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Nomenclature
English

a, = upper diagonal
a,; = major diagonal
a, = lower diagonal

A = tridiagonal matrix

A, = cross sectional area (m?)

¢ = heat capacity of solid (kg]—K>

err = magnitude of error imposed on|simulated data (K)

[
fa(x,t) = unit distribution of heat due to friction k%)

1
Afqpys = contact distribution residual (W)

K
f( ) =process in modified cellular automata method (;)

E, = normal force applied to contact (N)

F( ) =ruleinmodified cellular automata method (K)

w
h = convective loss (to environment)coef ficient (mz K)
H( ) = heaviside step function

I = identity matrix

o w
k = thermal conductivity (ﬂ)

L = length (m)
N = an integer
P = perimeter of cross section of solid (m)

L
Pe = Peclet number,ﬂ

q = total heat evolved due to a process (W)

) w
q (x,t) = linear heat flux distribution due to a process (E)

w

q (x,t) = area heat flux distribution due to a process <—2>
m

R = residuals vector
S = sum of squares of residuals

S, = general source term independent of temperature (W)

St = Stanton number,——
pcV

t = time (s)

viii
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tridiagonal( ) = tridiagonal solver method

At = time step for the modified cellular automata method (s)
T = temperature (K)

V = velocity of solid (?)

x = coordinate in x — direction (m)

Ax = variable used in CV analysis or node spacing in numerical solution (m)
X = sensitivity coef ficient

X = sensitivity matrix

y = coordinate iny — direction (m)

Ay = variable used in CV analysis or node spacing in numerical solution (m)
Y = measurement

Y = vector of measurements

Greek
m?
a = thermal dif fusivity (T)

B = parameter

B = parameters vector

6 = temperature rise above ambient (K)

u = damping parameter for Levenberg — Marquardt Method
u, = sliding coef ficient of friction (unitless)

¢ = index in talyor series

Z = terminal index in taylor series

. (kg
p = density of solid ($)

T = time constant variable for substitution (s)

Super/subscripts

¢ = exponent on 'V to achieve a characteristic value

b = exponent on L,, to achieve a characteristic value

c qfric

exponent on to achieve a characteristic value
P2 CZLyz Lchon

T = transpose

+ = dimensionless
adv = pertains to advection rule

body = Dertains to one of the two modeled bodies



char = pertains to a characteristic value

con = Dertaining to either the nominal or actual contact(s)

cu = physical property of copper

diff = pertains to dif fusionrule

exact = bertains to exact simulated value prior to superimposed error
fric = pertaining to frictional relase of heat

iter = pertains to an iteration of the parameter estimation method
pL = pertains to proportional loss rule

1Dcony = Pertains to the one dimensional convection rule

1Dsource = Pertains to the one dimensional source rule

2pecony = pertains to the two dimensional convection rule

2Dsource = Dertains to the two dimensional source rule

;. = it" node in the x — direction

; = terminal node in the x — direction

; = j™" node in the y — direction

j = terminal node in the y — direction

. = kt" time step

, = 1" process in modified cellular automata

1 = terminal process in modified cellular automata

th measurement

m=m
u = final mesurement

. = nt" parameter

~y = last parameter

s = pertaining to sensors

|; = evaluated at time t

« = pertaining to x — direction
|, = evaluated at location x

y = pertaining to y — direction
|, = evaluated at locationy

, = pertaining to z — direction
o = initial status

1 = material 1 (static)

» = material 2 (moving)

- = ambient conditions
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1 Introduction

This introduction will briefly cover the motivations for the work presented, the major

objectives, and the previous work done in the applicable fields.

1.1 Motivation

Sliding systems occur throughout industrial and natural processes. The resultant
frictional heating and mechanical loads are a major driver of expensive maintenance costs.
Brakes, bearings, and other rolling/rotating systems all exhibit this sliding behavior. Outside of
rotating machinery, other sliding systems such as certain machining processes, internal ballistics
in guns, and guide rails (such as in an optical disc drive). In the natural world, biotribology
includes the rubbing of joints. In other words, tribological processes occur everywhere there is
relative motion. In each of these systems, components (such as tooling) have demonstrated that
they eventually wear out under their operating conditions. Thus, in the course of one’s
observations of these systems, one must be able to detect the near onset of failure. The closer
one can get (reliably, and without actual failure), the more economical the system. One of the
key steps, therefore, is to know how to effectively instrument these systems.

The physical effects at sliding contacts involve a complicated interaction of thermal,
mechanical, and chemical processes. The real area of contact inside the nominal contact zone is
of critical importance to the understanding these complete processes, particularly the temperature
behavior of the system. As the real contact area is reduced, the surface temperature increases
significantly. This increase is because there is less material under the contact that must absorb
the same amount of energy. Indeed, if one has a significant uncertainty in the knowledge of the
real contact area, estimating the surface temperature rise is effectively impossible. This
relationship is demonstrated in Figure 1.1 where the average contact temperature rise is shown

versus assumed contact area for some selected metals [1].
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Figure 1.1: Analytical result of temperature rise over real contact area [1].
The temperature rise is expressed as the change in temperature divided by the friction coefficient.

Notable about these trends is the large orders of magnitude, shown on the log-log plot.
As displayed in figure, without knowledge of the real area of contact, the order of magnitude of
the temperature rise cannot even be estimated. Because the temperature of a material
significantly influences its chemistry and certain physical properties, knowledge of the peak
temperatures is important. Overheating of the material as a result of frictional interaction can
result in mechanical failure of the part, or excursion of the mechanical properties from the
anticipated design properties. These effects can render the part useless. Because the real contact
area strongly affects the peak temperatures, the real area of contact is extremely important.
Some of the consequences of high temperatures caused by frictional heating are tribochemistry,
chemical oxidation, wear, thermal expansion, thermal cracking, melting, work hardening, and
property changes.

This contact area depends greatly on many things. Chemistry and solid mechanics are of
primary importance. These interrelationships are very complex and difficult to characterize.
These interrelationships result in distinct modeling difficulties. Further, these contacts can be
rather fractal-like. This fractal-like appearance makes determining the real contact area very
complex, because as one looks closer at each contact, more and more area is seen to be in
contact. This behavior can be seen in Figure 1.2 [2]. This particular image was taken in
conjunction with experiments run for [3]. This image depicts a polystyrene coated steel ball



fretting against sapphire optical flats. The sapphire enables one to look through it in the infra-red
spectrum and directly observe the contacts. The imaging capabilities could resolve down to the

10 micron scale.

Figure 1.2: Sample picture of an actual contact [2].

It is, however, frequently possible to determine a nominal contact area through various
means. One can tell, by looking at the above picture, that the contact is limited to the roughly
circular region where all of the dark patches are located. Many times, however, the nominal
contact area is determined by observing wear scars after the experiment. This determination is
frequently done using scanning electron microscopy. An example of this method is provided
below in Figure 1.3. This picture is an image of a similar pin-on-disk system with a silicon wear

scar created by a diamond pin.
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Figure 1.3: Silicon wear scar showing a localized contact [2].

Finally, in the majority of systems, since most materials are opaque to available
instrumentation, it is impossible to directly observe the contact. That, combined with the above
two issues of importance and complexity, make the determination of the real area of contact a

very difficult, but critical, field of study.

1.2 Objectives

The objectives of this thesis are as follows:

e Toestimate a time invariant real area of contact and surface temperature through the
use of thermal measurements in 1D and 2D systems.

e  To provide experimental design guidance regarding measurement locations for the
estimation of the real contact area.



1.3 Previous Research

Much previous work has been done regarding parameter estimation, heat transfer, and
real contact area. However, most of the literature regarding the real contact area involves direct
modeling using more statistically generated surfaces and surface mechanics, or attempting to
understand something about it using analysis of scarring. The literature that does regard
estimating the real contact area uses several different means of estimation. The most frequent
method seemed to be function estimation.

Much of the tribological literature either uses very simplified models of, or
experimentally estimates, contact area as a means to get at very important topics such as flash
temperature (the peak temperature at the interface between the two bodies). Flash temperature is
important because, at elevated temperatures, certain mechanisms for surface chemistry can be
activated that can cause damage to the physical system. This research is of interest as it shows
the importance of flash temperature, and its dependence on contact area. The works which cover
this material include [1, 3-14].

The analysis using surface mechanics involves direct modeling using an initial surface
based on some measurements of real surfaces or simply measuring the time dependent contact
area [3]. It then evolves the contact through time allowing for deformations and other assorted
physical phenomena to act. The measurements of the real surfaces can take the form of scanning
electron microscopy, average surface roughness measurements, and the like. The measurement
of the real contact area has been done using scanning infrared microscopy through a sapphire
disk (because of sapphire’s transparency in the IR). The works that approach this discussion in
this manner are [3, 9, 15-22].

Function estimation techniques assume a (frequently polynomial) function where the
parameters of the function are estimated. This approach implies, for instance, if the contact were
approximated to be quadratic, there would be 3 parameters to estimate, with there being only a
single contact. However, other means are utilized. The primary drawback to almost all the
literature regarding the estimation is that they study a very concrete example with little in terms
of generalized results.

