples (G, M, H) with the
following three properties. Property 1: G is simple and k has characteristic 2. Property 2:
H and M are closed reductive subgroups of G such that H < M < G, and (G, M) is a
reductive pair. Property 3: H is G-completely reducible, but not M-completely reducible.
We exhibit our method by presenting a new example of such a triple in G = E7. Then we
consider a rationality problem and a problem concerning conjugacy classes as important
applications of our construction.

Keywords: algebraic groups, separable subgroups, complete reducibility

1 Introduction

Let G be a connected reductive algebraic group defined over an algebraically closed field
k of characteristic p. In [15, Sec. 3], J.P. Serre defined that a closed subgroup H of G is
G-completely reducible (G-cr for short) if whenever H is contained in a parabolic subgroup P of
G, H is contained in a Levi subgroup L of P. This is a faithful generalization of the notion of
semisimplicity in representation theory since if G = GL,(k), a subgroup H of G is G-cr if and
only if H acts complete reducibly on &" [15, Ex. 3.2.2(a)]. It is known that if a closed subgroup
H of G is G-cr, then H is reductive [15, Prop. 4.1]. Moreover, if p = 0, the converse holds [15,
Prop. 4.2]. Therefore the notion of G-complete reducibility is not interesting if p = 0. In this
paper, we assume that p > 0.

Completely reducible subgroups of connected reductive algebraic groups have been much
studied [9], [10], [15]. Recently, studies of complete reducibility via Geometric Invariant Theory
(GIT for short) have been fruitful [1], [2], [3]. In this paper, we see another application of GIT
to complete reducibility (Proposition 3.6).

Here is the main problem we consider. Let H and M be closed reductive subgroups of
G such that H < M < G. It is natural to ask whether H being M-cr implies that H is
G-cr and vice versa. It is not difficult to find a counterexample for the forward direction. For
example, take H = M = PGLy(k) and G = SL3(k) where p = 2 and H sits inside G via the
adjoint representation. Another such example is [1, Ex. 3.45]. However, it is hard to get a
counterexample for the reverse direction, and it necessarily involves a small p. In [3, Sec. 7],
Bate et al. presented the only known counterexample for the reverse direction where p = 2,
H = S35, M =2 A1 A;, and G = G5, which we call “the G2 example”. The aim of this paper is
to prove the following.
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Theorem 1.1. Let G be a simple algebraic group of type E7 defined over k of characteristic
p = 2. Then there exists a connected reductive subgroup M of type A7 of G and a reductive
subgroup H = D14 (the dihedral group of order 14) of M such that (G, M) is a reductive pair
and H is G-cr but not M-cr.

Our work is motivated by [3]. We recall a few relevant definitions and results here. We
denote the Lie algebra of G by Lie G = g. From now on, by a subgroup of G, we always mean
a closed subgroup of G.

Definition 1.2. Let H be a subgroup of G acting on G by inner automorphisms. Let H act
on g by the corresponding adjoint action. Then H is called separable if Lie Cq(H) = ¢g(H).

Recall that we always have Lie Cq(H) C ¢y(H). In [3], Bate et al. investigated the relation-
ship between G-complete reducibility and separability, and showed the following [3, Thm. 1.2,
Thm. 1.4].

Proposition 1.3. Suppose that p is very good for G. Then any subgroup of G is separable in
G.

Proposition 1.4. Suppose that (G, M) is a reductive pair. Let H be a subgroup of M such
that H is a separable subgroup of G. If H is G-cr, then it is also M-cr.

Recall that a pair of reductive groups G and M is called a reductive pair if Lie M is an M-
module direct summand of g. This is automatically satisfied if p = 0. Propositions 1.3 and 1.4
imply that the subgroup H in Theorem 1.1 must be non-separable, which is possible for small
p only.

Now, we introduce the key notion of separable action, which is a slight generalization of the
notion of a separable subgroup.

Definition 1.5. Let H and N be subgroups of G where H acts on N by group automorphisms.
The action of H is called separable in N if LieCn(H) = crie n(H). Note that the condition
means that the fixed points of H acting on N, taken with their natural scheme structure, are
smooth.

Here is a brief sketch of our method. Note that in our construction, p needs to be 2.

1. Pick a parabolic subgroup P of G with a Levi subgroup L of P. Find a subgroup K of L
such that K acts non-separably on the unipotent radical R,(P) of P. In our case, K is
generated by elements corresponding to certain reflections in the Weyl group of G.

2. Conjugate K by a suitable element v of R,(P), and set H = vKv~!. Then choose a
connected reductive subgroup M of G such that H is not M-cr. Use a recent result from
GIT (Proposition 2.4) to show that H is not M-cr. Note that K is M-cr in our case.

3. Prove that H is G-cr.

Remark 1.6. Tt can be shown using [17, Thm. 13.4.2] that K in Step 1 is a non-separable
subgroup of G.

First of all, for Step 1, p cannot be very good for G by Proposition 1.3 and 1.4. It is
known that 2 and 3 are bad for F;. We explain the reason why we choose p = 2, not p = 3
(Remark 2.9). Remember that the non-separable action on R, (P) was the key ingredient for
the G5 example to work. Since K is isomorphic to a subgroup of the Weyl group of G, we are
able to turn a problem of non-separability into a purely combinatorial problem involving the
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root system of G (Section 3.1). Regarding Step 2, we explain the reason of our choice of v and
M explicitly (Remarks 3.4, 3.5). Our use of Proposition 2.4 gives an improved way for checking
G-complete reducibility (Remark 3.7). Finally, Step 3 is easy.

In the G5 and E7 examples, the G-cr and non-M-cr subgroups H are finite. The following
is the only known example of a triple (G, M, H) with positive dimensional H such that H is
G-cr but not M-cr. It is obtained by modifying [1, Ex. 3.45].

Ezample 1.7. Let p =2, m > 4 be even, and (G, M) = (GLay,(k), Spam(k)). Let H be a copy
of Sp,, (k) diagonally embedded in Sp,, (k) X Sp., (k). Then H is not M-cr by the argument in
[1, Ex. 3.45]. But H is G-cr since H is GL, (k) x GL,,(k)-cr by [1, Lem. 2.12]. Also note that
any subgroup of GL(k) is separable in GL(k) (cf. [1, Ex. 3.28]), so (G, M) is not a reductive
pair by Proposition 1.4.

In view of this, it is natural to ask:

Open Problem 1.8. Is there a triple H < M < G of connected reductive algebraic groups
such that (G, M) is a reductive pair, H is non-separable in G, and H is G-cr but not M-cr?

Beyond its intrinsic interest, our E7 example has some important consequences and ap-
plications. For example, in Section 4, we consider a rationality problem concerning complete
reducibility. We need a definition first to explain our result there.

Definition 1.9. Let kg be a subfield of an algebraically closed field k. Let H be a kg-defined
closed subgroup of a kg-defined reductive algebraic group G. Then H is called G-cr over kg
if whenever H is contained in a kg-defined parabolic subgroup P of G, it is contained in some
ko-defined Levi subgroup of P.

Note that if kg is algebraically closed then G-cr over kg means G-cr in the usual sense. Here
is the main result of Section 4.

Theorem 1.10. Let ky be a nonperfect field of charecteristic p = 2, and let G be a ko-defined
split simple algebraic group of type Er. Then there exists a ko-defined subgroup H of G such
that H is G-cr over k, but not G-cr over ky.

As another application of the F; example, we consider a problem concerning conjugacy
classes. Given n € N, we let G act on G" by simultaneous conjugation:

9-(91,92,--:9n) = (991971, 99295 99ng ).
In [16], Slodowy proved the following fundamental result applying Richardson’s tangent space
argument, [12, Sec. 3], [13, Lem. 3.1].

Proposition 1.11. Let M be a reductive subgroup of a reductive algebraic group G defined over
k. Letn € N, let (mq,...,my) € M™ and let H be the subgroup of M generated by my, ..., my,.
Suppose that (G, M) is a reductive pair and that H is separable in G. Then the intersection
G- (my,...,my) N M"™ is a finite union of M-conjugacy classes.

Proposition 1.11 has many consequences. See [1], [16], and [18, Sec. 3] for example. In
[3, Ex. 7.15], Bate et al. found a counterexample for G = G5 showing that Proposition 1.11
fails without the separability hypothesis. In Section 5, we present a new counterexample to
Proposition 1.11 without the separability hypothesis. Here is the main result of Section 5.

Theorem 1.12. Let G be a simple algebraic group of type Er defined over an algebraically
closed k of characteristic p = 2. Let M be the connected reductive subsystem subgroup of type
A7. Then there exists n € N and a tuple m € M™ such that G-m N M™ is an infinite union of

M -conjugacy classes. Note that (G, M) is a reductive pair in this case.
9



Now, we give an outline of the paper. In Section 2, we fix our notation which follows [4],
[8], and [17]. Also, we recall some preliminary results, in particular, Proposition 2.4 from GIT.
After that, in Section 3, we prove our main result, Theorem 1.1. Then in Section 4, we consider
a rationality problem, and prove Theorem 1.10. Finally, in Section 5, we discuss a problem
concerning conjugacy classes, and prove Theorem 1.12.

2 Preliminaries

2.1 Notation

Throughout the paper, we denote by k an algebraically closed field of positive characteristic
p. We denote the multiplicative group of k£ by k*. We use a capital roman letter, G, H, K, etc.,
to represent an algebraic group, and the corresponding lowercase gothic letter, g, b, €, etc., to
represent its Lie algebra. We sometimes use another notation for Lie algebras: Lie G, Lie H,
and Lie K are the Lie algebras of G, H, and K respectively.

We denote the identity component of G by G°. We write [G, G] for the derived group of
G. The unipotent radical of G is denoted by R,(G). An algebraic group G is reductive if
R, (G) = {1}. In particular, G is simple as an algebraic group if G is connected and all proper
normal subgroups of G are finite.

In this paper, when a subgroup H of G acts on GG, H always acts on G by inner auto-
morphisms. The adjoint representation of G is denoted by Adg or just Ad if no confusion
arises. We write Cq(H) and c¢y(H) for the global and the infinitesimal centralizers of H in G
and g respectively. We write X (G) and Y (G) for the set of characters and cocharacters of G
respectively.

2.2 Complete reducibility and GIT

Let G be a connected reductive algebraic group. We recall Richardson’s formalism [14,
Sec. 2.1-2.3] for the characterization of a parabolic subgroup P of G, a Levi subgroup L of P,
and the unipotent radical R, (P) of P in terms of a cocharacter of G and state a result from
GIT (Proposition 2.4).

Definition 2.1. Let X be an affine variety. Let ¢ : k* — X be a morphism of algebraic
varieties. We say that lin}) ¢(a) exists if there exists a morphism ¢ : kK — X (necessarily
a—

unique) whose restriction to k* is ¢. If this limit exists, we set lirr%) é(a) = $(0).
a—

Definition 2.2. Let A be a cocharacter of G. Define Py := {g € G | 111% Ma)gh(a)™! exists},
a—r
Ly:={geqG| liir%))\(a)g)\(a)71 =g}, Ru(P\) :={g€ G| lig%) Ma)gh(a)™ = 1}.

Note that Py is a parabolic subgroup of G, L) is a Levi subgroup of Py, and R, (P,) is a
unipotent radical of Py [14, Sec. 2.1-2.3]. By [17, Prop. 8.4.5], any parabolic subgroup P of
G, any Levi subgroup L of P, and any unipotent radical R, (P) of P can be expressed in this
form. It is well known that Ly = Ca(A(k*)).

Let M be a reductive subgroup of G. Then, there is a natural inclusion Y (M) C Y(G) of
cocharacter groups. Let A € Y(M). We write P\(G) or just Py for the parabolic subgroup of
G corresponding to A\, and Py (M) for the parabolic subgroup of M corresponding to A. It is
obvious that Py(M) = P\(G) N M and R,(P\(M)) = R,(Px(G)) N M.

Definition 2.3. Let A € Y(G). Define a map cy : Px — Ly by ca(g) :== lin}) AMa)g(a)™ .
a—
10



Note that the map ¢y is the usual canonical projection from Py to Ly = P\/Ry(P)). Now,
we state a result from GIT (see [1, Lem. 2.17, Thm. 3.1], [2, Thm. 3.3]).

Proposition 2.4. Let H be a subgroup of G. Let A be a cocharacter of G with H C Py. If H
is G-cr, there exists v € R, (Py) such that cy(h) = vhv™"! for every h € H.

2.3 Root subgroups and root subspaces

Let G be a connected reductive algebraic group. Fix a maximal torus T of G. Let (G, T)
denote the set of roots of G with respect to 7. We sometimes write U(G) for ¥(G,T). Fix
a Borel subgroup B containing 7. Then ¥(B,T) = U (G) is the set of positive roots of G
defined by B. Let X(G, B) = X denote the set of simple roots of G defined by B. Let ¢ € ¥(G).
We write U, for the corresponding root subgroup of G and u, for the Lie algebra of Us. We
define G¢ := (U, U_¢).

Let H be a subgroup of G normalized by some maximal torus T' of G. Consider the adjoint
representation of 7" on §. The root spaces of ) with respect to T are also root spaces of g with
respect to T', and the set of roots of H relative to T, ¥(H,T) = ¥(H) = {¢ € ¥(G) | gc C b},
is a subset of ¥(G).

Let ¢,¢ € U(G). Let ¥ be the coroot corresponding to £. Then (o &Y : k* — k* is a
homomorphism such that (¢ o £¥)(a) = a™ for some n € Z. We define ((,£) := n. Let s¢
denote the reflection corresponding to & in the Weyl group of G. Each s¢ acts on the set of
roots U(G) by the following formula [17, Lem. 7.1.8]: s¢ - ¢ = ¢ — (¢,£Y)€. By [5, Prop. 6.4.2,
Lem. 7.2.1], we can choose homomorphisms €. : k — U, so that

ngec(a)ng ' = eso.c(Fa), where ng = eg(1)e—¢(—1)e(1). (2.1)

We define e¢ := €;(0). Then we have
Ad(ne)ec = feq,.c. (2.2)
Now, we list four lemmas which we need in our calculations. The first one is [17, Prop. 8.2.1].

Lemma 2.5. Let P be a parabolic subgroup of G. Any element u in R, (P) can be expressed
uniquely as
U= H €;(a;), for some a; € k,
1€V (R, (P))

where the product is taken with respect to a fized ordering of ¥ (R, (P)).
The next two lemmas [8, Lem. 32.5 and Lem. 33.3] are used to calculate Cg, (p)(K).

Lemma 2.6. Let £,¢ € U(G). If no positive integral linear combination of & and ¢ is a root
of G, then
eg(a)ec(b) = ec(b)eg(a).

Lemma 2.7. Let ¥ be the root system of type As spanned by roots & and (. Then

ec(a)ec(b) = ec(b)ec(a)ectc(Lab).

The last result is used to calculate cyie (g, (p)) (K).
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Lemma 2.8. Suppose that p = 2. Let W be a subgroup of G generated by all the ne where
€ € U(Q) (the group W is isomorphic to the Weyl group of G). Let K be a subgroup of W. Let
{O; | i=1---m} be the set of orbits of the action of K on U (R,(P)). Then,

CLie(R, (P)) (K) = Zai Z eclai €k

i=1 (€O,

Proof. When p = 2, (2.2) yields Ad(n¢)e¢c = en,.c. Then an easy calculation gives the desired
result. O

Remark 2.9. Lemma 2.8 holds in p = 2 but fails in p = 3.

3 The E; example

3.1 Step1

Let G be a simple algebraic group of type FE; defined over k of characteristic 2. Fix a
maximal torus T of G. Fix a Borel subgroup B of G containing T. Let ¥ = {«, 8,7, d,¢,1,0}
be the set of simple roots of G. Figure 1 defines how each simple root of G corresponds to each

node in the Dynkin diagram of F7.
’—O—O—I—UO—‘

@ gy 5 €M

Figure 1: Dynkin diagram of E;

From [6, Appendix, Table B], one knows the coefficients of all positive roots of G. We label
all positive roots of G in Table 1 in the Appendix. Our ordering of roots is different from [6,
Appendix, Table B], which will be convenient later on.

The set of positive roots is U (G) = {1,2,---,63}. Note that {1,--- ,35} and {36,--- ,42}
are precisely the roots of G such that the coefficient of ¢ is 1 and 2 respectively. We call the
roots of the first type weight-1 roots, and the second type weight-2 roots. Define

Loz,[ﬂ’yéen = <T7 G433 e 7G63>; Paﬁ'y&en = <Laﬁ~/66n» Ulv U aU42>~

Then P,pysen is a parabolic subgroup of G, and Lagyse, is a Levi subgroup of P,gysen. Note
that Lagysen is of type Ag. We have ¥ (R, (Pagysen)) = {1, ,42}. Define

g1 1= NeNgNyNang, G2 1= NNgNnyNangnynsng, K = (q1,q2)-

Let (1,2 be simple roots of G. From the Cartan matrix of F; [7, Sec. 11.4] we have

27 if <1 = CQ'
(€1,82) = { —1, if ¢; is adjacent to (5 in the Dynkin diagram.
0, otherwise.

From this, it is not difficult to calculate (£,¢Y) for all £ € U (R, (Pagysen)) and for all ¢ €
Y. These calculations show how n4,ng, Ny, ns, N, and n, act on ¥ (Ry(Pagysen)). Let 7 :



(Mo, NG, Moy Mgy ey Ny) — Sym (¥ (Ry, (Pagrysen))) = Sio be the corresponding homomorphism.
Then we have

m(q) =(12)(3 6)(4 7)(9 10)(11 12)(13 14)(15 20)(16 17)(18 21)(19 23)(22 25)(24 26)
(27 28)(29 32)(31 33)(34 35)(36 38)(37 39)(40 41),

m(q2) =(1675432)(81012 14 13 11 9)(15 16 21 23 26 27 22)(17 20 25 28 24 19 18)
(29 30 32 33 35 34 31)(36 38 39 41 42 40 37).

It is easy to see that K = Dy4. The orbits of K in ¥ (R, (Pagysen)) are

O1 ={1,--+,7},05 = {8, -+ ,14}, 015 = {15, -+ , 28}, 099 ={29, - , 35},
Os6 ={36, - ,42}.

Thus Lemma 2.8 yields

Proposition 3.1.

CLie(R. (P, amam))(K) :{a ( Z 6>\> +b < Z e,\> +c< Z e,\> —|—d< Z e,\>
A€0; A€O0s A€015 A€O29

+m ( Z €>\>
A€O036

The following is the most important technical result in this paper.

a,b,c,d,mek}.

