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Chapter 0

Preface

In this thesis we study representations of Cayley graphs and transitive graphs

with automata. This study had been inspired by the notion of Cayley au-

tomatic groups introduced by Kharlampovich, Khoussainov and Miasnikov

[1]. The notion of Cayley automatic groups emerged from the area of auto-

matic structures and the area of automatic groups. Automatic groups were

introduced by Thurston as a tool for computations on fundamental groups

of 3�manifolds. Thurston noted that the fundamental groups of many 3�

manifolds can be computed by �nite automata, and that motivated him to

connect group theory, theory of 3�manifolds and formal language theory. The

theory of automatic groups is now one of the cutting edge research topics in

group theory [2]. Khoussainov and Nerode initiated a development of the

theory of automatic structures in the mid of the 90s as a systematic way to

represent algebraic structures with �nite state machines such as �nite au-

tomata. The area of automatic structures had become an essential part of

the theory of computable structures. This theory also provides a theoretic
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framework for extending the theory of �nite models [3].

Both automatic groups and automatic structures use the same computa-

tional model � multitape synchronous automata. Cayley automatic groups

have the following key properties.

• The de�nition does not depend on the choice of generators.

• Synchronous automata are used in the de�nition of Cayley automatic

groups just like in case of automatic groups.

• Cayley automatic groups properly extend the class of automatic groups.

For instance, the Heisenberg groups and the Baumslag�Solitar groups

are Cayley automatic.

• The word problem is decidable in quadratic time.

The last property, in some respects, provides a universal algorithm for solving

word problem in Cayley automatic groups.

In this thesis we study representations with automata of three impor-

tant families of structures. The �rst one is the class of the Baumslag�Solitar

groups. The second one is the family of the wreath products of groups.

Wreath product is an important algebraic construct in group theory. This al-

gebraic construct can naturally be extended to the class of transitive graphs.

One of our goals is to study automata�theoretic properties of this wreath

product operation. For instance, we study if the wreath product of two

groups A and B is Cayley automatic in case both A and B are Cayley auto-

matic. The third one is the family of transitive non�Cayley graphs including

the Diestel�Leader graph.
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In a more general setting, our goal is to give characterizations of Cayley

automatic groups. This is a very challenging problem and, perhaps, does not

have a general satisfactory solution. However, our results show that for some

classes of �nitely generated groups and transitive graphs the problem can be

solved positively. In order to address the characterization problem, we in-

troduce and then study some numerical characteristics of Turing transducers

for which all heads move synchronously �rst forth and then back.

The Baumslag�Solitar groups play an important role in combinatorial

and geometric group theory. The Baumslag�Solitar group BS(m,n) has two

generators a and t with the single relation t−1amt = an. These groups of-

ten provide examples distinguishing di�erent classes of groups. For instance,

this family of groups contains residually �nite groups, non�Hop�an groups,

and Hop�an groups that are not residually �nite. The Baumslag�Solitar

group BS(m,n) is not automatic unless m = 0, n = 0 or |m| = |n|. Khar-

lampovich, Khoussainov and Miasnikov proved that some of the Baumslag�

Solitar groups are Cayley automatic [1]. But, they could not prove that

all Baumslag�Solitar groups are Cayley automatic. Therefore, they posed a

question whether all Baumslag�Solitar groups are Cayley automatic [1]. In

this thesis we construct Cayley automatic representations for all Baumslag�

Solitar groups, and then study these representations in relation with some

metric properties of these groups.

Cayley graphs (obtained from �nitely generated groups) are directed

graphs whose labels are some group generators. If we remove the labels and

the directions of edges of Cayley graphs, then we obtain transitive graphs.

For the time being we call these graphs undirected Cayley graphs. Transi-

3



tive graphs are natural algebraic objects. They are, by de�nition, connected

graphs such that any two vertices of a graph can be mapped to each other

via an automorphism of the graph. The famous random graph is an exam-

ple of transitive graph and so are undirected Cayley graphs. An important

di�erence between the random graph and undirected Cayley graphs is that

the degree of every vertex of the random graph is in�nite, while the degree

of every vertex of an undirected Cayley graph is constant. It is natural to

ask whether any automatic transitive graph can be, in some respect, close

to an automatic undirected Cayley graph. Gromov introduced the notion of

closeness between groups via the notion of quasi�isometry [44]. Informally

(but which is su�cient for the preamble) two graphs are quasi�isometric if

there exists a bilipschitz map between the graphs which has a constant dis-

tortion. In light of this, we ask if every automatic transitive graph can be

quasi�isometric to an automatic undirected Cayley graph. This question was

formulated by Miasnikov and Kharlampovich in personal communication. In

this thesis we show that the family of all automatic transitive graphs is sub-

stantially wider than the class of automatic undirected Cayley graphs. We

show that the class of automatic transitive graphs includes an in�nite fam-

ily of automatic non�Cayley transitive graphs. The limit of this family is

the Diestel�Leader graph which is known to be not quasi�isometric to any

Cayley graph [45]. In this thesis we show that the Deiestel�Leader graph is

automatic.

The construction of wreath products of groups plays a signi�cant role

in combinatorial and geometric group theory. The wreath product A o B

is not �nitely presented and, therefore, not automatic unless B is �nite or
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A is the trivial group. In this thesis we construct Cayley automatic repre-

sentations for the wreath products of the form G o Z and then study these

representations in relation with some metric properties of these groups and

some subgroups of G o Z. We use a deterministic pushdown automaton and

a nested stack automaton to construct representations for Cayley graphs of

the wreath products of the form G o Fn and G o Z2, respectively. Then we

study these representations in relation with some metric properties of these

groups and some of their subgroups. It is still an open question whether the

wreath products G o Fn and G o Z2 are Cayley automatic for any nontrivial

group G. Any solution to this problem will provide a signi�cant advance

in understanding automaticity of graphs, in particular transitive graphs and

Cayley graphs of groups.

Finally, in this thesis we investigate the problem of characterization of

Cayley automatic groups. In order to address this problem we de�ne and

then study three numerical characteristics of a special class of Turing trans-

ducers. We �rst show that automatic representations of Cayley graphs can

be expressed in terms of the Turing transducers for which all heads move syn-

chronously �rst forth and then back. Then we study admissible asymptotic

behaviour for these three numerical characteristics of Turing transducers of

this special class. As we already indicated, this thesis is one attempt (and,

perhaps, the �rst attempt) towards the grand task of characterization of au-

tomatic transitive graphs. We hope that much more work will follow and

shed more light on our understanding of interconnections between automata,

groups, and transitive graphs.
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Chapter 1

General Introduction

This thesis contributes to the �eld of automatic structures [4, 5, 6] and con-

tains new results on representations of Cayley graphs and transitive graphs

by automata. The study of automatic representations of Cayley graphs was

initiated by Kharlampovich, Khoussainov and Miasnikov by introducing the

notion of Cayley automatic groups [1]. Cayley automatic groups are also

referred to as Cayley graph automatic or graph automatic groups in the

literature.

The set of Cayley automatic groups contains all automatic groups in the

sense of Thurston [2]. However, the set of Cayley automatic groups is con-

siderably wider than the set of automatic groups. For example, the set of

Cayley automatic groups contains all �nitely generated nilpotent groups of

nilpotency class at most two. Cayley automatic and Cayley biautomatic

groups retain key algorithmic properties which hold for automatic and biau-

tomatic groups, respectively: the word problem for Cayley automatic groups

is decidable in quadratic time and the conjugacy problem for Cayley biauto-
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matic groups is decidable. The �rst order theory for Cayley graphs of Cayley

automatic groups is decidable.

There have been three longstanding open problems for automatic groups

asking if they are biautomatic, if they have decidable conjugacy problem

and whether or not the isomorphism problem is decidable within the set of

automatic groups. Miasnikov and �Suni�c showed that the answers for such

problems for the set of Cayley automatic groups are negative [7]. Based on

the results from [8, 9, 10], they showed examples of Cayley automatic groups

which are not Cayley biautomatic and have undecidable conjugacy problem,

and they proved that the isomorphism problem is undecidable within the set

of Cayley automatic groups. These results con�rm that Cayley automatic

groups sound as a suitable generalization of automatic groups.

The set of automatic groups has a geometric characterization called the

fellow traveller property [2, Theorem 2.3.5]. In particular, the fellow traveller

property implies that all automatic groups are �nitely presented and their

isoperimetric functions are at most quadratic [2, Theorem 2.3.12]. These

two properties do not hold, in general, for Cayley automatic groups. For

example, the Heisenberg group H3 is Cayley automatic [1, Example 6.6], but

it is not automatic since its isoperimetric function is at least cubic [2, � 8.1].

The lamplighter group Z2 o Z is Cayley automatic [1, Theorem 10.6], but it

is not automatic since it is not �nitely presented [11]. There are many other

examples of Cayley automatic groups which are not automatic. See [1] and

Chapters 3�4 of the present work for more examples.

We emphasize that study of automatic representations of Cayley graphs

is not a trivial issue. Furthermore, there exist automatic representations
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of Cayley graphs which have unexpected and counterintuitive properties.

For example, there exists an automatic representation of the Cayley graph

Γ(Z, S), where S = {1}, for which the set of words representing the set

{z ∈ Z|z > n} is not regular for every n ∈ Z [12, Corollary 4.4]. There

exists a FA�representation of the group Z2 for which every nontrivial cyclic

subgroup is not FA�recognizable [13]. Therefore, we obtain an automatic

representation of the Cayley graph Γ(Z2, S), where S = {(1, 0), (0, 1)}, for

which the set of words representing a nontrivial cyclic subgroup of Z2 is

not regular for every such a subgroup. So, in Chapter 4 we pay particular

attention to some properties of the obtained representations of Cayley graphs.

Given a Cayley graph of a Cayley automatic group with respect to some

�nite set of generators, by removing labels and edges orientation we obtain an

automatic transitive graph. However, not every automatic transitive graph

of �nite degree can be obtained from a Cayley graph by removing labels and

edges orientation. Chapter 5 of the present work shows examples of such

automatic transitive graphs. The reason why we focus only on transitive

graphs of �nite degree is partly explained by the following theorem proved

by Peter Cameron.

Theorem. [14, Theorem 4.1] Let G be a countable group which cannot be

expressed as the union of �nite number of translates of non�principal square

root sets and a �nite set, where a non principal square root is a set
√
a =

{g ∈ G|g2 = a} for a 6= 1 and a translate is a set
√
ah = {gh|g ∈

√
a} for

h ∈ G. Then the set of Cayley graphs for G which are isomorphic to the

Rado graph is residual.

The hypothesis of this theorem is satis�ed for many groups. In particular,
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the hypothesis holds for every group G for which there exists a homomor-

phism from G onto the in�nite cyclic group. Informally speaking, this theo-

rem means that "almost all" Cayley graphs Γ(G,S) for in�nite sets S ⊂ G

with labels and edges orientation removed are isomorphic to the Rado graph.

But, the Rado graph does not admit an automatic representation [15, 16].

Oliver and Thomas proved that a �nitely generated group has an au-

tomatic representation i� it is virtually abelian [17]. This result is based

partly on the celebrated Gromov's theorem for groups of polynomial growth.

But, the problem of �nding characterizations for Cayley automatic groups

is more complicated, and it seems to require new approaches. In Chapter 6

we approach this problem by studying asymptotic behavior of the numeri-

cal characteristics of Turing transducers which are associated to automatic

Cayley graphs.

The outline of the thesis is as follows. In Chapter 2 we give an introduc-

tion to automatic structures and Cayley automatic groups. In Chapter 3 we

study automatic representations of Cayley graphs of the Baumslag�Solitar

groups. In Chapter 4 we study representations of Cayley graphs of wreath

products of groups by �nite automata, pushdown automata and nested stack

automata. In Chapter 5 we study automatic representations of non�Cayley

transitive graphs. In Chapter 6 we introduce and then study the numerical

characteristics of Turing transducers which are associated to automatic Cay-

ley graphs. Chapter 7 concludes the thesis and contains some open questions.

We provide more details for Chapters 2�6 below.

Chapter 2 � Cayley graphs as automatic structures

This chapter contains an introduction to automatic structures and Cay-
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ley automatic groups. Section 2.1 starts by introducing synchronous �nite

automata and automatic structures, see De�nitions 2.1.1, 2.1.2, 2.1.3, 2.1.4

and 2.1.5. Then Section 2.1 continues by recalling some fundamental prop-

erties of automatic structures. Theorems 2.1.1 and 2.1.2 show decidability of

the �rst order theory of an automatic structure. Theorem 2.1.4, generalizing

Theorem 2.1.1, shows decidability of the �rst order theory of an automatic

structures for sentences containing the quanti�ers ∃∞ there exists in�nitely

many and ∃(k,m) there exists k modulo m. Theorem 2.1.3 shows that if a

structure is �rst order interpretable in an automatic structure, then it is au-

tomatic. Theorem 2.1.5 shows that any FA�recognizable relation can be ob-

tained as a �nite union of concatenations of FA�recognizable relations of the

special form. Theorem 2.1.6 gives the characterization of FA�recognizable

relations R ⊂ Σ∗n, |Σ| > 2 in terms of their de�nability in the structure

Wk = (Σ∗, (σa)a∈Σ,�p, e`) for any, equivalently all, k > 2. Theorem 2.1.7

gives the characterization of FA�recognizable relations over the unary alpha-

bet in terms of their de�nability in the structure (N,6, (≡p)p∈N). Theorem

2.1.8 gives the characterization of automatic structures in terms of their in-

terpretability in the structure Wk for any, equivalently all, k > 2. The

Myhill�Nerode type theorem for FA�recognizable relations is stated in The-

orem 2.1.9. Theorem 2.1.10, informally speaking, shows that the study of

automatic structures of �nite signature boils down to the study of automatic

graphs.

Section 2.2 starts by introducing Cayley automatic groups and Cayley

biautomatic groups, see De�nitions 2.2.1 and 2.2.2. Then Section 2.2 con-

tinues by recalling some algorithmic properties for Cayley automatic groups
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and Cayley biautomatic groups. Theorem 2.2.1 shows that the word prob-

lem in a Cayley automatic group is decidable in quadratic time. Theorem

2.2.2 shows that the conjugacy problem in a Cayley biautomatic group is

decidable. After that Section 2.2 continues by showing that Cayley auto-

matic groups and Cayley biautomatic groups are closed with respect to some

algebraic operations. Theorem 2.2.3 shows that Cayley automatic groups

and Cayley biautomatic groups are closed under direct product. Theorem

2.2.4 shows that if a group have a subgroup of �nite index which is Cayley

automatic, then the group is Cayley automatic. Theorem 2.2.5 shows that

under certain conditions a semidirect product of Cayley automatic groups

is a Cayley automatic group. In Theorem 2.2.6 we recall the auxiliary fact

� the normal form theorem for amalgamated free products. Theorem 2.2.7

shows that the free product of two Cayley automatic groups is a Cayley au-

tomatic group. Theorems 2.2.8 and 2.2.9 show that under certain conditions

an amalgamated free product of two Cayley automatic groups is a Cayley

automatic group.

Chapter 3 � The Baumslag�Solitar groups

In this chapter we study Cayley automatic representations for the

Baumslag�Solitar groups BS(m,n) = 〈a, t | t−1amt = an〉. The Baumslag�

Solitar groups play an essential role in group theory as examples and test�

cases for theories and techniques. Representing the group BS(1, n), n ∈ N

as the certain set of linear function acting on the real line, it was shown

that BS(1, n), n ∈ N is Cayley automatic [1, Theorem 13.1]. It had been an

open question whether or not all Baumslag�Solitar groups are Cayley auto-

matic. In this chapter we show that all Baumslag�Solitar groups are Cayley
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automatic.

Section 3.1 starts by recalling the de�nitions of Baumslag�Solitar groups

and HNN extensions, see De�nitions 3.1.1 and 3.1.2. Then Section 3.1 contin-

ues by recalling the normal form theorems for HNN extensions, see Theorems

3.1.1 and 3.1.2. In the end of Section 3.1 we recall that all Baumslag�Solitar

groups can be obtained as HNN extensions.

In Section 3.2 we show that all Baumslag�Solitar groups are Cayley au-

tomatic and discuss some properties of the constructed Cayley automatic

representations. For given positive integers m and n, in Theorem 3.2.1 we

construct a Cayley automatic representation of the Baumslag�Solitar group

BS(m,n). The construction uses the normal form theorem for HNN exten-

sions (see Theorem 3.1.2).

Letm and n be positive integers. In Proposition 3.2.1 we show that for the

Cayley automatic representation ψ : L→ BS(m,n) constructed in Theorem

3.2.1 the inequalities λ|g|+ξ 6 |w| 6 µ|g|+δ hold for all g ∈ BS(m,n), where

|g| is the length of g in the group BS(m,n) with respect to the generators a

and t and |w| is the length of the word w = ψ−1(g), and λ > 0, µ > 0, ξ and

δ are some constants. Proposition 3.2.1 follows from the metric estimates for

the Baumslag�Solitar groups obtained by Elder and Burillo [18].

The main results of Chapter 3 are published in [19].

Chapter 4 � Wreath products of groups

In this chapter we study representations of Cayley graphs of wreath prod-

ucts of groups with respect to �nite automata, pushdown automata and

nested stack automata. Wreath products of groups appear in many situa-

tions in group theory and provide a way of constructing many interesting
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examples. For wreath products of groups there is an abundance of results

on quantitative characteristics such as growth rate, isoperimetric pro�les and

drift of simple random walks. This makes studying wreath products of groups

relevant to seeking connections between characteristics of groups and the

computational power of automata which is su�cient for representing their

Cayley graphs.

In Section 4.1 we give a short introduction to the notion of wreath prod-

ucts of groups. In Section 4.2 we study Cayley automatic representations of

the lamplighter group Z2 o Z and their properties. In Theorem 4.2.1 we show

that the lamplighter group Z2 o Z is a Cayley biautomatic group by con-

structing a certain Cayley biautomatic representation for Z2 o Z. In Lemma

4.2.1 we show the formula for the length of the word w representing an el-

ement g ∈ Z2 o Z with respect to the Cayley biautomatic representation of

Z2 o Z constructed in Theorem 4.2.1. In Lemma 4.2.2 we show the formula

for the length of an element g ∈ Z2 o Z in the Cayley graph of Z2 o Z. Using

Lemmas 4.2.1 and 4.2.2, in Proposition 4.2.1 we show that the inequalities

1
3
|g|+ 2

3
6 |w| 6 |g|+ 1 are satis�ed for all g ∈ Z2 o Z.

In Proposition 4.2.2 we show that the sets of representatives of the ele-

ments of the normal subgroup Z(Z)
2 E Z2 o Z and the subgroup Z 6 Z2 o Z

with respect to the Cayley biautomatic representation constructed in The-

orem 4.2.1 are recognized by �nite automata. Proposition 4.2.3 shows that

there are Cayley automatic representations of Z2 o Z for which the set of

representatives of the elements of the normal subgroup Z(Z)
2 E Z2 o Z is not

recognizable by a �nite automaton. Similarly, Proposition 4.2.4 shows that

there are Cayley automatic representations of Z2 o Z for which it is not rec-
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ognizable by a �nite automaton whether the lamp at a certain position is

lit.

In Section 4.3 we study Cayley automatic representations of the wreath

products of groups G o Z and their properties. In Theorem 4.3.1 we show that

G o Z is Cayley automatic for a Cayley automatic group G by constructing

a certain Cayley automatic representation for G o Z. In Theorem 4.3.2 we

show that G o Z is Cayley biautomatic for a Cayley biautomatic group G,

using the Cayley automatic representation constructed in Theorem 4.3.1. In

Lemma 4.3.1 we show a lower bound for the length of the word w representing

an element g ∈ G o Z with respect to the Cayley automatic representation

constructed in Theorem 4.3.1. In Lemma 4.3.2 we show the formula for the

length of an element g ∈ G o Z in the Cayley graph of G o Z. Using Lemmas

4.3.1 and 4.3.2, in Proposition 4.3.1 we show that under certain conditions

the inequalities of the form λ|g| + ξ 6 |w| 6 µ|g| + δ are satis�ed for all

g ∈ G o Z, where λ > 0, µ > 0, ξ and δ are some constants.

In Section 4.4 we study representations of some Cayley graphs of the

groups Z2 o Fn with deterministic pushdown automata and their properties.

Section 4.4 starts by recalling some necessary de�nitions. In De�nition 4.4.1

we recall the notion of pushdown automata. In Proposition 4.4.1 we recall

brie�y some basic properties of context�free languages. In De�nition 4.4.2

we recall the notion of deterministic pushdown automata, and then in De�-

nition 4.4.3 we de�ne the class P1 as the class of all languages recognized by

deterministic pushdown automata. In De�nitions 4.4.4 and 4.4.5 we recall

the notion of parallel poly�pushdown and poly�context�free languages, and

then de�ne the classes P and Pc as the classes of all parallel poly�pushdown
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and poly�contex�free languages, respectively. Thus, we obtain a hierarchy of

classes of languages: P1 ⊂ P ⊂ Pc. In Proposition 4.4.2 we recall some ba-

sic properties which hold for parallel poly�pushdown and poly�context�free

languages. In De�nition 4.4.6 we de�ne C�Cayley automatic groups, where

C is some class of languages. The notion of C�Cayley automatic groups was

introduced by Elder and Taback as a generalization of the notion of Cay-

ley automatic groups. In Proposition 4.4.3 we show that the de�nition of

Pc�Cayley automatic groups does not depend on the choice of generators.

Section 4.4 continues by showing that the groups Z2 o Fn are P1�Cayley

automatic and studying some properties of the constructed P1�Cayley au-

tomatic representations of these groups. In Theorem 4.4.1 we construct a

P1�Cayley automatic representation of the group Z2 o F2. In Proposition

4.4.4 we show that for the P1�Cayley automatic representation constructed

in Theorem 4.4.1 the inequalities 1
3
|g| + 2

3
6 |w| 6 3|g| + 1 are satis�ed for

all g ∈ Z2 o F2, where |g| is the length of g in the Cayley graph of Z2 o F2

and |w| is the length of the word w representing g. In Propositions 4.4.5 we

show that for the P1�Cayley automatic representation constructed in The-

orem 4.4.1 the sets of representatives of the subgroups Z(F2)
2 E Z2 o F2 and

F2 6 Z2 oF2 are recognized by deterministic pushdown automata. In Propo-

sition 4.4.6 we show that the sets of representatives of the two�generated

subgroups H1 6 Z2 o F2 and H2 6 Z2 o F2 are regular languages, but the

set of representatives of the two�generated subgroup H3 is recognized by a

deterministic pushdown automaton. In Theorem 4.4.2 we show how to con-

struct P1�Cayley automatic representations for the groups Z2 oFn, n > 3. In

Proposition 4.4.7 we show that for the P1�Cayley automatic representation
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constructed in Theorem 4.4.2 the inequalities 1
3
|g|+ 2

3
6 |w| 6 (2n−1)|g|+1

are satis�ed for all g ∈ Z2 o Fn, where |g| is the length of g in the Cayley

graph of Z2 o Fn and |w| is the length of the word w representing g.

In Section 4.5 we study P1� and context�free�Cayley automatic repre-

sentations of groups G oFn. In Theorem 4.5.1 we show that a group G oFn is

P1�Cayley automatic if G is Cayley automatic. In Theorem 4.5.2 we show

that, under certain conditions, a group G o Fn is context�free�Cayley auto-

matic if G is context�free�Cayley automatic. In Proposition 4.5.1 we show

that, under certain conditions, for the context�free�Cayley automatic repre-

sentation of G oFn constructed in Theorem 4.5.2 the inequalities of the form

λ|g| + ξ 6 |w| 6 µ|g| + δ are satis�ed for all g ∈ G o Fn, where |g| is the

length of g with respect certain generators of G o Fn, |w| is the length of the

word representing g, λ > 0, µ > 0, ξ and δ are some constants.

We conclude Section 4.5 by giving two de�nitions. In De�nition 4.5.1

we introduce the notion of geodesic representations of groups. In particular,

the P1�Cayley automatic representations of the groups Z2 oFn constructed in

Theorems 4.4.1 and 4.4.2 are geodesic. In De�nition 4.5.2 we recall the notion

of quasi�geodesic representations of groups introduced by Elder and Taback.

In particular, all Cayley automatic representations are quasi�geodesic. If a

representation ψ : L→ G is geodesic, then it is quasi�geodesic.

In Section 4.6 we study representations of a Cayley graph of the group

Z2 o Z2 with nested stack automata. Section 4.6 starts by recalling the de�ni-

tions related to the notion of nested stack automata and indexed languages,

see De�nitions 4.6.1�4.6.5. In Theorem 4.6.1 we construct an indexed�Cayley

automatic representation ψ : L→ Z2 oZ2 of the group Z2 oZ2 for which L is a
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regular language. The indexed�Cayley automatic representation of the group

Z2 o Z2 constructed in Theorem 4.6.1 is not quasi�geodesic, and therefore, it

is not geodesic.