Of particular interest in this category were works [23] and [24]. These particular works

studied three different means of function estimation for the heat flux distribution in a grinding



process. These techniques are not suitable for allowing a random contact distribution, but
provide useful insight into a single particular type of system.

One work [25], does present the dimensionless equations, but because the work was
focused on grinding processes, it only utilizes a finite rectangular prism, and thus lacks a study of
periodic boundaries, as would be present in rotors. Further, it does not delve into a study of the
behavior of the estimation technique under various parameter values. The paper also presented
more of a function estimation scheme than a true parameter estimation technique.

Much of the available literature regarding parameter estimation deals with generic
inverse heat conduction. Inverse heat conduction has been studied for quite some time, as it is a
necessary capability in many applications. One such application is in propulsion engineering
regarding the heat flux through the wall of rocket/jet engines [26]. However, of most interest to
this thesis is the study of the stability and resolving capability of various inverse heat transfer
techniques. The relevant works are [27-35]. Of particular interest is [27], as it provides very
clear descriptions of multiple methods of parameter estimation. The descriptions are clear
enough on the mathematics to enable one to rapidly implement the methods for whatever
application.

The direct thermal model is the final aspect of the problem that requires discussion. The
direct thermal model was derived using fundamental techniques. The formulation of the
governing equations uses techniques presented in undergraduate heat transfer texts such as [36]
and the course notes [37] for the graduate conduction class. After the full formulation, further
techniques can be used to further simplify the model to reduce the computational load. Of
particular interest is the high Peclet number simplification which, while repeated mathematically
in this thesis, is further confirmed in [38]. This simplification is able to remove one direction of
conduction, the finite difference solution of which is one of the big computational loads. Finally,
in order to more easily develop numerical models for and solve the system as derived, a modified
cellular automata technique was utilized. This technique prior to its modification is well

demonstrated in [39].



2 Overview of Research

This research requires the development of mathematical models of the physics pertaining

to the temperature fields evolved in sliding solids undergoing frictional heating in order to infer

the real area of contact. The system, both mathematically and physically, can be seen below in

Figure 2.1.
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Figure 2.1: The parameter estimation process.
The physical system as it conceptually could be measured and how it relates to the math.

The model must start from a proposed physical system, and be evolved mathematically

through a direct numerical model that is used in a parameter estimation scheme to approximate

the contact distribution from which the real area of contact is inferred.

2.1 The Physical System

This paper deals with a two body system undergoing frictional heating. Figure 2.2

depicts a possible physical setup for this system, consisting of a light-colored rotating structure
(2) that is rubbing against a dark-colored static pad (1) over a localized area. Braking type

systems inspired this construct. The presumed direction of rotation is depicted in the figure.



Figure 2.2: Physical System Depiction.
This system is well suited to wrapped boundaries, such that conditions at x = 0 equal conditions at x = L,. The
inset is a detailed view of the interface.

The inset to Figure 2.2 shows an exaggerated, schematic close-up of the contact region.
One can see the rough, uneven contact. Frictional heat generation will occur at the points where
the two regions are actually in contact, and be dependent on the pressure of the contact and the

velocity of the moving material.

2.2 Solution of the Direct Problem

Mathematically, the direct problem is the determination of the response of a system with
known forcing functions and system parameters. This problem is represented in Figure 2.3. This
is the classic type of problem found in most engineering analysis, where the system’s excitation
and characteristics are known, but the response is not. Mathematically, the direct problem is
well-posed. This statement implies that a solution exists, is stable, and is unique. This statement
further means that for any given forcing function, there is one and only one solution, and that the

result will not become unstable under small changes to input data [27].
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Figure 2.3: Schematic representation of the direct problem.

Mathematically, the physics surrounding the direct problem in this case are complex
enough to make it impossible to achieve an analytical solution. Thus, one must choose from any
number of numerical methods to arrive at a computational solution. In order to achieve a faster
simulation that would allow the multiple iterations necessary to perform parameter estimation, a

modified cellular automata method was chosen to handle the multi-physics.

Modified Cellular Automata

This modified cellular automata technique is a means of breaking up large, difficult to
solve, multi-physics models into smaller, more easily digested bits. It requires feeding the result
of each single/reduced multi-physics system into the next, and solving iteratively through small,
appropriately chosen time steps for the physics involved. A single advancement is represented
pictorially in Figure 2.4. This rule based method of advancing each of the individual physics
independently has the advantage of enabling each of the physics to be solved using the technique
best suited to it. The mathematics of this method proceeds in a stepwise fashion and therefore
lacks simultaneity, however. Thus, the time steps must be small to avoid the risk of nonphysical

results.
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Figure 2.4: Pictorial representation of the modified cellular automata method.

2.3 Parameter Estimation

mathematically ill-posed. The solution is not necessarily unique, and very frequently is not

There are two major types of inverse problems. Both of the inverse problems are




stable for small changes in the input conditions. The two types of inverse problem are the
estimation of the forcing functions, and the estimation of system parameters. Both require the
estimation of something required to cause the observed response in the data. In the estimation of
the forcing function case, the system is fully characterized. By knowing the response of the
system, one can estimate what the excitation must have been. This problem is graphically

represented in Figure 2.5.

Forcing Function System Response

? - v - v

Figure 2.5: Schematic representation of the estimation of the forcing function.

The other type of inverse problem is system parameter estimation. Parameter estimation
problems are the class of problem where the excitation is known and the response is measured.
By knowing the response of the system to the excitation, one can estimate the system parameters
that caused the response. This is the case that is discussed in this thesis. The distribution of
contacts and the total real area of contact are physical parameters of the system. Parameter
estimation frequently exhibits instability in its mathematics because of singular or near-singular
matrices that appear in the math. The means by which these are handled are discussed in chapter

5. A schematic representation of the parameter estimation problem is shown in Figure 2.6.

Forcing Function System Response

v ” ? ” v

Figure 2.6: Schematic representation of the estimation of system parameters.
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3 Physical Formulation of the Direct Model

The first step in determining the parameter values of an incompletely defined system is to
define a functional mathematical model of the physical system. This chapter develops the
models that will be used in the analysis of the two dimensional, two body (2D, 2B) frictional
system and its degenerates.

3.1 2D, 2B System

The most general system that will be considered is the 2D, 2B problem. This allows

easier depictions of the system, as well as reduced computational time.

3.1.1 General Physical Schematic

Figure 3.1 depicts a schematic view of the unwrapped physical system of Figure 2.2. The
top portion of the figure depicts the geometric arrangement with the dimensions and coordinate
system shown. The double wavy lines at the left and right of the second body indicate that the

boundary wraps around to the other side. This notation is used throughout the figures of this

paper.

T — Lx1 -
Ly, Body 1: Stationary
l yT|lx—
Ly, /Bzfdy 2: Moving \\ Wrapped BC
< ! 7 L \ >
7 <
/7 AN
// Contact #2 \\
/7 VRRRRRAA Contact %3
CPrrfact #1 WL muuu}u\u
ZLLLLLLLLLLLLLLLLLLLLLL WL LLLLLLLLLLLLN
|>x |« . > Vo
1
1Ty Body 2: Moving

Figure 3.1: Schematic portrayal of the physical system in Figure 2.2.
Three contacts of varying intensity are depicted.
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The bottom portion of the figure depicts a close up of the nominal contact region of the
second body. One of the objectives of the research is to determine approximately what the real
contact area must be to produce the observed temperatures. The figure depicts individual
contacts of varying intensity and size. The real contact area is the sum of each of the individual

contact areas.

3.1.2 General Contact Area Profile

The contacts can be thermally represented as a heat flux distribution (e.g. as uniform
distributions for plastic contacts, or Hertzian distributions for elastic contacts). The only region
where this distribution can be positive is over the nominal contact zone. Points of zero contact

between the two bodies are, by definition, zero. Thus, the mathematical representation is

q]"’ric (x,t) = Afric * fa (x,t) 31

The total power dissipated by friction (an'c) is calculated by:
fric = w vV 3.2

where ,, is the sliding coefficient of friction, F, is the normal force, and V is the velocity of the

solid. The contact distribution, f;(x, t), behaves according to the following two constraints:

L, de(x,t)dx= 1

LCOn

3.3

fa(x,t) =0, xoutside contact zone 34

1

This contact distribution has units of .
lengt h

This distribution will give insight to

multiple aspects of the contact region. It depicts the shape of the actual heat flux distribution.
This distribution will also have a shape similar to that of the pressure distribution, as mechanical
work is the means by which the heat is evolved. Because the power dissipated as heat is
modeled as equation 3.2, the pressure and heat flux profiles will necessarily be proportional to
each other. Sample shapes are provided below in Figure 3.2. Each of the distributions integrates

to unity.
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Uniform Distribution Hertzian Distribution Random Distribution
5/Lcon y y T

T

4/Lcon 1 - 1 m "

3/Lcon f- 7 r 7 r 7l

7

2/Lcon

1/Lcon - . - -

contact distribution, Lz*fd (/L)

contact region contact region contact region

Figure 3.2: Sample contact distributions.