Proposition 3.2. Let u € Cr, (Pagysen) (K)- Then u must have the form,

7 14 28 35 42
u= Heq;(a) Hei(b) H €:(c) H ei(a+b+c) H €;(a;) for some a, b, c,a; € k.
i=1 i=8 i=15 i=29 i=36

Proof. By Lemma 2.5, u can be expressed uniquely as u = H?i €;(b;) for some b; € k. By
(2.1), we have ngec(a)ngl = €5..¢(a) for any a € k and £, ¢ € ¥(G). Thus we have

12
qugt = q <H €z(bi)> g

i=1

7 14 28 35
= (H 6111'i(bi>> (H EQ1'i(bi)> ( H 6111'i(bi)) ( H eqri(bi)>
i=1 =8 =15 =29

(H €q1.i(b,’)> . (31)
=36

A calculation using the commutator relations (Lemma 2.6 and Lemma 2.7) shows that

qrugy " = €1(ba)ea(br)es(be)ea(br)es (bs)es (b3 )er (ba)es(bs)eg (bio)ero(bg)ert (br2)erz(bi)ers(b1a)
514(b13)€15(b20)516(b17)617(b16)618(b21)519(b23)620(b15)521(b18)522(b25)623(b19)524(b26)
€25(D22) €26 (b24) €27 (bag ) €28 (bar ) €29 (b32) €30 (b30) €31 (b33 ) €32 (b29 ) €33 (D31 ) €34 (D35 ) €35 (b34)

(H El al > €49 b4b7 + b11b12 + baobos + baabss + b42) for some a; € k. (32)
1=36
13



Since q1 and q2 centralize u, we have bl == b7, bg == b147 b15 == bgg, bgg ==
bss. Set by = a, bs = b, bis = ¢, bog = d. Then (3.2) simplifies to

7 14 28 35 41
qluql_l = Hei(a) H Gz(b) H 61(0) H Ei(d) (H 61(&@)) 642(@2 + b2 + 82 + d2 + b42).
i=1 =8 =15 =29 =36

Since q; centralizes u, comparing the arguments of the e4o term on both sides, we must have
bao = a® + 0% + ¢ + d* + by,

which is equivalent to a + b+ ¢+ d = 0. Then we obtain the desired result. O

Proposition 3.3. K acts non-separably on R, (Pugysen)-

Proof. In view of Proposition 3.1, it suffices to show that e; + e +e3+e4 + €5+ e+ e7 €
Lie Cg, (py)(I). Suppose the contrary. Since by [17, Cor. 14.2.7] Cg, (p,)(I)° is isomorphic as
a variety to k™ for some n € N, there exists a morphism of varieties v : k — Cr, (p,)(K)° such
that v(0) = 1 and v'(0) = e1 +e2 +e3+e4+e5+eg+e7. By Lemma 2.5, v(a) can be expressed
uniquely as v(a) = Hil €;(fi(a)) for some f; € k[X]. Differentiating the last equation, and
evaluating at a = 0, we obtain v'(0) = 3", ... 49y (fi)'(0)e;. Since v'(0) = 3=, 0, €i, we have

1 ifie Oy,
0 otherwise.

(f:)'(0) = {

Then we have
oy _Ja+g(a) ifi€On,
fila) = {gi(a) otherwise,

where ¢; € k[X] has no constant or linear term.

Then from Proposition 3.2, we obtain (a + g1(a)) + gs(a) + gi5(a) = ga9(a). This is a contra-
diction. 0

3.2 Step 2

Let C; := {HZ:1 €(a)|ac k} , pick any a € k*, and let v(a) := H::1 €;(a). Now, set

H :=v(a)Kv(a)™! = (q1ea(a®)en (a®)ea(a?), grezs(a®)ezo(a?)),
M ::<LaB'y6en7 G36a T 7G42>~

Remark 3.4. By Proposition 3.1 and Proposition 3.2, the tangent space of C; at the identity,
T1(Cy), is contained in cpic(r, (P.s,s.,)) (/) but not contained in Lie(Cr,(p,;.s.,)(K)). The
element v(a) can be any non-trivial element in C;.

Remark 3.5. In this case o is the unique simple root not contained in \I/(LQBW;E,,). M was
chosen so that M is generated by a Levi subgroup L,gyse, containing K and all root subgroups
of o-weight 2.

We have H C M, H ¢ Lqgsen. Note that U(M) = {£36,---,£63}. Since M is generated
by all root subgroups of even o-weight, it is easy to see that W(M) is a closed subsystem of
U(@G), thus M is reductive by [3, Lem. 3.9]. Note that M is of type A7.

14



Proposition 3.6. H is not M-cr.
Proof. Let A = 3a¥ +68Y + 9vY + 125V + 8€Y + 4nY + TaV. We have

<a7 )‘> =0, <Ba )‘>: 0, <’7a )‘> =0, <5’ /\>: 0,
(e,A) =0,(n,\)=0,(0,A) = 2.

So Laﬁwéen = L/\7 Poz,B'yéen = Pi.

It is easy to see that Ly is of type Ag, so [Ly, Ly] is isomorphic to either SL; or PGL;. We
rule out the latter. Pick € k* such that x # 1,27 = 1. Then A\(z) # 1 since o(A\(z)) = 2 # 1.
Also, we have A(x) € Z([Lx, L,]). Therefore [Ly, Ly] = SL7. It is easy to check that the map
k* x [Lyx, Lx] — Ly is separable, so we have Ly = GLy.

Let ¢\ : Px — L) be the homomorphism as in Definition 2.3. In order to prove that H is
not M-cr, by Theorem 2.4 it suffices to find a tuple (hy, hy) € H? which is not R, (Px(M))-
conjugate to cy ((h1,h2)). Set hy = v(a)qiv(a)™t, he :=v(a)gav(a)~t. Then

ex ((h1, h2)) = lim (A(@)qr€a0(a?)ear(a)eaz(a®)A(@) ™, (M@)qaeso(a?)eso(a®)A(x) )
= (q1, q2)-

Now suppose that (hq,h2) is R, (Px(M))-conjugate to cy ((h1,h2)). Then there exists m €
R, (P\(M)) such that

1 1, -1

mu(a)gv(a) " 'm™! = q1, mu(a)gu(a) Pmt = go.

Thus we have mv(a) € Cg, (p,)(K). Note that ¥ (R, (P\(M))) = {36,--- ,42}. So, by Lemma 2.5,
m can be expressed uniquely as m := Hﬁ% €;(a;) for some a; € k. Then we have

mu(a) = €1(a)ex(a)es(a)es(a)es(a)es(a)er(a) (H ei(ai)> € Cr,(py)(K).

i=36
This contradicts Proposition 3.2. O

Remark 3.7. In [3, Sec. 7, Prop .7.17], Bate et al. used [1, Lem. 2.17, Thm. 3.1] to turn a
problem on M-complete reducibility into a problem involving M-conjugacy. We have used
Proposition 2.4 to turn the same problem into a problem involving R, (P N M)-conjugacy,

which is easier.

Remark 3.8. Instead of using C; to define v(a), we can take Cg := {Hgis €i(a) | ac€ k},

Cy5 := {H?iu; ei(a)|ac k}, or Cyg := {Hiw €(a) |a € k} In each case, a similar argument
goes through and gives rise to a different example with the desired property.

3.3 Step 3
Proposition 3.9. H is G-cr.

Proof. First note that H is conjugate to K, so H is G-cr if and only if K is G-cr. Then, by [1,
Lem. 2.12, Cor. 3.22], it suffices to show that K is [Ly, Ly]-cr. We can identify K with the image
of the corresponding subgroup of S7 under the permutation representation m : Sz — SL7(k).
It is easy to see that K = Dj4. A quick calculation shows that this representation of D4
is a direct sum of a trivial 1-dimensional and 3 irreducible 2-dimensional subrepresentations.
Therefore K is [Ly, Ly]-cr. O
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4 A rationality problem

We prove Theorem 1.10. The key here is again the existence of a 1-dimensional curve C}
such that T7(C1) is contained in ¢y (g, (py)) (/) but not contained in Lie(Cg,(p,)(K)). The
same phenomenon was seen in the G5 example.

Proof of Theorem 1.10. Let kg, k, and G be as in the hypothesis. We choose a kg-defined kg-
split maximal torus T such that for each ¢ € ¥(G) the corresponding root ¢, coroot ¢, and
homomorphism €, are defined over ko. Since kg is not perfect, there exists @ € k\ko such that
@? € kog. We keep the notation ¢y, g2, v, K, Py, Ly of Section 3. Let

H = (v(@)q1v(a) ™", v(@)gav(a) ")
= (q1€40(@%)ea1 (@%)€12(a?), goese(a*)eso(@?)).

Now it is obvious that H is kg-defined. We already know that H is G-cr by Proposition 3.9.
Since G and T are ko-split, Py and L) are ko-defined by [4, V.20.4, V.20.5]. Suppose that there
exists a ko-Levi subgroup L’ of Py such that L’ contains H. Then there exists w € R, (Py)(ko)
such that L' = wLyw™! by [4, V.20.5]. Then w™*Hw C Ly and v(a)"*Hv(a) C Ly. So we
have c)(w™thw) = w™'hw and ¢y (v(@) *hv(a)) = v(a)hv(a) for any h € H. We also have
ex(w) = ey (v(a)) = 1 since w,v(@) € R, (Py)(k). Therefore we obtain w™thw = cy(w™thw) =
ex(h) = ex (v(a)~tho(@)) = v(a) 'hv(a) for any h € H. So we have w = v(a@)z for some z €
CRr,(py)(K)(k). By Proposition 3.2, z must have the form

7 14 28 35 42
Z*HQ H €; H €i(c) H eila+b+c) H €;(a;) for some a,b,c,a; € k.
i=8 i=15 i=29 i=36
Then
7 7 14 28 35 42
w = (H Q(d)) [He@]]e® [] et [] cia+b+0) I eilar)
i=1 i=1 i=8 i=15 i=29 i=36
7 28
l_leZ Hel H Hela—i—b—i—c Hel ;) for some b; € k.
=1 1=15 =29 1=36

Since w is a kg-point, b, ¢, and a + b+ ¢ all belong to kg, so a € kg. But a + @ belongs to kg as
well, so @ € ky. This is a contradiction. O

Remark 4.1. As in Section 3, we can take v(a) from Cg, Ci5, or Cag. In each case, a similar
argument goes through, and gives rise to a different example.

Remark 4.2. [1, Ex. 5.11] shows that there is a kg-defined subgroup of G of type A,, which is
not G-cr over k even though it is G-cr over ky. Note that this example works for any p > 0.

5 A problem of conjugacy classes

We prove Theorem 1.12. Here, the key is again the existence of a 1-dimensional curve C4
such that T7(C1) is contained in cpic (g, (py))(K) but not contained in Lie(Cg, p,)(K)) as in
the G5 example. Let G, M, k be as in the hypotheses of the theorem. We keep the notation
q1,q2,v, K, Py, Ly of Section 3. A calculation using the commutator relations (Lemma 2.6)
shows that

Z(Ry(Py)) = (Uss, Usz, Uss, Usg, Usg, Us1, Uya).
16



Let Ko := (K, Z(R,(P»))). It is standard that there exists a finite subset F' = {z1, 29, -+, 2p/ }
of Z(R,(P)) such that Cp, (K, F)) = Cp, (Ko). Let m := (g1, 2,21, ,2n’). Let n:=n’ 4+ 2.
For every x € k*, define m(z) :=v(x) - m € Py\(M)".

Lemma 5.1. Cp)\ (Ko) = CRU(PX)(KO)'

Proof. It is obvious that Cr, (p,)(Ko) € Cp,(Ko). We prove the converse. Let lu € Cp, (Ko)
for some ! € Ly and v € R, ( \). Then lu centralizes Z (R, (Py)), so I centralizes Z(R,(Py)),
since u does. Tt suffices to show that [ = 1. Let | = ¢ where t € Z(Ly)° = AKk*) and
I € [Ly, Ly]. We have

(i, \) =4 for any i € {36,---,42}. (5.1)

So for any z € Z(R,(Py)), there exists o € k* such that ¢ - 2 = az. Then we have -z = o~ '2.
Now define A := {I € [Ly, Ly] | [ acts on Z(R,(Py)) by multiplication by a scalar}. Then it is
easy to see that A < [Ly, Ly]. Since [Ly, L] & SL7 and Ly = GL7, we have A = Z([Ly, L,)).
Therefore we obtain [ € A = Z([Ly, Ly]) € A(k*). So we have [ = ¢l € A(k*). Then we obtain
I € Cx(e=y (Z(Ry(Py))). By (5.1) this implies I = 1. O

Lemma 5.2. G-mnN P\(M)™ is an infinite union of Px(M)-conjugacy classes.

Proof. Fix a' € k*. By Lemma 5.1, we have Cp, (Ko) = Cg, (p,)(Ko) € Cr, (py)(K). Then we
obtain

Cp, (v(a')Kov(a')™") = v(a’)Cp, (Ko)v(a') ™" C v(a')Cr,,(py) (K)v(a') ™. (5-2)

Choose b’ € k* such that m(a’) is Py\(M)-conjugate to m(d’). Then there exists m € P\(M)
such that m - m(d') = m(a’). By (5.2), we have

mo(®)o(a) " € Cp, (v(a)Kov(a') ") € v(@)Ch, (py (K)v(a') .

By Proposition 3.2, we have

7 14 28 35 42
v(a") " tmo(b) = Hei(a) Hei(b) H ei(c) H ei(a+b+c) H €;(a;), for some a,b,c,a; € k.
i=1 i=8 i=15 =29 =36
This yields
7 14 28 35 42
m = Hel a+a +b) H i(b) H ei(c) Hei(a+b+c) H €;(b;), for some a,b,c,b; € k.
i=1 i=8 i=15 =29 i=36

But m € P\(M),soa+a +V =0,b=0,¢c=0,a+b+ ¢ = 0. Hence we have «’ = b'. Thus
we have shown that if o’ # b’, then m(a’) is not Py(M)-conjugate to m(d’). So, in particular,
G -mnN Py\(M)™ is an infinite union of Py (M )-conjugacy classes. O

We need the next result [11, Lem. 4.4]. We include the proof to make this paper self-
contained.

Lemma 5.3. G-mnN P\(M)" is a finite union of M-conjugacy classes if and only if it is a
finite union of P\(M)-conjugacy classes.

Proof. Pick my,mgp € G-mnNPy(M)" such that m; and my are in the same M-conjugacy class
of G-mnN Py(M)™. Then there exists m € M such that m - my = ma. Let Q = m~'P\(M)m
Then we have my € (Py(M)NQ)™. Now let S be a maximal torus of M contained in Py(M)NQ.
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Since S and m~1Sm are maximal tori of (), they must be Q-conjugate. So there exists ¢ € Q
such that
qSq~ ' =m~1Sm. (5.3)

Since @ = m~1Py(M)m, there exists p € Py(M) such that ¢ = m~!pm. Then from (5.3), we
obtain pmSm~tp~! = S. This implies m~1p~! € Ny (S). Fix a finite set N C N/ (S) of coset
representatives for the Weyl group W = Nj/(S)/S. Then we have

L' — ns for somen € N,s € S.

m_lp_
So we obtain m; = m™!-mgz = (nsp) -mz € (nPy(M))-my. Since N is a finite set, this shows
that a M-conjugacy class in G -m N Py(M)™ is a finite union of Py(M)-conjugacy classes. The
converse is obvious. O

Proof of Theorem 1.12. By Lemma 5.2 and Lemma 5.3, we conclude that G - m N Py\(M)" is
an infinite union of M-conjugacy classes. Now it is evident that G-m N M™ is an infinite union
of M-conjugacy classes. O
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Table 1: The set of positive roots of G = E7
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Abstract

Let G be a simple algebraic group of type E,(n = 6,7,8) defined over an algebraically
closed field k of characteristic 2. We present examples of triples of closed reductive groups
H < M < G such that H is G-completely reducible, but not M-completely reducible. As
an application, we consider a question of Kiilshammer on representations of finite groups
in reductive groups. We also consider a rationality problem for G-complete reducibility
and a problem concerning conjugacy classes.

Keywords: algebraic groups, separable subgroups, complete reducibility, representations of
finite groups

1 Introduction

Let G be a connected reductive algebraic group defined over an algebraically closed field &k
of characteristic p. In [17, Sec. 3], J.P. Serre defined the following;:

Definition 1.1. A closed subgroup H of G is G-completely reducible (G-cr for short) if whenever
H is contained in a parabolic subgroup P of G, H is contained in a Levi subgroup L of P.

This is a faithful generalization of the notion of semisimplicity in representation theory: if
G = GL,(k), asubgroup H of G is G-cr if and only if H acts semisimply on k™ [17, Ex. 3.2.2(a)].
If p = 0, the notion of G-complete reducibility agrees with the notion of reductivity [17,
Props. 4.1, 4.2]. In this paper, we assume p > 0. In that case, if a subgroup H is G-cr, then H
is reductive [17, Prop. 4.1], but the other direction fails: take H to be a unipotent subgroup of
order p of G = SLy. See [20] for examples of connected non-G-cr subgroups. In this paper, by
a subgroup of GG, we always mean a closed subgroup.

Completely reducible subgroups have been much studied as important ingredients to under-
stand the subgroup structure of connected reductive algebraic groups [12], [13], [21]. Recently,
studies of complete reducibility via Geometric Invariant Theory (GIT for short) have been
fruitful [3], [4], [2]. In this paper, we use a recent result from GIT (Proposition 2.4).

Here is the first problem we consider in this paper. Let H < M < G be a triple of reductive
algebraic groups. It is known to be hard to find such a triple with H G-cr but not M-cr [3], [23].
The only known such examples are [3, Sec. 7] for p = 2,G = G2 and [23] for p = 2,G = Ex.
Recall that a pair of reductive groups G and M is called a reductive pair if Lie M is an M-module
direct summand of g. For more on reductive pairs, see [§8]. Our main result is:
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Theorem 1.2. Let G be a simple algebraic group of type Eg (respectively E7, Eg) of any isogeny
type defined over an algebraically closed field k of characteristic 2. Then there exist reductive
subgroups H < M of G such that H is finite, M is semisimple of type AsA; (respectively Az,
Ds), (G, M) is a reductive pair, and H is G-cr but not M-cr.