The main results of Chapter 4 are published in [20].

Chapter 5 � Non�Cayley automatic transitive graphs

In this chapter we obtain examples of automatic non�Cayley transi-

tive graphs. Furthermore, we construct an automatic representation of the

Diestel�Leader graph which is known not to be quasi�isometric to any Cayley

graph. Two graphs are quasi�isometric as metric spaces if there is a mapping

between them which is coarsely Lipschitz and coarsely surjective. Informally

speaking, quasi�isometry provides an equivalence relation on graphs that ig-

nores their local details. The examples obtained in this chapter show that

the class of automatic transitive graphs is essentially wider than the class of

all automatic undirected Cayley graphs.

In Section 5.1 we show that the non�Cayley transitive graphs Hn,m con-

structed by Thomassen and Watkins are automatic. We start Section 5.1

by constructing the graph H2,3. In Proposition 5.1.1 we show that H2,3 is a

non�Cayley transitive graph. In De�nition 5.1.1 we de�ne the notion of line

graph, and then in Lemma 5.1.1 we show that for an automatic digraph its

line graph is automatic. Using Lemma 5.1.1, in Proposition 5.1.2 we show

that the graph H2,3 is automatic. In Proposition 5.1.3 we show that the

graph Hn,m is an automatic non�Cayley transitive graph for every pair of

integers n and m such that n > 2, m > 3 and n 6= m.

In Section 5.2 we show that the Diestel�Leader graph is automatic. The

Diestel�Leader graph is obtained as the limit of a sequence of transitive
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graphs each of which is quasi�isometric to the 5�regular tree T5. In Propo-

sition 5.2.1 we show an auxiliary fact which implies that every transitive

graph in this sequence is automatic. Then we give a description of the

Diestel�Leader graph which is used then in Theorem 5.2.1 to show that it is

automatic.

The main results of Chapter 5 are published in [19].

Chapter 6 � On characterizations of Cayley automatic groups

In this chapter we address the problem of �nding characterizations of

Cayley automatic groups by studying asymptotic behavior of the numerical

characteristics of Turing transducers associated to automatic Cayley graphs.

In Section 6.1 we de�ne the special class of multi�tape Turing transducers

T for which the heads move synchronously, �rst forth and then back. In

Lemma 6.1.1 we show that Turing transducers of the class T can be presented

in terms of multi�tape synchronous �nite automata. Then we explain how

to construct the labeled directed graph ΓT for a given Turing transducer

T ∈ T . Let Γ be a labeled directed graph which has a constant number of

outgoing edges labeled by di�erent labels in every vertex; for example, it can

be a Cayley graph of a �nitely generated group. Lemma 6.1.2 shows that if

Γ is automatic there exists a Turing transducer T ∈ T for which ΓT ∼= Γ.

Lemmas 6.1.1 and 6.1.2 imply Theorem 6.1.1 showing that Γ is automatic

i� there exists T ∈ T for which ΓT ∼= Γ. We say that Γ is presented by T if

ΓT ∼= Γ.

In Section 6.2 we introduce the numerical characteristics for Turing trans-

ducers of the class T � growth functions, Følner functions and average length

growth functions. These three numerical characteristics are the analogs of
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growth functions, Følner functions and drifts of simple random walks for

Cayley graphs of groups.

In Section 6.3 we consider asymptotic behavior of the growth function

bn, n = 0, . . . ,∞ and the Følner function fn, n = 1, . . . ,∞ for Turing trans-

ducers of the class T . In Claim 6.3.1 we show that if a Cayley graph is

presented by T ∈ T , then the growth function of T coincides with that of

the Cayley graph. Using Claim 6.3.1, in Examples 6.3.1 we show that the

growth series
∑
bnz

n for Turing transducers of the class T may not be ra-

tional. Then in Example 6.3.2 we show that the growth function for Turing

transducers of the class T may have intermediate growth. Then we discuss

asymptotic behavior of Følner functions for Turing transducers of the class

T . In Claim 6.3.2 we show that if a Cayley graph is presented by T ∈ T ,

then the Følner function of T coincides with that of the Cayley graph. Using

Claim 6.3.2, in Theorem 6.3.1 we show that for every integer i > 1 there

exists a Turing transducer of the class T for which fn ∼ n(ni).

In Section 6.4 we study asymptotic behavior of the average length growth

function `n, n = 1, . . . ,∞ for Turing transducers of the class T . We �rst

recall some necessary de�nitions related to the notion of random walks on

graphs. In Claim 6.4.1 we show that if a Cayley graph Γ(G,S) is presented

by T ∈ T , then `n = Eµ∗n [|w|] for every n = 1, . . . ,∞, where, for any g ∈ G,

|w| is the length of the word w representing g with respect to T and µ∗n(g) is

the probability, de�ned on the ball of radius n of the graph Γ(G,S), that a n�

step simple symmetric random walk on Γ(G,S), which starts at the identity

e ∈ G, ends up at g.

It is easy to construct Turing transducers of the class T for which `n �
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√
n and the growth function bn is polynomial. We describe such Turing

transducers in Example 6.4.1. A more complicated technique is required to

construct a Turing transducer of the class T for which `n �
√
n and the

growth function bn is exponential. We construct such a Turing transducer

in Lemma 6.4.1. It is easy to construct Turing transducers of the class T

for which `n � n and the growth function bn is exponential. We describe

such Turing transducers in Example 6.4.2. Is there a Turing transducer of

the class T for which `n grows between
√
n and n? We answer this question

positively in Theorem 6.4.1 by showing that for every α < 1 there exists a

Turing transducer T ∈ T for which `n � nβ for some β such that α < β < 1

and the growth function bn is exponential.

The results of Chapter 6 are published in [21].
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Chapter 2

Cayley graphs as automatic

structures

In this chapter we give an introduction to automatic structures and Cayley

automatic groups.

2.1 Finite automata and automatic structures

Recall brie�y the de�nitions of �nite automata and regular languages. For

an introduction to �nite automata and regular languages see, e.g., [22].

A nondeterministic �nite automaton M over an alphabet Σ is a tuple

(Q, δ, q0, F ), where Q is a �nite set of states, q0 ∈ Q is an initial state,

δ ⊂ Q × Σ × Q is a transition table, F ⊂ Q is a subset of �nal states. Let

w ∈ Σ∗ be a word w = σ1σ2 . . . σn, σi ∈ Σ for i = 1, . . . , n. We say that the

automatonM accepts the word w if there is a sequence of states q0, q1, . . . , qn,

qi ∈ Q for i = 1, . . . , n such that (qi−1, σi, qi) ∈ δ for i = 1, . . . , n, and qn ∈ F .
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The language recognized by M is the set of all words accepted by M. A

language L ⊂ Σ∗ is called regular if it is recognized by a �nite automaton

over Σ.

An automatonM = (Q, δ, q0, F ) over an alphabet Σ is called determin-

istic if for every q ∈ Q and σ ∈ Σ there exists at most one q′ such that

(q, σ, q′) ∈ δ. Deterministic �nite automata are equivalent to nondetermin-

istic ones in the sense of computing power, i.e., deterministic and nondeter-

ministic �nite automata recognize the same class of regular languages.

A �nite automaton can be thought as a one�way read�only Turing ma-

chine. Recall that a two�way �nite automaton is a read�only Turing machine

which uses a constant amount of space on their work tape. Since a constant

amount of space can be converted into a �nite number of states of a Turing

machine, then a two�way �nite automaton can be equivalently de�ned as a

read�only one�tape Turing machine.

A two�way �nite automaton is called deterministic if no more than one

instruction is allowed for every con�guration of the automaton. It appears

that the classes of two�way �nite automata, two�way deterministic �nite au-

tomata and �nite automata are equivalent in the sense of computing power

[23, Theorem VIII.1.5], i.e., all these classes recognize the same class of reg-

ular languages.

A read�only synchronous n�tape Turing machine is a read�only n�tape

Turing machine for which all n heads move synchronously either to the left

or to the right. We suppose that an input for a n�tape Turing machine is

given as a n�tuple of strings written on n tapes. If n > 1, then the class

of read�only synchronous n�tape Turing machines is clearly weaker than the
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class of read�only n�tape Turing machines in the sense of computing power.

A read�only one�way synchronous n�tape Turing machine is a read�only

synchronous n�tape Turing machine for which the heads are allowed to move

only to the right. By [23, Theorem VIII.1.5] we have that the class of read�

only synchronous n�tape Turing machines is equivalent to the class of read�

only one�way synchronous n�tape Turing machines in the sense of computing

power.

For a given �nite alphabet Σ, we denote by Σ� the alphabet Σ� = Σ∪{�},

where � /∈ Σ. À �nite automaton over the alphabet Σn
� \ {(�, . . . , �)} is

called a synchronous n�tape automaton. Due to [24] a synchronous n�tape

automaton is interpreted as a read�only one�way synchronous n�tape Turing

machine. The following de�nition is originated from [25, 26].

De�nition 2.1.1. Let (w1, . . . , wn) ∈ Σ∗n be a n�tuple of strings. The con-

volution of this tuple ⊗(w1, . . . , wn) is the string of length max{|wi|, i =

1, . . . , n} over the alphabet Σn
� \ {(�, . . . , �)} such that the kth symbol is

(σ1, . . . , σn), where σi is the kth symbol of wi if k 6 |wi| and � if k > |wi|.

The convolution ⊗R of a n�ary relation R ⊂ Σ∗n is de�ned as the set of

convolutions of all n�tuples from R.

We also denote a convolution ⊗(w1, . . . , wn) as w1⊗ · · · ⊗wn. The set of

�nite automata recognizable (FA�recognizable) relations is de�ned as follows.

De�nition 2.1.2. We say that a n�ary relation R ⊂ Σ∗n is FA�recognizable

if the convolution ⊗R is recognizable by a synchronous n�tape automaton.

Recall some basic de�nitions related to automatic structures. We refer

the reader to [27, Chapters B and C] for more details.
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A structure A = (A;Rn1
1 , . . . , R

nk
k , f

`1
1 , . . . , f

`m
m ) is de�ned by a domain A,

atomic relations Rn1
1 , . . . , R

nk
k and functions f `11 , . . . , f

`m
m on A, where each

Rni
i , i = 1, . . . , k is a ni�ary relation and f

`j
j , j = 1, . . . ,m is a `j�ary function.

We write an upper index in RA
i to emphasize that it is a relation on A. A

structure A can be uniquely associated with the relational structure AR
by replacing each function f

`j
j , j = 1, . . . ,m with its graph Graph(f

`j
j ) :=

{(x1, . . . , x`j , y) | f `jj (x1, . . . , x`j) = y}.

De�nition 2.1.3. We say that a relational structure A = (A;Rn1
1 , . . . , R

nk
k )

is automatic over a �nite alphabet Σ if the domain A ⊂ Σ∗ and the atomic

relations Rni
i ⊂ Σ∗ni , i = 1, . . . , k are FA�recognizable.

An A�formula Φ(x1, . . . , xk) is a formula for which all non�logical sym-

bols belong to the signature A. A relation R of arity n is �rst order de�n-

able in a structure A if there exists a A�formula Φ(x1, . . . , xn, y1, . . . , ym)

and m elements c1, . . . , cm ∈ A such that (x1, . . . , xn) ∈ R i� A �

Φ(x1, . . . , xn, c1, . . . , cm). The formula Φ(x1, . . . , xn, y1, . . . , ym) is called a

�rst order de�nition in A of the relation R. The following theorem is due to

[4, 28].

Theorem 2.1.1. If A is an automatic structure over Σ then there is

the algorithm that for a relation R de�ned by a �rst order formula

Φ(x1, . . . , xn, y1, . . . , ym) in A with parameters c1, . . . , cm constructs a n�tape

synchronous automaton recognizing ⊗R.

De�nition 2.1.4. We say that two relational structures A = (A;RA
1 , . . . , R

A
k )

and B = (B;RB
1 , . . . , R

B
k ) of the same signature are isomorphic if there exists
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a bijection ϕ : A→ B such that for every i = 1, . . . , k, (x1, . . . , xn) ∈ RA
i i�

(ϕ(x1), . . . , ϕ(xn)) ∈ RB
i , where n is the arity of Ri.

The isomorphism type of a structureA is the equivalence class of all struc-

tures that are isomorphic toA. If one admits that ϕ : A→ B is an embedding

such that for every atomic relation R of some arity n: (x1, . . . , xn) ∈ RA i�

(ϕ(x1), . . . , ϕ(xn)) ∈ RB then A is called a substructure of B.

De�nition 2.1.5. We say that a structure A =

(A;Rn1
1 , . . . , R

nk
k , f

`1
1 , . . . , f

`m
m ) is automatic (or FA�presentable) if the

relational structure AR = (A;Rn1
1 , . . . , R

nk
k , Graph(f `11 ), . . . , Graph(f `mm )) is

isomorphic to a structure B which is automatic over some �nite alphabet Σ.

The �rst order theory of a structure A is the set of all �rst order sentences

that are true in A. A �rst order theory is called decidable if there is an

algorithm that decides whether or not a given �rst order sentence belongs to

the theory. As a corollary of Theorem 2.1.1 we obtain the following theorem.

Theorem 2.1.2. The �rst order theory of an automatic structure A is de-

cidable.

We say that an equivalence relation ξ ⊂ A × A on a structure A =

(A,RA
1 , . . . , R

A
n ) is a congruence relation if for every atomic relation RA of

some arity m the following holds: if (xi, yi) ∈ ξ for all i = 1, . . . ,m, then

(x1, . . . , xm) ∈ RA i� (y1, . . . , ym) ∈ RA. A congruence relation ξ on a

structure A de�nes the quotient structure A/ξ of the same signature.

Let ∆(x1, . . . , xk) and Φi(y
1
1, . . . , y

1
k, . . . , y

ri
1 , . . . , y

ri
k ), i = 1, . . . , n be

A�formulas that de�ne the structure (B,RB
r1
, . . . , RB

rn), where B =
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{(x1, . . . , xk)|xi ∈ A,A � ∆(x1, . . . , xk)} and RB
ri

are de�ned by Φi for

i = 1, . . . , n, respectively. If then there is a congruence relation ξ on the

structure (B,RB
r1
, . . . , RB

rn) de�ned by a A�formula Ψ(x1, . . . , xk, y1, . . . , yk),

then we say that the structure (B,RB
r1
, . . . , RB

rn)/ξ is �rst order de�nable in

A. We say that a structure C is �rst order interpretable in A if it is iso-

morphic to a structure which is �rst order de�nable in A. As a corollary of

Theorem 2.1.1 we obtain the following theorem (cf. [4, 29]).

Theorem 2.1.3. If a structure A is automatic and B is a �rst order inter-

pretable structure in A, then B is automatic.

As a corollary of Theorem 2.1.3 we obtain the following proposition.

Proposition 2.1.1. Let A be an automatic structure. Then a substructure

of A with a �rst order de�nable domain is automatic. The structure A/ξ

de�ned by a �rst order de�nable congruence ξ relation is automatic.

By Theorem 2.1.3 we obtain the following proposition (cf. [4, 29]).

Proposition 2.1.2. Let A = (A,R1, . . . , Rn) be a structure. Let rj be the

arity of Rj for j = 1, . . . , n. Suppose that there exist a regular language

L ⊂ Σ∗, a surjective map ν : L→ A and FA�recognizable relations Lξ ⊂ L2,

Lj ⊂ Lrj , j = 1, . . . , n such that the following properties hold:

• (x1, x2) ∈ Lξ i� ν(x1) = ν(x2);

• (x1, . . . , xrj) ∈ Lj i� (ν(x1), . . . , ν(xrj)) ∈ Rj for j = 1, . . . , n.

Then the structure A is automatic.

26



On the other hand, if a structure A = (A,R1, . . . , Rn) is automatic

then the condition of Proposition 2.1.2 is true. Therefore, this condition

gives an equivalent de�nition of automatic structures (cf. [4]). The map

ν : L→ A and the regular languages L,L1, . . . , Ln together with a collection

of automata recognizing them constitute an automatic representation of the

structure A.

We use ∃∞ and ∃(k,m) to denote the existential quanti�ers interpreted as

there exist in�nitely many and there exist k modulo m many, respectively. Let

us give two simple examples of using the quanti�ers ∃∞ and ∃(k,m). Consider

the structure (N, <). The �rst order de�nition ∃(0,2)y(y < x) describes the

unary relation R(x) ⊂ N which contains all even natural numbers. Consider

a graph Γ(V,E). The �rst order de�nition ∃∞y(E(x, y)) describes the unary

relation R(x) ⊂ V that contains all vertices of Γ(V,E) for which the number

of adjacent vertices is in�nite.

Theorem 2.1.1 can be generalized as follows (cf. [12, 29]).

Theorem 2.1.4. Let A be an automatic structure over Σ. For a relation R

given by a �rst order de�nition Φ(x1, . . . , xn, y1, . . . , ym) in A with parameters

c1, . . . , cm and, probably, containing the quanti�ers ∃∞ and ∃(k,m) there exists

the algorithm which constructs a n�tape synchronous automaton recognizing

⊗R.

Recall some characterization theorems for FA�recognizable relations and

automatic structures. For a given non�empty set A ⊂ {1, . . . , n} we denote

by ΣA the subset ΣA = {(τ1, . . . , τn)|τi 6= � iff i ∈ A} ⊂ Σn
� . There is the

following decomposition theorem [24].
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Theorem 2.1.5. A relation R ⊂ Σ∗n is FA�recognizable i� R is a �nite

union of products of the form: R0 . . . Rk, where each Ri ⊂ Σ∗nAi for i = 0, . . . , k

is FA�recognizable and Ak ⊂ · · · ⊂ A0 ⊂ {1, . . . , n}.

For Σ = {0, . . . , k−1} letWk be the structureWk = (Σ∗, (σa)a∈Σ,�p, e`),

where σa(u) = ua, u �p v if u is a pre�x of v, e`(u, v) if u and v have the

same length. The structure Wk is automatic. The theorem below provides

the characterization of FA�recognizable n�ary relations R ⊂ Σ∗n, |Σ| > 2 in

terms of their de�nability in Wk (cf. [25, 26]).

Theorem 2.1.6. For k�ary alphabet Σ with k > 2 a relation R ⊂ Σ∗n is

FA�recognizable i� it is �rst order de�nable in the structure Wk.

Let Σ be a unary alphabet, |Σ| = 1. Let us identify Σ∗ and N in a natural

way. We denote by ≡p the congruence relation modulo p on N. The theorem

below provides the characterization of FA�recognizable n�ary relations R ⊂

Σ∗n in terms of their de�nability in the structure (N,6, (≡p)p∈N) (cf. [29, 30]).

Theorem 2.1.7. A relation R ⊂ Σ∗n, |Σ| = 1, is FA�recognizable i� it is

�rst order de�nable in the structure (N,6, (≡p)p∈N).

The theorem below provides the characterization for automatic structures

in terms of their interpretability in Wk (cf. [31]).

Theorem 2.1.8. A structure A is automatic i� it is �rst order interpretable

in Wk for some, equivalently all, k > 2.

Recall the Myhill�Nerode type theorem for the characterization of FA�

recognizable n�ary relations in Σ∗n (cf. [4]). For a given element w ∈ Σ∗n,

the convolution ⊗w can be represented as the concatenation r0 . . . rk, where
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ri ∈ Σ∗nAi , i = 0, . . . , k such that Ak ⊂ · · · ⊂ A0 ⊂ {1, . . . , n}. We de�ne

the sort of w as the set Ak. Given L ⊂ Σ∗n, de�ne ηL ⊂ Σ∗n × Σ∗n as the

equivalence relation on Σ∗n satisfying the following properties:

• if (u, v) ∈ ηL then u and v are of the same sort, say B;

• for every w ∈ Σ∗n corresponding to some sequence Ak ⊂ · · · ⊂ A0 such

that A0 ⊂ B, u · w ∈ L i� v · w ∈ L.

The Myhill�Nerode type theorem for FA�recognizable relations is as follows.

Theorem 2.1.9. A relation R ⊂ Σ∗n is FA�recognizable i� the number of

equivalence classes of ηR is �nite.

If n = 1, then Theorem 2.1.9 has the form of the classical Myhill�Nerode

theorem for regular languages.

For a given structure A of �nite signature there is a way to construct

the graph G(A) such that G(A) is interpretable in A and A is interpretable

in G(A) [27, 32]. This, informally speaking, shows that to study automatic

structures of �nite signature it is enough to study automatic graphs. We

have the following theorem.

Theorem 2.1.10. For every structure A of �nite signature there is a graph

G(A) such that A is automatic i� G(A) is automatic.

2.2 Cayley automatic groups

Let G be a group generated by a �nite set S = {s1, . . . , sn}. Recall that the

Cayley graph Γ(G,S) is the labeled directed graph with the set of vertices
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identi�ed with G and two vertices u, v ∈ G are connected by the edge (u, v)

labeled by s ∈ S if us = v. The Cayley graph Γ(G,S) can be viewed as the

structure:

AG,S = (G;Es1 , . . . , Esn), (2.1)

where Esi = {(u, v)|u, v ∈ G, usi = v}, i = 1, . . . , n. The following de�nition

�rst appeared in [1].

De�nition 2.2.1. We say that G is a Cayley automatic group if the structure

AG,S given by (2.1) is automatic.

It follows from Theorem 2.1.1 that if AG,S is an automatic structure for

some �nite set of generators S ⊂ G, then AG,S′ is an automatic structure for

every �nite set of generators S ′ ⊂ G. Therefore, De�nition 2.2.1 does not

depend on the choice of generators.

Let BG,S be the following structure:

BG,S = (G;Es1 , . . . , Esn , E
′
s1
, . . . , E ′sn), (2.2)

where E ′si = {(u, v)|u, v ∈ G, siu = v}, i = 1, . . . , n. Cayley biautomatic

groups were introduced in [1] as follows.

De�nition 2.2.2. We say that G is a Cayley biautomatic group if the struc-

ture BG,S given by (2.2) is automatic.

Similarly, De�nition 2.2.2 does not depend on the choice of generators.

Let G be a Cayley automatic group and Γ(G,S) be the Cayley graph with

respect to some �nite set of generators S = {s1, . . . , sn} ⊂ G. By De�nition

2.2.1, there exists an automatic representation for the Cayley graph Γ(G,S):
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a regular language L ⊂ Σ∗, binary relations Ls1 , . . . , Lsn ⊂ L2 recognizable

by two�tape synchronous �nite automataMs1 , . . . ,Msn , respectively, and a

bijection ψ : L → G such that (w1, w2) ∈ Lsi i� ψ(w1)si = ψ(w2). In the

theorem below we address the word problem for Cayley automatic groups

(see also [1, Theorem 8.1]).

Theorem 2.2.1. The word problem in the group G is decidable in quadratic

time.

Proof: Let us be given w1 ∈ L and s ∈ S. We �rst describe the algorithm

for constructing the word w2 ∈ L such that ψ(w1)s = ψ(w2) (see also [2,

Theorem 2.3.10]). Let Ω be a subset of states of the automaton Ms and

σ ∈ Σ. Put TΩ,σ to be the set of arrows in the diagram ofMs labeled by the

symbols (σ, η), η ∈ Σ� which start in the states of Ω. We denote by QΩ,σ the

subset of states ofMs which are ends of the arrows from TΩ,σ. Let q0 be the

initial state ofMs. Put Ω0 = {q0}.

Let w1 = σ1 . . . σk, σi ∈ Σ for i = 1, . . . , k. Let us describe the Turing

machine Ts such that if w1 is fed as an input then Ts returns w2 as an output.

The Turing machine Ts works as follows.

• Ts reads the �rst symbol σ1 of w1, writes a symbol encoding the set

TΩ0,σ1 and moves the head right to the next cell. Put Ω1 = QΩ0,σ1 .

• Ts reads the second symbol σ2 of w1, writes a symbol encoding the set

TΩ1,σ2 and moves the head right to the next cell. Put Ω2 = QΩ1,σ2 .

• Ts proceeds as above until it reads σk and writes a symbol encoding

the set TΩk−1,σk . Then there are two possibilities: either the set Ωk =
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QΩk−1,σk contains an accepting state of the automaton Ms or it does

not contain one. If it does not contain an accepting state ofMs, then

there is exactly one path in Ms from one of the states of Ωk to an

accepting state labeled by the symbols from the set {(�, η)|η ∈ Σ}. A

length of such a path is less than or equal to the number of states in

Ms. Let this path be labeled by a sequence (�, η1), . . . , (�, ηm). The

machine Ts then writes the word η1 . . . ηm and moves the head back to

the kth cell. If Ωk contains an accepting state ofMs, then the machine

Ts does nothing at this step.

• Working backwards, the machine Ts reconstructs the rest of the word

w2.