The distributions show how bodies can come into contact over the nominal contact
region. The ‘multiple contacts’ distribution is the viewpoint paradigm with which this paper
approaches the problem. This paradigm allows for multiple, irregularly shaped contacts, with the
minimum resolution being the size of the spatial discretization of the model.

Further, since the contact distribution was derived on the basis that it is zero in regions of
zero contact, it also gives insight into the size of the real contact area. One can look at the
distribution as being such that the regions with a large relative value of the contact distribution
are contacts. The converse is also true, where low value regions of the contact distribution are

where the two bodies are not in contact.

3.1.3 Formulation of the 2D, 2B Problem

Now that the heat addition through friction is represented as a heat flux distribution, the
system can now be modeled as a standard heat transport process. The depiction of the problem
setup can be found in Figure 3.3. Figure 3.3 depicts the flows of energy in and out of the control
volumes in each body. One can see that the stationary Body 1 undergoes a purely conductive

behavior, while the moving Body 2 exhibits advective behavior in addition to conduction.
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Body 1 Initially,
Stationar aT: =
lonary ol Tili=o = T1,(x, ¥)
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T
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1 loo 1zyaxx plclzxyat 1Zyaxx+Ax 1 1o
- I -
I |
NN
0T,
kqiL,Ax—
ady y
1 Contact Zone: :
: ) ) M ) :
: Afric (x,t) = Africy (x, ) + Afric, (x, t) :
! Ll i
hZ’Too : Tlron =Tzcan : thToo
1 1
Body 2: V-
Movin aT.
g —kszAx—z
0yl ay
T

p2¢,VL,AyT, |, —

= 2 VL, AYT, |y snx

1 1
Wrapped I aT, I Wrapped
BC’Ep 0T, | pzchZAxAyE | dT, BC’Ep
_kZLszg i I I d _kszAyE
X x+Ax
B
koL, Ax 22
_ 2
e oyl Initally,
T)li—o = Tpy (%, y)
hZIToo

Figure 3.3: Geometric layout of the heat transfer equations by control volume analysis.
Visible in this figure are all of the transport flows in and out of general internal differential control volumes (of
dimensions Ax, Ay, L,). Further, boundary and initial conditions are placed as appropriate.

Of further note from this image is the description of the boundary conditions. The

boundary conditions are shown near the surface where they take effect. Convective boundary

conditions are denoted simply with the coefficient and the temperature.
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Of major importance are the coupling conditions at the contacts, namely the continuity of
temperature and conservation of energy. Conservation of energy requires that the total frictional
heat must be divided between the two bodies. The frictional heat flux, q}'m, is considered as
known, and was characterized in section 3.1.2. However, the heat partition, q]'c'n-c1 and q}'n- c,r A€
unknown and must be determined as part of the overall solution.

The actual governing equations for the two bodies in Figure 3.3 can be readily deduced at
this point. By summing the flows in and out of the differential control volume as shown in

Figure 3.3 in body 1, one gains the following relationship:

0Ty
piciL,AxAy ot

= iyt |y 2 on
- Tt | Y ox |, ox |,  0x2

A T, <aT1 +62T1 A )
x| —=—| — |5 ——| Ay
ayl, dyl, 9y y

By a few algebra steps, one can reduce this to acquire Equation 3.6:

0T, _ 02T1+(’)2T1
ot~ t\ax?  dy?

92T,

)

3.6

This is the anticipated result of a two dimensional, purely conductive system. This equation
governs the flow of heat inside body 1.

Body 2 can be handled much the same as body 1, with the exception that it has an
additional pair of energy flows as a result of advection through the sides of the control volume.
The following relationship is the result of summing the heat flows in and out of the control

volume in body 2 in Figure 3.3.
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aT,
p2¢2L,AxAy ot

aT, 92T,
z_kZLz Ay a_

2
» 0x

»)

aT,
x|, 0x
aT. aT. 2°T
+ Ax ——3| - = +-——;
ady y dy y dy
2

+ pZCZVLZAy <T2|x - <T2|x + a_

By a few algebra steps, one can reduce this to acquire Equation 3.8:

aT, _ 02T2+02T2 oT,
at A\ ax? ' 9y? dx

)

oT.
Ax))
xX

3.7

3.8

This equation is the anticipated result of a two dimensional, conductive-advective system. This

equation governs the flow of heat inside body 2.

3.1.4 2D, 2B Formulation Results

The results of the formulation can be represented in a form where the governing

equations and boundary/initial conditions are located in the representation where they physically

perform their action. For instance, the left and right hand (x) boundary conditions for body 1

appear in Figure 3.4 next to the edges of the solid where they would take effect. This

representation should readily demonstrate the transformation of Figure 3.3 from setting up the

control volume analysis to a final representation of the formulation of the problem.
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LI (T, — T.,)
_ _ Hcon
@x = >
oT,
—k, By = hy(T, — T,)
L
@y=0,x<- czon

oT,

Body 2: Moving

—k1 T hi(Ty — To)
@y = LJ’1
Body 1: Stationary
aT,

0%T, N 0%T,
ot~ 1\ axz T 5y2

Tili=o = Ty, (x,y)

NN
12 aTl aTZ
Qric (X, 1) = —ky N - + k; £ Y.
W
TlCOn - ZCOn
- -—-—-—-—-—-=- Lcon _______ -
T, aT,

at ox

0°T, 0°T,
= ay W-I_a—yz -V

T3li=0 = T2, (%, )

LCOTL
@x = >
aT,
—k; By hy(T, — T,)
L
@y =0, x> Czon

T,

k, ¥ .4 hy (T, — To,)

@y = —Ly,

Figure 3.4: 2D, 2B formulation summarized by physical location.
The key items to note are the additional advective heat transfer mechanism in body 2 and the partition of heat
between the two bodies.

Table 3.1 shows the formulation of the problem expressed in a more conventional form,

where one can see the complete set of equations and boundary/initial conditions for the transport

equations involving the two bodies. It is demonstrated that each body has 2 boundary conditions

in each direction and an initial temperature distribution, as required by the different derivatives

involved.
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Table 3.1: 2D, 2B formulation summarized in tabular form.

Body 1 Body 2
Equation: oT; 92T, N 0T, oT, 0°T, N 0°T, oT,
ac 1\ axz T 9y2 ot 2\ Gxz T 9y2 dx
Back surface condition: Back surface condition:
y-Boundary
Condition; 0Ty aT,
—ki—— =hi (Thly=t Te 2_| =hy (Toly=—1,, — T
dy — ( Y=Lyq ) dy Y=Ly, ( y y2 )
Coupling condition (contact region):
" " " aT, aT,
Gpric (6, 0) = Qpric, (0, 0) + qpric, (X, ) = ks By - —ky 3y -
Tlcon = TZCOn
% Non contact condition:
aT,
—k; — = hy(Tyly=o — To)
/ o y
o
Wrapped condition:
x-Boundary
Condition: aT; T. =T
k1 — = hy(Tylx=0 — Too) 2|X=—LXTZ 2|X=LXTZ
0x x=0
. n —h(T| 1) ﬂ| , _n .
Initial Tile=o = T1, (%, ¥) Toli=o = T2y (x, )
Condition:

3.2 Formulation of the 2D, 1B Problem

In order to arrive at the two dimensional, one body (2D, 1B) formulation, one simply

must degenerate the 2D, 2B formulation results. In this case, in order to remove the second

(non-moving) body, one needs to make the simplifying assumption that all of the heat evolved is

transported into the moving body. The results in Figure 3.5, therefore, look very similar to the

results achieved in Figure 3.4. The primary differences are that, obviously, the stationary body is
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removed, and that the coupling conditions have been reduced to a heat flux (as opposed to the

coupled conditions).

oT, ' ' oT,
_kz W = hz (TZ - Too) : " " aTZ : —kz E = hz (Tz - Too)
L ! q/’ric (x' t) = q/’ri c (x' t) = kZ a7 ! L
@y=0x< "2 Wheo 1 @y=0, x>-o
' 2 il ! ' 2
Body 2: V-
Moving aT, 02T, N 02T, oT,
at A\ ax? ' 9y? dx
Tyli=0 = T, (x, )
oT,
ko e hy (T, — T,)
@y = _LYZ

Figure 3.5: 2D, 1B formulation summarized by physical location.

Following in the form of Table 3.1, Table 3.2 shows the formulation expressed in the
same tabularized form. Once again, all boundary and initial conditions are accounted for as

required by the formulated equation for the moving body.
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Table 3.2:

2D, 1B formulation summarized in tabular form.