In this paper, we present new examples with the properties of Theorem 1.2 giving an
explicit description of the mechanism for generating such examples. We give 11 examples
for G = Eg, 1 new example for G = Er, and 2 examples for G = Es. We use Magma [5] for our
computations. Recall that G-complete reducibility is invariant under isogenies [2, Lem. 2.12];
in Sections 3,4, and 5, we do computations for simply-connected G only, but that is sufficient
to prove Theorem 1.2 for G of any isogeny type.

We recall a few relevant definitions and results from [3], [23], which motivated our work.
We denote the Lie algebra of G by Lie G = g.

Definition 1.3. Let H and N be subgroups of G where H acts on N by group automorphisms.
The action of H is called separable in N if the global centralizer of H in N agrees with the
infinitesimal centralizer of H in Lie N, that is, Cn(H) = crie n(H). Note that the condition
means that the set of fixed points of H acting on N, taken with its natural scheme structure,
is smooth.

This is a slight generalization of the notion of separable subgroups. Recall that

Definition 1.4. Let H be a subgroup of G acting on G by inner automorphisms. Let H act
on g by the corresponding adjoint action. Then H is called separable if Lie Cq(H) = ¢g(H).

Note that we always have Lie Cq(H) C ¢g(H). In [3], Bate et al. investigated the relation-
ship between G-complete reducibility and separability, and showed the following [3, Thm. 1.2,
Thm. 1.4] (see [9] for more on separability).

Proposition 1.5. Suppose that p is very good for G. Then any subgroup of G is separable in
G.

Proposition 1.6. Suppose that (G, M) is a reductive pair. Let H be a subgroup of M such
that H is a separable subgroup of G. If H is G-cr, then it is also M-cr.

Propositions 1.5 and 1.6 imply that the subgroup H in Theorem 1.2 must be non-separable,
which is possible for small p only.

We recap our method from [23]. Fix a maximal torus T of G = Fjg (respectively E7, Es). Fix
a system of positive roots. Let L be the A5 (respectively Ag, A7)-Levi subgroup of G containing
T. Let P be the parabolic subgroup of G containing L, and let R, (P) be the unipotent radical
of P. Let Wy be the Weyl group of L. Abusing the notation, we write W, for the group
generated by canonical representatives n¢ of reflections in Wy, (See Section 2 for the definition
of n¢.) Now Wy, is a subgroup of L.

1. Find a subgroup K’ of Wy, acting non-separably on R, (P).

2. If K’ is G-cr, set K := K’ and go to the next step. Otherwise, add an element ¢ from the
maximal torus 7" in such a way that K := (K'U{t}) is G-cr and K still acts non-separably
on R, (P).

3. Choose a suitable element v € R,(P) in a 1-dimensional curve C such that T7(C) is
contained in c¢p;e(g,(p))(K) but not contained in Lie(Cg,p)(K)). Set H := vKv~1L.
Choose a connected reductive subgroup M of G containing H such that H is not G-cr.
Show that H is not M-cr using Proposition 2.4.
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As the first application of our construction, we consider a rationality problem for G-complete
reducibility. We need a definition first.

Definition 1.7. Let kg be a subfield of k. Let H be a kp-defined subgroup of a kp-defined
reductive algebraic group G. Then H is G-completely reducible over ko (G-cr over kg for short)
if whenever H is contained in a kg-defined parabolic subgroup P of G, it is contained in some
ko-defined Levi subgroup of P.

Note that if kg is algebraically closed then G-cr over kg means G-cr in the usual sense. Here
is the main result concerning rationality.

Theorem 1.8. Let kg be a nonperfect field of characteristic 2, and let G be a ko-defined split
simple algebraic group of type E,(n = 6,7,8) of any isogeny type. Then there exists a ko-defined
subgroup H of G such that H is G-cr but not G-cr over ky.

Proof. Use the same H = v(a)Kv(a)~! as in the proof of Theorem 1.2 with v := v(a) for
a € ko\kZ. Then a similar method to [23, Sec. 4] shows that subgroups H have the desired
properties. The crucial thing here is the existence of a 1-dimensional curve C' such that 77 (C)
is contained in ¢y ;e (g, (py)(K) but not contained in Lie(Cg, p)(K)) (see [23, Sec. 4] for details).

O

Remark 1.9. Let kg and G = FEg be as in Theorem 1.8. Based on the construction of the Fjg
examples in this paper, we found the first examples of nonabelian kg-defined subgroups H of
G such that H is G-cr over kg but not G-cr; see [22]. Note that G-complete reducibility over
ko is invariant under central isogenies [22, Sec. 2].

As the second application, we consider a problem concerning conjugacy classes. Given
n € N, we let G act on G™ by simultaneous conjugation:

9-(91,92: -, 9n) = (99197, 9929+, 9gng ™).
In [18], Slodowy proved the following result, applying Richardson’s tangent space argument [14,
Sec. 3], [15, Lem. 3.1].

Proposition 1.10. Let M be a reductive subgroup of a reductive algebraic group G defined over
an algebraically closed field k. Let N € N, let (my,...,my) € MY and let H be the subgroup of
M generated by my, ..., my. Suppose that (G, M) is a reductive pair and that H is separable
in G. Then the intersection G - (mq,...,myx) N MY is a finite union of M-conjugacy classes.

Proposition 1.10 has many consequences; see [2], [18], and [24, Sec. 3] for example. Here is
our main result on conjugacy classes:

Theorem 1.11. Let G be a simple algebraic group of type Eg (respectively E7, Eg) defined over
an algebraically closed k of characteristic p = 2. Let M be the subsystem subgroup of type AsA;
(respectively Az, Dg). Then there exists N € N and a tuple m € MY such that G-mnN MY is
an infinite union of M -conjugacy classes.

Proof. We give a sketch with one example for G = Ej (see Section 3, case 4). Keep the same
notation Py, K', g1, ¢ therein. Define K¢ := (K’, Z(R,(Py))). By a standard result, there
exists a finite subset F' = {z1,---,2,} of Z(R,(Py)) such that Cp, ((K'U F)) = Cg,(p,)(Ko)-
Let m := (q1,92, 21, , 2n). Set N := n+2. Then, a similar computation to that of [23, Sec. 5]
shows that the tuple m € M” has the desired properties. The existence of a 1-dimensional
curve C' such that T1(C) is contained in c1e(g, (py)(K’) but not contained in Lie(Cg, p)(K"))
is crucial. O
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Now we discuss another application of our construction with a different flavor. Here, we
consider a question of Kiilshammer on representations of finite groups in reductive algebraic
groups. Let I" be a finite group. By a representation of I" in a reductive algebraic group G, we
mean a homomorphism from T" to G. We write Hom(T', G) for the set of representations p of T’
in G. The group G acts on Hom(I', G) by conjugation. Let 'y, be a Sylow p-subgroup of G. In
[11, Sec. 2], Kiilshammer asked:

Question 1.12. Let G be a reductive algebraic group defined over an algebraically closed field
of characteristic p. Let p, € Hom(I',G). Then are there only finitely many representations
p € Hom(I', G) such that p |r, is G-conjugate to p,?

In [1], Bate et al. presented an example where p = 2, G = G5 and G has a finite subgroup
I' with Sylow 2-subgroup I's such that I' has an infinite family of pairwise non-conjugate
representations p whose restrictions to I's are all conjugate. In this paper, we present another
example which answers Question 1.12 negatively:

Theorem 1.13. Let G be a simple simply-connected algebraic group of type Eg defined over an
algebraically closed field k of characteristic p = 2. Then there exist a finite group T’ with a Sylow
2-subgroup T's and representations p, € Hom(T', G) for a € k such that p, is not conjugate to
pb for a # b but the restrictions pg |r, are pairwise conjugate for all a € k.

Note that the example of Theorem 1.13 is derived from Case 4 in the proof of Theorem 1.2.
We also present an example giving a negative answer to Question 1.12 for a non-connected
reductive G (this is much easier than the connected case):

Theorem 1.14. Let k be an algebraically closed field of characteristic 2. Let G := SL3z(k) » (o)
where o is the nontrivial graph automorphism of SL3(k). Let d > 3 be odd. Let Dy be the
dihedral group of order 2d. Let

D:=DygxCo=(rsz|rt=s=22=1srs ' =r71 [rz]=[s2]=1).
Let Ty = (s,2) (a Sylow 2-subgroup of T'). Then there exist representations p, € Hom(T', G) for
a € k such that p, is not conjugate to py for a # b but restrictions p, |r, are pairwise conjugate
foralla € k.

Here is the structure of this paper. In Section 2, we set out the notation and give a few
preliminary results. Then in Section 3, 4, 5, we present a list of G-cr but non M-cr subgroups
for G = Fjg, Fr, Eg respectively. This proves Theorem 1.2. Some details of our method will
be explained in Section 3 using one of the examples for G = Fg. Finally in Section 6, we give
proofs of Theorems 1.13 and 1.14.

2 Preliminaries

Throughout, we denote by k an algebraically closed field of positive characteristic p. Let G
be an algebraic group defined over k. We write R, (G) for the unipotent radical of G, and G
is called (possibly non-connected) reductive if R, (G) = {1}. In particular, G is simple as an
algebraic group if G is connected and all proper normal subgroups of G are finite. In this paper,
when a subgroup H of G acts on G, we assume H acts on G by inner automorphisms. We write
Cq(H) and ¢y(H) for the global and the infinitesimal centralizers of H in G and g respectively.
We write X (G) and Y (G) for the set of characters and cocharacters of G respectively.

Let G be a connected reductive algebraic group. Fix a maximal torus T of G. Let (G, T)
denote the set of roots of G with respect to T'. We sometimes write U(G) for ¥(G,T). Let
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¢ € ¥(G). We write U, for the corresponding root subgroup of G and u¢ for the Lie algebra
of Ue. We define G¢ := (Ue,U—_¢). Let (,€ € ¥(G). Let £¥ be the coroot corresponding to &.
Then o0&V : k* — k* is a homomorphism such that ((o£Y)(a) = a™ for some n € Z. We define
(¢,€Y) :=n. Let s¢ denote the reflection corresponding to £ in the Weyl group of G. Each s¢
acts on the set of roots ¥(G) by the following formula [19, Lem. 7.1.8]: s¢-¢ = ¢ —(¢,£Y)¢. By
[6, Prop. 6.4.2, Lem. 7.2.1] we can choose homomorphisms €¢ : k — U, so that ngeg(a)ngl =
€s¢-¢(£a) where ng = €g(1)e_¢(—1)eg(1). We define e¢ := €(0).

We recall [16, Sec. 2.1-2.3] for the characterization of a parabolic subgroup P of G, a Levi
subgroup L of P, and the unipotent radical R, (P) of P in terms of a cocharacter of G and
state a result from GIT (Proposition 2.4).

Definition 2.1. Let X be an affine variety. Let ¢ : k* — X be a morphism of algebraic
varieties. We say that lir% ¢(a) exists if there exists a morphism ¢ : kK — X (necessarily
a—r

unique) whose restriction to k* is ¢. If this limit exists, we set lirrb d(a) = $(0).
a—

Definition 2.2. Let A be a cocharacter of G. Define Py := {g € G | lirr%) Ma)gh(a)™! exists},
a—
Ly:={geqG| lii%)\(a)g)\(a)_l =g}, Ru(Py) :={g € G| hi% Ma)gh(a)™t =1}

Note that P is a parabolic subgroup of G, Ly is a Levi subgroup of Py, and R, (P)) is the
unipotent radical of Py [16, Sec. 2.1-2.3]. By [19, Prop. 8.4.5], any parabolic subgroup P of
G, any Levi subgroup L of P, and any unipotent radical R, (P) of P can be expressed in this
form. It is well known that Ly = Cg(A(k*)).

Let M be a reductive subgroup of G. There is a natural inclusion Y(M) C Y(G) of
cocharacter groups. Let A € Y(M). We write Py(G) or just Py for the parabolic subgroup of
G corresponding to A, and Py (M) for the parabolic subgroup of M corresponding to A. It is
obvious that Py\(M) = Py\(G) N M and R, (P\(M)) = R,(P\(G)) N M.

Definition 2.3. Let A € Y(G). Define a map cy : Py — Ly by c)\(g) := lirr%) Ma)gh(a)™ .
a—

Note that the map c) is the usual canonical projection from Py to Ly = Py/R,(P)). Now
we state a result from GIT (see [2, Lem. 2.17, Thm. 3.1], [4, Thm. 3.3]).

Proposition 2.4. Let H be a subgroup of G. Let A be a cocharacter of G with H C Py. If H
is G-cr, there exists v € R, (Py) such that cx(h) = vhv™! for every h € H.

3 The Es examples

For the rest of the paper, we assume k is an algebraically closed field of characteristic 2.
Let G be a simple algebraic group of type Fg defined over k. Without loss, we assume that G
is simply-connected. Fix a maximal torus T of G. Pick a Borel subgroup B of G containing T'.
Let ¥ = {a, 3,7,0,€,0} be the set of simple roots of G corresponding to B and 7. The next
figure defines how each simple root of G corresponds to each node in the Dynkin diagram of
Eg. We label the positive roots of G as shown in Table 4 in the Appendix [7, Appendix, Table

'—O—ILO—C
@ 5 7§ €

B]. Define L := (T, Ga2,--- ,G36), P := (L,U1,--- ,U21), Wr, := (na,ng, Ny, N5, n). Then P
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is a parabolic subgroup of G, L is a Levi subgroup of P, and ¥(R,(P)) = {1,---,21}. Let
M = (L,G21). Then M is a subsystem subgroup of type A5A1, (G,M)isa reductlve pair, and
U(M) ={£21,---,+36}. Note that L is generated by T and all root subgroups with o-weight
0, and M is generated by L and all root subgroups with o-weight £2. Here, by the o-weight
of a root subgroup U¢, we mean the o-coefficient of .

Using Magma, we found that there are 56 subgroups of W, up to conjugacy, and 11 of them
act non-separably on R, (P). Table 1 lists these 11 subgroups K’, and also gives the choice of
t we use to give K := (K’ U {t}). Note that [L,L] = SLg since G is simply-connected. We
identify na, ng, ny, ns, ne with (12), (23), (34), (45), (56) in Sg. To illustrate our method, we
look at Case 4 closely.

case | generators of K’ [K'| | ¢ v(a)

1 (15)(2 3)(46) 2 (aV +€Y)(b) | er(a)es(a)
2 (15)(46), (1456)(23) 4 aV(b) e10(a)ers(a)
3 (24)(36), (15)(26)(34) 4 (¥ +€")(b) | er(a)es(a)
4 (15)(23)(46),(142)(3605) 6 (@V +¢€Y)(b) | er(a)es(a)
5 (15)(26)(34), (142)(365) 6 (¥ +¢€)(b) | er(a)es(a)
6 (46), (14)(23)(56), (15)(46) 8 a¥ (b) €1o(a)eis(a)
7 (15)(26)(34), (24)(36), (124)(356) 12 | (@ +e)b) | er(a)es(a)
8 (14)(23)(56), (135)(246), (246) 18 | (@ +8Y)(b) 611( )eia(a)
9 (14)(23)(56),(35)(46),(135),(246) 36 | (@ +8Y)(0) | en(a)erz(a)
10 | (1456)(23),(35)(46), (135),(246) 36 | (¥4 8Y)0b) | e11(a)era(a)
11| (13), (14)(23)(56), (13)(46),(153),(264) |72 | (¥ +8Y)0) | er1(a)erz(a)

Table 1: The Fg examples

e Case 4:

Let b € k such that > = 1 and b # 1. Define
q1 = NaNBNANBNANBTY N BN TNy e, 2 1= NaN BN TSN TGN BN NS,
t:=(aV +e)(b), K :={q1,q2), K = {(q1,q,1).

It is easy to calculate how Wy, acts on W(R,(P)). Let 7 : Wy — Sym (¥ (R,(P))) = Sa
be the corresponding homomorphism. Then we have

m(q1) = (154)(236)(9 12 10)(11 13 14)(15 16 17)(18 20 19),
7(g2) = (12)(34)(5 6)(7 8)(9 14)(10 11)(12 13)(15 18)(16 19)(17 20).

The orbits of {(q1,¢2) are O1 = {1,2,3,4,5,6}, Oy = {7,8}, Og = {9,10,11,12,13,14}, O15 =
{15,16,17,18,19,20}, O3; = {21}. Since t acts trivially on e7 + eg, [23, Lem. 2.8] yields

Proposition 3.1. e7 + eg € crie(r, (P))(K).
(K). Then u must have the form,

Proposition 3.2. Let u € CRr,(p.;.5.,)
6 8 14 20
H H Hq(c) (H ei(a+b+ c)) €21(a21) for some a, b, c,as1 € k.
=1 =7 =9 =15

Proof. By [19, Prop. 8.2.1], u can be expressed uniquely as u = Hfil €;(a;) for some a; € k.

Since p = 2 we have ngeg(a)ngl = €5..¢(a) for any a € k and &, € ¥(G). Then a calculation
using the commutator relations ([10, Lem. 32.5, Lem. 33.3]) shows that

qougy ' = €1(az)ez(ar)es(as)ea(as)es(as)es(as)er(as)es(ar)eg (ara)ero(arr)ers (aro)era(ars)ers(aiz)

€14(ag)e1s(a1s)ers(arg)err(ago)ers(as)ero(are)e2o(arr)ean (ars + azt). (3.1)



Since q; and ¢o centralize u, we have a1 = -+ = ag, a7y = ag, ag = -+ = @14, Q15 = -+ = a99.
Set a; = a, ay = b, ag = ¢, a15 = d. Then (3.1) simplifies to

6 8 14 20
qugy ' = [Je@ [[a® [[elo (H ei(d)> e (a® + b2 + & + d* + an).

i=1 i=7 i=9 i=15
Since go centralizes u, comparing the arguments of the €21 term on both sides, we must have
ag = a® + 0% + 2 + d% + ag,
which is equivalent to a + b+ ¢+ d = 0. Then we obtain the desired result. O
Proposition 3.3. K acts non-separably on R, (P).

Proof. Proposition 3.2 and a similar argument to that of the proof of [23, Prop. 3.3] show that
er +eg ¢ Lie Cr, (p)(K). Then Proposition 3.1 gives the desired result. O

Remark 3.4. The following three facts are essential for the argument above:

1. The orbit O7 contains a pair of roots corresponding to a non-commuting pair of root
subgroups which get swapped by go; g2 - (e7(a)es(a)) = eg(a)er(a) = er(a)eg(a)ear (a?).