Summarizing the description above we see that the Turing machine Ts moves

the head to the right until the end of an input, makes a �nite number of

moves bounded from above by the number of states of Ms, and moves the

head back to the �rst cell. This algorithm takes O(|w1|) time to get the

output w2, where |w1| = k is the length of the input w1.

Let g = sj1i1 . . . s
jm
im

be a representation of g ∈ G in terms of the generators

s1, . . . , sn, where i` = 1, . . . , n and j` ∈ {+1,−1} for ` = 1, . . . ,m. By the

pumping lemma we know that if ψ(w2) = ψ(w1)s for s ∈ S then ||w2|−|w1|| 6

Cs, where Cs is the number of states in Ms. We denote by e the identity

of the group G. Put C = max{Cs|s ∈ S} and D = |ψ−1(e)|, where |ψ−1(e)|

is the length of the word ψ−1(e). For every k = 1, . . . ,m we have that

|ψ−1(sj1i1 . . . s
jk
ik

)| 6 Ck +D.

For a given word sj1i1 . . . s
jm
im

in the groupG, the algorithm deciding whether

or not sj1i1 . . . s
jm
im

= e in the group G is as follows. We start with the word
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ψ−1(e) as an input and get the output ψ−1(sj1i1 ) by the algorithm above. Then

we take ψ−1(sj1i1 ) as an input and get the output ψ−1(sj1i1s
j2
i2

) by the algorithm

above. Repeating this procedure we get the word ψ−1(g) = ψ−1(sj1i1 . . . s
jm
im

).

Thus, it takes O(m2) time to get the word ψ−1(g). Then, we verify whether

or not ψ−1(g) coincides with ψ−1(e), which takes only a constant amount of

time. �

As regards the conjugacy problem we have the following theorem. See

also [1, Theorem 8.5]

Theorem 2.2.2. The conjugacy problem in a Cayley biautomatic group is

decidable.

Proof: Let G be a Cayley biautomatic group and S ⊂ G be a �nite set of

generators of G. By De�nition 2.2.2, there exists an automatic representation

of the structure BG,S given by (2.2). Choose any automatic representation

of the structure BG,S. Let a bijection ψ : L → G be a part of the cho-

sen automatic representation. Let us be given g1, g2 ∈ G. It follows from

Theorem 2.1.1 that there exist a �nite automaton recognizing the language

Lg1,g2 = {w|g2ψ(w) = ψ(w)g1} ⊂ L. Therefore, the emptiness problem for

the set Lg1,g2 is decidable. If the set Lg1,g2 is not empty, then g1 and g2 are

conjugate. �

The direct product of two automatic groups is automatic [2, Theorem

4.1.1]. Similarly, for Cayley automatic groups we have the following theorem.

See also [1, Corollary 10.4].

Theorem 2.2.3. The direct product of two Cayley automatic groups is a

Cayley automatic group. The direct product of two Cayley biautomatic groups

is a Cayley biautomatic group.
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Proof: Let G1 and G2 be Cayley automatic groups. Let S1 ⊂ G1 and

S2 ⊂ G2 be some �nite sets of generators of G1 and G2, respectively. Since

G1 and G2 are Cayley automatic groups, there exist bijections ψ1 : L1 → G1

and ψ2 : L2 → G2 which provide automatic representations for the Cayley

graphs Γ(G1, S1) and Γ(G2, S2), respectively. We assume that L1 ⊂ Σ∗1 and

L2 ⊂ Σ∗2 are regular languages such that Σ1 ∩ Σ2 = ∅. Put L = L1L2. Let

ψ : L→ G1×G2 be the bijection from L to the direct product G1×G2 such

that ψ(w1w2) = (ψ1(w1), ψ2(w2)) ∈ G1×G2, where w1 ∈ L1 and w2 ∈ L2. It

is easy to verify that ψ : L→ G1×G2 provides an automatic representation

for the Cayley graph Γ(G1 × G2, S1 ∪ S2). Similarly, the theorem holds for

Cayley biautomatic groups. �

If H 6 G is a subgroup of �nite index in G then H is automatic i�

G is automatic [2, Theorem 4.1.4]. This theorem cannot be generalized

straightforwardly for Cayley automatic groups. It is proved that if H EG is

a normal subgroup of �nite index in G and H is a Cayley automatic group,

then G is a Cayley automatic group [1, Theorem 10.1]. This theorem can be

easily generalized as follows.

Theorem 2.2.4. Let H 6 G be a subgroup of �nite index in G. If H is a

Cayley automatic group then G is a Cayley automatic group.

Proof: Let S = {h1, . . . , hn} be a set of generators of H. Since H is

a Cayley automatic group, there exist a bijection ψ : L → H between a

regular language L ⊂ Σ∗ and the group H which provides an automatic

representation for the Cayley graph Γ(H,S). Let K = {k1, . . . , km} ⊂ G be

a set of representatives of the right cosets Hg, g /∈ H. We use the language

L0 = {k1, . . . ,km} for representing the elements k1, . . . , km. We assume that
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ki /∈ Σ, i = 1, . . . ,m. Put L′ = {wσ|w ∈ L ∧ σ ∈ L0 ∪ {ε}}, where ε is the

empty word. The language L′ is clearly regular. De�ne the map ψ′ : L′ → G

as follows. If w′ = wki for w ∈ L, then put ψ′(w′) = ψ(w)ki. If w
′ = w for

w ∈ L, then put ψ′(w′) = ψ(w).

Let g = hki for h ∈ H and i = 1, . . . ,m. Then ψ′−1(g) = ψ−1(h)ki. For

a given j = 1, . . . ,m we have kikj = hγ1i1 . . . h
γr
ir
k`, where hi1 , . . . , hir ∈ S and

γ1, . . . , γr ∈ {−1,+1}. Then we obtain that gkj = hhγ1i1 . . . h
γr
ir
k`. Therefore,

ψ′−1(gkj) = ψ−1(hhγ1i1 . . . h
γr
ir

)k`. Thus, the right multiplication by kj is FA�

recognizable.

For a given p = 1, . . . , n we have kihp = hδ1j1 . . . h
δs
js
kq, where hj1 , . . . , hjs ∈

S and δ1, . . . , δs ∈ {−1,+1}. Then we obtain that ghp = hhδ1j1 . . . h
δs
js
kq.

Therefore, ψ′−1(ghp) = ψ−1(hhδ1j1 . . . h
δs
js

)kq. Thus, the right multiplication

by hp is FA�recognizable. Therefore, the bijection ψ′ : L′ → G provides an

automatic representation for the Cayley graph Γ(G,S ∪K). �

Let us be given groups A,B and a homomorphism ϕ : B → Aut(A) from

B to the group of automorphisms Aut(A). The semidirect product A oϕ B

is the group that can be identi�ed with the product B × A = {(b, a)|b ∈

B, a ∈ A} with the group operation given by the formula (b1, a1)(b2, a2) =

(b1b2, a
b2
1 a2), where ab21 = ϕ(b2)(a1).

Let A and B be Cayley automatic groups. Let Y ⊂ B be a �nite set

of generators of B. We �x a bijection ψA : LA → A which provides an

automatic representation for a Cayley graph of A. Suppose that for every

y ∈ Y the automorphism ϕ(y) : A → A is FA�recognizable with respect to

ψA. We have the following theorem. See also [1, Theorem 10.3].

Theorem 2.2.5. The semidirect product AoϕB is a Cayley automatic group.
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Proof: LetX ⊂ A be a �nite set of generators of A. Let ψA : LA → A and

ψB : LB → B be some bijections which provide automatic representations for

the Cayley graphs Γ(A,X) and Γ(B, Y ), respectively, where LA ⊂ Σ∗A and

LB ⊂ Σ∗B. We obtain the automatic representation of Γ(A oϕ B,X ∪ Y ) as

follows. We represent every pair (u, v) ∈ LB × LA as the convolution u⊗ v.

Put L = {u⊗ v|u ∈ LB, v ∈ LA}. Let ψ : L → B × A be the bijection such

that ψ : u⊗ v 7→ (b, a), where b = ψB(u) and a = ψA(v).

Let us show that the bijection ψ : L → A oϕ B provides an automatic

representation of the Cayley graph Γ(A oϕ B,X ∪ Y ). Let x ∈ X. Then

(b, a)(e, x) = (b, aex) = (b, ax). Therefore, the right multiplication by the

element (e, x) is FA�recognizable. Let y ∈ Y . Then (b, a)(y, e) = (by, ay) =

(by, ϕ(y)(a)). We assumed that ϕ(y) : A→ A is a FA�recognizable automor-

phism with respect to ψA : LA → A for every y ∈ Y . Therefore, the right

multiplication by the element (y, e) is FA�recognizable. �

Theorem 2.2.5 enables to construct examples of groups which are Cayley

automatic, but not Cayley biautomatic [7]. There exist semidirect products

Zdoτ Fn, τ : Fn → GLd(Z) such that the conjugacy problem in these groups

is undecidable [8, 9]. By Theorem 2.2.5, the semidirect product Zd oτ Fn

is Cayley automatic for every τ : Fn → GLd(Z). Recall that, by Theorem

2.2.2, the conjugacy problem for a Cayley biautomatic group is decidable.

Therefore, the Cayley automatic semidirect products Zdoτ Fn, for which the

conjugacy problem is undecidable, are not Cayley biautomatic.

Consider now amalgamated free products. Let us be given two groups

G = 〈S1;R1〉 and H = 〈S2;R2〉, their subgroups A 6 G and B 6 H, and an

isomorphism ϕ : A → B between them. The amalgamated free product of
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A and B with respect to ϕ : A → B is the group P := 〈S1, S2;R1, R2, {a =

ϕ(a) : a ∈ A}〉. The groups G and H are naturally embedded into P . If

A = B = {e}, then P is the free product G ∗H.

Let us choose a set of representatives of left cosets gA, g ∈ G and hB, h ∈

H, putting the identity e to be the representative of the left cosets eA and

eB. Let gi, i = 0, 1, . . . , n be elements of the set G ∪ H. We say that the

sequence gn, . . . , g1, g0 is a normal form if the following holds.

• The elements gn, . . . , g1 are from the chosen set of representatives.

• Successive elements gi and gi−1, 1 < i 6 n come from di�erent groups

G and H.

• If n > 0, then no gi, i = 1, . . . , n is equal to e.

• It is assumed that g0 ∈ A.

The normal form theorem for amalgamated free products is as follows

(see, eg., [33]).

Theorem 2.2.6. For every element g ∈ P there is a unique representation

g = gn . . . g1g0 such that the sequence gn, . . . , g1, g0 is a normal form.

We have the following theorem. See also [1, Theorem 10.8].

Theorem 2.2.7. Let G and H be Cayley automatic groups. Then G ∗H is

a Cayley automatic group.

Proof: Let ψ1 : L1 → G and ψ2 : L2 → H be some bijections which

provide Cayley automatic representations of G and H, respectively, where

L1 ⊂ Σ∗1 and L2 ⊂ Σ∗2 are regular languages. It is assumed that Σ1 ∩Σ2 = ∅
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and the empty word ε does not correspond to any nontrivial element of G or

H. It follows from Theorem 2.2.6 that every nontrivial element g ∈ G ∗ H

has a unique representation as g = gn . . . g1 such that the following holds.

• None of gi, i = 1, . . . , n is equal to the identity e.

• Successive elements gi and gi−1, 1 < i 6 n come from di�erent groups

G and H.

For a given nontrivial element g = gn . . . g1 ∈ G ∗H let wg ∈ (Σ1 ∪ Σ2)∗

be the concatenation of the words corresponding to gn, . . . , g1 with respect

to ψ1 and ψ2. Put L = {wg|g ∈ G ∗H ∧ g 6= e} ∪ {ε}. It is easy to see that

L ⊂ (Σ1 ∪ Σ2)∗ is a regular language. Let ψ : L → G ∗ H be the bijection

such that ψ(wg) = g for every nontrivial g ∈ G ∗H and ψ(ε) = e. It can be

veri�ed that ψ provides a Cayley automatic representation of G ∗H. �

Theorem 2.2.7 can be generalized as follows. See also [1, Theo-

rem 10.9 (2)].

Theorem 2.2.8. Let G and H be Cayley automatic groups. Let A 6 G and

B 6 H be �nite subgroups and ϕ : A→ B be an isomorphism between them.

Then the amalgamated free product P is a Cayley automatic group.

Proof: Let ψ1 : L1 → G and ψ2 : L2 → H be some bijections which

provide Cayley automatic representations of G and H respectively, where

L1 ⊂ Σ∗1 and L2 ⊂ Σ∗2 are regular languages. It is assumed that Σ1 ∩Σ2 = ∅

and the empty word ε does not correspond to any nontrivial element of G or

H.
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We denote by �1 some length�lexicographical order on L1. Let Φ1(w) be

the following �rst order formula de�ned on the regular domain L1:

∀u(ψ1(u) ∈ A⇒ ∀v(ψ1(v)ψ1(u) = ψ1(w)⇒ w �1 v)) ∧ ¬(ψ1(w) ∈ A).

Put L′1 ⊂ L1 to be the language of the words w for which Φ1(w) is true.

The language L′1 is regular. It can be seen that ψ1(L′1) is the set of rep-

resentatives of the left cosets gA, g ∈ G \ A. Similarly, let us be given a

length�lexicographical order �2 on L2. Let Φ2(w) be the following �rst or-

der formula de�ned on the regular domain L2:

∀u(ψ2(u) ∈ B ⇒ ∀v(ψ2(v)ψ2(u) = ψ2(w)⇒ w �2 v)) ∧ ¬(ψ2(w) ∈ B).

Put L′2 ⊂ L2 to be the regular language of the words w for which Φ2(w) is

true. It can be seen that ψ2(L′2) is the set of representatives of the left cosets

hB, h ∈ H \B.

Let us �x a correspondence between the set of nontrivial elements of A

and some �nite alphabet ΣA. It is assumed that ΣA∩(Σ1∪Σ2) = ∅. It follows

from Theorem 2.2.6 that every element g ∈ P has a unique representation as

g = gn . . . g1g0, where gn, . . . , g1, g0 is a normal form such that gn, . . . , g1 ∈

ψ1(L′1) ∪ ψ2(L′2). For a given nontrivial element g = gn . . . g1g0 ∈ P let

wg ∈ (Σ1 ∪ Σ2 ∪ ΣA)∗ be the concatenation of the words corresponding

to gn, . . . , g1 with respect to ψ1 and ψ2 which is then concatenated with

the symbol from ΣA corresponding to the element g0 ∈ A, if g0 6= e. Put

L = {wg|g ∈ P ∧ g 6= e} ∪ {ε}. It is easy to see that L ⊂ (Σ1 ∪ Σ2 ∪ ΣA)∗ is

a regular language. Let ψ : L→ P be the bijection such that ψ(wg) = g for

every nontrivial g ∈ P and ψ(ε) = e. It can be veri�ed that ψ gives a Cayley

automatic representation of P . �
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Another generalization of Theorem 2.2.7 is as follows.

Theorem 2.2.9. Let G and H be Cayley biautomatic groups. Let A 6 G

and B 6 H be subgroups of �nite index and ϕ : A→ B be an isomorphism.

Suppose that there exist Cayley biautomatic representations ψ1 : L1 → G and

ψ2 : L2 → H such that ψ−1
1 (A) ⊂ L1 and ψ−1

2 (B) ⊂ L2 are regular languages

and the isomorphism ϕ : A → B is FA�recognizable with respect to ψ1 and

ψ2. Then the amalgamated free product P is a Cayley automatic group.

Proof: Let R = {r1, . . . , rm} ⊂ G be a set of representatives of the left

cosets gA, g /∈ A and S = {s1, . . . , sk} ⊂ H be a set of representatives of

the left cosets hB, h /∈ B. It follows from Theorem 2.2.6 that every element

g ∈ P has a unique representation as g = gn . . . g1g0, where gn, . . . , g1, g0 is

a normal form such that gi ∈ R ∪ S, i = 1, . . . , n . Put LR = {r1, . . . , rm}

and LS = {s1, . . . , sk}, where r1, . . . , rm and s1, . . . , sk correspond to the

elements r1, . . . , rm and s1, . . . , sk, respectively. We denote by LA the regular

language ψ−1
1 (A). Put

L = LA∪LRLA∪LSLA∪LRLSLA∪LSLRLA∪LRLSLRLA∪LSLRLSLA∪. . . .

The language L is regular. We de�ne ψ : L→ P as the bijection constructed

naturally from the normal form gn, . . . , g1, g0 and the bijection ψ1|LA : LA →

A.

Let T ⊂ G be a �nite set generating G and Q ⊂ H be a �nite set generat-

ing H. Let us be given g = gn . . . g1g0, where gn, . . . , g1, g0 is the normal form.

Let t ∈ T . Assume �rst that g1 ∈ R. The map g0 7→ g1g0t is FA�recognizable

because ψ1 : L1 → G is a Cayley biautomatic representation. If g1g0t /∈ A

then to obtain the normal form of gt we need to represent g1g0t as rg
′
0, where
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r ∈ R and g′0 ∈ A. But this is FA�recognizable as well because R is �nite,

LA is regular and ψ1 : L1 → G is a Cayley biautomatic representation.

Assume now that g1 ∈ S. The map g0 7→ g0t is FA�recognizable because

ψ1 : L1 → G is a Cayley automatic representation. If g0t /∈ A then to

obtain the normal of gt we need to represent g0t as rg
′
0, where r ∈ R and

g′0 ∈ A. This is FA�recognizable as well because R is �nite, LA is regular

and ψ1 : L1 → G is a Cayley biautomatic representation. Therefore, for

the representation ψ : L → P the right multiplication by t ∈ T is FA�

recognizable.

Let q ∈ Q. Assume �rst that g1 ∈ R. The map g0 7→ ϕ(g0)q is FA�

recognizable because ψ2 : L2 → H is a Cayley automatic representation and

ϕ : A → B is FA�recognizable with respect to ψ1 and ψ2. If ϕ(g0)q /∈ B

then to obtain the normal of gq we need to represent ϕ(g0)q as sϕ(g′0), where

s ∈ S and g′0 ∈ A. This is FA�recognizable.

Assume now that g1 ∈ S. The map g0 7→ g1ϕ(g0)q is FA�recognizable

because ψ2 : L2 → H is a Cayley biautomatic representation and ϕ : A→ B

is FA�recognizable with respect to ψ1 and ψ2. If g1ϕ(g0)q /∈ B then to obtain

the normal form of gq we need to represent g1ϕ(g0)q as sϕ(g′0), where s ∈ S

and g′0 ∈ A. This is FA�recognizable. Therefore, for the representation

ψ : L → P the right multiplication by q ∈ Q is FA�recognizable. Thus, ψ

provides a Cayley automatic representation of P . �
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Chapter 3

The Baumslag�Solitar groups

In this chapter we prove that the Baumslag�Solitar groups BS(m,n) are

Cayley automatic groups and show some properties of the obtained Cayley

automatic representations of these groups. The main results of this chapter

are published in [19].

3.1 The Baumslag�Solitar groups and HNN

extensions

The Baumslag�Solitar groups were introduced by Baumslag and Solitar to

show examples of non�Hop�an groups [34].

De�nition 3.1.1. For given nonnegative integers m and n the Baumslag�

Solitar group BS(m,n) is a two�generator one�relator group de�ned as

BS(m,n) = 〈a, t | t−1amt = an〉.

If m = 0 or n = 0, then BS(m,n) is isomorphic to the free product of a
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cyclic group and Z. We further suppose that m and n are nonzero.

Let us recall the de�nition of the HNN extension and the normal form the-

orem for the HNN extension. For more details see, e.g., [33, Chapter IV, � 2].

De�nition 3.1.2. The HNN extension of a group G relative to subgroups

A,B 6 G and an isomorphism ϕ : A → B is the group G∗ = 〈G, t; t−1at =

ϕ(a), a ∈ A〉, where the generator t is called a stable letter.

The normal form theorem for the HNN extension is as follows. For the

proof see, e.g., [33, Theorem 2.1.(II)].

Theorem 3.1.1. Let us �x representatives of right cosets Ag, g ∈ G and

Bg, g ∈ G, putting the identity e ∈ G to be the representative of the right

cosets Ae and Be. Then every element g ∈ G∗ has a unique representation

as g = g0t
ε1g1 · · · tε`g` such that the sequence g0, t

ε1 , g1, · · · , tε` , g` satis�es the

following properties.

• g0 is an arbitrary element of G and εi ∈ {−1,+1}, i = 1, . . . , `.

• If εi = −1, then gi is a representative of a right coset of A in G.

• If εi = +1, then gi is a representative of a right coset of B in G.

• There is no consecutive subsequence tε, e, t−ε.

The alternative form of Theorem 3.1.1 is as follows.

Theorem 3.1.2. Let us �x representatives of left cosets gA, g ∈ G and

gB, g ∈ G, putting the identity e ∈ G to be the representative of the left

cosets eA and eB. Then every element g ∈ G∗ has a unique representation

as g = g`t
ε` · · · g1t

ε1g0 such that the sequence g`, t
ε` , · · · , g1, t

ε1 , g0 satis�es the

following properties.
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• g0 is an arbitrary element of G and εi ∈ {−1,+1}, i = 1, . . . , `.

• If εi = −1, then gi is a representative of a left coset of B in G.

• If εi = +1, then gi is a representative of a left coset of A in G.

• There is no consecutive subsequence tε, e, t−ε.

For given positive integers m and n the Baumslag�Solitar group BS(m,n)

can be obtained as the HNN extension of the in�nite cyclic group Z relative

to the subgroups mZ and nZ and the isomorphism ϕ : mZ→ nZ. Therefore,

Theorems 3.1.1 and 3.1.2 are applicable to BS(m,n).

3.2 The Baumslag�Solitar groups are Cayley

automatic

Recall that all Baumslag�Solitar groups are asynchronously automatic and

for positive integers m and n the group BS(m,n) is automatic i� m = n

[2, � 7.4]. The group BS(1, n), n ∈ N is Cayley automatic due to [1, The-

orem 13.1]. The following theorem shows that all Baumslag�Solitar groups

are Cayley automatic.

Theorem 3.2.1. For given positive integers m and n the group BS(m,n) is

Cayley automatic.

Proof: As we mentioned in Section 3.1 the group BS(m,n) can be ob-

tained as the HNN extension of the group Z relative to the subgroups mZ

and nZ and the isomorphism ϕ : mZ → nZ. We denote by a the generator

of Z. The isomorphism ϕ maps am to an.
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Put e, a, . . . , am−1 and e, a, . . . , an−1 to be the representatives of left cosets

of the subgroups mZ and nZ in Z, respectively. By Theorem 3.1.2 every

element g ∈ BS(m,n) has a unique representation as

g = g`t
ε` · · · g1t

ε1g0 (3.1)

such that g0 = ak for some k ∈ Z, εi ∈ {−1,+1} for i = 1, . . . , `, if εi = −1

then gi ∈ {e, a, . . . , an−1}, if εi = +1 then gi ∈ {e, a, . . . , am−1}, and there is

no consecutive subsequence tε, e, t−ε in the sequence g`, t
ε` , · · · , g1, t

ε1 , g0.

The right�multiplication of an element g by the generator a transforms

the representation (3.1) as follows:

g`t
ε` · · · g1t

ε1ak
×a−→ g`t

ε` · · · g1t
ε1ak+1. (3.2)

Let k = mp+ r, where p ∈ Z and r = 0, . . . ,m− 1. The right�multiplication

of g by the generator t transforms the representation (3.1) as follows.

• If r 6= 0 then

g`t
ε` · · · g1t

ε1ak
×t−→ g`t

ε` · · · g1t
ε1artanp. (3.3)

• If r = 0, ` > 1 and ε1 = −1 then

g`t
ε` · · · g2t

ε2g1t
−1ak

×t−→ g`t
ε` · · · g2t

ε2g1a
np. (3.4)

• If r = 0, ` > 1 and ε1 = 1 then

g`t
ε` · · · g1ta

k ×t−→ g`t
ε` · · · g1t e ta

np. (3.5)
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• If r = 0 and ` = 0 then

ak
×t−→ artanp. (3.6)

Let q be the function q : Z→ Z such that q(k) = np, where k = mp+r. If

m > 2, for the m�ary representation of integers the function q : mp+r 7→ np

is FA�recognizable. If m = 1, then the function q is FA�recognizable for any

b�ary representation of integers for b > 2.

Put Σ = {0, . . . , c,0, . . . ,d, t+1, t−1}, where c is the symbol denoting

max{m,n} − 1 and d is the bold symbol denoting d = max{m − 1, 1}. Let

Ld ⊂ {0, . . . ,d}∗ be the language of (d + 1)�ary representations of all inte-

gers. Put L′ to be the set of all words x`t
ε` . . . x1t

ε1y such that the following

holds.

• xi ∈ {0, . . . , c} and tεi ∈ {t+1, t−1}, i = 1, . . . , `.

• xi ∈ {0, . . . , n− 1} if εi = −1, i = 1, . . . , `.