Body 2
Equation: oT, 0°T, N 92T, oT,
ac %2\ 9xz T 9y2 ox
Back surface condition:
y-Boundary
Condition: aT,
ka W| T h, (Tz|y=—Ly2 - Too)
y==Lyz
Contact condition:
" " oT,
Afric (x,8) = Afric, (x,6) =k, WL:O
Non contact condition:
aT,
—k; By o = hy(Tzly=o — Two)
Wrapped condition:
x-Boundary
Condition: Tzlx:_Lx_Z = Tzlszx_2
2 2
6T2| _ 0T,
ox =_LXTZ ox XzLxTz
Inltlal T2|t=0 = Tzo(x,y)
Condition:

3.3 Formulation of the 1D, 2B Problem

If the solids involved are small enough in the ‘y’ direction, such that the gradients are

negligible, then the model can be considered one dimensional. This statement implies that:

In order to arrive at the one dimensional, two body (1D, 2B) formulation results, one
must degenerate the 2D, 2B formulation results. For this particular case, it is mathematically

more difficult to attain. Conceptually, one simply integrates over the y-domain for each

T(x,y,t) = T(x,t)

equation. The major steps of these integrations are shown.
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For body 1, the integration is over the domain [0, y1] thus the integral setup is as

follows:
fL“ axt, 2 g fLylkAL<az an)d
pP1C18X y = 18X + y 3.10
y=0 Jt y=0 ox% = 0y?
By performing the integration and assuming negligible temperature changes in the ‘y’ direction,
the result is:
ory | 0Ty, T, o
p1ciAxL, — a = k{AxL,— 92 v, + k1AxL, ay » ay . 311
y=Lyq y=

By substituting in the boundary conditions and re-arranging algebraically, the final result is:

oT 02T h fric (0t
1 1 1 (Tl_Too)_l_CIfm,l( )

=« —
ot 1 9x2 piciLly, p1C1Ly,

3.12

For body 2, the integration is over the domain [—L,,, 0]. The math is, again, much the
same, however the y = 0 boundary condition is more complex. The integral setup is as follows:

0 aT,
f p2CaAxL, 5t —dy
y==Ly,

2 y
y , ox 5,2 ayZ 3.13

0 oT,
— f Vp,c,AxL, o —dy
y==Ly,

By integrating and neglecting ‘y’ direction variations, the result is:

T,
p2C2AxLZLy2 a
k,AxL,L azT+kAL<aT2 oT; )
= KBXLzLy, =55 28X 5 3.14
5] ayl,, 0y Y=Ly,
aT,
—Vpyc0xL, L, — o

By substituting in the boundary conditions and re-arranging algebraically, the final result is:

2 "
OTZ 6 T2 n fric ,Z(x't) _v 6T2

ot Jx? p2c2Ly, dx

= (H (=g —x) + H (= 2g2) +1) 2 (T, = T2)

3.15
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Again, one can use the same depiction method in Figure 3.4 for the degenerated case in
Figure 3.6. The integrations performed above remove the ‘y’ functionality of the equations and
leave the system as a pair of coupled 1D systems. As compared to Figure 3.4, Figure 3.6 readily
demonstrates how the ‘y’ boundary conditions are absorbed into the equations over the
integration, thus leaving only the initial conditions and the ‘x’ boundary conditions. AS an
additional mathematical note, the multiplier on the convective loss term exists to state when

convective loss is acting on both surfaces or not.

Body 1: Stationary
dTy aT, B4 hy T,
ki ——=m(T - T, — = — B — i —ky === hy (T, — Ts
155 1(L1 ) Fralalie, ,01C1Ly1( 1 ) 155 1(Th )
@x — — con qfric,l(x’ t) @x — ﬁ
2 . 5
p1ciLly,
Tili=0 = T1,0(x)
. o . !
: quiC (x' t) = qf‘r‘l C1 (x' t) + Qf‘r‘l C2 (x: t) :
! W
< Leon s
Body 2: Moving T
aTZ aZTZ q;ric Z(X't) aTZ Leon Leon hy
ot 2 ox? * p2caly, _Vﬁ_(H(_ 2 —x)-I-H(x— 2 )+1)p202Ly2(T2_Too)

Tale=0 = T2, (x)

Figure 3.6: 1D, 2B formulation summarized by physical location.

The above formulation is again tabularized in Table 3.3. It again demonstrates the
reduction of the equations to a transient, 1D form. Only present are the ‘x’ boundary conditions
and the initial conditions, because in the process of integration across the ‘y’ direction, those

boundary conditions were used.
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Table 3.3: 1D, 2B formulation summarized in tabular form.

Body 1 Body 2
Equation: oTy 02T, hy a wn | 0T, 3T, o o 0T,
—_ = —_ _ frict\" R fricg\tt) 22
5 = M2 PlflLyl(Tl To) + b | 3t - %22 o, |4 e
__h _
pZCZLyZ(TZ Too)
Leon Lcon
(H (g —x) (- tgm) + 1)
Wrapped Condition:
x-Boundary Tl 1, =Tol Ly,
Condition: oT, x=—3% x=—52
ky el = hi(Tilx=0 — Teo)
x=0 BTZ aTZ
==, =22,
0Ty Ox x:—% 0x x:%
—k1 xl, hy (T1|x=Lx1 - Too)
x1
Initial Tile=o = T1, (%) Tylio = Ty, (x)
Condition:

3.4 Formulation of the 1D, 1B Problem

In order to arrive at the one dimensional, one body (1D, 1B) formulation, the static body

must be removed from the 1D, 2B formulation. The reduction is much the same procedurally as

the reduction to the 2D, 1B formulation from the 2D, 2B formulation. Figure 3.7 shows this

formulation geometrically. As with the previous 1B case, all of the heat evolved at the interface

enters the moving body.

: ” " aTZ :
E Gpric (6 1) = Apric, (6, 8) = ke dy y=0 E
| L :
Body 2: Moving Vo
— 2 — fric \o0 ) _ _Leon _ _ Leon 2 _
ot - axz p2c2Ly, 4 ox (H( 2 x) +H (x 2 ) + 1) pZCZLyZ(Tz TOO)

Tyle=g = Ty, (x)

Figure 3.7: 1D, 1B formulation summarized by physical location.
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Table 3.4 shows the formulation in a tabular form. One can readily see that all required

boundary and initial conditions are present.

Table 3.4: 1D, 1B formulation summarized in tabular form.

Body 2
Equation: T, 0’T, ) o 0T,
i, az fric -y —=
at 0x%  pacaly, dx

S(i(- e +)

ha
p2c2ly,

(TZ - TOO)

Wrapped condition:
x-Boundary Tl 1, =Tl 1

—_X2 ——X2
x= x=—

Condition: 2

| _ 0T,
ox xz_LxTz T ox

L

Initial Condition: Tali=0 = T2y (x)
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4 Solution of the Direct Problem via Modified Cellular Automata

This chapter deals with the development of the numerical solution to the direct problems
formulated in Chapter 3. It will cover the modified cellular automata method and the rules

developed for this particular set of physics.

4.1 Basic Concept

The method of cellular automata is a method of breaking physics up into discrete, rule
based, solutions that are applied to a given set of conditions in a serial manner. The formal
method of cellular automata requires the entire system to be discrete, including the state variable.
Temperature, by its nature, is not a naturally discrete state variable, and thus to use cellular
automata, the state variable would have to be artificially discretized. This behavior is
undesirable. However, the concept of breaking a difficult equation up (similar to operator
splitting) into easier pieces and solving them in a serial manner is very attractive when
computational times for the full system start to accumulate rapidly. Thus, we use a modified
cellular automata method to arrive at the solution to the direct problem.

The method of modified cellular automata is a technique of breaking up large, difficult to
solve, multi-physics models into smaller, more easily digested mathematical pieces. This
method requires feeding the result of each single (or reduced multi-) physics rule into the next,
and solving the set of rules iteratively through small, appropriately chosen time steps. As a result
of the breaking up of the physics into smaller rules, solved in a serial, rather than simultaneous,
method, the order of the rule employment can have a small impact on the end result. However, it
has been shown [39] that as the time step over which each rule is solved consecutively gets
smaller, the differences in the results are reduced. Further, it was shown for the given examples
that the order did not affect the results enough to make them physically unrealistic.

The modified cellular automata method allows the user to draw from many well
developed and understood solution methods. Finite difference methods, analytical solutions, and
Runge-Kutta solvers are all available for use in this overall technique. After developing the
mathematical model, one must then determine the breakdown of the mathematics into its simpler
rules for the employment of this method. As an initial step, one must discretize the independent
variable dimensions (space and time). Time is already discretized as a result of the cellular

approach where the multi-physics are simulated for each major time step. Space also needs to be
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discretized based on any requirements regarding the spatial resolution. This discrete grid can

visually be represented in Figure 4.1.

t AE X E
Li-1k+1 | ik+l  i+1k+1
O A Mt

1k i-1,k 1,k i+l

1,2
C

11 2,1 i1 1,1 X
O O O

Figure 4.1: Time and space cellular grid example.
Time is indexed by the ‘k’ variable and space is indexed by ‘i’ (with ‘I’ indicating final spatial index).