2. The correction term €g1(a?) in the last equation is contained in Z(R,(P)).

3. The root 21 corresponding to the correction term is fixed by 7(g2).

Now, let C' := {H§:7 €(a) | a€ k}, pick any a € k*, and let v(a) := H§:7 €;(a). Now set
H :=v(a)Kv(a)™! = (q1, qz€21(a®), t). Note that H C M, H ¢ L.

Proposition 3.5. H is not M-cr.

Proof. Let A = oV +2B8Y+3yY 425V +€V+20V. Then L = Ly, P = Py. Let cy : P, — L be the
homomorphism from Definition 2.3. In order to prove that H is not M-cr, by Proposition 2.4
it suffices to find a tuple (hy, ha) € H? that is not R, (Py(M))-conjugate to cy ((h1, ha)). Set
hy == v(a)qiv(a)~t, he :=v(a)gav(a)~t. Then

ex (1, 12)) = lim (A(@)aih @)™, M@)ea (@)N) ) = (a1, 2).

Now suppose that (hq,hs2) is R, (Px(M))-conjugate to cy ((h1,h2)). Then there exists m €
R, (Px(M)) such that mv(a)giv(a)~t*m™t = ¢, mv(a)gv(a)~t'm~=' = go. Thus we have
mv(a) € Cr,(p,)(K). Note that W (R, (Px(M))) = {21}. Let m = €21(az1) for some az; € k.
Then we have mv(a) = e7(a)eg(a)ea1(az1) € Cr, (p,)(K). This contradicts Proposition 3.2. [

Proposition 3.6. H is G-cr.

Proof. Since H is G-conjugate to K, it is enough to show that K is G-cr. Since K is contained
in L, by [17, Prop. 3.2] it suffices to show that K is L-cr. Then by [2, Lem. 2.12], it is enough
to show that K is [L, L]-cr. Note that [L, L] = SLg. An easy matrix computation shows that
K acts semisimply on k", so K is G-cr by [17, Ex. 3.2.2(a)]. O

It is clear that similar arguments work for the other cases. We omit proofs.
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4 The E; examples

Let G be a simple simply-connected algebraic group of type FEr defined over k. Fix a
maximal torus T of GG, and a Borel subgroup of G containing 7. We define the set of simple
roots ¥ = {«, 5,7,0,€,n,0} as in the following Dynkin diagram. The positive roots of G are
listed in [7, Appendix, Table B].

Let L be the subgroup of G generated by 1" and all root subgroups of G with o-weight 0. Let
P be the subgroup of G generated by L and all root subgroups of G with o-weight 1 or 2. Then
P is a parabolic subgroup of G and L is a Levi subgroup of P. Let Wy, := (nqa,ng, ny, ns, ne, ny,).
Let M be the subgroup of G generated by L and all root subgroups of G with o-weight £2.
Then M is the subsystem subgroup of G of type A7, and (G, M) is a reductive pair.

In the E; cases, we take t = 1 and K’ := K; so each K is a subgroup of Wr. We use the
same method as the Fjg examples, so we just give a sketch.

Using Magma, we found 95 non-trivial subgroups K of W up to conjugacy, and 19 of
them are G-cr. Only two of them act non-separably on R, (P) (see Table 2). We determined
G-complete reducibility and non-separability of K by a similar argument to that of the proof
of Proposition 3.6. Note that [L, L] = SL;. We identify n,, - - -, n, with (12),---,(67) in S7.

case | generators of K |K|
1 (25)(37)(46),(1432576) 14
2 (267)(354),(25)(37)(46),(1675234) | 42

Table 2: The E; examples

e Case 1 was in [23, Sec. 3].
e Case 2:

Let ¢1 = nenyNa, g2 = NaNyNaNaNyNaNgiyyNenstyng, K = (g1, g2) = Frobss (Frobenius
group of order 42). We label some roots of G in Table 5 in Appendix. It can be calculated

that K has an orbit {1,---,14} which contains only one non-commuting pair of roots {2, 10}
contributing to a correction term that lies in Uys. Also, m(q1) swaps 2 with 10, and fixes 15.
14

Thus K acts non-separably on R,(P) (see Remark 3.4). Now, set v(a) = [[,Z; &(a), and
H :=wv(a)- K. Then a similar argument to that of the proof of Proposition 3.5 show that H is
not M-cr.

5 The Ey examples

Let G be a simple simply-connected algebraic group of type Fg defined over k. Fix a
maximal torus T and a Borel subgroup B containing 7. Define ¥ = {«, 8,7,d,€,1n,§,0} by
the next Dynkin diagram. All roots of G are listed in [7, Appendix, Table B]. Let L be



the subgroup of G generated by T and all root subgroups of G with o-weight 0. Let P be
the subgroup of G generated by L and all root subgroups of G with o-weight 1, 2, or 3. Let
Wi = (na,ng, ny, ns, ne, Ny, ). Then P is a parabolic subgroup of G, and L is a Levi subgroup
of P. Let M be the subgroup of G generated by L and all root subgroups of G with o-weight
+2. Then M is a subsystem subgroup of type Ds, and (G, M) is a reductive pair. In the Fg
cases, we take t = 1 and K’ := K; so each K is a subgroup of W. We use the same method
as in the Eg, E7 examples, so we just give a sketch.

With Magma, we found 295 non-trivial subgroups K of W up to conjugacy, and 31 of them
are G-cr. Ounly two of them act non-separably on R, P) (see Table 3). Note that [L, L] = SLs.
We identify nq, - -+ ,ne with (12),---,(78) in Ss.

case | generators of K |K|
1 | (26)45)(78),(1428765) 11
2 | (175)(268),(12)(58)(67), (1275486) | 42

Table 3: The Eg examples

e Case 1:

Let q1 = NNyNsgNeNsNANENsTe, 2 = TN BNy T TN a M BT TNy E NN § Tl TLETLE T T,
K ={(q1,q).

We label some roots of G as in Table 6 in the Appendix. It can be calculated that K has an
orbit O; = {1, .-, 7} which contains only one non-commuting pair of roots {3, 4}, contributing
a correction term that lies in Ug. Also m(q1) swaps 3 with 4, and fixes 8. So K acts nonseparably
on R,(P) (see Remark 3.4). Now let v(a) = szl €;(a), and define H = v(a) - K. Then it is
clear that H is not M-cr by the same argument as in the Eg cases.

e Case 2:

Let g1 = nangnynsnenynensiyngnafeyNengnyMsNe sy NNy Ne Ty ,

G2 = NaNeNyNgNy NNy, 43 = NaNBNy TSNy NNy N BN Ny NNy Ny, K = (q1, G2, 43)-

We label some roots of G as in Table 7 in Appendix. It can be calculated that K has an orbit
01 = {1,---,14} which contains only one non-commuting pair of roots {4,9} contributing a
correction term that lies in Uys. Also 7(q1) swaps 4 with 9, and fixes 15. Let v(a) = H;il e(a)
and define H :=v(a) - K. It is clear that the same arguments work as in the last case.

6 On a question of Kiilshammer for representations of
finite groups in reductive groups

6.1 The Es example

Proof of Theorem 1.13. Let G be a simple simply-connected algebraic group of type Eg defined
over k. We keep the notation from Sections 2 and 3. Pick ¢ € k such that ¢® = 1 and ¢ # 1.
Let

t1:= aV(C), ty = ﬁV(C), t3 1= ’YV(C)7 ty 1= 5V(C)7 s == ev(c)’
q1 : = NaNgNyNaNaNaN NSNSy T,
g2 1 = NaNgNyNNyNENANENENNS,

H': = (t1,t2, t3,ta,t5,q1, 02).
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Note that ¢; and gs here are the same as ¢; and ¢ in Case 4 of Section 3. Using Magma, we
obtain the defining relations of H':

t7=1,¢ =1, ¢ =1, i -t1 = (titatz) ™", qu - t2 = tatatstats, qi - t3 = (batstats) ™",
qu-ta=to, qu-ts =tsly, qo-t1 = (tsts) ™", qo-ta =15, qo - t3 = totslats,
G2 - ta = (titatstats) ™", qo-ts = tatats, [tit;] =1, (¢1q2)* = 1.

Let

o _ 3_ 3 _ 1 .2 _ -1 _ -1
I':=F x Cy =(r1,79,73,74,75,81,82,2 | 1y =87 = 1,85 = 1,81r18] = (rirars) ™",

1

—1 —1 — —1 -1
817281 = T1T2T3rars, 51738, = (T2T3’I"4T5) ;817481 = T2,81T551 = T3T4,

1 -1 -1 1 —1
=15, 82738y = Tarsrals, SaTasSe = (T1rarsrars) ™,

sy‘lsgl = (7"37"4)_17827“285
SoT5sy " = T17rrs, [y 7] = (s5182)% = [, 2] = [84,2] = 1).
Then F = 31%2:32: G5 and |F| = 1458 = 2 x 3°. Let 'y := (s2,2) (a Sylow 2-subgroup of I).
It is clear that ' = H'.
For any a € k define p, € Hom(T", G) by
pa(ri) = tis pa(s1) = q1, pa(s2) = qeai(a), pa(z) = e21(1).
It is easily checked that this is well-defined.
Lemma 6.1. p,|r, is G-conjugate to py|r, for any a,b € k.

Proof. Tt is enough to prove that po|r, is G-conjugate to pu|r, for any a € k. Now let

u(va) = er(Va)es(Va).

Then an easy computation shows that

u(va) - g2 = qaear(a), u(va) - €21(1) = e (1).
So we have

u(\/a) : (po‘l—é) = Pa|1"2~

Lemma 6.2. p, is not G-conjugate to py for a # b.

Proof. Let a,b € k. Suppose that there exists g € G such that g - p, = pp. Since po(r;) = t;,
we need g € Cg(ty,to,t3,t4,t5). A direct computation shows that Cq(t1,to, t3,ts,t5) = TGoy.
So let g = tm for some t € T and m € G31. Note that go centralizes Go1. So,
(tgat™ ") (tmex (a)m ™t~ 1) = (tm)gaear (a)(m ™'t ")

=g pa(s2)

= pp(s2)

= q2€21(b). (61)
Note that tgat™ € Gupyse and tmear(a)m=1t~1 € Gay. Since [Gapyse, Go1] = 1, it is clear that
Gapyse N Ga1 = 1. Now (6.1) yields that tgat™' = qo. We also have

a1 =pu(s1) = g+ pa(s1) =tm-qr = tqt™".

So t commutes with ¢; and go. Then a quick calculation shows that ¢ € Go1. So g € Goy.

But Ga; is a simple group of type Ap, so the pair (ge€21(a),e21(1)) is not Gaj-conjugate to

(g2€21(b), €21 (1)) if a # b. Therefore p, is not G-conjugate to py if a # b. O
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Now Theorem 1.13 follows from Lemmas 6.1 and 6.2. O

Remark 6.3. One can obtain examples with the same properties as in Theorem 1.13 for G =
FEr, Eg using the F7 and Eg examples in Sections 4 and 5.

6.2 The non-connected A; example

Proof of Theorem 1.14. We have G° = SLs(k). Fix a maximal torus T of G°, and a Borel
subgroup of G° containing T'. Let {«, 8} be the set of simple roots of G°. Let ¢ € k such that
|c| = d is odd and ¢ # 1. Define ¢ := (o — 8)Y(c). For each a € k, define p, € Hom(T', G) by

Pa(r) =1, pa(s) = oeatp(a), pa(z) = €arp(l).
An easy computation shows that this is well-defined.

Lemma 6.4. p, |r, is G-conjugate to py |r, for any a,b € k.
Proof. Let u(y/a) := eqx(v/a)eg(y/a). Then
UV - 7 = oears(a), ©(/a) - €ars(1) = cars(l).
This shows that u(v/a) - (po |ry) = pa Irs- O
Lemma 6.5. p, is not G-conjugate to py if a # b.

Proof. Let a,b € k. Suppose that there exists g € G such that g - p, = pp. Since p,(r) = t, we
have g € Cg(t) = TGaqp. So let g = hm for some h € T and m € Go43. We compute

(hoh™)(hmeas s@)m™ D) = (hm)oeas p(a)(m 1Y)
=9 pa(s)
= po(s)
= 0€q+5(b). (6.2)
Now (6.2) shows that h commutes with . Then h is of the form h := (a + )Y (z) for some

x € k*. Soh € Gayp. Thus g € Goqp. But Goyp is a simple group of type A, so the pair
(0€atp(a), eatp(l)) is not Gaqp-conjugate to (oeq4+(b), €atp(l)) unless a = b. So p, is not

G-conjugate to p, unless a = b. O
Theorem 1.14 follows from Lemmas 6.4 and 6.5. O
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Abstract

Let k£ be a nonperfect field of characteristic 2. Let G be a k-split simple algebraic
group of type Es (or G2) defined over k. In this paper, we present the first examples of
nonabelian non-G-completely reducible k-subgroups of G which are G-completely reducible
over k. Our construction is based on that of subgroups of G acting non-separably on the
unipotent radical of a proper parabolic subgroup of GG in our previous work. We also present
examples with the same property for a non-connected reductive group G. Along the way,
several general results concerning complete reducibility over nonperfect fields are proved
using the recently proved Tits center conjecture for spherical buildings. In particular, we
show that under mild conditions a connected k-subgroup of G is pseudo-reductive if it is
G-completely reducible over k.

Keywords: algebraic groups, complete reducibility, separability, spherical buildings

1 Introduction

Let k be an arbitrary field. We write k for an algebraic closure of k. Let Gi/k be a connected
reductive algebraic group defined over k: we regard G as a k-defined algebraic group together
with a choice of k-structure [9, AG.11]. Following Serre [23], define:

Definition 1.1. A closed subgroup H of G is G-completely reducible over k (G-cr over k for
short) if whenever H is contained in a k-parabolic subgroup P of G, H is contained in some
k-Levi subgroup L of P. In particular, if H is not contained in any proper k-parabolic subgroup
of G, H is G-irreducible over k (G-ir over k for short). Note that we do not require H to be
k-defined.

Our definition is a slight generalization of Serre’s original definition in [23], where H is
assumed to be k-defined. This generalized definition was used in [1] and [2].

The notion of G-complete reducibility over k is a natural generalization of that of complete
reducibility in representation theory: if G = GL(V') for some finite dimensional k-vector space
V', a subgroup H of G acts on V semisimply over k if and only if H is G-complete reducible
over k [23, Sec. 1.3]. We say that a subgroup H of G is G-cr (G-ir) if H is G-cr over k (G-ir
over k) regarding G to be defined over k. By a subgroup H of G, we always mean a closed
subgroup of G. Any algebraic group in this paper is smooth and affine unless otherwise stated.

Complete reducible subgroups are much studied, but most studies so far considered complete

reducibility over k only; see [4], [20], [25]. Not much is known about completely reducible
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subgroups over arbitrary k except for a few results and important examples in [1], [2], [4,
Sec. 6.5], [6], [7, Sec. 7], [32, Thm. 1.8], [34, Sec. 4]. We write ks for a separable closure of k.
The main result of this paper is the following:

Theorem 1.2. Let k = k, be a nonperfect field of characteristic 2. Let G/k be a simple
algebraic group of type Eg (or Gs). Then there exists a nonabelian k-subgroup H of G such
that H is G-cr over k, but not G-cr.

Several examples of an abelian subgroup H < G such that H is G-cr over k but not G-cr
are known; see Example 3.10, [15], [28], [29]. Note that in these examples, H < G is generated
by a k-anisotropic unipotent element [28].

Definition 1.3. Let G/k be a reductive algebraic group. A unipotent element u of G is
k-nonplongeable unipotent if u is not contained in the k-unipotent radical of any proper k-
parabolic subgroup of G. In particular, if u is not contained in any proper k-parabolic subgroup
of G, u is k-anisotropic unipotent.

By the k-unipotent radical of an affine k-group N, we mean the maximal connected unipo-
tent normal k-subgroup of N. It is clear that a subgroup H of G generated by a k-anisotropic
unipotent element is G-ir over k. Since H is unipotent, the classical result of Borel-Tits [11,
Prop. 3.1] shows that H is not G-cr; see Example 3.10.

The next result [6, Thm. 1.1] shows that the nonperfectness assumption of k in Theorem 1.2
is necessary. Recall that if k is perfect, we have kg = k.

Proposition 1.4. Let k be an arbitrary field. Let G/k be a connected reductive algebraic group.
Then a subgroup H of G is G-cr over k if and only if H is G-cr over ks.

The forward direction of Proposition 1.4 holds for a non-connected reductive group G in
an appropriate sense (see Definition 2.3). The reverse direction depends on the Tits center
conjecture (Theorem 3.1), but this method does not work for non-connected G; see [31].

In Section 3, we present an example of a subgroup H for G = Eg (or Gs) satisfying the prop-
erties of Theorem 1.2. The key to our construction is the notion of a non-separable action [34,
Def. 1.5].

Definition 1.5. Let H and N be affine algebraic groups. Suppose that H acts on N by group
automorphisms. The action of H is called separable in N if Lie Cy(H) = crion(H) where
Cn(H) is the centralizer of H in N in the sense of [9, Sec. 1.7]. Note that the condition means
that the scheme-theoretic centralizer of H in N (in the sense of [13, Def. A.1.9]) is smooth.

Note that the notion of a separable action is a slight generalization of that of a separable
subgroup [7, Def. 1.1]. See [7] and [16] for more on separability. It is known that if the
characteristic p of k is very good for G, every subgroup of G is separable [7, Thm. 1.2]. This
suggests that we need to work in small p. Proper non-separable subgroups are hard to find.
Only a handful of such examples are known [7, Sec. 7], [32], [34].

Remark 1.6. The examples of subgroups H of G in Section 3 are G-ir over k but not G-cr. So,
we can regard these examples as a generalization of k-anisotropic unipotent elements.

Next, we consider a non-connected case. Again, non-separability is the key to our construc-
tion, but the computations are much simpler than in the connected cases. See Definition 2.3
for the definition of G-complete reducibility for non-connected G.

Theorem 1.7. Let k = ky be a nonperfect field of characteristic 2. Let G/k be a simple
algebraic group of type Ay. Let G := G x (o) where o is the non-trivial graph automorphism
of G. Then there exists a nonabelian k-subgroup H of G such that H is G-cr over k, but not
G-cr.
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In Section 2 we extend several existing results concerning complete reducibility over k to a
nonperfect k. Most arguments are based on [4] and the Tits center conjecture (Theorem 3.1)
in spherical buildings. We also consider the relationship between complete reducibility over k
and pseudo-reductivity [13]. Recall:

Definition 1.8. Let k& be a field. Let G/k be a connected affine algebraic group. If the
k-unipotent radical R, x(G) of G is trivial, G is called pseudo-reductive.