• xi ∈ {0, . . . ,m− 1} if εi = +1, i = 1, . . . , `.

• There is no consecutive subsequence tε, 0, t−ε in the sequence

x`, t
ε` , . . . , x1, t

ε1 .

• y ∈ Ld.

Put L = L′ ∪ Ld. It can be seen that L is a regular language. By Theorem

3.1.2 we get the bijection ψ : L→ BS(m,n). It follows from (3.2)�(3.6) and

the fact that the function q is FA�recognizable for (d+1)�ary representations

46



of integers that the bijection ψ : L → BS(m,n) provides an automatic rep-

resentation for the Cayley graph of BS(m,n) with respect to the generators

a and t. �

Remark 3.2.1. If m = n then the function q : k = mp + r 7→ mp is

FA�recognizable for the unary representation of integers. Modifying accord-

ingly the construction of the Cayley automatic representation of BS(m,n) in

Theorem 3.2.1 we obtain that BS(m,n) is automatic if m = n.

Remark 3.2.2. The function q : k = mp + r 7→ np is recognizable by an

asynchronous automaton for the unary representation of integers. Modifying

accordingly the proof of Theorem 3.2.1 it can be obtained that BS(m,n) is

asynchronously automatic.

Remark 3.2.3. Elder and Taback constructed the representation of the Cay-

ley graph of BS(m,n) with respect to the generators a and t using counter

automata [35, Proposition 18].

Let m and n be positive integers. For a given element g ∈ BS(m,n)

we denote by |g| the length of g in the group BS(m,n) with respect to the

generators a and t. Let us consider the Cayley automatic representation

ψ : L→ BS(m,n) constructed in Theorem 3.2.1. We denote by w the word

of the language L such that ψ(w) = g. Put |w| to be the length of the word

w. We have the following proposition.

Proposition 3.2.1. There exist constants λ > 0, µ > 0, ξ and δ such that

the following inequalities hold for all g ∈ BS(m,n):

λ|g|+ ξ 6 |w| 6 µ|g|+ δ. (3.7)
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Proof: For a given g ∈ BS(m,n) the normal form g`t
ε` · · · g1t

ε1g0 can be

obtained as the concatenation of the word u = g`t
ε` · · · g1t

ε1 and g0 = ak, see

the equation (3.1). Burillo and Elder showed that, if m 6= n, then there exist

constants C1, C2, D1, D2 > 0 such that the inequalities C1(|u|+log(|k|+1))−

D1 6 |g| 6 C2(|u|+ log(|k|+ 1)) +D2 hold for all g ∈ BS(m,n), where |u| is

the length of the word u, see [18, Theorem 3.2]. If m = n, then there exists

a constant C1 such that the inequalities C1(|u| + |k|) 6 |g| 6 |u| + |k| hold

for all g ∈ BS(m,m), see [18, Lemma 3.3]. Therefore, from the construction

of the Cayley automatic representation ψ : L → BS(m,n) we obtain that

for some constants λ > 0, µ > 0, ξ and δ the inequalities (3.7) hold for all

g ∈ BS(m,n). �

Remark 3.2.4. The inequality |w| 6 µ|g| + δ can be alternatively ob-

tained as follows. Put δ = |ψ−1(e)|. Since ψ : L → BS(m,n) pro-

vides an automatic representation of the Cayley graph of BS(m,n) with

respect to the generators a and t, there exists a constant µ such that

max{||ψ−1(ga)| − |ψ−1(g)||, ||ψ−1(gt)| − |ψ−1(g)||} 6 µ for all g ∈ BS(m,n).

This implies that the inequality |w| 6 µ|g|+ δ holds for all g ∈ BS(m,n).
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Chapter 4

Wreath products of groups

In this chapter we study representations of Cayley graphs of wreath prod-

ucts of groups with �nite automata, pushdown automata and nested stack

automata. The main results of this chapter are published in [20].

4.1 Wreath products: short introduction

In this section we recall the de�nition of the restricted wreath product of

two groups. For more details on wreath products see, e.g., [36, � 6.2]. Let A

and B be groups. For a given function f : B → A we say that f has �nite

support if the set {x ∈ B|f(x) 6= e} is �nite. We denote by A(B) the group of

all functions f : B → A having �nite support with the usual multiplication.

For a given f ∈ A(B) we denote by f b ∈ A(B) the function such that

f b(x) = f(bx) for all x ∈ B. Let τ : B → Aut(A(B)) be the homomorphism

such that for every b ∈ B the automorphism τ(b) : A(B) → A(B) maps f to

f b for all f ∈ A(B).
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The restricted wreath product A o B is de�ned as the semidirect prod-

uct A(B) oτ B. Therefore, the wreath product A o B can be obtained as the

product B×A(B) with the multiplication given by (b, f) ·(b′, f ′) = (bb′, f b
′
f ′).

Similarly, A o B can be obtained as the product A(B) ×B with the multipli-

cation given by (f, b) · (f ′, b′) = (ff ′ b
−1
, bb′). In this chapter we mostly use

the latter way to represent elements of wreath products of groups.

Baumslag proved that the wreath product A oB of two �nitely presented

groups A and B is �nitely presented if and only if either A is the trivial

group or B is �nite [11]. Therefore, all wreath products of groups which we

consider in this chapter are not �nitely presented, and, therefore, they are

not automatic.

We denote by iA the embedding iA : A → A o B for which iA : a 7→

(fa, e), where e is the identity of the group B and fa ∈ A(B) is the function

fa : B → A such that fa(e) = a and fa(x) is the identity of the group A

for every x 6= e. We denote by iB the embedding iB : B → A o B for which

iB : b 7→ (e, b), where e is the identity of the group A(B); in other words,

e is the function which maps all elements of B to the identity of the group

A. For the sake of convenience we will identify A and B with the subgroups

iA(A) 6 A o B and iB(B) 6 A o B, respectively.

Let SA = {a1, . . . , an} and SB = {t1, . . . , tm} be sets of generators of

the groups A and B, respectively. Put S = SA ∪ SB. The Cayley graph

Γ(A o B, S) is obtained as follows. The vertices of Γ(A o B, S) are all pairs

(f, b) such that f ∈ A(B) and b ∈ B. Let v1 = (f1, b1) and v2 = (f2, b2) be

vertices of the Cayley graph Γ(A o B, S). There is a directed edge (v1, v2)

labeled by ai, i = 1, . . . , n i� b1 = b2 = b and f1(x) = f2(x) for all x 6= b, and
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f2(b) = f1(b)ai. There is a directed edge (v1, v2) labeled by tj, j = 1, . . . ,m

i� f1 = f2 and b1tj = b2. The notion of the wreath product can be easily

generalized for graphs, see, e.g., [37, De�nition 2.1].

4.2 The lamplighter group Z2 o Z

The lamplighter group is the wreath product Z2 o Z. The elements of the

lamplighter group are all pairs (f, z) ∈ Z(Z)
2 × Z such that f : Z → Z2 is a

function having �nite support and z ∈ Z. The multiplication in the group

Z2 o Z is given by the rule

(f1, z1)(f2, z2) = (f1f
−z1
2 , z1 + z2), (4.1)

where f−z12 (z) = f2(z − z1) for all z ∈ Z.

We denote by h0 the function h0 : Z → Z2 such that h0(z) = 0 for all

z ∈ Z. That is, h0 is the identity of the group Z(Z)
2 . We denote by h1 the

function h1 : Z → Z2 such that h1(z) = 0 for all z 6= 0 and h1(0) = 1.

Put t = (h0, 1) and a = (h1, 0). It can be seen that a and t generate

the group Z2 o Z. The lamplighter group can be obtained as the group

〈a, t | [tiat−i, tjat−j], a2〉.

The lamplighter group has the following geometric interpretation. Every

element of the lamplighter group corresponds to a bi�in�nite string of lamps

indexed by integers each of which has only two states 0 and 1 such that only a

�nite number of lamps are in the state 1, and the lamplighter pointing at the

current lamp. We say that a lamp is lit if it is in the state 1. Similarly, we say

that a lamp is unlit if it is in the state 0. The identity of the lamplighter group

corresponds to the con�guration when all lamps are unlit, and the lamplighter
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points at the lamp positioned at the origin z = 0. The right multiplication

by a changes the state of the current lamp. The right multiplication by t (or,

t−1) moves the lamplighter by one step to the right z 7→ z+ 1 (or, to the left

z 7→ z − 1).

In [1, Theorem 10.6] the authors showed that the lamplighter group is

Cayley automatic. Theorem 4.2.1 below shows that the lamplighter group is

Cayley biautomatic. The Cayley automatic representation in Theorem 4.2.1

is di�erent from the representation in [1, Theorem 10.6].

Theorem 4.2.1. The lamplighter group is Cayley biautomatic.

Proof: Let us be given an element g = (f, z) ∈ Z2 o Z. In order to

present f(i) ∈ Z2 we use the symbols 0 and 1: 0 means that the lamp at the

position z = i is unlit, 1 means that the lamp is lit. In order to show the

position of the origin z = 0, we use the symbols A0 and A1 if the lamp at

the origin is unlit and lit, respectively. In order to show the position of the

lamplighter, we use the symbols C0 and C1 if the lamp at the position of the

lamplighter is unlit and lit, respectively. If the lamplighter is at the origin,

we use the symbols B0 and B1.

Let m be the smallest i ∈ Z for which f(i) = 1; if f(i) = 0 for all i ∈ Z,

then put m = 0. Put ` = min{m, z, 0}. Let n be the largest j for which

f(j) = 1; if f(j) = 0 for all j ∈ Z, then put n = 0. Put r = max{n, z, 0}.

We represent the element (f, z) by the word:

f(`)f(`+1) . . . f(−1)Af(0)f(1) . . . f(z−1)Cf(z)f(z+1) . . . f(r−1)f(r), (4.2)

where Af(0) = A0 and Af(0) = A1 if f(0) = 0 and f(0) = 1, respectively;

also, Cf(z) = C0 and Cf(z) = C1 if f(z) = 0 and f(z) = 1, respectively. If
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z = 0, then the element (f, z) is represented by the word:

f(`)f(`+ 1) . . . f(−1)Bf(0)f(1) . . . f(r − 1)f(r), (4.3)

where Bf(0) = B0 and Bf(0) = B1 if f(0) = 0 and f(0) = 1, respectively.

It can be seen that the language of the words representing all elements

of the lamplighter group is regular. If z 6= 0,−1, then writing the words

representing g = (f, z) and gt = (f, z + 1) one under another we have:

f(`) . . . Af(0) . . . f(z − 1) Cf(z) f(z + 1) . . . f(r)

f(`) . . . Af(0) . . . f(z − 1) f(z) Cf(z+1) . . . f(r)
. (4.4)

If z = 0, then writing the words representing g = (f, z) and gt = (f, 1) one

under another we have:

f(`) . . . f(−1) Bf(0) f(1) f(2) . . . f(r)

f(`) . . . f(−1) Af(0) Cf(1) f(2) . . . f(r)
. (4.5)

The other cases are considered in a similar way. From (4.4) and (4.5) it

can be seen that the relation 〈g, gt〉 is recognized by a synchronous two�tape

�nite automaton.

If z 6= 0, then writing the words representing g and ga = (fh1, z) one

under another we have:

f(`) . . . Af(0) . . . f(z − 1) Cf(z) f(z + 1) . . . f(r)

f(`) . . . Af(0) . . . f(z − 1) Cf(z) f(z + 1) . . . f(r)
, (4.6)

where f(z) = 1 and f(z) = 0 if f(z) = 0 and f(z) = 1, respectively.

If z = 0, then writing the words representing g and ga = (fh1, 0) one

under another we have:

f(`) . . . f(−1) Bf(0) f(1) . . . f(r)

f(`) . . . f(−1) Bf(0) f(1) . . . f(r)
, (4.7)
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where f(0) = f(0) + 1 mod 2. From (4.6) and (4.7) it can be seen that the

relation 〈g, ga〉 is recognized by a synchronous two�tape �nite automaton.

Let us now show that the left multiplications by t and a are recognized by

synchronous two�tape �nite automata. The element tg equals (h0, 1)(f, z) =

(h0f
−1, z + 1) = (f−1, z + 1). Recall that f−1(z) = f(z − 1); the shifted

function f−1 should not be confused with the inverse of f . If z 6= −1, the

element (f−1, z + 1) is represented by the word

f−1(`+ 1) . . . Af−1(0) . . . Cf−1(z+1) . . . f
−1(r + 1), (4.8)

which is equal to

f(`) . . . Af(−1) . . . Cf(z) . . . f(r). (4.9)

If z 6= 0,−1, then writing the words representing g and tg one under another

we have:

f(`) . . . f(−1) Af(0) . . . Cf(z) . . . f(r)

f(`) . . . Af(−1) f(0) . . . Cf(z) . . . f(r)
. (4.10)

If z = 0, then writing the words representing g and tg = (f−1, 1) one under

another we have:

f(`) . . . f(−1) Bf(0) f(1) . . . f(r)

f(`) . . . Af(−1) Cf(0) f(1) . . . f(r)
. (4.11)

The other cases are considered in a similar way. From (4.10) and (4.11) it

can be seen that the relation 〈g, tg〉 is recognized by a synchronous two�tape

�nite automaton.

The element ag equals (h1, 0)(f, z) = (h1f, z). If z 6= 0, then writing the
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words representing g and ag one under another we have:

f(`) . . . Af(0) . . . Cf(z) . . . f(r)

f(`) . . . Af(0) . . . Cf(z) . . . f(r)
. (4.12)

If z = 0, then writing the words representing g and ag = (h1f, 0) one under

another we have:

f(`) . . . Bf(0) . . . f(r)

f(`) . . . Bf(0) . . . f(r)
. (4.13)

From (4.12) and (4.13) it can be seen that the relation 〈g, ag〉 is recognized

by a synchronous two�tape �nite automaton.

Thus, we constructed the bijection ψ : L → Z2 o Z from some regular

language L ⊂ {0, 1, A0, A1, B0, B1, C0, C1}∗ to the lamplighter group Z2 o Z.

We showed that with respect to ψ the right and left multiplications by a and

t are recognized by two�tape synchronous �nite automata. Therefore, the

lamplighter group is Cayley biautomatic. �

For the Cayley biautomatic representation of the lamplighter group de-

scribed in Theorem 4.2.1 the length of the word w representing an element

g = (f, z) ∈ Z2 o Z is obtained in the following lemma.

Lemma 4.2.1. The length of the word w representing an element g =

(f, z) ∈ Z2 o Z equals |w| = max{|n − m|, |n|, |m|, |n − z|, |m − z|, |z|} + 1,

where m is the smallest i ∈ Z for which f(i) = 1 and m = 0 if f(i) = 0 for

all i ∈ Z, and n is the largest j for which f(j) = 1 and n = 0 if f(j) = 0 for

all j ∈ Z.

Proof: The word representing an element (f, z) is either of the form (4.2),
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if z 6= 0, or of the form (4.3), if z = 0. Therefore,

|w| = |r − `|+ 1 = |max{n, z, 0} −min{m, z, 0}|+ 1 =

= max{|n−m|, |n|, |m|, |n− z|, |m− z|, |z|}+ 1,
(4.14)

where ` = min{m, z, 0} and r = max{n, z, 0}. �

For a given element g = (f, z) ∈ Z2 o Z we denote by #supp f the

cardinality of the set supp f = {j | f(j) = 1}. The word length of g in the

lamplighter group with respect to the generators a and t is shown in the

following lemma.

Lemma 4.2.2. The word length of an element g = (f, z) ∈ Z2 o Z in the

lamplighter group with respect to the generators a and t is as follows:

|g| = #supp f + min{2 max{−m, 0}+ max{n, 0}+ |z −max{n, 0}|,

2 max{n, 0}+ max{−m, 0}+ |z + max{−m, 0}|}.
(4.15)

Proof: Recall that the left��rst and the right��rst normal forms of an

element g = (f, z) ∈ Z2 o Z are de�ned as

g = a−j1 . . . a−jqai1 . . . aipt
z,

g = ai1 . . . aipa−j1 . . . a−jqt
z,

respectively, where ip > · · · > i1 > 0, jq > · · · > j1 > 0 and ak = tkat−k

(see, e.g., [38]). Cleary and Taback proved (see [38, Proposition 3.6]) that

the word length of g = (f, z) ∈ Z2 o Z in the lamplighter group with respect

to the generators a and t is provided either by the left��rst normal form or

the right��rst normal form. Therefore,

|g| = p+ q + min{2jq + ip + |z − ip|, 2ip + jq + |z + jq|}.

Let us express |g| in terms of m and n for the following three di�erent cases:
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• if m 6 −1 and n > 0 then |g| = p+ q + min{−2m+ n+ |z − n|, 2n−

m+ |z −m|},

• if m > 0 then |g| = p+ q + n+ |z − n|,

• if n 6 −1 then |g| = p+ q −m+ |z −m|.

It is easy to see that #supp f = p+ q. Therefore, we obtain (4.15). �

By Lemmas 4.2.1 and 4.2.2 we obtain the following proposition.

Proposition 4.2.1. The following inequalities hold for all g ∈ Z2 o Z:

|w| − 1 6 |g| 6 3|w| − 2 (4.16)

� or, equivalently,
1

3
|g|+ 2

3
6 |w| 6 |g|+ 1. (4.17)

Furthermore, the equalities |w| − 1 = |g| and |g| = 3|w| − 2 are achieved for

an in�nite number of elements g ∈ Z2 o Z.

Proof: We �rst prove the inequality |g| 6 3|w|−2. It follows from (4.14)

that |w| > n−m+ 1. Therefore, |w| > #supp f . Let us consider separately

each of the three following cases: m 6 −1 < 0 6 n, n 6 −1 and 0 6 m.

• Suppose that m 6 −1 < 0 6 n. If z > n, then −2m + n + |z − n| =

−2m+z 6 2(z−m). If z 6 m, then 2n−m+|z−m| = 2n−m+m−z 6

2(n − z). If m < z < n, then −2m + n + |z − n| = 2(n −m) − z and

2n−m+ |z−m| = 2(n−m) + z. Therefore, by (4.14), we obtain that

min{−2m + n + |z − n|, 2n − m + |z − m|} 6 2(|w| − 1). Therefore,

|g| 6 3|w| − 2.
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• Suppose that m > 0. By (4.14) we obtain that n+ |z−n| 6 2(|w|−1).

Therefore, |g| 6 3|w| − 2.

• Suppose that n 6 −1. By (4.14) we obtain that −m + |z − m| 6

2(|w| − 1). Therefore, |g| 6 3|w| − 2.

It is easy to provide an in�nite sequence of elements Z2 o Z for which the

equality |g| = 3|w|−2 holds. Let us consider the in�nite sequence of elements

whose representatives are B1, 1B11, 11B111 and so on. By Lemma 4.2.2, the

lengths of these elements in the group Z2 o Z with respect to the generators

a, t are 1, 7, 13, respectively, and so on. Therefore, the equality |g| = 3|w|−2

holds for all these elements.

Let us show the inequality |w| − 1 6 |g|. The identity e ∈ Z2 o Z

is represented by the word B0. Therefore, the inequality holds for g = e.

Suppose that the inequality holds for some g ∈ Z2 o Z. It follows from the

construction of the Cayley biautomatic representation (see Theorem 4.2.1)

that the length of the word representing ga equals |w|, and the lengths of the

words representing gt and gt−1 are equal to either |w|, |w|+1 or |w|−1. This

implies that the inequality holds for the elements ga, gt and gt−1. Therefore,

the inequality holds for all g ∈ Z2 o Z.

It is easy to provide an in�nite sequence of elements Z2 o Z for which the

equality |w| − 1 = |g| holds for all g ∈ Z2 o Z. Let us consider the in�nite

sequence of elements which representatives are B0, A0C0, A00C0, A000C0 and

etc. The lengths of these elements in the group Z2 o Z with respect to the

generators a, t are 0, 1, 2, 3 and etc. Therefore, the equality |w| − 1 = |g|

holds for all these elements. �
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Another property of the Cayley biautomatic representation constructed

in Theorem 4.2.1 is as follows.

Proposition 4.2.2. The sets of representatives of the elements of the normal

subgroup Z(Z)
2 E Z2 o Z and the subgroup Z 6 Z2 o Z are regular languages.

Proof: The elements of the subgroup Z(Z)
2 EZ2 o Z are the elements (f, z)

for which z = 0. The representatives of these elements have the form (4.3),

i.e., they contain either the symbol B0 or B1. The language of such rep-

resentatives is regular. The representatives of the elements of the subgroup

Z 6 Z2 o Z are the words of the form (4.2) and (4.3) which do not contain the

symbols 1, A1, B1 and C1. Therefore, the language of such representatives is

regular. �

It is easy to provide an example of a Cayley automatic representation of

the lamplighter group for which the set of representatives of the subgroup

Z(Z)
2 E Z2 o Z is not a regular language.

Example 4.2.1. For a given element (f, z) ∈ Z2 o Z let s and t be the

minimum and maximum elements of the set {j | f(j) = 1} ∪ {z}, respec-

tively. Let ϕ : L → Z be some automatic representation of the structure

(Z, S), where S(x) = x + 1, i.e., ϕ is a bijection between a regular lan-

guage L ⊂ Σ∗ and the in�nite cyclic group Z such that the binary relation

{〈ϕ−1(x), ϕ−1(x+ 1)〉|x ∈ Z} ⊂ Σ∗×Σ∗ is recognized by a synchronous two�

tape �nite automaton. Let us represent an element (f, z) ∈ Z2 o Z as the

word

w#f(s) . . . Cf(z) . . . f(t), (4.18)

where ϕ(w) = s and the symbol # is used as a separator. Note that the
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representation (4.18) does not contain the symbols A0, A1, B0 and B1. It

can be veri�ed that the representation (4.18) provides a Cayley automatic

representation of the lamplighter group Z2 o Z. Let L be the language of all

words (4.18) representing the elements of Z2 o Z. We denote by L0 ⊂ L the

language of representatives of the elements of the normal subgroup Z(Z)
2 EZ2 o

Z. In Proposition 4.2.3 we show that L0 is not regular.

Proposition 4.2.3. The language L0 is not regular.

Proof: Suppose that L0 is a regular language. Then, by the pumping

lemma, for some word u = w#f(s) . . . f(p) . . . f(q) . . . Cf(0) . . . f(t) ∈ L0 the

words un = w#f(s) . . . f(p− 1)vnf(q+ 1) . . . Cf(0) . . . f(t) ∈ L0 for all n > 0,

where v = f(p) . . . f(q). For the element which corresponds to a word un the

lamplighter is at the position z = (n − 1)(q − p + 1). This implies that the

element is not in the subgroup Z(Z)
2 unless n = 1. We get a contradiction.

Therefore, L0 is not a regular language. �

Consider now two subsets of Z2 o Z: T0 = {(f, z) | f(0) = 0} and T1 =

{(f, z) | f(0) = 1}. It is easy to see that T0∪T1 = Z2 o Z and T0∩T1 = ∅. It

follows from (4.2) and (4.3) that for the Cayley biautomatic representation

described in Theorem 4.2.1 the set of words representing the elements of T0

is a regular language, because an element g = (f, z) belongs to T0 i� the

word representing it contains the symbols A0 or B0, and g belongs to T1 i�

the word representing it contains the symbols A1 or B1. Let us consider the

Cayley automatic representation of the lamplighter group Z2 o Z described

in Example 4.2.1. Let M0 be the language of representatives of the elements

of T0 with respect to this representation. By the pumping lemma we obtain

the following proposition.
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Proposition 4.2.4. The language M0 is not regular.

Proof: Suppose that the language M0 is accepted some �nite automaton

M. Let us consider an element g = (f, 0) such that f(j) = 1 for j ∈

[−2t,−t−1], where t is greater than the number of states ofM, and f(j) = 0

for j /∈ [−2t,−t − 1]. Let u = w#1 . . . 10 . . . 0C0 be the word given by

(4.18) representing (f, 0). The word u ∈ M0 because f(0) = 0. By the

pumping lemma, for every nonnegative integer n there exists the word un =

w#1 . . . 10 . . . 0C0 ∈ M0 which satis�es the following properties. The word

un has exactly t + k(n − 1) consecutive symbols 1 for some positive integer

k (where k is less or equal than the number of states of M), t consecutive

symbols 0, and the symbol C0 in the end. For a given nonnegative integer

n we denote by (fn, zn) the element of Z2 o Z which correspond to the word

un. If n = 1, then un = u and (fn, zn) = (f, 0). It is easy to see that for a

su�ciently large n, fn(0) = 1 and, therefore, un /∈ M0. Therefore, we get a

contradiction. �

4.3 Wreath products G o Z

In this section we consider wreath products G o Z. For a given group G the

elements of the group G o Z are all pairs of the form (f, z), where z ∈ Z

and f : Z → G is a function having �nite support. The multiplication in

the group G o Z is given by the rule (f1, z1)(f2, z2) = (f1f
−z1
2 , z1 + z2), where

f−z12 (z) = f2(z−z1) for all z ∈ Z. Suppose that G = 〈g1, . . . , gn;R1, . . . , Rm〉.