More rigorously, the proposed method is generally done as follows. First, the general
fundamental governing equation for the system is:

L

oT

Fri Zfz (T) 41
=

where T is the state variable (in this case, the temperature distribution of the medium), and
f1( ) is the [*" operator (process) of the multi-physical system. In the cases looked at in this
paper, it could be advection, diffusion, or source effects. Thus, the [*" fundamental process of
the system is:

or _ (T) l=12..L
i f,(D), =12.. 42
For each of these processes, one must develop a solution technique. Many will be

analytically solvent when broken down appropriately. Those that are not should be reasonably

easy to solve using other, well understood, methods such as Runge-Kutta or finite differencing.

The solution of the individual process can be represented:
Tier1 = Fi(Ty) 43
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where F is the actual rule that advances the solution one major time step, T} .1 is the advanced
solution, and T}, is the previous iteration’s result. As previously stated, each of the individual
F,’s can utilize any number of solution techniques, ranging from purely analytical solutions to
Runge-Kutta methods. For any multi-physics system, while solving for a single time step, the
result of each rule is fed into the next until each rule is used. Thus, for multiple physics, the
solution for a single step is:
Ti1 = F1(Ty)
T2 = F2(T1)
Tiz = F3(Ty2)

Tt = Fi(Tii-1)
Ter1=Fi 1(Ter—2)
Tiv1 = Fr(Tip-1)
where Ty, is the starting condition for the time step, Ty ; is the intermediate result of the I** rule,
the F,’s are the rules, and T, 1 is the final result, advancing the solution by one time step. The

above is graphically rendered in Figure 4.2, using the same notation. This graphic shows both

how the data feeds internal to a single time step, and how each time step feeds into the next.
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Figure 4.2: Graphical representation of the modified cellular automata feed-through.

A single step can be more concisely rendered mathematically as:

Tous =, <ng_1 (...?l (...?2(7-"1(Tk)))>>

Then, to advance further, repeat the process over time.

4.4

For a given transport process, one will likely have an equation that includes diffusion,

advection, proportional loss, and source terms. An example is the 1D, 1B process of section 3.4

which is:
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oT 9%T v aT 1 T-T.)+ §
= d— — - - = — T,
dif fusion  advection  proportional source

loss

This equation can be broken down into three or four processes. These processes are:

oT
fadv (Tk) = _Va 4.6
0°T
Fairr (T) = a7 4.7
1
fer(Ty) = —;(T—Too) 48
fsource (Tk) = SC 49

Because advective mechanics are simple when standalone, but difficult when mixed with
other mechanics, the advection term can be separated out and handled very accurately with its
own rule. This result is the primary reason to use this modified cellular automata technique. The
diffusion mechanics, with the spatial grid shown above in Figure 4.1, is easily handled using a
finite-difference solver. The proportional loss and source terms have analytical solutions, even
when taken together. This allows the set of processes to be reduced to three.

The following sections discuss each of the individual rules, and their respective solution

methods.

4.2 Advection Rule

The advection rule models the bulk transport behavior of the system. It is represented by
the bulk transport term of the governing equation. It appears in the equation governing the

moving body. The basic advection process with motion only in the ‘x’ direction is:

oT oT
ot ox 410
This particular piece of reduced physics can be solved analytically. The analytical
solution is as follows:
T(x,y,t) =To(x —Vt,y) 411

where T, (x, y) is the initial temperature distribution and T (x, y, t) is the distribution at time
equal to t. The interpretation of this result is that the initial distribution, under no other driving

behaviors, simply shifts along the ‘x’ axis as time proceeds. This solution produces an
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extremely simple rule for a process that can be very difficult to deal with when mixed with other
processes. This can be depicted as seen in Figure 4.3. It shows that, at each time step, that the

shape does not change. The shape only translates as time progresses.

T(x,y,t)
v
A
AT, N = Y
) ‘\. F b by
/ \ / \ / \

."Il. 4 ]_ i £ IE l"-. .IIII IE "I.'

/ '\.III llll,- Y I y
.-.l l'., .lr" II"'.I Illl.ll ll"l.lll
f y \ / -

—
Vit 7—H )

Figure 4.3: Graphical depiction of advection.

If the major time step (At) over which each of the iterations of the automata is performed
satisfies:
N, Ax
vV
then the solution advects by N, nodes. Thus, one can simply have the computer shift the

At =

4.12

solution (according to whatever bookkeeping method is used programmatically) to the next step,
in an exact solution. As a result of this, the implementation of the direct solution uses this

method to determine the major time step. Thus the rule is:

| Ter1 (%, ) = Foap (Ti) = T (x — N, Ax, y)| 413

4.3 Source Partition Rule

As far as the knowledge of the forcing functions in this example is concerned, what we
know is the total heat flux distribution. However, the actual partition of heat into the two solids
is not known. This lack of knowledge leads to the need to approximate how the interface
partitions the heat. This partition is a function of the thermal properties and current temperature
distributions of the solids.

As a result of the physical contact at the contact junctures, one must account for

conduction at the interface, along with the energy imparted to the system by friction.
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Mathematically, this conduction term appears, but one must ensure that the conduction is
removed if the contact distribution is zero. Thus, over regions where f, (x,t) > 0, the following

boundary conditions apply:

aT, T,

q;‘,ric (x' t) = q}zricz (X, t) + q}ricl (x' t) = kZ W e - E

| 4.14
y=0

0
Tzs = T]-S = TS 4.15
These conditions state that the frictional energy goes into the two solids, and that the surface

temperatures are equal at the contacts. This partition can be visualized in Figure 4.4.

1 " k L A aT 1
! Afric —rR1LAX —— !
| 1 W= |
: " :
1 1
q]‘ric ’ Ts
I Wil I
' '
1 " aT 1
I Afric koL, Ax — I
1 ’ dy y=0 1
b o o m —— o —= = -l

Figure 4.4: Visualization of the heat partition rule.

Approximating these interface conditions using a finite difference method, one gets:

" 2k, 2k,
Qpric (x, 1) = Ay, (T —T3) — Ay, (T, —Ts) 4.16
By rearranging this expression, one can determine the surface temperature:
" Zkl 2k2
Apric (6 0) + 75T + 12T

T, = Y1 Y2 17

2k, 2k

Ay; " Ay,

This equation is a very useful result that is used to determine the partition of heat, and can be
used in post-computational analysis for further insight.

By substituting the surface temperature into the finite difference approximation of

q]’;Tl' C1 (xJ t), One getS'

32



" 2k 2k
. Zkl quiC (x,t)+71T1 +A_szZ
rics =~ py0 T - ikl ikz 4.18
Y1 V2

This equation can be rearranged to acquire a convenient expression for the heat flux into body 1.
Further, by using the definition of the total heat flux, one also readily attains the heat flux into
body 2.

2kq
Ay, 2k,
anc1 (x,t) = Tk 2k, qu (x,t) + T(Tz T1) 4.19
AY1 AJ’Z
q],”,ri c2 (x' t) = eric (x' t) - CI},ricl (x' t) 4.20

These results will eventually become the source term in an analytical solution for the effect of
the boundary and source terms.
Over domains where the contact distribution is zero, the heat flux into the two bodies

must be zero:

Qfric, (%, 1) =0 4.21
q],f,ricz (x,t) =0 422

These results, with the temperatures (as needed) evaluated at ¢t;., give a roughly constant source

for a classic Newtonian cooling solution below.

4.4 Convection plus Source Rule

The formulation of the convective loss and source depends on whether the model is one
or two dimensional. The two dimensional process must be broken up into regions. The
convection process only occurs on surface nodes outside the contact area while heat addition

only occurs inside the contact region.

4.4.1 Two Dimensional Process

For surface nodes that are contained inside the contact region, the governing process is:

aT;
pcAxAyL, ¥

where q;n- Chody (x;, t) is the frictional heat that enters the node. The subscript ‘body’ simply

= AxL, - qp; Chogy Kir D) 4.23

indicates that it is the appropriate part of the heat partition, e.g., that if node i is contained in
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Body 1, then it would be q;ﬂ- ¢, (x;, t). If the source behaves as a constant for each major time
step (it can change from time step to time step), then the equation becomes:

aTi _ q],;ricbody (xi)

at pcAy 424
- - q},ri Cbody (xi) - -
Conveniently, one can substitute S, = ———=——into the process and gain the
convenient representation of the process as:
aT; S
ETR 4.25
This is easily integrated to create the rule for these nodes:
Tie1 = Fansource (Ti) = ScAt + Ty 4.26

For the nodes on the surfaces that are parallel to the contact surface outside the nominal
contact region, the governing process is:

aT;
pcAxAyL, 6_tl = —hAxL,(T; = Ty,) 4.27

Through algebraic manipulation, and with the substitution of T = %, the process can be

represented as:
aTi _ (Tl - Too)

&t 428
This is easily integrated to give the rule for this process:
At
Ti+1 = Fapconv (Ti) = Too + (Ty — To,) €xp (- ?> 429

This is the classic result of a lumped capacity, Newtonian cooling heat transfer problem. This is

the result one would expect. For the nodes that are on the surfaces that are perpendicular to the

pclAx

— the same result is obtained.

contact surface, with a different time constant of T =

4.4.2 One Dimensional Process

For the nodes that are contained within the contact region, the governing process is:

pCAXLybO = _hAxLz (TL - Too) + AXLZ ' q],‘,ri Chody (xi' t) 4.30

dy L, ot
again, where q}'n-c,body (x;, t) is the frictional heat that enters the node. If the source is again

treated as a constant for each major time step, then the equation becomes:
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M M gy 4 s 0 &0
pclL

at pCLYbody Y body

431

In a fashion similar to the two dimensional development, one can make the convenient, choice of

substitutions:

Q;ricbody (xz)
S, =ty ~ 7
pCL}’body
pcL

Ybody
T =

h

This substitution gives the representation of the process in the contact region as:

aT; T, — T

= g +S,.
Jt T ¢

This equation has an analytical solution as a simple rule for this process as:

At
Tk+1 = Tleource (Tk) =Te + TSC + (Tk —Tp — TSC) €xp (_ ?)