Note that if k is perfect, pseudo-reductive groups are reductive. OQur main result on pseudo-
reductivity is the following:

Theorem 1.9. Let k = ks be a field. Let G/k be a semisimple simply connected algebraic
group. Assume that [k : kP] < p. If a connected k-subgroup H of G is G-cr over k, then H is
pseudo-reductive.

Let G/k be connected reductive. A standard argument [23, Prop. 4.1] (which depends on [11,
Prop. 3.1]) shows that a G-cr subgroup of G is reductive, hence pseudo-reductive. However
when k is nonperfect we have:

Proposition 1.10. Let k be a nonperfect field of characteristic 2. Let G = PGLs. Then there
exists a connected k-subgroup H of G such that H is G-cr over k, but not pseudo-reductive.

We extend [4, Lem. 2.12] using the notion of a central isogeny. Recall [9, Sec. 22.3]:

Definition 1.11. Let k be a field. Let G1/k and G2/k be connected reductive. A k-isogeny
f:G1 — Gq is central if ker df; is central in g, where df; is the differential of f at the identity
of G1 .

Proposition 1.12. Let k be a field. Let G1/k and G3/k be connected reductive. Let Hy and
Hy be (not necessarily k-defined) subgroups of G1 and Go respectively. Let f : G1 — G2 be a
central k-isogeny.

1. If Hy is Gi-cr over k, then f(Hy) is Go-cr over k.
2. If Hy is Go-cr over k, then f~Y(Ha) is Gy-cr over k.

Here is the structure of the paper. In Section 2, we set out the notation. Then, in Section 3,
we prove various general results including Theorem 1.9, Proposition 1.10, Proposition 1.12. In
Section 4, we prove Theorem 1.2. Then, in Section 5, we consider non-connected GG, and prove
Theorem 1.7. Finally, in Section 6, we consider further applications of non-separable actions
for non-connected G, and prove Theorem 6.2 and Theorem 6.4.

2 Preliminaries

Throughout, we denote by k a separably closed field unless otherwise stated. Although
some results hold for an arbitrary field, our assumption on k& makes the exposition cleaner. Our
references for algebraic groups are [9], [10], [18], and [24].

Let G/k be a (possibly non-connected) affine algebraic group defined over k. By a k-group
G, we mean a k-defined affine algebraic group with a k-structure [9, AG.11]. We write G(k)
for the set of k-points of G. The unipotent radical of G is denoted by R, (G), and G is called
reductive if R,(G) = {1}. A reductive group G is called simple as an algebraic group if G is
connected and all proper normal subgroups of G are finite. We write Xj(G) and Yy (G) for the
set of k-characters and k-cocharacters of G respectively.
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Let G/k be reductive. Fix a k-split maximal torus T of G (such a T exists by [9, Cor. 18.8]).
Let ¥(G,T) denote the set of roots of G with respect to T. We sometimes write W(G) for
U(G,T). Let ¢ € ¥(G). We write U¢ for the corresponding root subgroup of G. We define
Ge = (U, U—¢). Let ¢,&€ € ¥(G). Let " be the coroot corresponding to £. Then (o€ : k* —
k* is a k-homomorphism such that ((o&V)(a) = a™ for some n € Z. Let s¢ denote the reflection
corresponding to £ in the Weyl group of G. Each s¢ acts on the set of roots ¥(G) by the following
formula [24, Lem. 7.1.8]: s¢ - ¢ = ¢ — (¢,£Y)¢. By [12, Prop. 6.4.2, Lem. 7.2.1] we can choose
k-homomorphisms ¢, : k — Ue so that ngq(a)nf_l = €5..¢c(Fa) where ng = ee(1)e_¢(—1)ee(1).

We recall the notions of R-parabolic subgroups and R-Levi subgroups from [8, Sec. 2.2].
These notions are essential to define GG-complete reducibility for subgroups of non-connected
reductive groups; see [3] and [4, Sec. 6].

Definition 2.1. Let X/k be a k-affine variety. Let ¢ : k* — X be a k-morphism of k-affine
varieties. We say that lir% ¢(a) exists if there exists a k-morphism ¢ : k — X (necessarily
a—

unique) whose restriction to k* is ¢. If this limit exists, we set 111% d(a) = $(0).
a—r

Definition 2.2. Let A € Y, (G). Define Py := {g € G | liH(l) Ma)gh(a)™ ! exists},
a—
Ly:={g € G| lim Aa)gA(a) ™" = g}, Ru(P2) :={g € G | lim A(a)gA(a)~" =1}.

We call P, an R-parabolic subgroup of G, Ly an R-Levi subgroup of Py. Note that R, (Py)
is the unipotent radical of Py [8, Sec. 2.2]. If A is k-defined, Py, Ly, and R,(P)) are k-
defined [8, Sec. 2.2]. If G is connected, R-parabolic subgroups and R-Levi subgroups are
parabolic subgroups and Levi subgroups in the usual sense [24, Prop. 8.4.5]. It is well known
that Ly = Ca(A(k)).

Let M/k be a reductive subgroup of G. Then, there is a natural inclusion Y3, (M) C Yi(G) of
k-cocharacter groups. Let A € Yy, (M). We write Py (G) or just P for the k-parabolic subgroup
of G corresponding to A, and Py(M) for the k-parabolic subgroup of M corresponding to A. It
is clear that Py\(M) = Py(G) N M and R,(P\(M)) = R,(PA(G)) N M. Now we define:

Definition 2.3. Let G/k be a (possibly non-connected) reductive algebraic group. A subgroup
H of G is G-cr over k if whenever H is contained in a k-defined R-parabolic subgroup Py, H
is contained in a k-defined R-Levi subgroup of Pj.

3 General results

3.1 The Tits center conjecture

Let G/k be connected reductive. We write A(G) for the Tits spherical building of G [27].
Recall that each simplex in A(G) corresponds to a proper k-parabolic subgroup of G, and the
conjugation action of G(k) on itself induces building automorphisms of A(G). The following
is the so-called Tits center conjecture ([23, Sec. 2.4] and [26, Lem. 1.2]), which was recently
proved by Tits, Mithlherr, Leeb, and Ramos-Cuevas [19], [21], [22]:

Theorem 3.1. Let X be a convex contractible subcomplex of A(G). Then there exists a simplex
in X that is stabilized by all automorphisms of A(G) stabilizing X .

In [23, Def. 2.2.1] Serre defined that a convex subcomplex X of A(G) is A(G)-completely
reducible over k (A(G)-cr over k for short) if for every simplex x € X, there exists a simplex
a2’ € X opposite to z in X. Serre showed [23, Thm. 2]:
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Proposition 3.2. Let X be a conver subcomplex of A(G). Then X is A(G)-cr over k if and
only if X is not contractible.

Combining Theorem 3.1 with Proposition 3.2, and translating the result into the language
of algebraic groups we obtain

Proposition 3.3. Let H be a (not necessarily k-defined) subgroup of G/k. If H is not G-cr
over k, then there exists a proper k-parabolic subgroup P of G such that P contains H and
N¢(H) (k) where Ng(H)(k) := G(k) " Ng(H).

Proof. Let A(G)™ be the set of all k-parabolic subgroups of G' containing H. Then A(G) is a
convex subcomplex of A(G) by [23, Prop. 3.1]. Since H is not G-cr over k, there exists a proper
k-parabolic subgroup of G containing H such that H is not contained in any opposite of P. So,
A(G)H is contractible by Proposition 3.2. It is clear that Ng(H)(k) induces automorphisms
of A(G) stabilizing A(G)#. By Theorem 3.1, there exists a simplex sp in A(G)H stabilized
by automorphisms induced by Ng(H)(k). Since parabolic subgroups are self-normalizing, we
have Ng(H)(k) < P. O

Note that under the assumption of Proposition 3.3, Ng(H) is not necessarily k-defined even
when H is k-defined. So, we might not have a proper k-parabolic subgroup containing H and
Ng(H) .

Many problems concerning complete reducibility over nonperfect fields are still open. For
example:

Open Problem 3.4. Let k be a field. Let G/k be connected reductive. Suppose that a k-
subgroup H of G is G-cr over k. Is the centralizer Cq(H) of H in G G-cr over k?

See [31] for more on this problem and other related open problems. It is known that if
k = k, the answer to Open Problem 3.4 is yes; see [4, Cor. 3.17].

Proposition 3.5. Let G/k be connected reductive. Let H be a k-subgroup of G. Suppose that
H is G-ir over k. Then Cq(H) is G-cr over k.

Proof of Proposition 3.5. Suppose that Cq(H) is not G-cr over k. Since H normalizes C(H),
by Proposition 3.3, there exists a proper k-parabolic subgroup of P of G containing H (k). Since
k =k, H(k) is dense in H by [9, AG.13.3]. So H < P. This is a contradiction since H is G-ir
over k. 0

3.2 Complete reducibility and pseudo-reductivity

The main task in this section is to prove Theorem 1.9. Before that, we need some prepara-
tions:

Lemma 3.6. Let G/k be connected reductive, and let H be a (not necessarily k-defined) sub-
group of G. Let L be a k-Levi subgroup of G containing H. Then H is G-cr over k if and only
if H is L-cr over k.

Proof. This is [1, Thm. 1.4]. O

The next result is a slight generalization of [23, Prop. 2.9], where Serre assumed the subgroup
N is k-defined. Note that Serre’s argument assumed that Theorem 3.1 holds, but this was not
known at the time. We have translated Serre’s building-theoretic argument into a group-
theoretic one.
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Proposition 3.7. Let G/k be connected reductive. Let H/k be a subgroup of G such that H is
G-cr over k. If N is a (not necessarily k-defined) normal subgroup of H, then N is G-cr over
k.

Proof. Let P be a minimal k-parabolic subgroup of G containing H. Since H is G-cr over k,
there exists a k-Levi subgroup L of P containing H. If N is L-cr over k, by Lemma 3.6, we are
done. So suppose that N is not L-cr over k. Let A(L) be the spherical building corresponding
to L. Let A(L)" be the set of all k-parabolic subgroups of L containing N. Since N < H < L
and N is not L-cr over k, by Proposition 3.3, there exists a proper k-parabolic subgroup Py, of
L containing N and H(k). Since k = ks, H(k) is dense in H by [9, AG.13.3]. So H < P;, < L.
Then H < P, x R,(P) < L x R,(P) = P. Since Pr, x R,(P) is a k-parabolic subgroup of G
by [10, Sec. 4.4(c)], this is a contradiction by the minimality of P. O

We also need the following deep result which was conjectured by Tits [29] and proved by
Gille [14].

Proposition 3.8. Let G/k be a semisimple simply connected algebraic group. If [k : kP] < p,
then every unipotent subgroup of G(k) is k-plongeable.

Now we are ready:

Proof of Theorem 1.9. Since R, 1 (H)(k) is a unipotent subgroup of G(k), by Proposition 3.8,
there exists a k-parabolic subgroup P of G such that R, ;(H)(k) < R,(P). Then R, ,(H) <
R, (P) since k-points are dense in R, x(H) (because we assumed k = k). Since R, ;(H) is a
normal subgroup of H, and H is G-cr over k, R, ;(H) is G-cr over k by Proposition 3.7. So
R, 1k(H) is contained in some k-Levi subgroup of P. Thus R, ;(H) = 1. We are done. O

Note that in Proposition 3.8, the condition [k : k?] < p was necessary since Tits showed the
following [30, Thm. 7].

Proposition 3.9. Let G/k be a simple simply connected algebraic group. If [k : kP] > p* and
p is bad for G, then G(k) has a k-nonplongeable unipotent element.

We quickly review an example of abelian H < G such that H is G-cr over k but not G-
cr. Although this example is known, it has not been interpreted in the context of G-complete
reducibility.

Example 3.10. Let k be a nonperfect field of characteristic p = 2. Let a € k\k?. Let
G/k = PGLy. We write A for the image in PGLy of A € GLy. Set u = [ (1) 8 } € G(k).

Let U := (u). Then U is unipotent, so by the classical result of Borel-Tits [11, Prop. 3.1] U
is contained in the unipotent radical of a proper parabolic subgroup of G. So U is not G-cr.
However U is not contained in any proper k-parabolic subgroup of G since there is no nontrivial
k-defined flag of P}, stabilized by U. So U is G-ir over k, hence G-cr over k. Note that this
example shows that [11, Prop. 3.1] fails over a nonperfect k.

Proof of Proposition 1.10. Let k be a nonperfect field of characteristic 2. Let a € k\k?. Let
G = PGLy and H := [ z:j o;y } € PGLy(k) | x,y € kp. Then H is a connected k-defined

unipotent subgroup of G. Therefore H is not pseudo-reductive. It is clear that H contains a

10 ] of G. So H is G-ir over k. O

. . . 0
k-anisotropic unipotent element [ .
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Remark 3.11. Let k, a, G, H be as in the proof of Proposition 1.10. Note that the subgroup H is

0 a
1 0

of k we have a counterexample to [4, Prop. 3.12] which states that the centralizer of a G-cr
over k subgroup is reductive. Reducitivity of the centralizer was a key ingredient in the proof
of [4, Cor. 3.17]. Although our example does not give a negative answer to Open Problem 3.4,
it suggests that the answer is no.

the centralizer of the subgroup U := < [ } of G. So without the perfectness assumption

3.3 Complete reducibility under isogenies

Proof of Proposition 1.12. Suppose that f(H;) is contained in a k-parabolic subgroup P, of G
where p € Yj(G2). Then Hy < f~(P,) = P, for some \ € Y;(G,) since f~(P,) is a k-defined
parabolic subgroup of G by [9, Thm. 22.6]. So P, = f(P\) = Pfox by [4, Lem. 2.11]. Since H;
is G1-cr over k, there exists a k-Levi subgroup L of Py containing H;. We can set L := u- L) for
some u € Ry, (Py)(k) since k-Levi subgroups of Py are R, (Py)(k)-conjugate by [9, Prop. 20.5].
Then f(Hy) < f(u) - f(Lx) = f(u) - Lfox by [4, Lem. 2.11]. Since f o X is a k-cocharacter of
G2 and f(u) is a k-point of f(R,(Py)) = Ru(Pfox) ([4, Lem. 2.11]), f(u) - Lyox is a k-Levi
subgroup of Pf,\ = P, containing f(H;). So we have the first part of the proposition.

Now, suppose that there exists a k-parabolic subgroup Py of G containing f~!(Hs) where
N € Yi(Gi). Then there exists some p' € Y;(G2) such that Py = f~'(P,) since every k-
parabolic subgroup of G is the inverse image of a k-parabolic subgroup of G5 by [9, Thm. 22.6].
So Hy < P,. Since Hj is Gy-cr over k, there exists a k-Levi subgroup L’ of P, containing
H,. By the same argument as in the last paragraph, set L' := v/ - L, = L,.,» for some
u' € Ry(Py)(k). Then f~'(Hs) < [~ (Lyp) < [Py ) = f(Py) = Py. Note that
7 (Lyr.pr) is a Levi subgroup of f=!(Py.,/) = Py by [4, Lem. 2.11], and it is k-defined by [9,
Cor. 22.5] since L.,/ is a k-defined subgroup of Go containing a maximal torus of G3. We are
done. O

Note that if k = k, Proposition 1.12 holds without assuming f central, but if k is nonperfect,
the next example shows that the first part of Proposition 1.12 does not necessarily hold:

Example 3.12. Let k£ be a nonperfect field of characteristic 2. Let a € k\kz. Let G1 = Gy =

0 a

PGLs, and f be the Frobenius map. Let hy = [ 1 0

} . Then it is clear that Hy := (hq) is G-

2
ir over k, but Hy := (f(h1)) = < [ (1) 8 } > is not Go-cr over k; Hy acts on ]P’,lC with a k-defined

Hs-invariant subspace spanned by [a, 1] which has no k-defined Hs-invariant complementary
subspace.

Remark 3.13. Let f : SLy — PGLs be the canonical projection. Take the same H; as in

Example 3.12. Then f~1(H;) = <[ (\)/671 (\J/a }> is not k-defined, but f~*(H;) is G-ir over

Open Problem 3.14. Does the second part of Proposition 1.12 hold without assuming f
central?
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4 Proof of Theorem 1.2

For the rest of the paper, we assume k = k; is a nonperfect field of characteristic 2 and
a € k\k%

4.1 The G, example

Let G/k be a simple algebraic group of type Ga. Fix a k-split maximal torus T of G
and a k-Borel subgroup of G containing T. Let ¥ = {a,(} be the set of simple roots
corresponding to B and T where « is short and [ is long. Then the set of roots of G is
U = {+a,+8, +(a + B), £(2a + B), £(3a + B), £(3a + 26)}. Let b € k* such that b® =
and b # 1. Let ny := €_4(1)ea(1)e_(1), and ¢ := a¥(b). Let L, := (T,G,) and P, :=
(La,Up,Uarp; Uzt Usatps Usatr2p) = Pzat2p)-

In the following computation, we use the commutation relations for root subgroups of G;
see [18, Sec. 33.5]. Define

K = (na), v(va) i= e s(Va)e_sa_p(+/a), M i= (na,1).
Let
H = (v(Va) - M, €2a+5(1)) = (na€—3a—25(a),t, €2a+5(1)).
Proposition 4.1. H is G-ir over k.
Proof. Let

H:= v(\/&)_l -H = <nmt762a+/3(1)63a+ﬁ(a)630¢+25(ﬁ)foﬁLB(\/6)6*04(\/6»'

It is clear that L, is a Levi subgroup of G containing M. Since M is not contained in any
Borel subgroup of L, M is L-ir. So M is G-cr by Lemma 3.6. _

We see that P, is a proper parabolic subgroup of G containing H. Let P be a proper
parabolic subgroup of G containing H. We show that P = P,. Let A € Yz(G) such that
P, = P. Then P contains M. Since M is G-cr, M is contained in some Levi subgroup L of P.
Since any Levi subgroup L of P can be expressed as L = Cq(u-\(k*)) for some u € R, (Py), we
may assume that \(k*) centralizes M. From [7, Lem. 7.10], we know that Cg(M) = G3a195-
So we can write A as A = g - (3a+23)" for some g € G34+25. By the Bruhat decomposition, g
is in one of the following forms:

(1) g = (B +25)"(s)ezar2s(x1),
(2) 9 = €3at25(T1)n30+25(3a + 28)" (s)€ezat2p(22)
for some s € k*,z1, 25 € k.