Then the wreath product G o Z can be obtained as the group G o Z =

〈g1, . . . , gn, t;R1, . . . , Rm, [t
igkt

−i, tjgkt
−j]〉.
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It is easy to see that all results of Section 4.2 can be easily modi�ed for a

wreath product G o Z if G is a �nite group. For an in�nite Cayley automatic

group G we obtain the following theorem.

Theorem 4.3.1. For a Cayley automatic group G the group G oZ is Cayley

automatic.

Proof: Let S = {g1, . . . , gn} be a set generating the group G. Since

the group G is Cayley automatic, there exists a bijection between a regular

language L and the group G such that the directed edges of the Cayley graph

Γ(G,S) labeled by g1, . . . , gn are recognized by synchronous two�tape �nite

automataMg1 , . . . ,Mgn , respectively. Without loss of generality we assume

that L ⊂ {0, 1}∗ (see [29]). Furthermore, we suppose that the empty word

ε /∈ L.

We construct a Cayley automatic representation of the wreath product

G o Z as follows. Let us introduce two counterparts of the symbols 0 and

1: bold 0 and bold 1, in order to specify the beginning of the words of the

language L. In order to specify the position of the origin z = 0, we use A0

and A1 as the �rst symbol if the word of L representing the element f(0) ∈ G

begins with 0 and 1, respectively. Similarly, in order to specify the position

of the lamplighter z, we use C0 and C1 as the �rst symbol if the word of L

representing the element f(z) ∈ G begins with 0 and 1, respectively. The

symbols B0 and B1 are used in the case when the lamplighter is at the origin

z = 0.

We show now two simple examples. Let (f, 1) be an element of G o Z

such that f(j) = e for j /∈ [−1, 2] and let f(−1) 6= e, f(0), f(1), f(2) 6= e

be represented by the words 011, 1001, 01 and 111, respectively. Then the
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element (f, 1) should be represented as follows:

011A1001C01111.

Let (f, 0) be an element of G o Z such that f(j) = e for j /∈ [−1, 1] and let

f(−1) 6= e, f(0) and f(1) 6= e be represented by the words 111, 000 and 01,

respectively. Then the element (f, 0) should be represented as follows:

111B00001.

With a slight abuse of notation we will use f(j) to denote the following

modi�cation of the word of L representing the element f(j) ∈ G: the �rst

symbol of the corresponding word should be changed to the bold one. We

denote by Af(0) and Bf(0) the following modi�cations of the words represent-

ing the element f(0) ∈ G: the �rst symbol of the corresponding word should

be changed to A0 or A1, and B0 or B1 respectively. We denote by Cf(z) the

following modi�cation of the word representing the element f(z) ∈ G: the

�rst symbol of the corresponding word should be changed to C0 or C1.

Let (f, z) be an element of G o Z. Let m be the smallest i ∈ Z such that

f(i) 6= e; if f(i) = e for all i ∈ Z, then put m = 0. Put ` = min{m, z, 0}.

Let n be the largest j such that f(j) 6= e; if f(j) = e for all j ∈ Z, then put

n = 0. Put r = max{n, z, 0}. If z 6= 0, we represent the element (f, z) as

follows:

f(`) . . . Af(0) . . . Cf(z) . . . f(r). (4.19)

In the case z = 0, we represent the element (f, z) as follows:

f(`) . . . Bf(0) . . . f(r). (4.20)
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For a given element g = (f, z) ∈ GoZ the words representing g and gt written

one under another are either of the form (4.4) or (4.5). Therefore, the binary

relation 〈g, gt〉 is recognized by a two�tape synchronous �nite automaton.

The words representing g and ggj for some j = 1, . . . , n written one under

another are either of the form:

f(`) . . . Af(0) . . . f(z − 1) Cf(z) f(z + 1) . . . f(r)

f(`) . . . Af(0) . . . f(z − 1) Cf(z)gj f(z + 1) . . . f(r)
, (4.21)

or of the form:

f(`) . . . f(−1) Bf(0) f(1) . . . f(r)

f(`) . . . f(−1) Bf(0)gj f(1) . . . f(r)
. (4.22)

Since the group G is Cayley automatic, the di�erences of lengths of words

||Cf(z)| − |Cf(z)gj || and ||Bf(0)| − |Bf(0)gj || are bounded by a constant from

above. By (4.21) and (4.22) this implies that the relation 〈g, ggj〉 is recognized

by a two�tape synchronous �nite automaton. �

Suppose now that G is a Cayley biautomatic group. Then we obtain the

following theorem.

Theorem 4.3.2. For a Cayley biautomatic group G the wreath product G oZ

is Cayley biautomatic.

Proof: Let us show that for the Cayley automatic representation of G o Z

constructed in Theorem 4.3.1 the left multiplications by g1, . . . , gn and t are

recognized by two�tape synchronous �nite automata.

Let g = (f, z) be an element of G o Z. It is represented either by the

word of the form (4.19) or (4.20). The element tg equals (h0, 1)(f, z) =

(h0f
−1, z+ 1) = (f−1, z+ 1), where f−1(z) = f(z− 1) and h0 : Z→ G is the
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function such that h0(z) = e for all z ∈ Z. The words representing g and tg

written one under another have either the form (4.10) or (4.11). It can be

seen that the relation 〈g, tg〉 is recognized be a two�tape synchronous �nite

automaton.

Consider now the element gjg, j = 1, . . . , n. It is equal to gjg =

(hj, 0)(f, z) = (hjf, z), where hj is the function hj : Z → G such that

hj(0) = gj and hj(i) = e for all i 6= 0. The words representing g and gjg

written one under another have either the form (4.12) or (4.13). Since G is a

Cayley biautomatic group, the relation 〈g, gjg〉 is recognized by a two�tape

synchronous �nite automaton. �

Let G be a Cayley automatic group. For the Cayley automatic represen-

tation of the group G o Z constructed in Theorem 4.3.1 the length of the

word w representing an element g = (f, z) ∈ Z2 o Z satis�es the inequality

shown in the following lemma.

Lemma 4.3.1. Let w be the word representing an element g = (f, z) ∈ G oZ.

Then the following inequality holds:

|w| > max{|n−m|, |n|, |m|, |n− z|, |m− z|, |z|}+ 1, (4.23)

where m is the smallest i ∈ Z for which f(i) 6= e and m = 0 if f(i) = e for

all i ∈ Z, and n is the largest j for which f(j) 6= e and n = 0 if f(j) = e for

all j ∈ Z.

Proof: In the proof of Theorem 4.3.1 we assumed that a language L

representing the elements of G does not contain the empty word ε. Therefore,

for every word u representing an element of G the length |u| > 1. From the
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construction of the Cayley automatic representation of GoZ in Theorem 4.3.1

we obtain the inequality (4.23). �

The analog of Lemma 4.2.2 for a wreath product G o Z is almost straight-

forward. For a function f : Z → G having �nite support we denote by

|suppf | the sum
∑

j |f(j)|, where |f(j)| is the length of the element f(j) in

the group G with respect to the generators g1, . . . , gn. We denote by #suppf

the number of elements j ∈ Z for which f(j) ∈ G is nontrivial. Then we

obtain the following lemma.

Lemma 4.3.2. The word length of an element g = (f, z) in the group G o Z

with respect to generators g1, . . . gn and t is as follows:

|g| = |supp f |+ min{2 max{−m, 0}+ max{n, 0}+ |z −max{n, 0}|,

2 max{n, 0}+ max{−m, 0}+ |z + max{−m, 0}|}.
(4.24)

Also, considering the following three di�erent cases for m and n, we obtain:

• if m 6 −1 and n > 0 then |g| = |suppf |+ min{−2m+n+ |z−n|, 2n−

m+ |z −m|},

• if m > 0 then |g| = |suppf |+ n+ |z − n|,

• if n 6 −1 then |g| = |suppf | −m+ |z −m|.

Proof: The proof is the same as in Lemma 4.2.2. �

LetG be a Cayley automatic group. Let us choose some Cayley automatic

representation of G, ϕ : L→ G. Suppose that the following inequality holds

for all g ∈ G:

|g| 6 C|u|+D, (4.25)
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where C > 0 and D > 0 are some constants, and |u| is the length of the word

representing g ∈ G with respect to the chosen Cayley automatic representa-

tion of G, and |g| is the word length of g with respect to some generators

g1, . . . , gn. Let w be the word representing an element g ∈ G oZ with respect

to the Cayley automatic representation of G o Z constructed in Theorem

4.3.1. The analog of Proposition 4.2.1 for the wreath product G o Z is as

follows.

Proposition 4.3.1. The following inequality holds for all g ∈ G o Z:

|w| 6 K|g|+K0, (4.26)

where K and K0 are some constants which depend only on the chosen Cay-

ley automatic representation of G. In addition, the following inequality is

satis�ed for all g ∈ G o Z:

|g| 6M |w| − 2, (4.27)

where M = C+D+2. Unifying the inequalities (4.26) and (4.27) we obtain:

1

K
|w| − K0

K
6 |g| 6M |w| − 2, (4.28)

� or, equivalently,

1

M
|g|+ 2

M
6 |w| 6 K|g|+K0. (4.29)

Proof: We �rst prove the inequality (4.26). Let K0 be the length of the

word which represents the identity e ∈ G with respect to the chosen Cayley

automatic representation of G. Therefore, the inequality holds for g = e. For

each j = 1, . . . , n put dj to be the maximum number of the padding symbols
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♦ in the convolutions ϕ−1(g)⊗ ϕ−1(ggj); by the pumping lemma, dj always

exists. Put K = max{K0, dj | j = 1, . . . , n}.

Suppose that the inequality (4.26) holds for some g ∈ G o Z. It follows

from the construction of the Cayley automatic representation of G o Z in

Theorem 4.3.1 that the words representing ggj and gg
−1
j have the lengths at

most |w| + max{dj | j = 1, . . . , n}. The lengths of the words representing gt

and gt−1 are equal to either |w|, |w|+K0 or |w| −K0. This implies that the

inequality (4.26) holds for the elements ggj, gg
−1
j , gt and gt−1 as well.

Let us prove the inequality (4.27). By (4.25), we obtain that:

|suppf | 6 C|w|+D#suppf.

By Lemma 4.3.1 we obtain that #suppf 6 |w|. Therefore,

|suppf | 6 (C +D)|w|. (4.30)

As in the proof of Proposition 4.2.1, by the inequality (4.23), we obtain the

following upper bound for the second summand of the right�hand side of

(4.24):

2(|w| − 1) > min{2 max{−m, 0}+ max{n, 0}+ |z −max{n, 0}|,

2 max{n, 0}+ max{−m, 0}+ |z + max{−m, 0}|}.

Therefore,

|g| 6 (C +D + 2)|w| − 2.

Put M = C + D + 2. Then we obtain (4.27). Combining (4.26) and (4.27),

we obtain (4.28) and (4.29). �
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4.4 The wreath products Z2 o Fn

In this section we consider the wreath products Z2 o Fn, where Fn is the free

group of n generators. We will show how to represent the Cayley graphs of the

wreath products Z2 o Fn by deterministic pushdown automata. The idea to

use pushdown automata for representing Cayley graphs was motivated by the

notion of parallel poly�pushdown groups introduced by Baumslag, Shapiro

and Short [39] and the notion of C�graph automatic groups introduced by

Elder and Taback [35].

Recall �rst the de�nition of a pushdown automaton (see, e.g., [22]).

De�nition 4.4.1. A pushdown automaton is a tuple P =

(Q,Σ,Γ, δ, q0, Z0, F ), where

• Q is a �nite set of states;

• Σ is a �nite input alphabet;

• Γ is a �nite stack alphabet;

• δ is a map from a subset of Q× Σε × Γ to Q× Γ∗;

• q0 ∈ Q is the start state;

• Z0 ∈ Γ is the start symbol;

• F ⊂ Q is the set of accepting states.

The pushdown automaton P = (Q,Σ,Γ, δ, q0, Z0, F ) starts reading an

input word w ∈ Σ∗ being in the initial state q0 and the single symbol Z0 in the

stack. At any point in a computation, the instantaneous description is a triple
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(q, w, γ), where q ∈ Q is the current state, w ∈ Σ∗ is the remaining input, and

γ ∈ Γ∗ is the stack contents. We say that the pushdown automaton P makes a

transition (q1, aw,Xγ)
P−→ (q2, w, βγ), where q1, q2 ∈ Q, a ∈ Σε, w ∈ Σ∗, X ∈

Γ and β, γ ∈ Γ∗ if δ(q1, a,X) = (q2, β). In other words, the pushdown

automaton P reads o� the symbol a ∈ Σ (or, nothing, if a = ε), pops the

symbol X from the stack, and pushes the word β into the stack.

We say that a word w is accepted by a pushdown automaton P if there is

a �nite sequence of transitions (q0, w, Z0)
P−→ . . .

P−→ (q, ε, γ) such that q ∈ F .

We denote by L(P ) the language of the words which are accepted by P .

We say that a language L is context�free if L = L(P ) for some pushdown

automaton P . Recall brie�y some properties of context�free languages.

Proposition 4.4.1. (see, e.g., [40, Theorem 5.2]) Context�free languages are

closed under homomorphism, inverse homomorphism, and intersection with

regular languages. A homomorphism here means a homomorphic mapping

from one �nitely generated free monoid to another.

De�nition 4.4.2. A pushdown automaton P = (Q,Σ,Γ, δ, q0, Z0, F ) is de-

terministic if:

• δ(q, a,X) has at most one element for any q ∈ Q, a ∈ Σ or a = ε,

X ∈ Γ;

• if δ(q, a,X) is nonempty for some a ∈ Σ then δ(q, ε,X) must be empty.

De�nition 4.4.3. A language L ⊂ Σ∗ is said to be in the class P1 if it is

recognizable by a deterministic pushdown automaton.

De�nition 4.4.4. (see [39, De�nition]) A language L ⊂ Σ∗ is said to be

in the class P (the class of parallel poly�pushdown languages) if there are
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�nitely many languages Li, i = 1, . . . , k recognizable by deterministic push-

down automata such that L =
⋂k
i=1 Li.

Proposition 4.4.2. ([39, Proposition 3.1]) Suppose that L and M are in P,

and that R is regular then the languages L ∩M , L ∪R and L \R are in P.

De�nition 4.4.5. A language L ⊂ Σ∗ is said to be in the class Pc (the class

of poly�context�free languages) if there are �nitely many languages Li, i =

1, . . . , k recognizable by pushdown automata such that L =
⋂k
i=1 Li.

The analog of Proposition 4.4.2 clearly holds for languages in the class

Pc. It is clear that P1 ⊂ P ⊂ Pc. Let C be a class of languages, for example,

P1, P or Pc.

De�nition 4.4.6. (see [35, De�nition 8]) We say that a �nitely generated

group G is C�Cayley automatic if there exists a bijection ψ : L→ G between

a language L in the class C and the group G such that for some set of

group generators S = {g1, . . . , gn} for each gj ∈ S the language Lj = {w1 ⊗

w2|w1, w2 ∈ L, ψ(w1)gj = ψ(w2)} is in C.

Proposition 4.4.3. If a group G is Pc�Cayley automatic with respect to

some �nite generating set S ⊂ G then it is Pc�Cayley automatic with respect

to all �nite generating sets of G.

Proof: By Proposition 4.4.1, the class Pc is closed under homomorphism

and inverse homomorphism. Similarly to Proposition 4.4.2, the class Pc, by

design, is closed under intersection. These two facts imply that the de�nition

of Pc�Cayley automatic groups does not depend on the choice of generators

(see, e.g., [35, Lemma 14] for the proof). �
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Remark 4.4.1. In the original de�nition of parallel poly�pushdown groups

[39, De�nition] the alphabet Σ of a language L is identi�ed with a �nite set of

semigroup generators of a group G, ψ : L→ G is obtained from the semigroup

homomorphism π : Σ∗ → G, i.e., ψ(w) = π(w), and for each σ ∈ Σ ⊂ G the

set {(u, v)|u, v ∈ L, π(v) = π(u)σ} should be the intersection of �nite number

of languages recognizable by two�tape deterministic asynchronous pushdown

automata.

Remark 4.4.2. According to the terminology adopted in [35], the group G

in De�nition 4.4.6 should be called C�graph automatic groups. In partic-

ular, Pc�Cayley automatic groups should be called poly�context�free�graph

automatic groups.

Remark 4.4.3. In [35] the authors, consider DCS�Cayley automatic groups,

where DCS is the class of languages recognizable by deterministic linear bound

automata. It can be seen that every P�Cayley automatic group is DCS�

Cayley automatic.

Remark 4.4.4. The de�nition of Pc�Cayley automatic groups does not de-

pend on the choice of generators. However, the de�nitions of P1 and P�

Cayley automatic groups depend on the choice of generators.

We denote by a and b the generators of the free group F2 = 〈a, b〉, and by

h the nontrivial element of Z2. We consider the Cayley graph of the wreath

product Z2 o F2 with respect to the generators a, b and h. Recall that an

element of Z2 oF2 is a pair (f, z), where f is a function f : F2 → Z2 that has

�nite support and z ∈ F2 is the position of the lamplighter. We obtain the

following theorem.
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Theorem 4.4.1. The group Z2 o F2 is P1�Cayley automatic.

Proof: In order to construct a P1�Cayley automatic representation of

Z2 o F2 we extend the Cayley automatic representation of Z2 o Z obtained

in Theorem 4.2.1. In the Cayley automatic representation of Z2 o Z we

use the symbols 0, 1, A0, A1, B0, B1, C0, C1. In the P1�Cayley automatic

representation of Z2 o F2 we use the brackets (, ) and [, ]. Along with

the symbols 0 and 1 we use D0, E0 and D1, E1. Along with the symbols

A0, A1, B0, B1, C0, C1 we use DA
0 , D

A
1 , D

B
0 , D

B
1 , D

C
0 , D

C
1 , E

C
0 , E

C
1 . The sym-

bols A0, A1, D
A
0 , D

A
1 are used to show the position of the origin e ∈ F2. The

symbols C0, C1, D
C
0 , D

C
1 , E

C
0 , E

C
1 are used to show the position of the lamp-

lighter z ∈ F2. The symbols B0, B1, D
B
0 , D

B
1 are used if the lamplighter is

at the origin. See also the meaning of the symbols A0, A1, B0, B1, C0, C1 in

Theorem 4.2.1.

We say that a symbol is an A�, B�, C�, D� and E�symbol if it belongs

to the set {A0, A1, D
A
0 , D

A
1 }, {B0, B1, D

B
0 , D

B
1 }, {C0, C1, D

C
0 , D

C
1 , E

C
0 , E

C
1 },

{D0, D1, D
A
0 , D

A
1 , D

B
0 , D

B
1 , D

C
0 , D

C
1 } and {E0, E1, E

C
0 , E

C
1 }, respectively. We

say that a symbol is basic if it belongs to the set {0, 1, A0, A1, B0, B1, C0, C1}.

For a given s ∈ F2, denote by r(s) ∈ {a, a−1, b, b−1}∗ the reduced word

representing s. We denote by Fa the set of all group elements s ∈ F2 for

which r(s) = aw or r(s) = a−1w, w ∈ {a, a−1, b, b−1}∗. We denote by Fb

the set of all group elements s ∈ F2 for which r(s) = bw or r(s) = b−1w,

w ∈ {a, a−1, b, b−1}∗. It is clear that F2 = Fa∪Fb∪{e}. We denote by H the

subgroup of Z2 oF2 generated by a and h. It is clear that H is isomorphic to

Z2 o Z.

For a given (f, z) ∈ Z2 o F2, depict it in a way shown Fig. 4.1: a white
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box means that the value of a function f : F2 → Z2 is e ∈ Z2, a black box

means that it is h ∈ Z2, a black disk speci�es the position of the lamplighter

z and tells us that the value of f is h. Let us consider the horizontal line

going through the identity e ∈ F2. For a vertex s ∈ F2 on this line, put

Vs = {p ∈ Fb | f(sp) = h ∨ z = sp}. Scan this line from the left to the right.

If Vs = ∅, then write the corresponding basic symbol (see Theorem 4.2.1). If

Vs 6= ∅, then write the corresponding D�symbol. For the element in Fig. 4.1

(left) we get 11DA
0 D01. For the element in Fig. 4.1 (right) we get D0A1D01.

If (f, z) ∈ H, then we obtain the same representative as in Theorem 4.2.1.

If (f, z) /∈ H, then D�symbols occur. In this case we continue as follows.

Take any occurrence of D�symbol. This occurrence corresponds to some

vertex s ∈ F2. Let us consider a vertical line going through s. For a vertex

t ∈ F2, t 6= s on this line, put Ht = {p ∈ Fa | f(tp) = h ∨ z = tp}. Insert the

brackets ( and ) around the occurrence of a D�symbol. Scan, omitting s, this

line from the bottom to the top. If Ht = ∅, then write the corresponding

basic symbol inside the brackets. If Ht 6= ∅, then write the corresponding

E�symbol inside the brackets. Do it for every occurrence of a D�symbol.

For the element in Fig. 4.1 (left) we get 11(1E0D
A
0 E0)(E0D0E1)1. For the

element in Fig. 4.1 (right) we get (D01)A1(E0D0E
C
1 )1. If no E�symbols occur

then we stop. If E�symbols occur, we insert the brackets [ and ] around each

occurrence and repeat the step above for horizontal lines. We continue this

procedure until no new D� or E�symbols occur. After the procedure is

�nished, the result is the representative w of g = (f, z).

Let us consider two elements of Z2 o F2 in Fig. 4.1. For the element in

Fig. 4.1 (left) the procedure of constructing the representative is 11DA
0 D01→
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aa
b

b

aa
b

b

Figure 4.1: Two elements of Z2 o F2

11(1E0D
A
0 E0)(E0D0E1)1 →11(1[1E01]DA

0 [E0D1])([1E0]D0[1E1])1 →

11(1[1E01]DA
0 [E0(C1D1)])([1E0]D0[1E1])1. For the element in Fig. 4.1

(right) it is D0A1D01→ (D01)A1(E0D0E
C
1 )1→ (D01)A1([1E0]D0[1EC

1 ])1.

Put Σ = {0, 1, D0, D1, E0, E1, (, ), [, ], A0, A1, B0, B1, C0, C1, D
A
0 , D

A
1 , D

B
0 , D

B
1 ,

DC
0 , D

C
1 , E

C
0 , E

C
1 }. Let L ⊂ Σ∗ be the language of representatives w of all

elements g ∈ Z2 o F2. It can be seen that the language L consists of the

words satisfying the following properties.

• The con�guration of brackets (, ), [, ] is balanced and, moreover, gen-

erated by the context�free grammar S → SS | (T ) | ε, T → TT | [S] | ε

with the axiom S.

• Each pair of matched brackets ( and ) is associated with a D�

symbol which is placed inside these brackets, but not inside any

other pair of matched brackets between them. That is, the con�g-

uration of the subword between any two matched brackets ( and )

is (p[. . . ]q . . . r[. . . ]s σ t[. . . ]u . . . v[. . . ]w), where σ is a D�symbol and
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p, q, r, s, t, u, v, w ∈ {0, 1, C0, C1}∗.

• TheD�symbolsDA
0 , D

A
1 , D

B
0 , D

B
1 are allowed to be associated only with

a matched pair of brackets ( and ) of the �rst level.

• Each pair of matched brackets [ and ] is associated with an E�

symbol which is placed inside these brackets but not inside any other

pair of matched brackets between them. That is, the con�gura-

tion of the subword between any two matched brackets [ and ] is

[p(. . . )q . . . r(. . . )s σ t(. . . )u . . . v(. . . )w], where σ is an E�symbol and

p, q, r, s, t, u, v, w ∈ {0, 1, C0, C1}∗.

• Each pair of matched brackets is separated by at least two symbols.

• The subwords (0, 0), [0 and 0] are not allowed.

• The symbol 0 is not allowed to be the �rst or the last one of a word.

• Among the symbolsA0,A1,B0,B1,C0,C1,D
A
0 ,D

A
1 ,D

B
0 ,D

B
1 ,D

C
0 ,D

C
1 ,E

C
0 ,E

C
1

each word of L contains either exactly one occurrence of a B�symbol

and no A�symbols and C�symbols, or exactly one occurrence of an

A�symbol and of a C�symbol, and no B�symbols.