Outside the contact region, the process changes to:

oM ___ah
at  pcL o

Ybody

And, by using the same substitution for the time constant above, the rule is:

2At
Tis1 = Fipconw (Tk) =T, + (Tk - Too) €xp <_ T)

4.5 Diffusion Rule

4.32

4.33

4.34

4.35

4.36

4.37

The diffusion process models the heat conduction that occurs in the system. It appears in

the governing equations for both bodies as:

oT 62T+62T
ot~ “\axz " 9y2

4.38

By recalling the discrete spatial grid from Figure 4.1 that was created for the numerical

model, one can reformulate the above equation from a partial differential equation into a system

of ordinary differential equations. The formulation mathematically appears to be discrete in

space and continuous in time. The formulation follows as:

dT;; _ (Ti+1,j —2T;; + T4 4 Tijy1 —2T; + T, 4
dt Ax? Ay?

)

4.39
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where the subscripts i and j indicate the nodal (x,y) index. Properly handled, this particular
formulation can be broken down into two smaller rules, where one performs the conduction in
one direction first, and then the other. This method then enables the use of a tridiagonal solver in
an implicit finite difference scheme, which is computationally very quick. Thus, the rule

formulation becomes:

At Ax? 4.40

Tl'k+1 _ Tl'k _ . <Tllfl_-|i1 _ ZTik+1 + le_-ii1>
This equation is readily arranged into a tridiagonal matrix, A, with upper diagonal a,,, lower
diagonal a;, and main diagonal a;. This can then be employed in the matrix equation:

ATk+1 — Tk 441
This equation is ready for the computer to solve using a tridiagonal solver solver as the solution

rule. Thus, the rule is:

Tis1 = Fair (Ty) = tridiagonal(ay, ay, a;, Ty) 4.42

where the tridiagonal( ) operator is the tridiagonal solver, the a’s are the diagonals, and T}, is

the initialization of the solver.

4.6 Rule Library

In summation therefore, the rules are:

¢ [Tir1 = Foa (1) = T (x — N Ax, y) | 413
o |Tis1 = Fopsource (Ti) = ScAt + Ty | 4.26
* |Tis1 = Fapconv (Tx) = Too + (T — T,) €xp (— %) 4.29
* Tks1 = Fipsource (Tk) = Too + 7S¢ + (T — Too — TS.) €Xp (‘ %) 4.35
* |Tis1 = Fipconv (Ti) = Too + (T — T,) exp (— %) 437
o |Tis1 = Faify (Ty) = tridiagonal(a,, ay,a;, T}) 4.42

These rules can be mixed and matched to model any combination of these effects. Also,
additional rules for other physical effects can be developed and added to the library of rules for

modeling more complex processes.
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5 Estimation of Real Area of Contact
The estimation of the real area of contact requires the use of methods developed to solve
inverse mathematical problems. While there are many inverse problem methods, the scheme

used here is the Levenberg-Marquardt Method.

5.1 Algorithm

Parameter estimation problems are a special case of the inverse problem, where the
forcing functions are known, and the response is known to some degree (has been sampled by
instrumentation), but some aspect of the system is not known. This is represented in the context
of the research problem in Figure 5.1. The objective is to approximate the contact distribution.

Forcing Function System Response
T, ; k's |h's |a's |L's | fu(x;,t) | V Y
0 Afric - d\Xiytm - m=12,..,M
v v VIiVvIiVvI|Y ? v v

Figure 5.1: Depiction of knowns and unknowns in the real area of contact estimation problem.

The addition of the measurement system appears below in Figure 5.2. The black dots

show the conceptual locations of the measurements.

Sensor 2 =
o " E
Sensor 1 Sensor 3 Sensor N
[ ) [ ) [

Figure 5.2: Conceptual layout of measurement locations.
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The response of the system would be measured experimentally and tabulated against its

sample time and location for input into the computer (See Table 5.1).

Table 5.1: Sample table of data.

time Sensor 1 Sensor 2 Sensor N
tl Yll Y21 YN51
iy Y, Y, Yy,
tNL’ Yth Yth e YNSNt

Mathematically, parameter estimation is done by minimizing the sum of squares of the

differences between the data and the model. Mathematically, the sum of squares is:
M

B =Y (4 -Tul®) .

m=1
where B is the vector of unknown parameters, the Y;,’s are the data, and the T}, ’s are the model
values at the measurement times and locations for the current set of parameters. M is the totality
of all measurements. For the physical model presented here, the §’s are the values of the contact
distribution evaluated at each nodal location inside the nominal contact zone. To do this, one
must find the bottom of the ‘bow!’ formed by the sum of squares as a function of all the
parameters. Conceptually, the bowls appear in Figure 5.3. For one parameter systems, it looks
like a dip in a line. For two parameter systems, it looks like a bowl.

1 parameter bowl 2 parameter bowl

Sum of Squares

Sum of Squares

0 05 1 15 2
By

Figure 5.3: Conceptual representation of one and two parameter sums of squares.
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The bottom of the hyper-dimensional bowl is located where the derivative of the sum of

squares with respect to each of the parameters is zero:

Mo
as(p) _ T, (B) . B
0By s 0P (Ym I (B)) =0 5.2

m=1

n=12,..,N.,n
The derivative of the model with respect to the various parameters, when in matrix form,

is called the sensitivity matrix, X. The vector of differences is the residuals, R. These are:

[0T.  0Th]
1081 " 9By
XB=|: =~ | 53
["’_M aﬂJ
T
_ v, - T1(B)
RB)=Y-T(P) = 3 5.4
Yu — Tu(B)

Using this matrix notation, Equation 5.2 becomes:
X(B)'R(B) =0 55
Because many of these parameters affect the system nonlinearly, one must use one of
many iterative methods to solve this equation for the unknown parameters, 8. These methods
vary widely, but as a means of keeping the mathematics as physical as possible, while requiring
some numerical stability, the Levenberg-Marquardt method is used [27]. Most least-squares
methods are based on the Gauss method. The Gauss method is a linearized iterative technique,

or a first order Taylor series. The Taylor series is developed as follows:

o

agT(B)) (B - ﬂiter)g
T(B) = — 5.6
;) aﬁf Biter fl
which, in its first order form expands to:
~ oT
T =T+ 50 ) BB .
ﬂite‘r

In order to gain the value of the parameters for the next step in the iteration, this can be

substituted into Equation 5.5, with the derivative substituted to form:
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X(Biter )T (Y - (T(ﬁiter) + X(Biter ) Biter +1 — Biter ))) =0 5.8
This equation can be rearranged to compute the next step in the iteration for B¢ +1:
Biter 1 = Biter + [Xliter Xiter |7 Xizer R(Biter) 5.9
The Gauss method has no enforced numerical stability, and thus, for ill conditioned sensitivity
matrices (]X7 X| = 0), this equation can become quite unstable. In order to correct this problem,
the diagonal of this matrix must be strengthened. This strengthening is done by adding a
damping parameter to the diagonal as seen below.
Biter +1 = Biter + [Xiter Xiter + Hiter Qiter | 7 Xirer R(Biter) 5.10
As the solution converges, the Levenberg-Marquardt method reduces the damping parameter
Uiter Until convergence. At convergence, the solution is very nearly the Gauss method, because
Uiter 1S Very nearly zero. The choice of the diagonal matrix Q,., varies. For convenience, the
identity matrix is used [27]. As a matter of computational simplicity, if the model is linear in a
given parameter, the sensitivity matrix only needs to be computed once. While, for a given
linear set of equations, one can directly solve for the least squares values of the parameters, it can
be very difficult if the matrix is weak on the diagonal. As a result, this Levenberg-Marquardt
method can still be utilized to solve this problem. This technique is the approach used in the
solutions presented in chapter 6.