We rule out the second case. Suppose that g is in form (2). Since H < Py, = Py (30428 =
9 Paayep)v = g+ Pa, it is enough to show that g ' -H¢P,. Let

h:= €2a+ﬁ(1)63a+ﬁ(a)€3a+2ﬁ(\/‘;)6a+ﬁ(\/®6*a(\/5) €H.
We show that g=! - h ¢ P,. Since h centralizes Usqy2s and (3a + 23)"(s)ezat24(w2) belongs
to P, for any s € k*, x2 € k, without loss, we assume g = ngo425. We compute
ngaler -h =(ngnengnang) - h
=c_a—p(l)e—p(a)e_za—25(Va)e_sa—p(Va)e_a(Va) ¢ Pa.

So g must be in form (1) above. Then g € P, and Py = P,. Thus we have shown that P,

is the unique proper parabolic subgroup of G containing H. Since H < v(y/a) - P, we have
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Lemma 4.2. v(y/a) - P, is the unique proper parabolic subgroup containing H.
Lemma 4.3. v(y/a) - P, is not k-defined.

Proof. Suppose that v(y/a)- P, is k-defined. Since P, is k-defined, v(v/a) - P, is G(k)-conjugate
to P, by [9, Thm. 20.9]. So we can write guv(y/a)-Py = P, for some g € G(k). Then gv(y/a) € P,
since parabolic subgroups are self-normalizing. Thus g = pv(y/a)~! for some p € P,. So g is
a k-point of P,R,(P,). By the rational version of the Bruhat decomposition [9, Thm. 21.15],
there exist a unique p’ € P, and a unique u’ € R, (P, ) such that g = p’u/; moreover p’ and «’
are k-points. This is a contradiction since v(y/a)™! & R, (P, ) (k). O

Lemmas 4.2 and 4.3 yield Proposition 4.1. O

Proposition 4.4. H is not G-cr.

Proof. Recall that Cg(M) = Gsay2s. Then Ca(H) < G3a42p since M < H. Using the
commutation relations, we see that Usa s < Cg(H). Since (3a + 23, (3a + 28)Y) = 2,
(3a + 28)Y(s) does not commute with h € H for any s € k*\{1}. Then Cg(H) = Usat2p
since Ggqy28 = SLo. Thus Cq(H) = v(v/a) - Usa42s which is unipotent. So by [11, Prop. 3.1],
Cg(H) is not G-cr. Then [4, Cor. 3.17] shows that H is not G-cr. O

By Propositions 4.1 and 4.4 we are done.

Remark 4.5. In the proof of Proposition 4.1, K acts non-separably on R, (P, ). This non-
separable action was essential to make v(y/a) - K k-defined; see [7, Sec. 7] for details.

Remark 4.6. Note that

Ca(H) = {v(Va) - e3at2p(x) | = € k}
= {esas20(@)esns s (Var)e_s(vVa)es(var)e_s(va) |z € b}
= {esar28(a™") - (e—p(Va)es(Vaz)e_s(va) | = € k}
We can identify e_g(v/a)eg(v/ax)e—p(v/a) with the product of 2 x 2 matrices in Lg = SLa:

swasaeswa=| oo ] Y

| 14+ax Vo
| avar l1+az |’

Then C := {e_g(va)es(v/ax)e_p(/a) | x € k} is Lg-ir over k since C' contains a k-anisotropic
. 1+a +a . . .

unipotent element [ wa 1+a ] Thus C is G-cr over k by Lemma 3.6. Since Cq(H) is

G(k)-conjugate to C, it is G-cr over k. Note that this agrees with Proposition 3.5.

4.2 The Eg example

Let G/k be a simple algebraic group of type Eg. By Proposition 1.12, we may assume
G is simply-connected. Fix a maximal k-split torus 7' of G and a k-Borel subgroup B of G
containing 7. Let ¥ = {a, 3,7, 0,€,0} be the set of simple roots of G corresponding to B and
T. The next figure defines how each simple root of G corresponds to each node in the Dynkin
diagram of Eg.

We label all positive roots of G in Table 1 in Appendix. The labeling for the negative roots
follows in the obvious way. Let L := Laogyse = (T,U; | i € {£22,--- ,£36}). P := Pagyse =
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’—O—I;O—Q
a B ¥ k) €

(L,U; | i € {1,---,21}). Then P is a parabolic subgroup of G and L is a Levi subgroup of
P. Since our argument is similar to that of the G5 example, we just give a sketch. We use the
commutation relations [18, Lem. 32.5 and Prop. 33.3] repeatedly. Let

g1+ = NaNgNea, q2 = NaNaNyNaNaNpTlle, 43 = NaNANaT§TleNs,
da P = NaNNANENAN BTN TL Ty, (5 1= TV BT TLETLTLSTLATLBTLS LTS,
K:= <Q17Q2»QSaQ47Q5> < L7 |K‘ =72

We took q1, -+ ,¢s from Table 1 (case 11) in [32, Sec. 3]. From the Cartan matrix of Eg [17,
Sec. 11.4], we see how ng, -+ ,n. act on V(R (P)). Let 7 : (ng, -+ ,ne) — Sym(¥(R,(P))) =
So21 be the corresponding homomorphism. Then

m(q1) = (2 5)(4 8)(7 11)(10 15)(13 17)(16 19),

m(g2) = (1 5)(2 3)(4 17)(6 14)(7 15)(8 11)(9 12)(10 13)(16 20)(18 19),

m(gs) = (211)(3 9)(4 8)(5 7)(10 19)(12 18)(13 17)(15 16),

w(qa) = (148)(212 5)(3 10 15)(7 18 11)(9 16 19)(13 20 17),

m(g5) = (193)(2713)(4 16 10)(5 11 17)(8 19 15)(12 18 20). (4.1)
The orbits of K in ¥(R,(P)) are

0, = {21}, Oy = {6,14}, O3 = U(R,(P))\{6, 14, 21}.
Let
M':=(U; |ie {£27,+28,+29,+30}) < L,
M :=(K,M'), v(Va) = e_¢(Va)e_14(Va).
Note that v(y/a) centralizes M’. Define

H = (v(va) - M,ex(1)) = (q1, q2¢ 21(a), g3, 4, g5, M, €2(1)).
Proposition 4.7. H is G-ir over k.
Proof. Let

= v(va)™ - H = (M, u(va) ™ - ex(1)) = (M, ex(1)e_a(v/a)).
Since U_ss < L, we see that P contains H. Thus v(y/a) - P contains H.

Lemma 4.8. v(y/a) - P is the unique proper parabolic subgroup of G containing H.

Proof. Tt is clear that M is contained in L. Note that [L, L] = SLg. We identify nq, ng, ny, ns, ne
with (12), (23), (34), (45), (56) in Ss. Then ¢; = (13), g2 = (14)(23)(56), g3 = (13)(46),
gs=(153) and gs = (26 4). Let Ty := (a + 8)" (k°), T i= (8 + )" (k*), Ts := (3 + )(F*),
and Ty := (0 + €)(k*). Then T; is a maximal torus of G; for i = 27,28,29 and 30 respectively.
So (T1,T»,T3,T4) < M. Now a simple matrix calculation shows that M is [L, L]-ir, hence L-cr
by [5, Prop. 2.8]. Thus M is G-cr by Lemma 3.6.
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Let Py be a proper parabolic subgroup of G containing H. Then P, contains M. Since M
is G-cr, without loss we may assume that A\(k*) centralizes M. Recall that by [24, Thm. 13.4.2],
Cr,(p)(M)° x CL(M)°® x Cg,(p—y(M)° is an open set of Cq(M)° where P~ is the opposite of
P containing L.

Lemma 4.9. Cg(M)° = Go;.
Proof. First of all, from equations (4.1), we see that K centralizes Go;. Using the commutation

relations [18, Lem. 32.5 and Prop. 33.3], M’ centralizes G2;. So M centralizes Ga1. By [24,

Prop. 8.2.1], we write an arbitrary element u of R, (P) as u = H?il ¢;(2;) for some x; € k. Tt

is not hard to show that if u € Cg, (p)(T1,T2,T3,T4), u must be of the form
u = €6(x6)€14(x14)€21(x21) for some x; € k.
Then
q2 - u =€14(w6) €6 (r14) €21 (T21)
=e6(r14)€14(76)€21 (T6T14 + T21)-

SO7 for u € ORu(P)(M)7 T = T14 = 0. Thus CR/,L(P)(M) = U21. Likewise ORu(p—)(M) = U_21.
Note that Cp.(M) < Cp(T1, T, T3,Ty). We find by direct computations that Cp (11, Ts, T3, Ty) =
T and Cp(K) = (a+ 268+ 37+ 20 + €+ 20)Y (k*) < G21. So we are done. O

Now we have A\(k*) < Go1. Without loss, set A = g - (a + 23 + 37 + 26 4 € + 20)V for some
g € G21. By the Bruhat decomposition, g is in one of the following forms:

(1) g=(a+2B+37+25+¢c+20)"(s)ear (1),
(2) g = ea1(z1)no1 (o + 28 + 3y + 20 + € + 20) ¥ (s)€a1 (w2)

for some xq,z9 € k,s € k*.

By the similar argument to that of the G case, if we rule out the second case we are done.
Suppose that ¢ is in form (2). Let h := ea(1)e_36(y/a) € H. It is enough to show that
97 M & Platopisytasteta0)v - Since h centralizes Uz and €1 (22)(a+26+37+20+€e+20)Y (s)
belongs t0 Pq128+3y+26+e+20)v for any za € k,s € k*, we may assume g = ng;. We have

N21 =NeNgNENeNryNaNsNeNy NN BT T NS NNy VST BT N T TV BTy Th s T Ty s TL BTy

NeNangnynsn (the longest element in the Weyl group of Eg).
A quick calculation shows ngq - Uy = U_s and nay - U_3 = Usg. Then
nyy' - (e2(1)e—s6(vVa)) = e—2(1)es6(v/a) & Plat2p43y+25+e+20) -
So we are done. O

Lemma 4.10. v(y/a) - P is not k-defined.

Proof. This is similar to Lemma 4.3. O

Proposition 4.11. H is not G-cr.
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Proof. This is similar to Proposition 4.4. Since M < v(y/a)™!'- H, Lemma 4.9 yields Cq(H)° <
v(y/a) - Go1. Using the commutation relations, v(y/a) - Usy < Cg(H). Note that (—2, (a4 28 +
37+ 20 +e+20)") =—1. So, (¢ + 28+ 37+ 20 + €+ 20)"(s) does not commute with h for
any s € k*\{1}. A similar argument to that of the Gy case shows that Cq(H)° = v(y/a) - Uy
which is unipotent. So by [11, Prop. 3.1], Cg(H)® is not G-cr. Then Cg(H) is not G-cr by
Proposition 3.7 since Cg(H)® is a normal subgroup of Ci(H). Now [4, Cor. 3.17] shows that
H is not G-cr. O
By Propositions 4.7 and 4.11, we are done.

Remark 4.12. Note that Cg(H)° = {ea1(a™) - (e_g(v/a)es(v/ax)e_g(y/a)) | « € k} which is
G-cr over k by the same argument as that of the G example.

Remark 4.13. One can obtain more examples satisfying Theorem 1.2 using nonseparable sub-
groups in [32, Sec. 3,4,5] for G = Eg, E7, and FEj; see [33].

5 Proof of Theorem 1.7

Let G/k be a simple algebraic group of type Ay. Let G := G x () where ¢ is the non-
trivial graph automorphism of G. Fix a maximal k-split torus 7' and k-Borel subgroup B of
G containing T. Define the set of simple roots {a, 8,7,d} of G as in the following Dynkin
diagram. Let A = (a+ 8+ +§)¥. Then

Ly :<Ta GﬁaG’yaG,B+’Y>U>7
Py =(L, Ui |ie{a,d,a+ 3,7+ a+B+~v,B8+v+0,a++~+5}).

Let

K =(0), v(va) = e_a-a(va)e__s(v/a),
M :=(K,Gp1) < Ly.

Note that v(v/a) centralizes Gg4~. Define

H = (0(v/a) - M, €51, +5(1)).
Proposition 5.1. H is G-cr over k, but not G-cr.
Proof. We have

B = o(/@) ™ H =(o,0(4/@) ™ - Gty oY) et 3(1)
=(0, Gy, €p4v+5(1ep(Va)) < P

Let M’ := (o, (B8 + )V (k*)) < M. We show that M’ is Ly-cr. We have
M' < Lgiyyv (L) = CL, (B + 1) (k) = (0, T).

Clearly, M’ is L(g4~)v(Lx)-ir. Then, by [4, Cor. 3.5 and Sec. 6.3], M’ is Lx-cr. Now we show
that M is Ly-cr. Suppose not; then there exists a proper R-parabolic subgroup Pj of Ly
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containing M. Let Pr, = P, (L) for some cocharacter p of Ly. Since M’ is Ly-cr and M’ is
contained in P, (Ly), there exists an R-Levi subgroup of P, (L) containing M’. So, without
loss, we assume that p(k*) is contained in Cr, (M') = (o, T). Then pu = caV¥+dBY +dy" +cs" for
some ¢, d € Q since o centralizes p. Note that P, (Ly) contains G-, so we have (8+, ) = 0.
Then = (o + B+~ + )" up to a positive scaler multiple. But then P,(Ly) = L. This is a
contradiction. So, M is Ly-cr, and it is G-cr by [4, Cor. 3.5 and Sec. 6.3].

Let P, be a proper R-parabolic subgroup of G' containing H. Since M is G-cr, without
loss we can assume that M is centralized by p. It is clear that Gotpgqy+6 < Ca(M)°. Note
that Cq(M)° < Cg(a, (B +7)V (k")) = Gatpirts- S0, Ca(M) = Gatpits. Thus p(k*) <
Ga+ﬁ+7+5. Set

p =g - A for some g € Gaqpiry+s-

Let a4 84y+5 1= NaNgnyNsNyNane. By the Bruhat decomposition, any element g of Goygyy+5
can be expressed as

() g= )‘(s)ea+5+’y+§(yl) or

(2) 9 = €at gyt (Y1) N0t prr+sA(S)€aspayrs(y2) for some s € k*,y1,y2 € k.

We rule out the second case. Suppose g is in form (2). Since H< P, = P,.,, it is enough to
show that g—! ‘H ¢ Py. Let B

h = €giyts(1)ea(Va) € H.
Since h centralizes Uy gi-+s and €atp4~+5(y2)A(s) belongs to Py for any y» € k,s € k*,
without loss, we assume g = na4g+y+5- Then

g7 h=ca(l)es(Va) & Py

Thus ¢ is in form (1) and g € Py, so Py is the unique proper R-parabolic subgroup of G
containing H. A similar argument to the G and the Eg cases shows that v(,/a) - Py is not
k-defined. Thus H is G-ir over k.

We find by a direct computation that Cq(H)° = v(v/a) - Uatg+~+s5, Which is unipotent.
Then [11, Prop. 3.1] yields that Cq (H)® is not G°-cr. Thus Cq(H)° is not G-cr by [4, Lem. 6.12].
Suppose that H is G-cr. Then Cg(H) is G-cr by [4, Thm. 3.14 and Sec. 6.3]. But C(H)® is
a normal subgroup of Cq(H), so Cq(H)® is G-cr by [8, Ex. 5.20]. This is a contradiction. [

Remark 5.2. In the proof of Theorem 1.7, K acts non-separably on R, (P} ).

6 Related results

The following was shown in [7, Sec. 7], [34, Sec. 4], [32, Thm. 1.8]. The key to the construc-
tion in the proofs was again non-separability.

Theorem 6.1. Let k = kg be a nonperfect field of characteristic 2. Let G/k be a simple
algebraic group of type E, (or Gs). Then there exists a k-subgroup H of G such that H is
G-cr, but not G-cr over k.

Note that this is the opposite direction of Theorem 1.2. We now show the following. The
point is that if we allow G to be non-connected, computations become much simpler than the
connected cases.
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Theorem 6.2. Let k = ks be a nonperfect field of characteristic 2. Let G’/k be a simple
algebraic group of type Aa. Let G := G x (o) where o is the non-trivial graph automorphism of
G. Then there exists a k-subgroup H of G such that H is G-cr but not G-cr over k.

Proof. Let G be as in the hypotheses. Fix a maximal k-split torus T of G and a k-Borel
subgroup containing T. Let {«, 3} be the set of simple roots of G corresponding to 7' and
B. Let A := (a+ B)Y. Then P\, = (B,o) is a k-defined R-parabolic subgroup of G' and
Ly = (T,0) = Ca((a+ B)V(k*)) is a k-defined R-Levi subgroup of Py. Let K := (¢) and
v(v/a) = €a(v/@)es(y/a). Define

H = v(y/a) - K = (o6as5(a)).

First, we prove that H is G-cr. It is enough to show that K is G-cr since H is G-conjugate
to K. It is clear that K is contained in Ly and K is Ly-ir, so K is G-cr by [4, Sec. 6.3].

Now we show that H is not G-cr over k. Suppose the contrary. It is clear that Py contains
H. Then there exists a k-defined R-Levi subgroup L of Py containing H. By [8, Lem. 2.5(iii)],
there exists u € R,(Py)(k) such that L = w - Ly. Then u=: H < Ly. It is obvious that
v(va)™!t- H < Ly. Let 7y : Py — Ly be the canonical projection. For any s € H, we have

utes=muTls) =mas) = mv(Va) Tt s) = v(va) T s,

So, u = v(y/a)z for some z € Cg, (p,)(K)(k). We compute Cr, p,)(K) = Uatp. S0, u =
v(va)ears(x) = ex(vVa)eg(y/a)eatps(x) for some x € k. This is a contradiction since u is a
k-point. Thus H is not G-cr over k. O

To finish the paper, we consider another application of non-separability for non-connected
G with a slightly different flavor. In [7, Sec. 7], [34, Sec. 3], [32, Thm. 1.2], it was shown that

Theorem 6.3. Let k be an algebraically closed field of characteristic 2. Let G/k be a simple
algebraic group of type E,, (or Gy). Then there exists a pair of reductive subgroups H < M of
G such that H is G-cr but not M-cr.

The following is much easier to prove than the connected cases.

Theorem 6.4. Let k be an algebraically closed field of characteristic 2. Let G/k be a simple
algebraic group of type As. Let G = G (o) where o is the non-trivial graph automorphism of
G. Then there exists a pair of reductive subgroups H < M of G such that H is G-cr but not
M-cr.