It can be seen that L is recognized by a deterministic pushdown au-

tomaton. We denote by ψ : L → Z2 o F2 the representation of the group

Z2 o F2 described above. The right multiplication by h either interchanges

C0 and C1, D
B
0 and DB

1 , D
C
0 and DC

1 , or E
C
0 and EC

1 . Therefore, the lan-

guage Lh = {u ⊗ v|u, v ∈ L, ψ(v) = ψ(u)h} is recognized by a determin-

istic pushdown automaton. The right multiplication by a (or, b) moves
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the lamplighter by one step to the right (or, up). It is can be veri�ed

that each of the languages La = {u ⊗ v|u, v ∈ L, ψ(v) = ψ(u)a} and

Lb = {u ⊗ v|u, v ∈ L, ψ(v) = ψ(u)b} is recognized by a deterministic push-

down automaton. Therefore, the group Z2 o F2 is P1�Cayley automatic. �

Remark 4.4.5. It is proved [39, Theorem 5.4] that the set of parallel poly�

pushdown groups in the sense of [39, De�nition] is closed under wreath prod-

ucts. We remark that the proof of [39, Theorem 5.4] does not work for the

case of P1�Cayley automatic groups.

We denote by w the word representing an element g = (f, z) ∈ Z2 o F2

with respect to the P1�Cayley automatic representation of the group Z2 o F2

constructed in Theorem 4.4.1. We obtain the following proposition.

Proposition 4.4.4. The following inequality holds for all g ∈ Z2 o F2:

|w| 6 3|g|+ 1. (4.31)

In addition, the following inequality holds for all g ∈ Z2 o F2:

|g| 6 3|w| − 2. (4.32)

Both inequalities (4.31) and (4.32) imply that for all g ∈ Z2 o F2:

1

3
|w| − 1

3
6 |g| 6 3|w| − 2, (4.33)

or, equivalently,
1

3
|g|+ 2

3
6 |w| 6 3|g|+ 1. (4.34)

Furthermore, the equalities |w| = 3|g|+ 1 and |g| = 3|w| − 2 are achieved for

an in�nite number of elements g ∈ Z2 o F2.
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Proof: We �rst prove the inequality (4.31). The representative of e ∈

Z2 o F2 is the word B0 of length 1, so the inequality holds for g = e. For

every g ∈ Z2 oF2 the lengths of the representatives for g and gh are the same.

It can be seen that for every g ∈ Z2 o F2 the lengths of the representatives

for g and ga (or gb) di�er by at most 3. For example, the representative for

hb is (DA
1 C0) and the representative for hba is (DA

1 [E0C0]). Therefore, the

inequality (4.31) holds for all g ∈ Z2 o F2.

Let us prove the inequality (4.32). Consider the subgroup Z2 oZ 6 Z2 oF2.

For the elements of this subgroup the representatives are the same as in

Theorem 4.2.1. Therefore, by Proposition 4.2.1, we obtain that for the

elements of the subgroup Z2 o Z 6 Z2 o F2 the inequality (4.32) is sat-

is�ed. For a given element g ∈ Z2 o F2 the representative w has the

form w = v0(w1)v1(w2)v2 . . . vn−1(wn)vn, where the words v0, v1, . . . , vn

do not contain brackets, and every word wi, i = 1, . . . , n has the form

wi = v′0[w′1]v′1[w′2]v′2 . . . v
′
mi−1[w′mi ]v

′
mi
, where the words v′0, v

′
1, . . . , v

′
mi

do

not contain brackets, and etc. Therefore, by induction, we obtain that

|g| 6
∑n

i=1(3|wi| − 2) + 3(|v0 . . . vn| + n) − 2 6 3|w| − 2 which proves the

inequality (4.32). The inequalities (4.33) and (4.34) are obtained from (4.31)

and (4.32).

It is easy to construct an in�nite sequence of elements of Z2 o F2 for

which the identity |w| = 3|g| + 1 holds. Consider the in�nite sequence

of elements e, b, ba, bab, baba and etc. For these elements the representa-

tives are A0, (D
A
0 C0), (DA

0 [E0C0]), (DA
0 [E0(D0C0)]), (DA

0 [E0(D0[E0C0])]) and

etc. Therefore, for each element g of this sequence the identity |w| = 3|g|+ 1

holds. An in�nite sequence of elements of Z2 o Z 6 Z2 o F2, for which the
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identity |g| = 3|w| − 2 holds, is constructed in Proposition 4.2.1. �

Another property of the P1�Cayley automatic representation constructed

in Theorem 4.4.1 is as follows.

Proposition 4.4.5. The set of the representatives of the elements of the

normal subgroup Z(F2)
2 E Z2 o F2 is recognized by a deterministic pushdown

automaton. The set of the representatives of the elements of the subgroup

F2 6 Z2 o F2 is recognized by a deterministic pushdown automaton.

Proof: The representatives of the elements of the normal subgroup

Z(F2)
2 E Z2 o F2 are all representatives which contain a B�symbol. Therefore,

there exists a �nite automaton which for a given representative w ∈ L recog-

nizes whether it represents an element of the normal subgroup Z(F2)
2 EZ2 o F2.

Since the class P1 is closed under intersection with a regular language, we

obtain that the set of representatives of the elements of the normal subgroup

Z(F2)
2 E Z2 o F2 is recognized by a deterministic pushdown automaton. The

second statement of the proposition can be shown in a similar way. �

Consider now the subgroupsH1, H2 andH3 of the group Z2 o F2 which are

generated by the generators a and h, b and h, and ab and h, respectively. It is

easy to see that the groups H1, H2 and H3 are isomorphic to the lamplighter

group Z2 o Z. We obtain the following proposition.

Proposition 4.4.6. The sets of representatives of the elements of the sub-

group H1 6 Z2 o F2 and the subgroup H2 6 Z2 o F2 are regular languages.

The set of representatives of the elements of the subgroup H3 6 Z2 o F2

is not a regular language, but it is recognized by a deterministic pushdown

automaton.
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Proof: The proposition directly follows from the construction of the

P1�Cayley automatic representation of Z2 o F2 in Theorem 4.4.1. �

The construction of the P1�Cayley automatic representation of the group

Z2 oF2 in Theorem 4.4.1 can be generalized for the groups Z2 oFn, n > 3. We

obtain the following theorem.

Theorem 4.4.2. For a given integer n > 3, the group Z2 o Fn is P1�Cayley

automatic.

Proof: Let us show how to construct a P1�Cayley automatic represen-

tation of Z2 o F3. In a similar way one can obtain a P1�Cayley automatic

representation of Z2 o Fn for any integer n > 3. We denote by a, b and c the

generators of the free group F3 = 〈a, b, c〉, and by h the nontrivial element

of Z2. We consider the Cayley graph of the group Z2 o F3 with respect to

the generators a, b, c and h. Recall that an element of Z2 oF3 is a pair (f, z),

where f is a function f : F3 → Z2 that has �nite support and z ∈ F3 is the

position of the lamplighter.

The P1�Cayley automatic representation of Z2 o F3 to be described

is a modi�cation of that of Z2 o F2 constructed in Theorem 4.4.1. We

recall that in the P1�Cayley automatic representation of the group Z2 o F2

constructed in Theorem 4.4.1 the symbols 0, 1, A0, A1, B0, B1, C0, C1,

the brackets (, ) and [, ], the symbols D0, D1, E0, E1, and the symbols

DA
0 , D

A
1 , D

B
0 , D

B
1 , D

C
0 , D

C
1 , E

C
0 , E

C
1 are used. In this theorem we call these

symbols basic. For constructing the P1�Cayley automatic representation of

Z2 o F3 we add the symbols F0, F1, FD0 , FD1 , FE0 , FE1 , G0, G1, GD0 , GD1 , the

brackets 〈, 〉 and {, }, and the symbols FA
0 , F

A
1 , F

A
D0
, FA

D1
, FB

0 , F
B
1 , F

B
D0
, FB

D1
,

FC
0 , F

C
1 , F

C
D0
, FC

D1
, FC

E0
, FC

E1
, GC

0 , G
C
1 , G

C
D0
, GC

D1
, which are used to show the
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position of the origin e ∈ F3 and the position of the lamplighter z ∈ F3.

We say that a symbol is a F� and G�symbol if it belongs to the set

{F0, F1, FD0 , FD1 , FE0 , FE1 , F
A
0 , F

A
1 , F

A
D0
, FA

D1
, FB

0 , F
B
1 , F

B
D0
, FB

D1
, FC

0 , F
C
1 , F

C
D0
,

FC
D1
, FC

E0
, FC

E1
} and {G0, G1, GD0 , GD1 , G

C
0 , G

C
1 , G

C
D0
, GC

D1
}, respectively.

For a given s ∈ F3, denote by r(s) ∈ {a, a−1, b, b−1, c, c−1}∗ the reduced

word representing s. We denote by Fab the set of all group elements s ∈ F3

for which r(s) = aw, r(s) = a−1w, r(s) = bw or r(s) = b−1w, where w ∈

{a, a−1, b, b−1, c, c−1}∗. We denote by Fc the set of all group elements s ∈ F3

for which r(s) = cw or r(s) = c−1w, where w ∈ {a, a−1, b, b−1, c, c−1}∗. It

is clear that F3 = Fab ∪ Fc ∪ {e}. We denote by H the subgroup of Z2 o F3

generated by a, b and h. It is clear that H is isomorphic to Z2 o F2.

For a given (f, z) ∈ Z2 o F3, depict it in a way shown Fig. 4.2: a white

box means that the value of a function f : F3 → Z2 is e, a black box

means that it is h, a black disk speci�es the position of the lamplighter

and tells us that the value of f is h. Let us consider the horizontal plane

going through the identity e ∈ F3. For a vertex s ∈ F3 on this plane, put

Vs = {p ∈ Fc | f(sp) = h ∨ z = sp}. Scan this plane as it is described in

Theorem 4.4.1. If Vs = ∅, then write the corresponding basic symbol. If

Vs 6= ∅, then write the corresponding F�symbol. For the element in Fig. 4.2

(left) we get 1([1E0]FA
D0
F0)1. For the element in Fig. 4.2 (right) we get

F0([C1E0]FA
D0

[E0F0])1. If (f, z) ∈ H, then we obtain the same representative

as in Theorem 4.4.1. If (f, z) /∈ H, then F�symbols occur. In this case we

continue as follows.

Take any occurrence of F�symbol. This occurrence corresponds to some

vertex s ∈ F3. Let us consider a vertical line going through s. For a vertex
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b

a

c b

a

c

c

b

a

c

Figure 4.2: Two elements of Z2 o F3

t ∈ F3, t 6= s on this line, put Ht = {p ∈ Fab | f(tp) = h∨ z = tp}. Insert the

brackets 〈 and 〉 around the occurrence of a F�symbol. Scan, omitting s, this

line from the bottom to the top. If Ht = ∅, then write the corresponding

basic symbol inside the brackets. If Ht 6= ∅, then write the corresponding

G�symbol inside the brackets. Do it for every occurrence of a F�symbol.

For the element in Fig. 4.1 (left) we get 1([1E0]〈1FA
D0
G0〉〈F0G

C
1 〉)1. For the

element in Fig. 4.1 (right) we get 〈F0G0〉([C1E0]〈1FA
D0
G1〉[E0〈F01〉])1. If no

G�symbols occur then we stop. If G�symbols occur, we insert the brackets

{ and } around each occurrence and repeat the step above for a horizontal

plane. We continue this procedure until no new F� or G�symbols occur.

After the procedure is �nished, the result is the representative w of g = (f, z).

Let us consider two elements of Z2 o F3 in Fig. 4.2.

For the element in Fig.4.2 (left) the procedure of

constructing the representative is 1([1E0]FA
D0
F0)1 →

1([1E0]〈1FA
D0
G0〉〈F0G

C
1 〉)1 → 1([1E0]〈1FA

D0
{1G0}〉〈F0{GC

1 F0}〉)1 →

1([1E0]〈1FA
D0
{1G0}〉〈F0{GC

1 〈1F0〉}〉)1. For the element in Fig.4.2 (right)

82



it is F0([C1E0]FA
D0

[E0F0])1 → 〈F0G0〉([C1E0]〈1FA
D0
G1〉[E0〈F01〉])1 →

〈F0{(GD01)}〉([C1E0]〈1FA
D0
{(GD11)}〉[E0〈F01〉])1.

Let L be the language of all words representing the elements of the group

Z2 o F3 according to the representation described above. It can be veri�ed

that L is recognizable by a deterministic pushdown automaton. We denote

by ψ : L → Z2 o F3 the representation of the group Z2 o F3 described above.

The right multiplication by h either interchanges C0 and C1, D
B
0 and DB

1 ,

DC
0 and DC

1 , E
C
0 and EC

1 , F
B
0 and FB

1 , FB
D0

and FB
D1
, FC

0 and FC
1 , FC

D0
and

FC
D1
, FC

E0
and FC

E1
, GC

0 and GC
1 , or G

C
D0

and GC
D1
. Therefore, the language

Lh = {u ⊗ v|u, v ∈ L, ψ(v) = ψ(u)h} is recognizable by a deterministic

pushdown automaton. Also, it is easily veri�ed that the languages La =

{u ⊗ v|u, v ∈ L, ψ(v) = ψ(u)a}, Lb = {u ⊗ v|u, v ∈ L, ψ(v) = ψ(u)b}

and Lc = {u ⊗ v|u, v ∈ L, ψ(v) = ψ(u)c} are recognizable by deterministic

pushdown automata. �

Let us be given an integer n > 3. We denote by w the word representing

an element g = (f, z) ∈ Z2 o Fn with respect to the P1�Cayley automatic

representation of the group Z2 oFn constructed in Theorem 4.4.2. We obtain

the following proposition.

Proposition 4.4.7. The following inequality holds for all g ∈ Z2 o Fn:

|w| 6 (2n− 1)|g|+ 1. (4.35)

In addition, the following inequality holds for all g ∈ Z2 o Fn:

|g| 6 3|w| − 2. (4.36)

Both inequalities (4.35) and (4.36) imply that for all g ∈ Z2 o Fn:
1

2n− 1
|w| − 1

2n− 1
6 |g| 6 3|w| − 2, (4.37)
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or, equivalently,
1

3
|g|+ 2

3
6 |w| 6 (2n− 1)|g|+ 1. (4.38)

Proof: Let us show the inequalities (4.35) and (4.36) for n = 3. In

a similar way one can obtain them for any integer n > 3. We �rst prove

the inequality (4.35). Let ψ : L → Z2 o F3 be the P1�Cayley automatic

representation of Z2 o F3 constructed in Theorem 4.4.2. It can be seen that

the right multiplication by h does not change the length of a representative:

if ψ(u)h = ψ(v) for some u, v ∈ L, then |u| = |v|.

It is easily veri�ed that the right multiplications by a, b or c increase the

length of a representative by at most 5. For example, the representative of hc

is 〈FA
1 C0〉 and the representative of hcb is 〈FA

1 {(G0C0)}〉. The representative

of the identity e ∈ Z2 o F3 is the word B0 of length 1. Therefore, we obtain

(4.35). The inequality (4.36) can be shown similarly to Proposition 4.4.4. �

4.5 Wreath products G o Fn

In this section we consider groups G o Fn. It is easy to see that all con-

structions and proofs presented in Section 4.4 for the groups Z2 o Fn can be

straightforwardly modi�ed for the groups G o Fn, if G is a �nite group. For

an in�nite Cayley automatic group G we obtain the following theorem.

Theorem 4.5.1. Let G be a Cayley automatic group. Then the group G oFn
is P1�Cayley automatic.

Proof: Let us be given a Cayley automatic representation ψG : LG → G

such that the empty word ε /∈ LG. Let n be an integer greater or equal
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than 2. Recall that in Theorem 4.3.1 we constructed the Cayley automatic

representation of the group G o Z. In exactly the same way, using the P1�

Cayley automatic representation of the group Z2oFn constructed in Theorems

4.4.1 and 4.4.2, we obtain the P1�Cayley automatic representation of the

group G o Fn. �

We denote by Pc1 the class of context�free languages. Let ψG : LG → G

be a Pc1�Cayley automatic representation of G for which ε /∈ LG and there

exists a �nite set of generators S = {g1, . . . , gm} and a constant N such that

for every u, v ∈ LG, for which ψG(u)g = ψG(v) for some g ∈ S, the inequality

||u| − |v|| 6 N holds. We obtain the following theorem.

Theorem 4.5.2. For a given integer n > 2, the group G o Fn is Pc1�Cayley

automatic.

Proof: The Pc1�Cayley automatic representation of the group G o Fn is

obtained in exactly the same way as the representation in Theorem 4.5.1. �

Suppose now that the following inequality holds for some constants C

and D:

|g| 6 C|u|+D, (4.39)

where |u| is the length of the word u = ψ−1
G (g), |g| is the length of g in the

Cayley graph Γ(G,S), and C > 0 and D > 0 are some constants. Let n be

an integer greater or equal than 2. Let us consider the Pc1�Cayley automatic

representation ψ : L → G o Fn of the group G o Fn constructed in Theorem

4.5.2. Put w = ψ−1(g) to be the representative of an element g ∈ G o Fn.

Similarly to Proposition 4.3.1, we obtain the following proposition.
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Proposition 4.5.1. The following inequality holds all g ∈ G o Fn:

|w| 6 K|g|+K0, (4.40)

where K and K0 are some constants which depend only on the chosen PC1 �

Cayley automatic representation of G. In addition, the following inequality

is satis�ed for all g ∈ G o Fn:

|g| 6M |w| − 2, (4.41)

where M = C+D+2. Unifying the inequalities (4.40) and (4.41) we obtain:

1

K
|w| − K0

K
6 |g| 6M |w| − 2, (4.42)

or, equivalently,
1

M
|g|+ 2

M
6 |w| 6 K|g|+K0. (4.43)

Proof: We �rst prove the inequality (4.40). Let K0 be the length of the

word representing the identity e ∈ G oFn for the chosen Pc1�Cayley automatic

representation ψG : LG → G. We assumed that ε /∈ LG. Therefore, K0 > 1

and the inequality (4.40) holds for g = e.

PutK = max{K0+2(n−1), N}. Suppose that the inequality (4.40) holds

for some g ∈ G o Fn. It can be seen that the lengths of the representatives of

the words ggj, gg
−1
j , gt and gt−1 are at most |w| + K. This proves that the

inequality (4.40) holds for all g ∈ G o Fn.

Let us prove the inequality (4.41). Let (f, z) be an element of G o Fn.

Similarly to Proposition 4.3.1, from (4.39) we obtain that:

|suppf | 6 (C +D)|w|. (4.44)
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Let ` be de�ned by the identity |g| = |suppf |+`. Therefore, ` is the length of

some route which the lamplighter covers before arriving at z ∈ Fn. Similarly

to Proposition 4.3.1 we obtain that ` 6 2(|w| − 1). Put M = C + D + 2.

Therefore, we obtain that

|g| 6 (C +D + 2)|w| − 2. (4.45)

Combining (4.40) and (4.41), we obtain (4.42) and (4.43). �

De�nition 4.5.1. Let ψ : L → G be a bijection between some language

L and a �nitely generated group G. We call a representation ψ : L → G

geodesic if there exists a constant λ > 0 for which the inequalities

1

λ
|g| − λ 6 |w| 6 λ|g|+ λ (4.46)

hold for all g ∈ G, where |g| is the length of g ∈ G with respect to some

�nite set of generators of G and w is the representative of an element g ∈ G,

w = ψ−1(g), and |w| is the length of the word w.

The representations of the Baumslag�Solitar groups BS(m,n), the groups

Z2 oZ and Z2 oFn, n > 2 constructed in Theorems 3.2.1, 4.2.1, 4.4.1 and 4.4.2

are geodesic. Proposition 4.5.1 shows that if a group G satis�es certain

conditions then the representation constructed in Theorem 4.5.2 is geodesic.

De�nition 4.5.2. [35, De�nition 4] We say that a representation ψ : L→ G

is quasi�geodesic if there exists a constant λ > 0 for which the inequality

|w| 6 λ|g|+ λ

holds for all g ∈ G, where |g| is the length of g ∈ G with respect to some

�nite set of generators of G, w is the representative of an element g ∈ G,

w = ψ−1(g), and |w| is the length of the word w.
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Clearly, if a representation ψ : L→ G is geodesic then it is quasi�geodesic.

All Cayley automatic representations are quasi�geodesic.

4.6 The wreath product Z2 o Z2

In this section we consider the group Z2 oZ2. We will show how to represent

the Cayley graph of Z2 o Z2 by nested stack automata.

Recall that a nested stack automaton uses a memory tree. We suppose

that a memory tree is ordered by depth��rst search and by taking the leftmost

possible outedge at each opportunity. It is allowed to move on up and down

on the rightmost branch of a memory tree. Nested stack automata generalize

pushdown automata for which a linear stack is used. For an introduction to

nested stack automata see, e.g., [40, 41]. Recall some necessary de�nitions.

De�nition 4.6.1. [41, De�nition 3.1] For a �nite set Ξ the set T of memory

trees consists of all �nite trees T ordered by depth��rst search (by taking the

leftmost possible outedge at each opportunity) with

1. Root vertex v0;

2. Edges labeled by letters from Ξ;

3. All edges directed away from the root;

4. One distinguished vertex on the path from v0 to the latest vertex of T ,

i.e., on the rightmost path.

A monoid of partial maps on the set of memory trees T is de�ned as

follows.
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De�nition 4.6.2. [41, De�nition 3.2] The monoid Mnsa is a monoid gener-

ated under composition by certain partial maps from T to itself. Pick T ∈ T

with distinguished vertex v and let y be the label of the inegde to v. If v = v0,

then y = ε. The e�ect of the partial maps Dx, Ux, Px and Qx on T is

described as follows.

• Dx(T ), x ∈ Ξ: if x = y and v 6= v0, then Dx(T ) is obtained by changing

the distinguished vertex of T to the parent of v;

• Ux(T ), x ∈ Ξ ∪ {ε}: if x = y and v is not a leaf, make the latest child

of v the new distinguished vertex.

• Px(T ), x ∈ Ξ: add to T a new edge with source v, label x, and target a

new vertex v1. Make v1 the latest vertex of T and the new distinguished

vertex.

• Qx(T ), x ∈ Ξ. If x = y and v is a leaf with parent v1, delete v and its

inedge. Make v1 the distinguished vertex.

In each case if T does not satisfy the condition given, the map is not de�ned

at T .

The monoid Mnsa acts on T by partial injective maps. The monoid Mnsa

has an identity element which we denote by 1: for this element 1(T ) = T for

every T ∈ T . The de�nition of nested stack automata is as follows.

De�nition 4.6.3. [41, De�nition 3.3] Let Σ be a �nite alphabet. A nested

stack automatonM over Σ is a �nite directed graph with a designated initial

vertex, designated �nal vertices, and with edges labeled by pairs (m, a) where
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a ∈ Σ∪ {ε}, and either m = 1 or m is one of the generators Dx, Ux, Px and

Qx of a monoid Mnsa in De�nition 4.6.2.

A computation of a nested stack automaton is a directed path which

starts at the initial vertex of this automaton. A deterministic nested stack

automaton is one such that every computation of length n can be continued

in at most one way to a computation of length n+1. A more formal de�nition

of deterministic nested stack automata is as follows.

De�nition 4.6.4. [41, De�nition 3.5] A nested stack automaton over Σ is

deterministic if each combination of a vertex, a memory tree T , and a letter

a ∈ Σ admits at most one outedge with label (m, a) or (m, ε) such that m(T )

is de�ned.

Let M be a nested stack automaton. Given a computation of M, the

label of this computation (m,w) ∈ Mnsa × Σ∗ is de�ned as follows. Put

m ∈ Mnsa to be the result of multiplying of the �rst components of edge

labels in order given by the path. Put w to be the word obtained by reading

o� the second components of edge labels in order given by the path. For the

path of a length 0, put the label to be (1, ε).

De�nition 4.6.5. [41, De�nition 3.4] A word w ∈ Σ∗ is accepted by M if

there is a computation with the label (1, w) ending at a �nal state. The set

of all accepted words is the language accepted byM.

An indexed language is one accepted by a nested stack automaton. We

denote by I the class of all indexed languages. Along with Cayley auto-

matic groups, P1� and Pc1�Cayley automatic groups one can study I�Cayley

automatic groups.
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Figure 4.3: The map t : N→ Z2 and an element of Z2 o Z2

Let us consider the group Z2 o Z2. Recall that an element of Z2 o Z2 is a

pair (f, z), where f is a function f : Z2 → Z2 that has �nite support and

z ∈ Z2 is the position of the lamplighter. We denote by x and y the standard

generators of Z2, and by h the nontrivial element of Z2. Let us consider the

Cayley graph of the wreath product Z2 o Z2 with respect to the generators

x, y and h. We obtain the following theorem.

Theorem 4.6.1. There exists an I�Cayley automatic representation ψ :

L→ Z2 o Z2 of the group Z2 o Z2 such that L is a regular language.