For each iteration, one must compute a new value for the damping parameter. To do this,
one must first advance the solution to the iter + 1 state. Then, determine if the sum of squares
has decreased. If it has not, increase the damping parameter by one order of magnitude and try
again, discarding the new B;.., +1, and trying again. If the sum of squares did decrease, retain
the Nnew Biier +1 8 Biter » and decrease the damping parameter by one order of magnitude.
Repeat this procedure until an appropriate stopping criterion is met. For the purposes of this
numerical experiment, it will be when the sum of squares is reduced to an acceptable level.

These criteria are expressed below:

S(Biter +1) = S(ﬁiter) - rejeCt Biter +1o Hiter +1 = 1O.u-iter

S(ﬂiter +1) < S(ﬁiter ) - accept ﬁiter +1 Hiter +1 = -1.uiter
The algorithm can be expressed conveniently as a flowchart. The fundamental flows are

511

seen below in Figure 5.4.
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START

INPUT DATA:

model as function of parameters: ‘model’

data: o

seed damping value: 0y

seed parameter values: Be

maximum RMS residuals. RMSAT '

numerical derivative step size: ‘step’
DERIVATIVES LOOP:

For j goes from 1 by 110 the number of parameters:

IF RMSAT_ > RMSAT
BCCaP ¥y My =010
ELSE:

reseed with (7 st =10/

IF RMSAT,,, < RMSAT,,
cond =1

Figure 5.4: Parameter estimation algorithm flowchart.

COMPUTE:
model results with j parameter increased by ‘step’ LN
COMPUTE:
™ st of sensitivity coefficients by (T-T(/! ))step: X!
ITERATIONS LOOP: QUTPUT DATA:
While condition is zero ‘cond’ final estimated parameters: /2"
Heration index: ‘m’ final model value: T
cowpuTE: (&0 )
model results for current parameter values: LEH
COMPUTE:
RMSAT based on current parameters: ‘RMSAT,
COMPUTE:
new parameter values from /1 _+[X™X+7 () T'XT[Y-T ] "Bt
COMPUTE:
RMSAT based on new parameters: 'RMSAT, !
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Upon completion of the procedure detailed above, the results are then ready for further

analysis and interpretation.

5.2 Application to Real Area of Contact

As mentioned in Chapter 3, the estimation of the real area of contact is done by inference
from the contact distribution. That requires the estimation method to determine what that
distribution is. Since the model is discretized in space, only the mean value of the contact
distribution over the length of each node needs to be determined. Thus the number of parameters
that the model contains is equal to the number of nodes contained within the contact region. This

discretization can be seen in Figure 5.5. Each node has its own value that can be estimated.

5/Lcon ¢ T T T T T T T T T

T

4/L.con f

fa,

d

L*f

3/Lcon T

1

fa,

2/Lcon f

1

contact distribution,

Ax
1/Lcon -

\4

T

ol fa, r
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
contact region

Figure 5.5: Arbitrary contact distribution discretized for estimation.

Upon estimating the contact distribution, various post-processing methods can be
employed to determine the number and extent of each real contact. The sum of the sizes of each
contact is the estimated contact area. The resolution on the estimation of the contact area is
limited to the nodal sizes. In other words, the minimum contact area is limited to the area of a
single node.
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6 Results and Discussion

This section details the findings of the parameter estimation study as the complexity of
the models increases. The values to be estimated are the values of the discretized contact
distribution as described in section 5.2. Prior to that, however, the means by which the solutions
are simplified and normalized is covered. First, the equations for the 2D, 2B system are
normalized. This provides the normalizing variable groups that will be used throughout the

results. Then, this section will cover how a high Peclet number changes the model.

6.1 Non-Dimensionalization of the 2D, 2B Equations

The set of equations and conditions in Table 3.1 must be non-dimensionalized in order to

present generalized results. First, the contact distribution must be made dimensionless. Since, as
was discussed in chapter 3, the contact distribution has dimensions of le we should normalize

the distribution by substituting:

q fric
Lz Lcon

q fric
Lz Lcon

Afric * fa(x) = LyLeon fa(x) = fd+(x+) 6.1

where values denoted with a superscript plus are dimensionless. As part of this process, the ‘x’
location is referenced to the start of the contact for convenience in the development of the
results, as opposed to the centered coordinates used for ease visualization in the formulation.
Further substituting this into the equations in Table 3.1 results in this condition (with a

characteristic length to be selected later):

Lcon
. {er(er), xt < Toner
fd (x-l—) — char

6.2
Lcon

Lchar

\0’ xt >

_Lecon

where x+ =2 Now, the set of equations and conditions is ready to undergo its

char

normalization. First, a list of independent variables, dependent variables, parameters, and

parameter groups is important. This list is presented below in Table 6.1.
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Table 6.1: List of variables and parameters.

Dependent Variable(s):

Temperature (static body) 0, K
Temperature (moving body) 0, K
Independent Variable(s):
Time t s
Position in x 2 Leon m
2
Position iny y m
Parameter(s):

. m
Velocity |4 "
. m?
Thermal diffusivity (body 1) a, —
s

. m?
Thermal diffusivity (body 2) a; —
s

: hy m
Convective parameter (body 1) — -
pP1€1 S

: h, m
Convective parameter (body 2) —_— 5

p2C2

Temperature rate (bulk, body 2) e K
P 1 y %) CZLyz Lchon S
Contact length Leon m
Length in ‘x’ (body 2) L, m
Length in ‘y’ (body 1) Ly, m
Length in ‘y’ (body 2) Ly, m

Once the list is prepared, then the number of units is determined. Here, there are three:
degrees Kelvin, meters, and seconds. Thus, three independent parameters/parameter groups need

to be selected for the normalization process. The selected groups are presented in Table 6.2.
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Table 6.2: Selected independent reference parameters.

. m
Velocity %4 5
Contact length Leon m
T ture rate (bulk, body 2) e K

emperature rate (bulk, bo —
P y pZCZLyzLZLCOTl S

For each of the units, the combination of parameters must be determined. This is done by
setting a characteristic value equal to the product of the parameters each raised to a power. The
combination of these parameters must result in only one dimension. The characteristic length is

determined below in Table 6.3.

Table 6.3: Determination of charateristic length.

3
Lepar = (V)a(Lcon)b < Ayric >
con

pZCZLyzLZL
my @ K\¢
i () —
) o (5) =m
Length a+b=1
Time —a—c=0
Temperature c=

{a,b,c} ={0,1,0}

Lchar = Lcon

The characteristic time is determined below in Table 6.4.
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Table 6.4: Determination of charateristic time.

c
tehar = (V)a(Lcon)b < yric >
con

pZCZLyZLZL
Mm@ K\¢
) o () -
s s
Length a+b=0
Time —a—c=1
Temperature c=0

{a,b,c} ={-1,1,0}

_ Leon

t =
char v

The characteristic temperature rise is determined below in Table 6.5.

Table 6.5: Determination of characteristic temperature rise.

3
Ochar = (V)a (Lcon)b < Afric )
con

pZCZLyzLZL
m\? K\¢
() () -
S S
Length a+b=0
Time —a—c=0
Temperature c=1

{a,b,c} ={-1,1,1}

0 _ Lcon Qfric _ Qfric
har = =
e |4 p2 CZLyz LZLcon P2 CZLyz LZV

Below in Table 6.6 is a summary of the characteristic values that are used in the

normalization of the equation.
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Table 6.6: Summary of characteristic values.

) L
Time tehar C;n
Position Lchar LCO"
qfric
Temperature Ochar p2¢zLy, L,V
2

Having determined the characteristic values, the dimensionless variables need to be

determined. This is done by dividing the variable by its characteristic value. This is shown

below in Table 6.7.

Table 6.7: Dimensionless variables.

. t tV
Time = _
tchar Lcon
_ Lcon _ Lcon
Position o+ XTT2 X7
Lchar Lcon
Temperature o+ = 0 _ QpZCZLyzLZV
gchar eric

Since the dimensionless variables have been determined, the equation is now ready for

normalization. The first step is to substitute the variables out for the dimensionless groups. This

is demonstrated in Table 6.8.
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Table 6.8: Normalization of Table 3.1.