Proof. Use the same H = (oe€y4+p(a)) as in the proof of Theorem 6.2. Then H is G-cr. We
show that H is not M-cr. Set M := (0,Ga+p). Let A := (a+ B)Y. Then the image of
o€a+p(a) under the canonical projection 7y : Py — Ly is 0. By a recent result in Geometric
Invariant Theory ([4, Lem. 2.17, Thm. 3.1] and [8, Thm. 3.3]), it is enough to show that o
is not R, ((Px)(M))-conjugate to oe15(a). This is easy since R, ((Px)(M)) = Uq4p which is
centralized by o. We are done. O
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Table 1: The set of positive roots of Ejg
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Abstract

Let k be a separably closed field. Let G be a reductive algebraic k-group. In this paper,
we study Serre’s notion of complete reducibility of subgroups of G over k. In particular,
using the recently proved center conjecture of Tits, we show that the centralizer of a k-
subgroup H of G is G-completely reducible over k if it is reductive and H is G-completely
reducible over k. We also show that a regular reductive k-subgroup of G is G-completely
reducible over k. Various open problems concerning complete reducibility are discussed.
We present examples where the number of overgroups of irreducible subgroups and the
number of G(k)-conjugacy classes of unipotent elements are infinite (this cannot happen if &
is algebraically closed). This paper complements the author’s previous work on rationality
problems for complete reducibility.

Keywords: algebraic groups, complete reducibility, pseudo-reductivity, spherical buildings

1 Introduction

Let k be an arbitrary field. Let k be an algebraic closure of k. Let H be a (possibly
non-connected) affine algebraic k-group, that is a (possibly non-connected) k-defined affine
algebraic group with a k-structure in the sense of Borel [9, AG.12.1]. We write R, ,(H) for
the unique maximal smooth connected unipotent normal k-subgroup of H. An affine algebraic
k-group H is pseudo-reductive if R, (H) = 1 [12, Def. 1.1.1], and reductive if the unipotent
radical R, (H) = 1. Throughout, we write G for a (possibly non-connected) reductive algebraic
k-group. By a subgroup of G, we always mean a closed subgroup of G. Generalizing Serre [25,
Sec. 3|, define

Definition 1.1. A (possibly non-k-defined) closed subgroup H < G is G-completely reducible
over k (G-cr over k for short) if whenever H is contained in a k-defined R-parabolic subgroup
P of G, it is contained in some k-defined R-Levi subgroup of P. In particular, if H is not

contained in any k-defined proper R-parabolic subgroup, H is G-irreducible over k (G-ir over
k for short).

For the definition of R-parabolic subgroups and R-Levi subgroups, see Definition 2.2. If G
is connected, R-parabolic subgroups and R-Levi subgroups are parabolic subgroups and Levi
subgroups in the usual sense. Definition 1.1 extends usual Serre’s definition in the following
sense: 1. H < G is not necessarily k-defined, 2. G is not necessarily connected. Definition 1.1
was used in [3] and [32].

92



The notion of complete reducibility generalizes that of complete reducibility in represen-
tation theory, and it has been much studied. However most studies assume k& = k and G is
connected; see [5],[16],[28] for example. We say that H < G is G-cr when it is G-cr over k. Not
much is known about complete reducibility over an arbitrary k except a few general results and
important examples in [3], [6], [7, Sec. 7], [8], [32], [33, Thm. 1.8], [34, Sec. 4].

Let k4 be a separable closure of k. Recall that if k is perfect, we have k, = k. The following
result [6, Thm. 1.1] shows that if k is perfect and G is connected, most results in this paper
just reduce to the algebraically closed case.

Proposition 1.2. Let k be a field. Let G be connected. Then a k-subgroup H of G is G-cr
over k if and only if H is G-cr over ks.

We write G(k) for the set of k-points of G. For H < G, we write H(k) := G(k) N H. By
H, we mean the Zariski closure of H. We write Cq(H) for the set-theoretic centralizer of H
in G. Centralizers of subgroups of G are important to understand the subgroup structure of
G [1], [2] [18], [27]. Recall the following [5, Prop. 3.12, Cor. 3.17]:

Proposition 1.3. Let k = k. Suppose that a subgroup H of G is G-cr. Then Cg(H) is
reductive, and moreover it is G-cr.

Note that any G-cr subgroup of G is reductive [25, Prop. 4.1]. It is natural to ask (cf. [32,
Open Problem 3.4]):

Open Problem 1.4. Let k be a field. Suppose that a k-subgroup H of G is G-cr over k. Is
Ca(H) G-cr over k? Is Cq(H)(ks) G-cr over k¢

Even if H is k-defined, C (H) is not necessarily k-defined; see [32, Theorem 1.2] for examples
of non-k-defined Cg(H). See Lemma 6.9 and [3, Prop. 7.4] for some k-definability criteria for
Ca(H). Let I' := Gal(k,/k) = Gal(k/k). Note that C(H)(k;) is the unique maximal k-defined
subgroup of Cq(H); it is k-defined by [9, Prop. 14.2] since it is ks-defined and I-stable. Our
principal result is the following.

Theorem 1.5. Let k = ks. Let G be connected. Suppose that a k-subgroup H of G is G-cr
over k.

1. If Co(H)(k) is pseudo-reductive, then it is G-cr over k,
2. If Ca(H) is reductive, then it is G-cr over k.
Recall the following [32, Prop. 1.14]:

Proposition 1.6. Let k = ks. Let G be connected. Let H be a k-subgroup of G. If H is G-ir
over k, then Cq(H) is G-cr over k.

Theorem 1.5 and Proposition 1.6 give a partial affirmative answer to Open problem 1.4.
However, in [32, Rem. 3.11], it was shown that there exists a k-subgroup H of G with the
following properties: 1. H is G-cr over k, 2. Cq(H) is k-defined, 3. Cq(H) is G-cr over k,
4. C¢(H) is not pseudo-reductive. This result suggests a negative answer to Open problem 1.4
since reductivity of Cq(H) was crucial to show that Cg(H) is G-cr in the proof of Proposi-
tion 1.3.

In this paper, we extend various other results concerning complete reducibility in [5] to an
arbitrary k. First, we extend the notion of strong reductivity [24, Def. 16.1].
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Definition 1.7. Let k = k;. Let H be a (possibly non-k-defined) subgroup of G. Then H
is strongly reductive over k in G if H is not contained in any proper k-defined R-parabolic
subgroup of the reductive k-group C¢(S), where S is a maximal k-torus of Cq(H).

Note that this definition does not depend on the choice of S. We generalize [5, Thm. 3.1],
which was the main result of [5].

Theorem 1.8. Let k = ks;. Let H be a (possibly non-k-defined) subgroup of G. Then H is
G-cr over k if and only if H is strongly reductive over k in G.

Next, generalizing the notion of a regular subgroup of G [16], [17], define:

Definition 1.9. A (possibly non-k-defined) subgroup H of G is k-regular if H is normalized
by a maximal k-torus of G.

We extend [5, Prop. 3.20].

Theorem 1.10. Let k = k. Let G be connected. Let H be a k-reqular reductive k-subgroup of
G. Then H is G-cr over k.

Note that in Propositions 1.3, 1.6 and Theorems 1.5, 1.10 we assumed G to be connected.
This is because the proofs of these results depend on the following (Theorem 1.11) that is a
consequence of the recently proved center conjecture of Tits [13], [21], [23], [25, Sec. 2.4], [29,
Lem. 1.2], [32, Sec. 3.1].

Theorem 1.11. Let k be a field. Let G be connected. Let A(G) be the spherical building of
G. Let H be a (possibly non-k-defined) subgroup of G that is not G-cr over k. Let A(G)T be
the fized point subcomplex of A(G). Then there exists a simplex in A(G)™ that is fized by all
building automorphisms of A(G) stabilizing A(G)H.

Recall that each simplex of A(G) is identified with a proper k-parabolic subgroup of G [30,
Thm. 5.2], and A(G)* is identified with the set of k-parabolic subgroups containing H [25,
Sec. 2]. Now let G be non-connected reductive. Note that A(G) = A(G®) by definition. Let
A(G) be the set of k-defined R-parabolic subgroups of G. Let A(G)¥ be the set of k-defined
R-parabolic subgroups of G containing H.

Theorem 1.12. Let k be a field. Let G = SLs. Let G = G x (¢) where o is the non-trivial
graph automorphism of G. Then there exists a k-subgroup H of G such that H is not G-cr over
k and A(G)™ is not a subset of A(G). Moreover, A(G) ordered by reversed inclusion does not
form a simplicial complex in the sense of [30, Thm. 5.2].

Theorem 1.12 shows that we cannot use Theorem 1.11 to extend Propositions 1.3, 1.6 and
Theorems 1.5, 1.10 to non-connected G. Before finishing this section, we consider a problem
with a slightly different flavor. In [19, Thm. 1], Liebeck and Testerman showed that:

Proposition 1.13. Let k = k. Let G be a semisimple. Suppose that H is a connected subgroup
of G and H is G-ir. Then H has only finitely many overgroups.

We show that:

Theorem 1.14. Let k be a nonperfect field of characteristic 2. Let G := PGLy. Then there
exists a connected k-subgroup H of G such that H is G-ir over k and H has infinitely many
(non-k-defined) overgroups.
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Here is the structure of the paper. In Section 2, we set out the notation. In Sections 3 and 4,
we prove Theorems 1.8 and 1.10, respectively. Then in Section 5, we discuss some relationships
between complete reducibility and linear reductivity. In Section 6, we prove Theorem 1.5. In
Sections 7 and 8, we prove Theorems 1.12 and 1.14, respectively. Finally, in Section 9, we
present an example where the number of G(k)-conjugacy classes of unipotent elements of G(k)
is infinite.

2 Preliminaries

Throughout, we denote by k an arbitrary field. Our basic references for algebraic groups
are [9], [10], [12], and [26]. We write G for a (possibly non-connected) reductive k-group. We
write Xi(G) and Yy (G) for the set of k-characters and k-cocharacters of G respectively. For
an algebraic group H, we write H° for the identity component of H.

Fix a maximal k-split torus T' of G. We write Uy (G,T) for the set of k-roots of G with
respect to 1" [9, 21.1]. We sometimes write ¥ (G) for ¥, (G, T). Let ( € ¥ (G). We write U,
for the corresponding root subgroup of G. Let (,£ € ¥ (G). Let £¥ be the coroot corresponding
to & Then Co&Y :k — & is a k-homomorphism such that (Co&Y)(a) = a™ for some n € Z.
Let s¢ denote the reflection corresponding to £ in the Weyl group Wj, relative to 7. Each s
acts on the set of roots Uy (G) by the following formula [26, Lem. 7.1.8]: s¢-¢ = (—(¢,£Y)€. By
[11, Prop. 6.4.2, Lem. 7.2.1] we can choose k-homomorphisms € : k — U so that ngq(a)ngl =
Esg'C(ia) where neg = 65(1)675(—1)65(1).

We recall the notions of R-parabolic subgroups and R-Levi subgroups from [24, Sec. 2.1-2.3].
These notions are essential to define GG-complete reducibility for subgroups of non-connected
reductive groups; see [4] and [5, Sec. 6].

Definition 2.1. Let X be a k-affine variety. Let ¢ : E — X be a k-morphism of k-affine
varieties. We say that lin%) ¢(a) exists if there exists a k-morphism ¢ : &k — X (necessarily
a—r

unique) whose restriction to & is ¢. If this limit exists, we set Hn% d(a) = 6(0).
a—

Definition 2.2. Let A € Y;(G). Define Py := {g € G | lir% Ma)gA(a)™! exists},
a—
Ly :={g€qG| lilrr}))\(a)g/\(a)_1 =g}, Ru(P\) :={g9g € G| lir%)\(a)g)\(a)_l = 1}. We call
a— a—

Py an R-parabolic subgroup of G, Ly an R-Levi subgroup of Py. Note that R,(Py) is the
unipotent radical of Pj.

If A is k-defined, Py, Ly, and R, (Py) are k-defined [8, Lem. 2.5]. It is well known that
Ly = Ca(A\(k")). Note that if k = ki, for a k-defined R-parabolic subgroup P of G and a
k-defined R-Levi subgroup L of P there exists A € Y (G) such that P = Py and L = Ly [8,
Lem. 2.5, Cor. 2.6].

Let M be a reductive k-subgroup of G. Then there is a natural inclusion Y3 (M) C Y3 (G) of
k-cocharacter groups. Let A € Y, (M). We write Py(G) or just Py for the k-defined R-parabolic
subgroup of G corresponding to A, and P\(M) for the k-defined R-parabolic subgroup of M
corresponding to A. It is clear that Py(M) = P\(G) N M and R, (P\(M)) = R, (P \(G)) N M.

The next result is a consequence of Theorem 1.11, and we use it repeatedly.

Proposition 2.3. Let k = ks. Let G be connected. Suppose that a (possibly non-k-defined)
subgroup H of G is not G-cr over k. If a k-subgroup N of G normalizes H, then there exist a
proper k-parabolic subgroup of G containing H and N.

Proof. By [32, Prop. 3.3], there exists a proper k-parabolic subgroup P containing H and N (k).
Since the ks-points are dense in N by [9, AG.13.3], P contains H and N. O

99



3 Complete reducibility and strong reductivity

Our proof is similar to [5, Thm. 3.1].

Proof of Theorem 1.8. Suppose that H is G-cr over k. Let S be a maximal k-defined torus of
Cg(H). Suppose that S is central in G. Then Cx(S) = G. Suppose that H is contained in a
proper k-defined R-parabolic subgroup P of G. Then there exists a k-defined R-Levi subgroup
L of P containing H since H is G-cr over k. Since k = kg, we can set L = Ly and P = Py
for some A € Y (G). Then Mk ) < Ce(H) and A(k") is a connected commutative non-central
k-subgroup of G. Now let C := Cg(H)(ks). Then C is the unique maximal k-defined subgroup
of Co(H). Since k = ks, maximal k-tori of C' are G(k)-conjugate by [9, Thm. 20.9]. Then
/\(E*) < S since S is central in G. This is a contradiction. So H cannot be contained in a
proper k-defined R-parabolic subgroup of G. Therefore H is strongly reductive over k.

Now we assume S is non-central in G. Suppose that H is contained in a k-defined proper
R-parabolic subgroup @ of C;(S). Note that Cg(S) is a k-defined R-Levi subgroup of G ([5,
Cor. 6.10]). Then by the rational version of [5, Lem. 6.2(ii)] (note that [5, Lem. 6.2(ii)] is for
k = k, but the same proof works work by word if we set P = Py, P/ = P, and L = L for
A € Yi(G) in the proof), there exists a k-defined proper R-parabolic subgroup P, of G such
that Q@ = Cg(S) N P,. It is clear that S < @ < P,. Since H is G-cr over k, there exists a
k-defined R-Levi subgroup L of P, containing H. Without loss we set L = L,. Then M(E*) is
a k-torus in Cp, (H). Since S is contained in P, and S is a maximal k-torus of Cq(H), S is
a maximal k-torus of Cp, (H). Since k = ks, by the same argument as in the first paragraph,
we have gu(E*)g_1 < S for some g € P,(k). Then Cg(S) < Cg(g,u(E*)g_l) =gL,g7 ' < P,.
Therefore Q@ = C¢(S), which is a contradiction.

Now suppose that H is strongly reductive over k. Let S be a maximal k-torus of Cq(H).
Then H is not contained in any proper k-defined R-parabolic subgroup of Cg(S). Let L :=
Ca(9). Let @ be a k-defined R-parabolic subgroup of G containing L as a k-Levi subgroup.
Then by the rational version of [5, Lem. 6.2(ii)], @ is minimal among all k-defined R-parabolic
subgroups of G containing H. Let P be a k-defined R-parabolic subgroup of G containing H.
Our goal is to find a k-defined R-Levi subgroup of P containing H.

If P’ is a k-defined R-parabolic subgroup of G such that P’ < P and M’ is a k-defined
R-Levi subgroup of P’, then, by [5, Cor. 6.6], there exists a unique k-defined R-Levi subgroup
M" of P containing M’. But M" is k-defined by [8, Lem. 2.5(iii)]. So, we assume that P is
minimal among all k-defined R-parabolic subgroups of G containing H. By [9, Prop. 20.7],
P N @ contains a maximal k-torus T' of G. We see that there exists a (possibly non-k-defined)
common R-Levi subgroup M of P and @ containing 7T’ by a similar argument to that in the
proof of [5, Thm. 3.1] (use [5, Lem. 6.2] where necessary). Since T is k-defined, M is k-defined
by [8, Lem. 2.5(iii)].

Let P~ be the unique opposite of P such that M = PN P~. Since R,(Q) is a product of
root subgroups in any prescribed order, we have

It is clear that R,(Q) N M is trivial. Since L and M are k-defined R-Levi subgroups of Q,
there exists u’ € R,(Q)(k) such that «/Mu'~' = L by [8, Lem. 2.5(iii)]. Using the rational
version of the Bruhat decomposition ([9, Thm. 21.15]), we can express v’ as v’ = yz where
y € (R,(Q)N Ry(P7))(k) and 2z € (R,(Q) N Ry (P))(k). Note that zMz~"1 is a k-defined
common R-Levi subgroup of P and @ because z € (R,(Q) N R,(P))(k). So, without loss,
we may assume z = 1. Then yMy™! = L and L < P~. Since L contains H, we have
H < PNP~ =M. We are done.
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4 Complete reducibility and regular subgroups

We extend [5, Prop. 3.19].

Lemma 4.1. Let k = k. Let H be a reductive k-subgroup of G. Let K be a (possibly non-k-
defined) subgroup of H. Suppose that H contains a maximal k-torus of Cq(K) and that K is
G-cr over k. Then K is H-cr over k and H is G-cr over k.

Proof. Let S be a maximal k-torus of Cq(K) contained in H. Then S is a maximal k-torus
of Cx(K). Since K is G-cr over k, K is Cg(S)-ir over k by Theorem 1.8. Note that K <
Cu(S) < Cg(S). So K is Cy(S)-ir over k. Thus K is H-cr over k by Theorem 1.8.