Proof: Put Σ = {0, 1, C0, C1}. Let us consider the map t : N→ Z2 such

that: t(1) = (0, 0), t(2) = (1, 0), t(3) = (1, 1), t(4) = (0, 1), t(5) = (−1, 1),

t(6) = (−1, 0), t(7) = (−1,−1), t(8) = (0,−1) and et cetera. The map

t : N → Z2 is shown in Fig. 4.3. For a given element (f, z) ∈ Z2 o Z2,

represent it as the word for which the kth symbol is 0 if f(t(k)) = e, 1 if

f(t(k)) = h, C0 if f(t(k)) = e and z = t(k), and C1 if f(t(k)) = h and
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Figure 4.4: The �rst several iterations ofMx

z = t(k). The last symbol of a word is not allowed to be 0, i.e., it should

be either 1, C0 or C1. An example of an element of Z2 o Z2 is shown in

Fig. 4.3: A white box means that the value of a function f : Z2 → Z2 is

e ∈ Z2, a black box means that it is h ∈ Z2, a black disk at the point (0,−2)

speci�es the position of the lamplighter and tells us that the value of f is h.

For the element of Z2 o Z2 shown in this �gure the word representing it is

0100011000000100001000C1000101111000011000101100001.

It can be seen that the language L ⊂ Σ∗ of representatives of all elements

g ∈ Z2 oZ2 is regular. Also, the language Lh = {w1⊗w2|w1, w2 ∈ L, ψ(w1)h =

ψ(w2)} is regular. Let us consider the languages Lx = {w1 ⊗ w2|w1, w2 ∈

L, ψ(w1)x = ψ(w2)} and Ly = {w1 ⊗ w2|w1, w2 ∈ L, ψ(w1)y = ψ(w2)}. We

will show that Lx and Ly are indexed languages.

Put the stack alphabet Ξ = {I, B, T}. The symbols B and T denote the

bottom and the top of the stack, respectively. The symbol I is used for all

intermediate positions.

Let w ∈ Lx. Below we give a description of a nested stack automata

verifying that w ∈ Lx. We say that a symbol of the alphabet Σ is a C�

symbol if it is either C0 or C1. Consider a nested stack automatonMx that

works as follows until it meets for the �rst time a letter which contains a

C�symbol.
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Figure 4.5: A content of a stack of the nested stack automatonMx

• Initially the stack is empty.

• Mx reads o� the �rst letter of w and pushes B onto the stack.

• Mx reads o� the second letter of w and pushes T onto the stack.

• Mx reads o� the third letter of w and goes one step down.

• Mx reads o� the fourth letter of w and goes one step up.

• Mx makes two silent moves popping T and pushing I.

• Mx reads o� the �fth letter of w and pushes T onto the stack.

• Mx reads o� the sixth letter of w and goes one step down.

• Mx reads o� the seventh letter of w and goes one step down.

• Mx reads o� the eights letter of w and goes one step up.
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• The process continues by going up and down along the stack between

B and T . Each time the top is reached, it is raised up by one. This

process is shown in Fig. 4.4: The content of the stack is shown for the

�rst several iterations ofMx. In general situation, a content of a stack

is shown in Fig. 4.5.

It is easy to see the following. If a letter of a word w ∈ Lx being read at

some position m contains a C�symbol for the �rst time, then either the next

letter at the position m+1 or the letter at the position m+(4n+1) contains

a proper C�symbol, where n is the current height of the stack. In order to

verify the latter case, the automatonMx, after meeting the letter containing

a C�symbol for the �rst time, works as follows.

• Mx makes silent moves going up until it reaches the top of the stack.

• Then the automatonMx pops a symbol out of stack each time it reads

o� four consecutive letters.

• After the stack is emptied the automaton reads o� the next letter and

checks whether it contains a proper C�symbol.

• After meeting a letter containing a C�symbol for the second time, the

automaton works without using a stack verifying that w ∈ Lx.

It is easy to see that the automaton Mx recognizes the language Lx. In a

similar way one can obtain the nested stack automatonMy that recognizes

the language Ly. It can be seen that the nested stack automataMx andMy

are deterministic. �
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Remark 4.6.1. It can be veri�ed that for the I�Cayley automatic represen-

tation ψ : L→ Z2 o Z2 constructed in Theorem 4.6.1 the following inequality

holds:

|g| 6 2|w| − 1,

where w is the representative of g ∈ Z2 o Z2, |w| is the length of w and |g| is

the length of g in the group Z2 oZ2 with respect to the generators x, y and h.

Also, it can be easily veri�ed that for an arbitrary constant λ the inequality

|w| 6 λ|g|+ λ

does not hold for all g ∈ Z2 o Z2. So, the I�Cayley automatic representation

of the group Z2 oZ2 constructed in Theorem 4.6.1 is not quasi�geodesic, and,

therefore, it is not geodesic.
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Chapter 5

Non�Cayley automatic transitive

graphs

In this chapter we study automatic representations of in�nite non�Cayley

transitive graphs. The main results of this chapter are published in [19].

5.1 Examples of automatic non�Cayley transi-

tive graphs

By De�nition 2.1.5, a graph Γ(V,E) is called automatic if the structure

(V ;E) is automatic. Recall that a graph Γ(V,E) is transitive if for every

pair of vertices u, v ∈ V there exists an automorphism of the graph which

maps u into v. We say that a transitive graph is non�Cayley if it is not an

unlabeled and undirected Cayley graph of any �nitely generated group (in

this chapter all Cayley graphs are supposed to be unlabeled and undirected).

We will provide examples of transitive graphs which showcase that the class

96



v

u

w

u

c

v

ea

d
b

w

a

b

e

d

c

T5 H2,3

Figure 5.1: Constructing the non�Cayley graph H2,3 from the graph T5

of automatic transitive graphs properly contains the class of all Cayley graphs

of Cayley automatic groups.

Thomassen and Watkins constructed an example of an in�nite non�

Cayley transitive graph [42]. Below we construct this example following [43,

� 2]. Let us consider the in�nite 5�regular tree T5 and the bipartite graph

K2,3. We de�ne the graph H2,3 as follows. First, replace vertices of T5 by

disjoint copies of K2,3. Second, for each edge (u, v) of T5, identify a vertex

of the K2,3 corresponding to u with a vertex of the K2,3 corresponding to v

such that no point in any K2,3 is identi�ed more than once and a vertex in

the class of size 2 is always identi�ed with a vertex in the class of size 3, and

vice versa. This construction is shown in Fig. 5.1 (see also [43, Figure 1]).

For the graph H2,3 we obtain the following proposition.

Proposition 5.1.1. [43, � 2] The graph H2,3 is a non�Cayley transitive

graph.
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Proof: It is easy to see that H2,3 is a transitive graph. Let us show that

H2,3 cannot be a Cayley graph of any �nitely generated group. We say that

a group S acts transitively on a graph H if for every pair u, v of vertices of

H there exists an action of S which maps u to v. We say that S acts freely

on H if every nontrivial action of S moves every vertex of H. Recall that a

graph H is a Cayley graph of some group i� there exists a subgroup S of the

group of automorphisms of H which acts freely and transitively on H.

Suppose that there exists a subgroup S of the group of automorphisms

of H2,3 which acts freely and transitively on H2,3. Let K be one of the K2,3

making up H2,3, and let {a, b} and {c, d, e} be the vertices of K in the classes

of size 2 and 3, respectively. Let us consider an automorphism that maps an

element of {c, d, e} back into {c, d, e}. Such an automorphism must map the

set {a, b} to itself because this is the only pair of vertices which has three

common neighbors and has a common neighbor in the set {c, d, e}. Therefore,

such an automorphism must �x K.

Put θ ∈ S to be an automorphism such that θ(c) = d. Then θ must swap

a and b. Put θ′ ∈ S to be an automorphism such that θ′(c) = e. Then θ′

must swap a and b. Therefore, θ′θ−1 ∈ S maps d to e, a to a, and b to b.

This gives us a contradiction. Hence H2,3 cannot be a Cayley graph for any

�nitely generated group. Therefore, H2,3 is a non�Cayley transitive graph.

�

In this chapter we use the notion of line graph. For a given digraph D

the line graph D′ is de�ned as follows.

De�nition 5.1.1. The line graph of a digraph D = (V,E) is the digraph

D′ = (V ′, E ′) with V ′ = E and E ′ = {((u, v), (u′, v′)) | (u, v), (u′, v′) ∈
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V ′ ∧ v = u′}.

Before showing that H2,3 is automatic let us prove the following auxiliary

lemma.

Lemma 5.1.1. Let D be an automatic digraph. Then its line graph D′ is

automatic.

Proof: Let ψ : L→ V be a bijection which provides an automatic repre-

sentation for the digraphD. Put L′ = {w1⊗w2|w1, w2 ∈ L∧(ψ(w1), ψ(w2)) ∈

E}. Since ψ provides an automatic representation of D, there exists a two�

tape synchronous �nite automaton which accepts the language L′. Therefore,

L′ is a regular language.

Since V ′ is identi�ed with E we obtain the bijection ψ′ : L′ → V ′ de�ned

as ψ′(w1 ⊗ w2) = (ψ(w1), ψ(w2)). Consider the language:

L′′ = {w′1 ⊗ w′2|w′1 = u1 ⊗ v1 ∈ L′ ∧ w′2 = u2 ⊗ v2 ∈ L′ ∧ ψ(v1) = ψ(u2)}.

A synchronous automaton that accepts L′′ works as follows. For a given input

w′1 ⊗ w′2 it veri�es that both w′1 and w′2 belong to L′, and that v1 coincides

with u2. Therefore L
′′ is a regular language. Thus, the bijection ψ′ : L′ → V ′

provides an automatic representation of D′. �

Let us show now that H2,3 is automatic.

Proposition 5.1.2. The graph H2,3 is automatic.

Proof: Let us consider the following representation of T5. Put Σ =

{a, b, c, d, e}. Put L to be the subset of Σ∗ such that in every word w ∈ L

none of the subwords aa, bb, cc, dd and ee occur. Depict the graph T5 on a
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plane as it is shown in Fig. 5.1 (left). Let us choose a labeling of edges of

T5 as follows. For some vertex v of T5 label incident edges by a, b, c, d and e

counterclockwise, see Fig. 5.1. Consider the vertex u incident to v for which

(v, u) is labeled by a and label the remaining edges incident to u by b, c, d

and e counterclockwise. Then consider the vertex w incident to v for which

(v, w) is labeled by c and label the remaining edges incident to w by d, e, a, b

counterclockwise. Continue this procedure until all edges of T5 are labeled.

It can be seen that, after labeling edges of T5, for every vertex of T5 all �ve

edges incident to it have di�erent labels a, b, c, d and e.

De�ne a representation ψ : L→ V (T5) as follows. Put ψ(ε) = v, where ε

is the empty word and v is a vertex of T5. For a given w ∈ L, put the vertex

ψ(w) to be the vertex vn which is the end of the path v0, v1, v2, . . . , vn, where

v0 = v, for every i = 1, . . . , n the edge (vi−1, vi) is labeled by ith letter of

w and n = |w|. It can be seen that ψ : L → V (T5) provides an automatic

representation of T5. Let us �x orientations of edges of T5 such that each

vertex has 2 ingoing edges and 3 outgoing edges. We denote the obtained

digraph by D0. It can be veri�ed that ψ : L→ V (T5) provides an automatic

representation of D0. Let D
′
0 be the line graph of D0. It can be veri�ed that

the graph H2,3 can be obtained from D′0 by removing orientations of edges.

In Lemma 5.1.1 we showed that if some digraph is automatic then its line

graph is automatic. Therefore, the graph H2,3 is automatic. �

Similarly to the graph H2,3, for given integers n and m such that n > 2,

m > 3 and n 6= m one can obtain the automatic non�Cayley transitive graph

Hn,m. We obtain the following proposition.

Proposition 5.1.3. Let n and m be integers such that n > 2, m > 3 and
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n 6= m. The graph Hn,m is an automatic non�Cayley transitive graph.

Proof: The proof is the same as for Propositions 5.1.1 and 5.1.2. �

5.2 The Diestel�Leader graph is automatic

Let Di, i = 0, . . . ,∞ be the sequence of digraphs such that the digraph D0 is

the 5�regular tree for which every vertex has exactly two ingoing edges and

three outgoing edges, and Di+1 is the line graph of Di for every i > 0. Recall

the following proposition.

Proposition 5.2.1. [43, Proposition 3] For a given integer n > 1, the di-

graph Dn is isomorphic to the digraph whose vertices are the directed paths

of length n in D0, with an edge from x1x2 . . . xn+1 to y1y2 . . . yn+1 if yi = xi+1

for every 1 6 i 6 n.

Put Gn to be the graph obtained from Dn by removing the orientations

from the edges. By Lemma 5.1.1, we obtain that Gi, i = 0, . . . ,∞ is a

sequence of automatic transitive graphs. It can be seen that G0 = T5 and

G1 = H2,3. Moreover, every graph Gi, i = 0, . . . ,∞ is quasi�isometric to the

5�regular tree T5. Recall the following de�nition due to Gromov [44].

De�nition 5.2.1. We say that two graphs G1 and G2 are quasi�isometric if

there exist a map θ : V (G1)→ V (G2) and some λ > 1 such that

1

λ
dG1(x, y)− λ 6 dG2(θ(x), θ(y)) 6 λdG1(x, y) + λ

for all x, y ∈ V (G1), and for any point y ∈ V (G2) there is some x ∈ V (G1)

such that dG2(θ(x), y) 6 λ; where dG1(x, y) and dG2(θ(x), θ(y)) are the graph

distances between x, y and θ(x), θ(y) in G1 and G2, respectively.
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Diestel and Leader showed that the sequence Gi, i = 0, . . . ,∞ converges

to a limit which is a transitive graph [43]. The limit is the Diestel�Leader

graph which we denote by G∗. It was conjectured that G? cannot be quasi�

isometric to any Cayley graph [43]. The conjecture was proved by Eskin,

Fisher and Whyte [45].

The graph G? can be described as follows, see [43, � 3]. Let X be a 3�

regular tree in which each vertex has 2 ingoing edges and 1 outgoing edge.

Let Y be a 4�regular tree in which each vertex has 1 ingoing edge and 3

outgoing edges. The digraphs X and Y are shown in Fig. 5.2. All edges are

directed from the left to the right, see also [43, Figure 4].

Fix a vertex O1 ∈ V (X) and a vertex O2 ∈ V (Y ). For each x ∈ X, set

r(x) to be the signed distance from O1 to x, i.e., if the unique undirected path

from O1 to x inX has s forward edges and t backward edges then r(x) = s−t.

De�ne r(y) similarly for each y ∈ Y . De�ne the digraph D∗ as follows. The

set of vertices of D∗ is the set {(x, y) ∈ X × Y : r(x) = r(y)}, and D∗ has

an edge from (x, y) to (x′, y′) if (x, x′) ∈ E(X) and (y, y′) ∈ E(Y ). Let G∗

be obtained from D∗ by removing the orientations from the edges.

Theorem 5.2.1. The graph G? is an automatic transitive graph such that

no Cayley graph is quasi�isometric to it.

Proof: We only need to prove that G∗ is automatic. Put L0 = {ε},

L1 = {#}·{#}∗, L2 = {u}·{u}∗, L3 = L1 ·L2, L4 = {0}·{0, 1}∗∪{1}·{0, 1}∗,

L5 = {d} · {0, 1}∗ and L6 = L1 · L5. Put the language L′ to be the set of

words u⊗ v such that |u| = |v| and one of the following holds:

• u, v ∈ L0,
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X Y

Figure 5.2: The digraphs X and Y

• u ∈ L1 and v ∈ L4,

• u ∈ L2 and v ∈ L5 ∪ L6,

• u ∈ L3 and v ∈ L5.

We construct the map ψ′ : L′ → V (X) as follows. For a given w ∈ L′

from the vertex O1 ∈ V (X) we make as many steps forward along outgoing

edges as we have symbols u in the �rst row of w. Then, if there is a symbol

d in the second row of w, we make one step backward to the vertex we have

not visited before: there is only one way to choose this vertex. After that we

make as many steps backward as we have symbols 0 and 1 in the second row

of w: we go up if a symbol being read in the second row is 0 and go down if

it is 1.

The resulting vertex de�nes ψ′(w). It can be seen that |r(ψ′(w))| is the

number of the hash symbols # in w. Hash symbols # appear in the �rst row

of w i� r(ψ′(w)) < 0. Similarly, hash symbols # appear in the second row of
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w i� r(ψ′(w)) > 0.

For example, consider the following word of the language L′:

u u u u u u

# # # d 0 1
.

In order to obtain the vertex corresponding to this word we should make six

steps forward from O1, then three steps backward such that doing the second

step we go up and doing the third step we go down.

Put L7 = {0} · {0, 1, 2}∗ ∪ {1} · {0, 1, 2}∗ ∪ {2} · {0, 1, 2}, L8 = {d1, d2} ·

{0, 1, 2}∗ and L9 = L1 ·L8. Put the language L
′′ to be the set of words u⊗ v

such that |u| = |v| and one of the following hold:

• u, v ∈ L0,

• u ∈ L1 and v ∈ L7,

• u ∈ L2 and v ∈ L8 ∪ L9,

• u ∈ L3 and v ∈ L8.

We construct the map ψ′′ : L′′ → V (Y ) as follows. For a given w ∈ L′′

from the vertex O2 ∈ V (Y ) we make as many steps forward along outgoing

edges as we have symbols u in the �rst row of w. Then if there is one of the

symbols d1 or d2 in the second row of w we make one step backward to the

vertex we have not visited before: this vertex is uniquely de�ned depending

on whether we have d1 or d2 in the second row of w. After that we make as

many steps backward as we have symbols 0, 1 and 2 in the second row of w:

we go up if a symbol being read in the second row is 0, we go straight if it is

1, and go down if it is 2.
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The resulting vertex de�nes ψ′′(w). It can be seen that |r(ψ′′(w))| is the

number of the hash symbols # in w. Hash symbols # appear in the �rst row

of w i� r(ψ′′(w)) < 0. Similarly, hash symbols # appear in the second row

of w i� r(ψ′′(w)) > 0.

For example, let us consider the following word in L′′:

u u u u u u

# # d1 0 1 2
.

In order to obtain the vertex corresponding to this word we should make six

steps forward from O2, then four steps backward such that doing the second

step we go up, doing the third step we go straight and doing the fourth step

we go down.

Put L = {w′ ⊗ w′′|w′ ∈ L′, w′′ ∈ L′′ ∧ r(ψ′(w′)) = r(ψ′′(w′′))}. It can

be seen that L is a regular language. We de�ne the map ψ : L → {(x, y) ∈

X × Y : r(x) = r(y)} as ψ(w′ ⊗ w′′) = (ψ′(w′), ψ′′(w′′)). It can be seen

that ψ provides an automatic representation of the digraph D∗. Therefore,

ψ provides an automatic representation of the graph G∗. �
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Chapter 6

On characterizations of Cayley

automatic groups

In this chapter we address the problem of �nding characterizations of Cayley

automatic groups. Our approach is to de�ne and then study three numerical

characteristics of Turing transducers of the special class T which is obtained

from automatic representations of labeled directed graphs. In Section 6.1

we de�ne the class of Turing transducers T . Then we show that automatic

representations of Cayley graphs of groups can be expressed in terms of

Turing transducers of the class T . This explains why the study of admissible

asymptotic behavior for some numerical characteristics of Turing transducers

of the class T is relevant to the problem of �nding characterizations for Cayley

automatic groups. In Section 6.2 we introduce three numerical characteristics

for Turing transducers of the class T . Asymptotic behavior of the numerical

characteristics of Turing transducers of the class T is discussed in Sections

6.3 and 6.4. The results of this chapter are published in [21].
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6.1 Turing transducers of the class T

Recall that a (k + 1)�tape Turing transducer T for k > 1 is a multi�tape

Turing machine which has one input tape and k output tapes. See, e.g., [46,

� 10] for the de�nition of Turing transducers. The special class of Turing

transducers T that we consider in this chapter is described as follows. Let

us be given a (k + 1)�tape Turing transducer T ∈ T and an input word

x ∈ Σ∗. Initially, the input word x appears on the input tape, the output

tapes are completely blank and all heads are over the leftmost cells. First

the heads of T move synchronously from the left to the right until the end

of the input x. Then the heads make a �nite number of steps (probably

no steps) further to the right, where this number of steps is bounded from

above by some constant which depends on T . After that, the heads of T

move synchronously from the right to the left until it enters a �nal state

with all heads over the leftmost cells.

We say that T accepts x if T enters an accepting state; otherwise, T

rejects x. Let L ⊆ Σ∗ be the set of inputs accepted by T . We say that

T translates x ∈ L into the outputs y1, . . . , yk if for the word x fed to T

as an input, T returns the word yi on the ith output tape of T for every

i = 1, . . . , k. It is assumed that for every input x ∈ L, the output yi ∈ L

for every i = 1, . . . , k. Let L′ ⊆ Lk be the set of all k�tuples of outputs

(y1, . . . , yk). We say that T translates L into L′.

Let T ∈ T . Lemma 6.1.1 below shows a connection between Turing

transducers of the class T and multi�tape synchronous �nite automata.

Lemma 6.1.1. There exists a (k+1)�tape synchronous �nite automatonM
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such that a convolution x ⊗ y1 ⊗ · · · ⊗ yk ∈ Σ
(k+1)∗
� is accepted by M i� T

translates the input x into the outputs y1, . . . , yk.

Proof: The lemma is obtained straightforwardly from the following two

well known facts. The �rst fact is that the class of regular languages is closed

under reversal. The second fact is as follows. Let the convolutions ⊗R1 and

⊗R2 of two relations R1 = {(x, y)|x, y ∈ Σ∗} and R2 = {(y, z)|y, z ∈ Σ∗} be

accepted by two�tape synchronous �nite automata. Then the convolution

⊗R of the relation R = {(x, z)|∃y[(x, y) ∈ R1 ∧ (y, z) ∈ R2]} is accepted by

a two�tape synchronous �nite automaton. �

In other words, one can say that multi�tape synchronous �nite automata

simulate Turing transducers of the class T . In a di�erent context, the notion

of simulation for �nite automata appeared, e.g., in [47, 48].

For a given k, put Σk = {1, . . . , k}. Let T ∈ T be a (k + 1)�tape Turing

transducer translating a language L into L′ ⊆ Lk. We construct a labeled

directed graph ΓT with the labels from Σk as follows. The set of vertices

V (ΓT ) is identi�ed with L. For given u, v ∈ L there is an oriented edge (u, v)

labeled by j ∈ Σk if T translates u into some outputs w1, . . . , wk such that

wj = v. It is easy to see that each vertex of the graph ΓT has k outgoing

edges labeled by 1, . . . , k.

Let Γ be a labeled directed graph for which every vertex has k outgoing

edges labeled by 1, . . . , k. Recall that, by De�nition 2.1.5, Γ is called auto-

matic if there exists a bijection between a regular language and the set of

vertices V (Γ) such that for every j ∈ Σk the set of oriented edges labeled

by j is accepted by a synchronous two�tape �nite automaton. From Lemma

6.1.1 we obtain that ΓT is automatic. Suppose that Γ is automatic. Lemma
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6.1.2 below shows that Γ can be obtained as ΓT for some (k+1)�tape Turing

transducer T ∈ T .

Lemma 6.1.2. There exists a (k + 1)�tape Turing transducer T ∈ T for

which ΓT ∼= Γ.

Proof: The lemma can be obtained from the following fact. Let R =

{(x, y)|x, y ∈ L} be a binary relation such that ⊗R is recognized by a two�

tape synchronous �nite automaton, where L is a regular language. Suppose

that for every x ∈ L there exists exactly one y ∈ L such that (x, y) ∈ R. Then

there exists a two�tape Turing transducer TR ∈ T for which TR translates

x into y i� (x, y) ∈ R and TR rejects x i� x /∈ L. The construction of

the Turing transducer TR is shown in Theorem 2.2.1 (see also [2, Theorem

2.3.10]). The resulting (k + 1)�tape Turing transducer T ∈ T is obtained

as the combination of k two�tape Turing transducers TR1 , . . . , TRk , where

R1, . . . , Rk are the binary relations de�ned by the directed edges of Γ labeled

by 1, . . . , k, respectively. �

Lemmas 6.1.1 and 6.1.2 together imply the following theorem.

Theorem 6.1.1. A labeled directed graph Γ is automatic i� there exists a

Turing transducer T ∈ T for which Γ ∼= ΓT .

Let Γ(G,S) be a Cayley graph for some set of generators S = {s1, . . . , sk}.

Let us �x an order of the elements in S as s1, . . . , sk. We say that the Cayley

graph Γ(G,S) is presented by T ∈ T if, after changing labels from j to sj for

every j ∈ Σk in ΓT , ΓT ∼= Γ(G,S). The isomorphism ΓT ∼= Γ(G,S) de�nes

the bijection ψ : L → G up to the choice of the word of L corresponding to

the identity e ∈ G. By Theorem 6.1.1 we obtain that if Γ(G,S) is presented
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by T ∈ T , then G is a Cayley automatic group and T provides an automatic

representation for the Cayley graph Γ(G,S). Moreover, for each automatic

representation of Γ(G,S) there is a corresponding Turing transducer T ∈ T

which presents Γ(G,S).