Let P be a k-defined R-parabolic subgroup of G containing H. Then P contains K. Since
K is G-cr over k, by the same argument as in the second paragraph of the proof of Theo-
rem 1.8, there exists A € Y;(G) such that Cg(S) < Ly and P = Py. Thus we have A(k') <
Ca(Cq(9))° = Z(Cq(5))°. It is clear that S < Z(Cq(S5))°. We have Z(Cq(95))° < Ca(K).
By [9, Thm. 18.2], Z(C¢(S))° is k-defined. Since S is a maximal k-torus of Cg(K), we have
S = Z(Cg(S))°. Thus A(k') < S < H. So A € Yy(H). Thus we have P\(H) = PN H = H.
So A € Yi(Z(H)). Then H < Co(A(k)) = Ly, and we are done. O

Proof of Theorem 1.10. Let T be a maximal k-torus of G normalizing H. Then if we show that
TH is G-cr over k, by [32, Prop. 3.5] we are done since H is a normal subgroup of the k-group
TH. Note that Co(T) = T and T is G-cr over k by [3, Cor. 9.8]. Applying Lemma 4.1 to
T < TH < G, we obtain the desired result. O

5 Complete reducibility and linear reductivity

In this section we assume that G is connected. Recall that a (possibly non-k-defined)
subgroup H of G is called linearly reductive if every rational representation of H is completely
reducible. It is known that a (possibly non-k-defined) linearly reductive subgroup H of G is
G-cr [5, Lem. 2.6] and if H is k-defined, it is G-cr over k [3, Cor. 9.8].

It is clear that the converse of Proposition 1.3 is false; take H to be a Borel subgroup of G.
However we have the following partial converse [5, Cor. 3.18]:

Lemma 5.1. Let k = k. Let H be a subgroup of G. If Cq(H) is G-ir, then H is linearly
reductive. In particular, H is G-cr.

The previous lemma was a consequence of the following [5, Lem. 3.38]:

Lemma 5.2. Let k = k. Let H be a subgroup of G. If H is G-ir, then Cg(H) is linearly
reductive.

Remark 5.3. A natural analogue of Lemmas 5.1 and 5.2 for an arbitrary field & is false even if
H is k-defined. Let k be a nonperfect field of characteristic 2. Let a € k\k?. Let G = PG L.

We write A for the image in PG Ly of A € GLy. Let H := { [ 5 Cf ] € PGLy(k) | x,y € k}

Then H is G-ir over k since H contains the element [ (1) g } , which is a k-anisotropic unipotent

element; see [32, Ex. 3.10]. It is clear that Cq(H) = H is not a torus. So, by [22, Thm. 2],
Cq(H) = H is not linearly reductive. We see that H is not G-cr since H is unipotent.
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Definition 5.4. A unipotent element u € G(k) is called k-plongeable [31] if u belongs to the
unipotent radical of some proper k-parabolic subgroup of G.

Proposition 5.5. Let k = k. Suppose that a k-subgroup H of G is G-ir over k. Let C' :=
Ca(H)(k) (or Cq(H)). If every unipotent element of C(k) is k-plongeable, then every element
of C(k) is semisimple.

Proof. Let C := Cq(H)(k). Suppose that there exists a non-trivial unipotent element u € C(k).
Since we assumed that every unipotent element of C(k) is k-plongeable, there exists a proper
k-parabolic subgroup P of G such that u € R, (P). Then, it is clear that the subgroup U := (u)
is not G-cr over k. Since H normalizes U and H is k-defined, by Proposition 2.3, there exists a
proper k-parabolic subgroup P’ of G containing U and H. This is a contradiction. Therefore
every element of C(k) is semisimple. The same argument works for C' := Cg(H). O

Proposition 5.6. Let k = ks. Let H be a (possibly non-k-defined) subgroup of G. Suppose
that C := Cq(H)(k) is G-ir over k. If every unipotent element of H(k) is k-plongeable, then
every element of H(k) is semisimple.

Proof. Swap the roles of H and C¢(H)(k) in the proof of Proposition 5.5. O

Remark 5.7. We do not know whether C' in Proposition 5.5 (or H in Proposition 5.6) is linearly
reductive. For that purpose we need to know whether every element of C(k) (or H(k)) is
semisimple [22, Thm. 2].

Proposition 5.8. Suppose that a k-subgroup H of G is linearly reductive. Then Cq(H) is
k-defined and G-cr over k.

Proof. Since H is linearly reductive, it is G-cr [5, Lem. 2.6]. So Cg(H) is reductive by [5,
Prop. 3.12]. Then Cg(H) is G-cr over k by Theorem 1.5. Note that if H is linearly reductive,
H is separable in G (see the sentence just after Lemma 6.9 for the definition of a separable
subgroup of G). So, by the proof of [3, Prop. 7.4], Cc(H) is k-defined since H is k-defined. [

6 Centralizers of completely reducible subgroups

Proof of Theorem 1.5. We start with the first part of the theorem. Let C' := Cq(H)(k). Let
P be a k-parabolic subgroup of G such that HC' < P. Since H is G-cr over k, there exists a
k-Levi subgroup L of P with H < L. Let A be a k-cocharacter of G such that P = P, and
L = Ly. Then X is a cocharacter of C. We have C' = (CNL)(C N R,(P)). Since A normalizes
C, by [3, Prop. 2.2] C' N R, (P) is k-defined. For u € (C' N R,(P))(k), we define a k-morphism
bu 1 k= CN Ry (P) by ¢(0) =1 and ¢, (t) = A(t)uA(t)~! for t € k. Then the image of ¢, is
a connected k-subvariety of C'N R, (P) containing 1 and ¢, (1) = u. Then C N R, (P) must be
trivial since C' is pseudo-reductive. Thus C' < L. Therefore HC' is G-cr over k. Note that C' is
a normal subgroup of the k-defined subgroup HC'. So by [32, Prop. 3.7], C is G-cr over k.
For the second part, the same argument shows that HCq(H) is G-cr over k since we assumed
that Cq(H) is reductive. However, if Cq(H) is not k-defined we cannot apply [32, Prop. 3.7]
to conclude that Cg(H) is G-cr over k. We need a different argument. Let P’ be a minimal
k-parabolic subgroup of G' containing HCq(H). Since HCg(H) is G-cr over k, there exists a
k-Levi subgroup L’ of P’ containing HC¢(H). If Cq(H) is L'-cr over k, it is G-cr over k by [32,
Lem. 3.6]. Otherwise, by [32, Lem. 3.6] and Proposition 2.3, there exist a proper k-parabolic
subgroup Prs of L' containing C¢(H) and H since H is k-defined and H normalizes Co(H).
Note that Pr x R, (P’) is a k-parabolic subgroup of G by [10, Prop. 4.4(c)] and it is properly
contained in P’. This contradicts the minimality of P’. O
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The following are further consequences of Theorem 1.11, and they all deal with special cases
of Open Problem 1.4.

Proposition 6.1. Let k = ks. Let G be connected. If a k-subgroup H of G is G-cr over k and
if Ca(H) (k) (or Cq(H)) is unipotent, then Co(H)(k) (or Ca(H)) is G-cr over k.

Proof. Let C := Cg(H). Suppose that C' is not G-cr over k. By Proposition 2.3 there exists a
k-defined proper parabolic subgroup Py of G containing H and C'. Then there exists a k-Levi
subgroup L of Py containing H since H is G-cr over k. Without loss, we assume L = L). Then
AME") < C. So A must be trivial since C' is unipotent. This is a contradiction. The other case
can be shown in the same way. O

Remark 6.2. See [32, Sec. 4,5] for examples of a k-subgroup H of connected G (or non-connected
G) such that: 1. H is G-cr over k, 2. Cg(H) (or Cq(H)(ks)) is unipotent.

Corollary 6.3. Let k = ks;. Let G be connected. Let H be a k-subgroup of G. If H is G-ir
over k, then Cq(H)(k) is G-cr over k.

Proof. By Proposition 2.3, there exists a proper k-parabolic subgroup of G containing H and
Ca(H)(k). This is a contradiction since H is G-ir over k. O

Corollary 6.4. Let k = ks. Let G be connected. Let H be a (possibly non-k-defined) subgroup

of G. If Co(H) (k) is G-ir over k, then H is G-cr over k.
Proof. The same proof as that of Corollary 6.3 works. O

Remark 6.5. In Corollary 6.4, we cannot replace Cq(H)(k) by Cq(H) even if H is k-defined;
if Ce(H) is not k-defined, there might not be any proper k-parabolic subgroup containing H
and Cq(H). It would be interesting to know whether such examples exist.

By a similar argument to that in the proof of Corollary 6.3, we obtain:

Corollary 6.6. Let k = k. Let G be connected. If a k-subgroup H of G is G-ir over k, then
Ng(H) and Ng(H)(k) are G-cr over k.

Corollary 6.7. Let k = ks. Let G be connected. Let H be a (possibly non-k-defined) subgroup
of G. If No(H)(k) is G-ir over k, then H is G-cr over k.

It is natural to ask:

Open Problem 6.8. Let k be a field. Suppose that a k-subgroup H of G is G-cr over k. Is
Ng(H) G-cr over k? Is Ng(H)(ks) G-cr over k?

Propositions 6.10 and 6.11 below show that if we allow H to be non-k-defined, the answer
to Open Problem 1.4 is no. First, we need [3, Prop. 7.4]:

Lemma 6.9. Let k be a field. If a k-subgroup H of G is separable in G, then Cg(H)® is
k-defined.

Recall that [5, Def. 3.27], a subgroup H of G is called separable if the scheme theoretic centralizer
of H in G (in the sense of [12, Def. A.1.9]) is smooth. It is known that every subgroup of GL,,
is separable [5, Ex. 3.28].

Proposition 6.10. Let k be a nonperfect field of characteristic 3. Let a € k\k®. Let G = GLy,.
Then there exists a subgroup H of G such that H is G-cr over k but Co(H) is not G-cr over
k.
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00 a O 1 a3 2?3 0
1 0 0 0 0 1 0 0
Proof. Let hy = 010 0 , ho = 00 1 L Set H := (hy, ho).
00 0 o'/ 0 0 0 1
s 0 0 X1
) . ) 0 s 0 a3 — -
A simple matrix computation shows Cg(H) = —2/3 € GLy(k)|z1,s8,t € K
0 0 s a T
0 0 O t

Note that a subgroup H of G = GL,(V) is G-cr over k if and only if H acts k-semisimply on
V [25, Ex. 3.2.2(a)]. We find by a direct computation that H acts semisimply on a 4-dimensional

* 0
k-vector space in the usual way with k-irreducible summands V; := : and V5 = 8
0 *

Hence H is G-cr over k. It is clear that Cg(H) is not G-cr over k since V; is a k-defined
3-dimensional C(H)-stable subspace with no C¢(H) stable complement.

We show that H is not k-defined. First, we see that Cq(H)°(ks) is not dense in Cg(H)®,
so Cg(H)® is not k-defined by [9, AG. 13.3]. We conclude that by Lemma 6.9, H cannot be
k-defined since H is separable in G. O

Proposition 6.11. Let k be a nonperfect field of characteristic p. Let a € k\kP. Let G = GLy,.
Then there exists a subgroup H of G such that H is G-cr over k, but Cq(H)(ks) is not G-cr
over k.

1110 1 0 00
01 00 a 1 0 0
Proof. Let h; = 00 1 0]l ha A 0 1 0l Define H := (hq, he). Then
0 0 01 0 0 01
S 0 0 0
p—1
0 ¢ ar (s—t) Z9 — —
Cq(H) = —1 —1 € GLy(k S Y2, 8, t,w € k
R I (P2, 2,5, 1w
0 v "7 o w
s 00 O
= 0 s 0 x - - -
So, Cq(H)(ks) = 00 s —z € GLy(k)|z2,s,w € k p. A similar argument to that
—T2
0 0 0 w
in the proof of Proposition 6.10 shows that H is G-cr over k and H is not k-defined. It is clear
that Cq(H)(ks) is not G-cr over k. O

7 On the structure of the set of R-parabolic subgroups

Proof of Theorem 1.12. Let G = SL3. Let G = G x (¢) where ¢ is the nontrivial graph
automorphism group of G. Fix a k-split maximal torus 7, and a k-Borel subgroup B of G
containing T". Let o, 8 be the simple roots of G corresponding to 7" and B. Let n,,ng be the
canonical reflections corresponding to o and [ respectively. Let f be the automorphism of G
such that f(A4) = (AT)~1. Then we obtain

o(P;) = (nangna)f(ﬂ)(nangna)_l for ¢ € {a, 5}. (7.1)
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In particular, we have o(P,) = P, 0(P3) = P,. Let Wy be the Weyl group of G°. Then
Wy, 22 S3. We list all canonical representatives of Wi: 1,n4,n8, nang, NaNa, NaNgne. Taking
all Wy-conjugates of P, and Ps, we obtain all proper maximal k-parabolic subgroups of G°
containing T P,, Pg, P_o, P_g, ng - Py, no - P3. Using (7.1), we find that none of these
proper maximal k-parabolic subgroups of G° is normalized by o. So, by [5, Prop. 6.1] they are
k-defined proper maximal R-parabolic subgroups of G containing 7.

Now we look at k-Borel subgroups of G°. By taking all Wi-conjugates of B, we obtain all
k-Borel subgroups of G° containing T: B, na - B, ngB, nang - B, ngng - B, nangn. - B.

Lemma 7.1. Cy,(r)(0) = a(a” + V), where a € Z.

Proof. Let A = za +yBY. Using (7.1), we obtain o(\) = nangng - (—za’ —ysY) = ya¥ +z8".
Then, for A € Cy, (1r)(0) we must have z = y. O

Lemma 7.2. H := (0, B) is a k-defined R-parabolic subgroup of G.

Proof. Let A = o + 8Y. By Lemma 7.1, we have 0 € Ly. An easy calculation shows that
P\=H. O

It is clear that H is not G-cr over k. Note that A(G)¥ = {H}, and H is not a simplex
in A(G) = A(GY). This gives the first part of the theorem. Consider the set of k-defined
R-parabolic subgroups of G containing 7. We have

B<B,B<P,,B<Pg,B<P\,B<G.

Thus the cardinality of the set of R-parabolic subgroups of G containing B is 5, which is not a
power of 2. So A(G) ordered by reverse inclusion is not a simplicial complex (in the sense of [30,
Thm. 5.2]) since it cannot be isomorphic to the partially ordered set of subsets of some finite
set; see Figure 1 where vertices (edges) correspond to k-defined maximal (minimal) R-parabolic
subgroups of G containing 7T'. O

Figure 1: The set of R-parabolic subgroups of G = SL3 containing T'

Open Problem 7.3. Let k be a field. Let G be non-connected. Suppose that a (possibly non-
k-defined) subgroup H of G is not G-cr over k. If a k-subgroup N of G normalizes H, does
there exist a k-defined proper R-parabolic subgroup of G containing H and N ?
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8 The number of overgroups of G-ir subgroups

Recall that Proposition 1.13 depended on the following [19, Lem. 2.1]:
Lemma 8.1. Let k, G, H be as in the hypotheses of Proposition 1.13. Then Cq(H) is finite.
However if k is nonperfect, we have

Proposition 8.2. Let k be a nonperfect field of characteristic 2. Let G = PGLy. Then there
exists a connected k-subgroup H of G such that H is G-ir over k but C(H) is infinite.

Proof. Let a € k\k?. Let H := [ i o;y } € PGLy(k) | #,y € k p. Then H is connected and
G-ir over k; see Remark 5.3. We have H = Cg(H), and Cg(H) is infinite. O

Proof of Theorem 1.14. Let a € k\k?. Define

X ay az aw
H = Z) i c;y ZZ € PGLy(k)|z,y,2,w € k p. Note that H is the centralizer of a

Yy oz o w oz

0 0 0 a
. . . 1 000 . .
k-anisotropic unipotent element 010 0 of PGL4(k). Then H is connected and G-ir
0 01 0

over k. Note that H is 3-dimensional. Since h* = 1 for any h € H, H is a unipotent group.
So, for an appropriate element g € G(k), gHg™ ! is a (possibly non-k-defined) subgroup of the
6-dimensional group U of upper unitriangular matrices of G. A computation by Magma shows
that there exist some g € G(k) such that

XY Z W
g-H = 8 )0( § f, € PGL4(k)|X,Y,Z,W € k 3. Now for each b € k, define
0 0 0 X
10 0 0
01 0 b . .
Hy := (g -H, 00 1 0 . Then a quick computation shows that the groups H;, are
0 0 01
distinct. So the groups g~! - Hy are infinitely many overgroups of H of index 2. O

Open Problem 8.3. Let k be a field. Let G be semisimple algebraic group. Suppose that a
k-subgroup H of G is connected and G-ir over k. Then does H have only finitely many k-defined
overgroups?

9 The number of conjugacy classes of unipotent elements

Let k = k. Let G/k be conncected reductive. The following are known.

1. There are only finitely many conjugacy classes of unipotent elements in G [20, Thm. 13].

2. There is only a finite number ¢y of G-conjugacy classes of G-cr subgroups of fixed order
N [5, Cor. 3.8].
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3. Moreover, if G is simple, there is a uniform bound on ¢y that depends only on N and
the type of G but not on k [15, Prop. 2.1].

Now let & be nonperfect, and let G/k be connected reductive. In this section, we show that
the natural analogue of the above results 1, 2, 3 fail over a nonperfect k.

Proposition 9.1. Let Fy be the finite field with 2 elements. Let k := Fy(x) be the field of
rational functions in one variable over Fo. Let G = PGLy. Then there exist infinitely many
G(k)-conjugacy classes of k-anisotropic unipotent elements in G.

Proof. Let p,(z) = 23" + 23" +1 € k for n € N. Then each p, () is irreducible over Fy

by [14, Ex. 3.96]. Let u, = [ (1) p"éx) } It is clear that u, is a unipotent element of order
2. Let U, := (uy,). Let U, act on a 2-dimensional vector space V in the usual way. Since no
eigenvalue of u,, belongs to k, there is no k-defined U,-invariant subspace of V. Thus u, is
k-anisotropic.

Suppose that u; is PG Lo (k)-conjugate to u; for some j # i. Then there exist m € GLo(k)
Td o
|10 d
p;j(z) = d*pi(x). Let d := dy/d> where di,d> € Fa[z] and dy,ds have no nontrivial common
factor in Foz]. Then p;(x)d3 = p;(z)d}. So di divides p;(x), but this is a impossible unless
di = 1 since p;(z) is irreducible. If d; = 1, we have p;(z)d3 = p;(x). Then dy = 1 by the same
argument. This is a contradiction since p;(x) # p;(z). O

and d € k such that mu;m™! u;. Taking determinants on both sides, we obtain
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