6.2 Numerical characteristics of Turing trans-

ducers

We now introduce three numerical characteristics for Turing transducers of

the class T . Let T ∈ T be a (k + 1)�tape Turing transducer translating a

language L into L′ ⊆ Lk. Given a word w ∈ L, feed w to T . Let w1, . . . , wk ∈

L be the outputs of T for w. We denote by T (w) the set T (w) = {w1, . . . , wk}.

Given a set W ⊆ L, we denote by T (W ) the set T (W ) =
⋃

w∈W
T (w). Let us

choose a word w0 ∈ L. Put W0 = {w0}, W1 = T (W0) and, for i > 1, put

Wi+1 = T (Wi). Let Vn =
n⋃
i=0

Wi, n > 0. Put bn = #Vn.

• We call the sequence bn, n = 0, . . . ,∞ the growth function of the pair

(T,w0).

For a given �nite set W ⊆ L put

∂W = {w ∈ W |T (w) 6⊆ W}.

In other words, ∂W is the set of words w ∈ W for which at least one of the

outputs of T for w is not in W . De�ne the function Føl(ε) : (0, 1)→ N as

Føl(ε) = min{#W |#∂W < ε#W}.
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It is assumed that the function Føl(ε) is de�ned on the whole interval (0, 1),

i.e., for every ε ∈ (0, 1) the set {W ⊆ L|#∂W < ε#W} is not empty.

• We call the sequence fn = Føl( 1
n
), n = 1, . . . ,∞ the Følner function of

T .

LetM be a �nite multiset of words of L. We denote by T (M) the multiset

obtained as follows. Initially, T (M) is set to be empty. Then, for every word

w in M add the outputs of T for w to T (M). If w has the multiplicity m in

M , then this procedure must be repeated m times. Let M0 be the multiset

consisting of the word w0 with the multiplicity one. Put M1 = T (M0) and,

for i > 1, put Mi+1 = T (Mi). The total number of elements (multiplicities

are taken into account) in the multiset Mn is kn. Put `n to be

`n =

∑
w∈Mn

mw|w|

kn
, (6.1)

where mw is the multiplicity of a word w in Mn and |w| is the length of w.

In other words, `n is the average length of the words in the multiset Mn.

• We call the sequence `n, n = 1, . . . ,∞ the average length growth func-

tion of the pair (T,w0).

6.3 Asymptotic behavior of growth and Følner

functions

In this section we discuss asymptotic behavior of growth functions and Følner

functions of Turing transducers of the class T . We �rst consider behavior of

growth function bn, n = 0, . . . ,∞.
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Let G be a group with a �nite set of generators Q ⊆ G. Put S =

Q ∪ Q−1. For a given g ∈ G we denote by `S(g) the minimal length of a

word representing g in terms of S. We denote by Bn the ball of the radius n,

Bn = {g ∈ G|`S(g) 6 n}. Recall that the growth function of the pair (G,Q)

is the function #Bn, n = 0, . . . ,∞, where #Bn is the number of elements in

the ball Bn. Let T ∈ T be a Turing transducer translating a language L into

L′ ⊆ Lk, where k = #S. Choose any word w0 ∈ L. The following claim is

straightforward.

Claim 6.3.1. Suppose that the Cayley graph Γ(G,S) is presented by T . Then

the growth function bn of the pair (T,w0) coincides with the growth function

of the pair (G,Q).

One of the important questions in the group theory is whether or not for

a given pair (G,Q) the growth series is rational. A similar question naturally

arises for a pair (T,w0). It is easy to show an example of a pair (T,w0), T ∈ T

for which the growth series is not rational.

Example 6.3.1. Stoll proved that the growth series of the Heisenberg group

H5 with respect to the standard set of generators is not rational [49]. The

Cayley graph of H5 is automatic [1, Example 6.7]. Therefore, we obtain that

there exists a pair (T,w0), T ∈ T for which the growth series
∑
bnz

n is not

rational.

Moreover, a Turing transducer of the class T may have a function bn, n =

0, . . . ,∞ of intermediate growth.

Example 6.3.2. Miasnikov and Savchuk constructed an example of a 4�

regular automatic graph which has intermediate growth [50]. Therefore, we
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obtain that there exists a pair (T,w0), T ∈ T for which the function bn, n =

0, . . . ,∞ has intermediate growth.

We now consider the behavior of Følner function fn, n = 1, . . . ,∞ for

Turing transducers of the class T . Følner functions were �rst considered

by A. Vershik for Cayley graphs of amenable groups [51]. Recall �rst some

necessary de�nitions regarding Følner functions [52].

Let G be an amenable group with a �nite set of generators Q ⊆ G. Put

S = Q ∪ Q−1. Let E be the set of directed edges of Γ(G,S). For a given

�nite set U ⊆ G the boundary ∂U is de�ned as

∂U = {u ∈ U |∃v ∈ G[(u, v) ∈ E ∧ v /∈ U ]}.

The function FølG,Q : (0, 1)→ N is de�ned as

FølG,Q(ε) = min{#U |#∂U < ε#U}.

The Følner function FølG,Q : N → N is de�ned as FølG,Q(n) = FølG,Q( 1
n
).

The following claim is straightforward.

Claim 6.3.2. Suppose that the Cayley graph Γ(G,S) is presented by a Turing

transducer T ∈ T . Then for the Følner function fn of T , fn = FølG,Q(n).

In this section we say that f1(n) ∼ f2(n) if there exists K ∈ N such that

f1(Kn) > 1
K
f2(n) and f2(Kn) > 1

K
f1(n), i.e., f1(n) and f2(n) are equivalent

up to a quasi�isometry. Let Q′ ⊆ G be another set generating G. Then

FølG,Q(n) ∼ FølG,Q′(n). In this section Følner functions are considered up

to quasi�isometries. So, instead of FølG,Q(n), we will write FølG(n).

Let G1 = Z o Z. Put Gi+1 = Gi o Z, i > 1. It is shown [52, Example 3]

that FølGi(n) ∼ n(ni). It follows from Theorem 4.3.1 that for every integer
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i > 1 there exists a Turing transducer Ti ∈ T for which a Cayley graph of

Gi is presented by Ti. The following theorem shows that the logarithm of

Følner functions for Turing transducers of the class T can grow faster than

any given polynomial.

Theorem 6.3.1. For every integer i > 1 there exists a Turing transducer of

the class T for which fn ∼ n(ni).

Remark 6.3.1. Consider the group Zo(ZoZ). It is shown [52, Example 4] that

FølZo(ZoZ)(n) ∼ n(nn). In particular, FølZo(ZoZ)(n) grows faster than FølGi(n)

for every i > 1. However, it is not known whether or not there exists a

Turing transducer T ∈ T for which a Cayley graph of Z o (Z oZ) is presented

by T .

6.4 Random walk and average length growth

functions

In this section we discuss asymptotic behavior of average length growth func-

tions of Turing transducers of the class T and its relation to random walks

on graphs.

Recall �rst some necessary de�nitions [53]. LetG be an in�nite group with

a set of generators Q = {s1, . . . , sm} ⊆ G. Put S = Q ∪ Q−1 = {s1, . . . , sm,

s−1
1 , . . . , s−1

m }. Let µ be a symmetric measure de�ned on S, i.e., µ(s) = µ(s−1)

for all s ∈ S. The convolution µ∗n(g) on Bn is de�ned as

µ∗n(g) =
∑

g=g1...gn

∏
i=1,...,n

µ(gi),
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where gi ∈ S, i = 1, . . . , n.

Let cn(g) be the number of words of length n over the alphabet S rep-

resenting the element g ∈ G. If µ is the uniform measure on S, then

µ∗n(g) = cn(g)
(2m)n

. Therefore, µ∗n(g) is the probability that a n�step simple

symmetric random walk on the Cayley graph Γ(G,S), which starts at the

identity e ∈ G, ends up at the vertex g ∈ G. In this section we consider

only uniform measures µ. We denote by Eµ∗n [`S] the average value of the

functional `S on the ball Bn with respect to the measure µ∗n. For some Cay-

ley graphs of wreath products of groups we will show asymptotic behavior

of Eµ∗n [`S] of the form Eµ∗n [`S] � f(n), where g(n) � f(n) means that

δ1f(n) 6 g(n) 6 δ2f(n) for some constants δ2 > δ1 > 0.

Let T ∈ T be a Turing transducer translating a language L into L′.

Suppose that the Cayley graph Γ(G,S) is presented by T . Let us choose any

word w0 ∈ L. The Turing transducer T provides the bijection ψ : L→ G such

that ψ−1(e) = w0. Therefore, we can consider the average of the functional

|w| on the ball Bn with respect to the measure µ∗n, where |w| is the length

of a word w ∈ L. The following claim is straightforward.

Claim 6.4.1. For a n�step symmetric simple random walk on the Cayley

graph Γ(G,S), Eµ∗n [|w|] = `n, where `n is the nth element of the average

length growth function of the pair (T,w0).

The following proposition relates `n and Eµ∗n [`S].

Proposition 6.4.1. There exist constants C1 and C2 such that `n 6

C1Eµ∗n [`S] + C2 for all n.

Proof: Recall that, by de�nition, there exists a constant c such that
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for every input x ∈ L and an output yj ∈ L, j = 1, . . . , 2m, |yj| 6 |x| + c.

Put C1 = c and C2 = |w0|. Therefore, we obtain that the inequality `n 6

C1Eµ∗n [`S] + C2 holds for all n. �

It is easy to give examples of Turing transducers of the class T for which

`n �
√
n and the growth function bn is polynomial using a unary�like repre-

sentation of integers. See Example 6.4.1 below.

Example 6.4.1. Let Q = {s1, . . . , sm} be the standard set of generators

of the group Zm, where si = (δ1
i , . . . , δ

m
i ) and δji = 1 if i = j, δji = 0 if

i 6= j. Put S = Q ∪ Q−1. It can be seen that there exists a (2m + 1)�tape

Turing transducer T ∈ T translating a language L into a language L′ ⊆ L2m

for which Γ(Zm, S) is presented by T . It is easy to see that a language L

and an isomorphism between ΓT and Γ(Zm, S) can be chosen in a way that

`S(g) = |w|, where g ∈ Zm and w ∈ L is the word corresponding to g.

In particular, put the empty word ε to be the representative of the identity

(0, . . . , 0) ∈ Zm. Therefore, for such a Turing transducer T , `n = Eµ∗n [`S].

For a symmetric simple random walk on the m�dimensional grid, Eµ∗n [`S] �
√
n. For the proof see, e.g., [54]. So, for the pair (T, ε), `n �

√
n. The

growth function bn of (T, ε) is polynomial. Thus, we obtain (2m + 1)�tape

Turing transducers Tm,m = 1, . . . ,∞ for which `n �
√
n and the growth

function bn is polynomial.

A more complicated technique is required in order to show an example

of a Turing transducer of the class T for which `n �
√
n and the growth

function bn is exponential. We will construct such a Turing transducer in

Lemma 6.4.1.

Let H be a group with a set of generators SH = {t1, . . . , tk}. Consider
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the group Z2 o H. Let h ∈ Z(H)
2 be the function h : H → Z2 such that

h(g) = e if g 6= e and h(e) = a, where a is the nontrivial element of Z2.

Let Q = {t, th, ht, hth|t ∈ SH} be the set of generators of the group Z2 o

H. Put S = Q ∪ Q−1. Consider a symmetric simple random walk on the

Cayley graph Γ(Z2 o H,S). It is easy to see that a n�step random walk on

Γ(Z2 oH,S) corresponds to a n�step random walk on H. Put P = SH ∪S−1
H .

Let Rn be the number of di�erent vertices visited after walking n steps on

Γ(H,P ). We call Rn the range of a n�step random walk on Γ(H,P ). In

the following proposition the asymptotic behavior of Eµ∗n [`S] is expressed in

terms of Eµ∗n [Rn] � the average range for a n�step random walk on Γ(H,P ).

Proposition 6.4.2. Let H and S be as above. For a symmetric simple

random walk on Γ(Z2 oH,S), Eµ∗n [`S] � Eµ∗n [Rn].

Proof: For the proof see [55, Lemma 2]. �

Lemma 6.4.1. There exists a set of generators S1 of the lamplighter group

Z2 o Z for which the following statements hold.

(a) For a simple symmetric random walk on Γ(Z2 o Z, S1), Eµ∗n [`S1 ] �
√
n.

(b) There exists a Turing transducer T1 ∈ T such that Γ(Z2 o Z, S1) is pre-

sented by T1 and `n �
√
n.

Proof: Let us consider the lamplighter group Z2 oZ. Let t be a generator

of the subgroup Z 6 Z2 oZ and h ∈ Z(Z)
2 6 Z2 oZ be the function h : Z→ Z2

such that h(z) = e if z 6= 0 and h(0) = a. Let Q1 = {t, th, ht, hth} be the set

of generators of Z2 o Z and S1 = Q1 ∪Q−1
1 . For a simple symmetric random

walk on Γ(Z, {t, t−1}), Eµ∗n [Rn] ∼
√
n, where ∼ here means asymptotic
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equivalence. For the proof see, e.g., [54]. Therefore, from Proposition 6.4.2 we

obtain that for a simple symmetric random walk on Γ(Z2 oZ, S1), Eµ∗n [`S1 ] �
√
n.

Let Q′1 = {t, h} be a set of generators of Z2 o Z. Put S ′1 = Q′1 ∪ Q′−1
1 =

{t, t−1, h}. By Theorem 4.2.1 and Proposition 4.2.1, there is an automatic

representation of the Cayley graph Γ(Z2oZ, S ′1), the bijection ψ1 : L1 → Z2oZ,

for which the inequalities 1
3
`S′1(g)+ 2

3
6 |w| 6 `S′1(g)+1 hold for all g ∈ Z2 oZ,

where L1 is a regular language, w = ψ−1
1 (g) ∈ L1 is the word corresponding to

g and |w| is the length of w. It is easy to see that 1
2
`S1(g) 6 `S′1(g) 6 3`S1(g).

Therefore, we obtain that 1
6
`S1(g) + 2

3
6 |w| 6 3`S1(g) + 1 for all g ∈ Z2 o Z.

This implies that 1
6
Eµ∗n [`S1 ] + 2

3
6 Eµ∗n [|w|] 6 3Eµ∗n [`S1 ] + 1. The bijection

ψ1 : L1 → Z2 o Z provides an automatic representation for the Cayley graph

Γ(Z2 o Z, S1). By Lemma 6.1.2, we obtain that there exists a 9�tape Turing

transducer T1 ∈ T translating the language L1 into some language L′1 ⊆ L8
1

for which Γ(Z2 o Z, S1) is presented by T1. Therefore, we obtain that for T1,

`n �
√
n. Since the growth function of the group Z2 o Z is exponentinal, the

growth function bn of T1 is exponential. �

It is easy to give examples of Turing transducers of the class T for which

`n � n and the growth function bn is exponential. See Example 6.4.2 below.

Example 6.4.2. Let Fm be the free group over m generators s1, . . . , sm.

Put Q = {s1, . . . , sm} and S = Q ∪ Q−1. There exists a natural automatic

representation of the Cayley graph Γ(Fm, S), the bijection ψ : L → Fm,

for which L is the language of all reduced words over the alphabet S. In

particular, the empty word ε represents the identity e ∈ Fm. The bijection ψ

maps a word w ∈ L into the corresponding group element of Fm. It is clear
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that `S(g) = |w|, where w = ψ−1(g). For a symmetric simple random walk

on Γ(Fm, S), Eµ∗n [`S] � n. Therefore, Eµ∗n [|w|] � n. Therefore, for each

m > 1 we obtain the pair (T, ε), T ∈ T for which `n � n. Since the growth

function of the free group Fm is exponential, the growth function bn of the

pair (T, ε) is exponential.

Is there a Turing transducer of the class T for which `n grows between
√
n and n? We will answer this question positively in Theorem 6.4.1 which

follows from Proposition 6.4.3 below.

Let G be a group with a set of generators SG = {g1, . . . , gm}. Put P =

SG ∪ S−1
G . Assume that for a symmetric simple random walk on Γ(G,P ),

`n(µ) � nα for some 0 < α 6 1. Consider the wreath product G oZ. Let t be

a generator of the subgroup Z 6 G o Z. Let hi ∈ G(Z) 6 G o Z, i = 1, . . . ,m

be the functions hi : Z→ G such that hi(z) = e if z 6= 0 and hi(0) = gi. Put

Q = {hpi th
q
j | i, j = 1, . . . ,m; p, q = −1, 0, 1} to be the set of generators of the

group G oZ and S = Q∪Q−1. Consider a n�step random walk on Γ(G oZ, S).

The following proposition shows asymptotic behavior of Eµ∗n [`S].

Proposition 6.4.3. Let G, S and α be as above. For a symmetric simple

random walk on Γ(G o Z, S), Eµ∗n [`S] � n
1+α
2 .

Proof: For the proof see [56, Lemma 3]. �

Theorem 6.4.1. For every α < 1 there exists a Turing transducer T ∈ T

for which `n � nβ for some β such that α < β < 1 and the growth function

bn is exponential.

Proof: Let us consider the sequence of wreath products Gm,m =

1, . . . ,∞ such that G1 = Z2 o Z and Gm+1 = Gm o Z, m > 1. From
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Lemma 6.4.1 (a) and Proposition 6.4.3 we obtain that for every m > 1

there exists a proper set of generators Qm ⊆ Gm such that for a symmetric

simple random walk on the Cayley graph Γ(Gm, Sm), Eµ∗n [`Sm ] � n1− 1
2m ,

where Sm = Qm ∪ Q−1
m . By Theorem 4.3.1 and Proposition 4.3.1, for

every m > 1 there is an automatic representation of the Cayley graph

Γ(Gm, S
′
m), the bijection ψm : Lm → Gm, for which the inequalities

δ′1`S′m(g) + λ′1 6 |w| 6 δ′2`S′m(g) + λ′2 hold for all g ∈ Gm for some constants

δ′2 > δ′1 > 0, λ′1, λ
′
2, where Lm is a regular language and S ′m = Q′m ∪Q′m

−1 for

some proper set of generators Q′m ⊆ Gm, and w = ψ−1
m (g) is the word rep-

resenting g. Therefore, the inequalities δ1`Sm(g) + λ1 6 |w| 6 δ2`Sm(g) + λ2

hold for all g ∈ Gm for some constants δ2 > δ1 > 0, λ1, λ2. This im-

plies that δ1Eµ∗n [`Sm ] + λ1 6 Eµ∗n [|w|] 6 δ2Eµ∗n [`Sm ] + λ2. Therefore,

Eµ∗n [|w|] � n1− 1
2m .

For every m > 1 the bijection ψm : Lm → Gm provides an automatic rep-

resentation of the Cayley graph Γ(Gm, Sm). It follows from Lemma 6.1.2 that

there is a (km + 1)�tape Turing transducer Tm ∈ T translating the language

Lm into L′m ⊆ Lkmm for which, after proper relabeling, ΓTm
∼= Γ(Gm, Sm).

The numbers km,m = 1, . . . ,∞ can be obtained recurrently as follows. It is

easy to see that km+1 = 2(km + 1)2 for m > 1 and k1 = 8, which is simply

the number of elements in S1 (see Lemma 6.4.1). So, we obtain that for

Tm,m > 1, `n � n1− 1
2m . For every m > 1, since the growth function of the

group Gm is exponential, the growth function bn of Tm is exponential. �
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Chapter 7

Conclusion and open problems

In this thesis we studied representations of three important families of struc-

tures with automata. The �rst one is the class of the Baumslag�Solitar

groups and it is discussed in Chapter 3. The key results of Chapter 3 are

Theorem 3.2.1 and Proposition 3.2.1. The second one is the family of the

wreath products of groups and it is discussed in Chapter 4. The key re-

sults of Chapter 4 are as follows. In Section 4.2 these results are Theorem

4.2.1 and Proposition 4.2.1. In Section 4.3: Theorems 4.3.1 and 4.3.2, and

Proposition 4.3.1. In Section 4.4: Theorems 4.4.1 and 4.4.2, and Propositions

4.4.4and 4.4.7. In Section 4.5: Theorems 4.5.1 and 4.5.2, and Proposition

4.5.1. In Section 4.6: Theorem 4.6.1. The third one is the family of transitive

non�Cayley graphs including the Diestel�Leader graph and it is discussed in

Chapter 5. The key results of this chapter are Proposition 5.1.3 and The-

orem 5.2.1. Furthermore, in this thesis we investigated the characterization

problem of Cayley automatic groups. In order to address this problem, in

Chapter 6 we introduce and then study three numerical characteristics for
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Turing transducers from the special class. The key results of this chapter are

Theorems 6.3.1 and 6.4.1.

The open questions below suggest possible directions for future work.

Let us consider some problems that are apparent from the results of this

thesis. In Theorem 4.2.1 we show that Z2 o Z is Cayley biautomatic and,

therefore, it is Cayley automatic. Theorem 4.4.1 shows that Z2 o F2 is P1�

Cayley automatic.

Question 7.0.1. Is the group Z2 o F2 Cayley automatic?

Similarly, Theorem 4.6.1 shows that there exists an I�Cayley automatic

representation ψ : L→ Z2 o Z2 for which the domain L is regular.

Question 7.0.2. Is the group Z2 o Z2 Cayley automatic?

A positive answer to one of the questions 7.0.1�7.0.2 would give a new

non�trivial construction for Cayley automatic representations of the wreath

products of groups. On the other hand, a negative answer to one of these

questions would give a method to prove non�Cayley automaticity of groups.

For given Cayley automatic groups A and B, the reader may ask whether the

group A oB is Cayley automatic. One of our future goals is to �nd all Cayley

automatic wreath products of groups. We assume that a complete classi�ca-

tion of Cayley automatic wreath products of groups is a very important step

in characterization of Cayley automatic groups.

An alternative approach to investigate the characterization problem of

Cayley automatic groups is to study numerical characteristics of Turing

transducers from the class T . Theorem 6.3.1 shows that for every integer

i > 1 there exists a Turing transducer of the class T for which fn ∼ n(ni).
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Question 7.0.3. Is there a Turing transducer T ∈ T for which the Følner

function grows faster than n(ni) for all i > 1?

Theorem 6.4.1 claims that for every α < 1 there exists a Turing transducer

T ∈ T for which `n � nβ for some β such that α < β < 1.

Question 7.0.4. Is there a Turing transducer T ∈ T for which `n grows

faster than nα for every α < 1 but slower than n?

One of our future goals is to get new examples of asymptotic behavior of

the numerical characteristics for Turing transducers of the class T .

One of the important classes of Cayley automatic representations is the

class of geodesic Cayley automatic representations (see De�nition 4.5.1). One

of our future goals is to give a characterization of geodesic Cayley automatic

representations. The P1�Cayley automatic representation of the group Z2 oF2

constructed in Theorem 4.4.1 is geodesic. On the other hand, the I�Cayley

automatic representation of the group Z2 o Z2 constructed in Theorem 4.6.1

is not geodesic.

Question 7.0.5. Is there a geodesic P1�, Pc1� or I�Cayley automatic repre-

sentation of the group Z2 o Z2?

Answering the question 7.0.5 would be a good advancement in under-

standing geodesic Cayley automatic representations.

The last two questions 7.0.6 and 7.0.7 below are not relevant to the prob-

lem of characterization of Cayley automatic groups. However, answering one

of these questions would show some limitations for Cayley automatic repre-

sentations of groups. Let us �x some integer z0 ∈ Z. Example 4.2.1 together
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with Propositions 4.2.3 and 4.2.4 show that there are Cayley automatic rep-

resentations of the lamplighter group Z2 o Z for which the following requests

are not decidable by a �nite automaton:

• Is the lamplighter at the position z = z0?

• Is the lamp at the position z = z0 lit?

The subgroup Z 6 Z2 o Z is the set of elements of Z2 o Z for which

all lamps are unlit. It can be seen that for both representations (the one

described in Theorem 4.2.1 and the one in Example 4.2.1) the languages of

the words representing the elements of the subgroup Z 6 Z2 o Z are regular.

Question 7.0.6. Is there a Cayley automatic representation of the lamp-

lighter group Z2 o Z for which the language of the words representing the

elements of the subgroup Z 6 Z2 o Z is not regular?

Let us consider now two subsets of Z2 o Z: S0 = {(f, z) | f(z) = 0}

and S1 = {(f, z) | f(z) = 1}. It is easy to see that S0 ∪ S1 = Z2 o Z and

S0 ∩S1 = ∅. It can be seen that for both representations (the one described

in Theorem 4.2.1 and the one in Example 4.2.1) the languages of the words

representing the elements of S0 are regular.

Question 7.0.7. Is there a Cayley automatic representation of the lamp-

lighter group Z2 o Z for which the language of the words representing the

elements of S0 is not regular?
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