Body 1 Body 2
Energ_y qfric . |4 691+ qfric . |4 693—
Equatlon' P2 CZLyz LZV Lcon at* pZCZLyszV Lcon at*
eric 1 qfric 1
=M T I VIZ Y s Vi
P2 CZLyZ LZV Lcan P2 CZLyszV Lcon
0207 9%6f 920 9265
_ qfric 4 69;
p2¢oLy, L,V Leon Ox*
Back surface condition: Back surface condition:
y-Boundary . Afric 1 067 . Qfric 1 065
Condition: ! P2 CZLyz LzV Lcon ay+ y+:LJ+/-1 2 P2 CZLyz LZV Lcon ay+ y+:L;§2
_ qfric + _ qfric +
=h p2CaLy, L,V (91 |y+=L§1) o 2 pacaLy, LV (92 |y+=L§z)
Coupling condition (contact region):
Qrri Qrri 1 205 00
- ]ZLC fd+(x+) — chL 7 (kz = — Ky o
ztcon 1%1Y) yo Mz con y y+=0 y y+=0
9]-";071 = 9]-";071
V Non contact condition:
—k qfric 1 69;
? /1) Lyz LZV Lcon ay+ yt=0
qfric
=h,———(0F|,+_
/ 2 pZCZLyszV( 2 |y+_0)
7 i}
Afric 1 007 Wrapped condition:
x—Bogn_dary 1 P2€2Ly, L,V Loy 0x* oo 0F | y+—0 = gg—lx‘*:L}'Z
Condition: )
- qfnc (9+| . )
WY . 4 265 _ 067
_ Afric 1 06f dx* x¥=0 dx* x*t=1},
! P2€2Ly, L,V Leon 0x™ x*=1f,
(& qfric +
=h PizchyszV (91 |x+=L;1)
Initial 01|, +-o = 6F, (x*,y") 0F |;+-o = 67,(x*, ¥ ")
Condition:

After manipulation, the table reduces to Table 6.9:
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Table 6.9: Normalized equations.

Body 1 Body 2
Energy 06; a, [0°6f 0a%6; 065 a, [(9%6F 0%6F\ 065
1 _ % L 1 2 _ @ 2 2 2
Equation: att VL, \9gx+? 6y+2 9ttt VL, \gx+2 ayJrz dx+
Back surface condition: Back surface condition:
y-Boundary 007 hyLecon 005 hyLeon
H'S . _—— = 9+ _ —_— — 9+ _
Condition: ay* i K ( 1 |y+_L;1) ay+ - k, ( 2 y+_L;fz)
Coupling condition (contact region):
fit ety = 2 00i) k960
LyZV ay+ yt=0 k2 ay+ yt=0
91—’;‘07[ = 91+con
7 Non contact condition:
_@ — haLeon (9+| + )
/ A ez e
o
Wrapped condition:
x—Boqn_dary @ _ hyLeon (9+| N ) 92+|x+=0 = 92+|x+=L}'2
Condition: ax*| ., K, 1lx*=0 ﬂ _ @
_ﬂ = M Leon (91"'| o+ ) Ox* xt=0 0x™* xt=Lf,
Ox+t o ky x =Ly,
Initial 01 |, +-o = 0F,(x*,y) 0F |,+—o = 07,(x*, ¥ ")
Condition:

The Stanton and Peclet Numbers, along with parameter ratios as defined by:

h
St = —2
p2c2V
VL
Pe — con
a;
+ _ k1
ki =%
+ _h
h{ =
+ _a
af —é

can be substituted into the equation to result in Table 6.10:

6.3
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Table 6.10: Normalized 2D, 2B equations with dimensionless parameters.

Body 1 Body 2
Energy a6f _af 629f+6291+ 90 1 029;+6292+ _a0f
Equation: att  Pe \gx+2 6y+2 att  Pe\gx+? ay+z dx+
Back surface condition: Back surface condition:
y-Boundary 007 ht 005
S - =-—=St-Pe(0f]|, +_,+ — =St-Pe (0S|, +_;+
Condition: ay+ s ki ( 1ly Lyl) ay+ yhoi, ( 2 ly Lyz)
Coupling condition (contact region):
1 [06F 207+
[ ) = e (a—z —kf 5% )
y2 y yt=0 yt=0
91—’;‘07[ = 91+con
V Non contact condition:
00F .
_W =St'P€(92 )y+=0)
/ yt=0
o
Wrapped condition:
x-Boundary 207 + 0F |x+—o = 05 |+—r
. — = —St-Pe(i|,+_ = * =i
Condition: oxt| Tkt e(01 |+=0) 207 R
265 hf oxt| , T axt| ., .
ol . TSt Pe(Oflea,) €= *rethy
x" =Ly
Initial 01 |, +-o = 0F,(x*,y) 0F |,+—o = 07,(x*, ¥ ")
Condition:

In the same form as chapter 3, these equations can be simplified down to the reduced
cases. The non-dimensional form of the 2D, 1B set follows in Table 6.11.
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Table 6.11: Normalized 2D, 1B equations with dimensionless parameters.

Body 2
Energy 005 1 (9%0F 0%°6F\ 067
Equation: 9t  Pel\gg2 T ay+2) " oxt
Back surface condition:
y-Boundary
Condition: 06+
— = St - Pe (e;|y+=L+ )
0y*| 4+ v2
y y2
Contact condition:
1 96F
fif(x*) = —
L;ZPe ay+ =0
Non contact condition:
06;
—a—i = St - Pe(85 1, )
Y420
Wrapped condition:
x-Boundary
Condition: 05 1xt=0 = 07 i,
00f B 00f
ox* xT=0 ox* xt=L},
Initial 03 | +—o = 67,(x*, ¥ ")
Condition:

The non-dimensional form of the 1D, 2B set follows in Table 6.12.




Table 6.12: Normalized 1D, 2B equations with dimensionless parameters.

Body 1 Body 2
Ener 00; af 0%6] hiaf 065 1 0%6F 065 St
Equagti):)n: ST = pe i T T Stor a—i =~ Spr T =67
at Pe a;i . LS ky t Pe(ax( i X LY,
ay C(Hx™—1)+1)
+ k_+Lde (x*)
Wrapped Condition:
x-Boundary 00 hi OF | +=g = 05 | +_1+
. — —St - Pe(8 “bx
Condition: oxt| ., k+ e(61 1+ @ _@
205 _ht axt| . axt| L,
R L G
x" =Ly,
Initial 01 |,+—o = 07, (x") 0F |, +—o = 67,(x™)
Condition:

And finally, for the 1D, 1B set, the non-dimensional forms are as follows in Table 6.13.

Table 6.13: Normalized 1D, 1B equations with dimensionless parameters.

Body 2

Energy Equation: 00 10%67 967 . . St .

2= - - 0f-HE -1 +1

atr = Peopr? ax+ TIEO) I, b - (HGT =D +1)

Wrapped condition:
x-Boundary 07 1xt=0 = 07 =i,
Condition: 005 ~ 005
dx* e dx* =L,

Initial Condition:

05 |,+—0 = 05, (x")
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6.2 High Peclet Simplification

The need for the diffusion process, particularly in the one dimensional models, can vary.
In many circumstances, the heat transfer along the ‘x’ direction is highly dominated by the

advective transfer. This relation can be seen by taking the ratios of the processes:

aT oT

a v

| at adv — || ax 6
o s ’
0t | i ox

If one views the heat transfer from the perspective of the bulk behavior of the moving
solid, one gains the picture of having three distinct regions near the contact zone. This is
represented in Figure 6.1.

LCOTl

I I

Upstream Region » Contact Region : Downstream Region
I I
1 1

Figure 6.1: Bulk visualization for determining physical length scale.

The convenient physical length scale for determining the bulk heat transfer behaviors is
L.,n». Thus, approximating the above ratio with finite difference based on that scale gives the

Peclet Number:

aT AT
Vo) v v

con con
= = = Pe 6.5
a 7
dx? ’-‘Zon

Thus, if the Peclet Number is greater|than about 10 or 100, the diffusion heat transfer is

overwhelmed by the advective transfer. For instance, if one takes a braking system for a car,
with 16”” wheels, a 10”’ steel brake rotor, with a 2’ long pad, and is traveling at 75 mph, the
Peclet Number is approximately 60000. This result means that the advective transfer is
approximately 60000 times greater than the diffusive behavior, thus overwhelming the diffusive
transfer.

In the event where the Peclet Number does not support ignoring the ‘x’ diffusion, or
when taking a two dimensional model where gradients in ‘y’ cannot be neglected, then one must

solve Equation 4.38 numerically.
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6.3 One Body Problems

Presented here are the one body problem results. These results present many issues
involved in estimating the discretized contact distribution (as seen in Figure 5.5) using
measurements in the moving body. These results, in reality, most resemble either those of a low
conductivity stationary body, or a moving body with large velocity since the moving body is

assumed to get all of the frictional heating.

6.3.1 1D, 1B Cases

The 1D, 1B construct is a very useful starting point. It demonstrates many of the
difficulties involved in measurement, as well as many of the basic trends, without being
excessively computationally intensive. This construct grants a quick, but coarse view of the
system. The important assumption in the one dimensional case is that the material is thin enough
to approximate the temperature as being the same across the ‘y’ direction. The non-dimensional

formulation is presented above in Table 6.13. For Pe > 1, the required dimensionless

St
parameters reduce to LY, P and f;".

Numerical Resolution Case

This first case looks at the direct model, to determine how fine of a spatial resolution is
necessary to achieve good enough convergence. Most importantly, the results must all exhibit
the same trends, and be roughly the same value. Because the application is the determination of
trends, an exact convergence is not required. Presented below in Table 6.14 are the physical
system parameters used to determine the temperature distribution. A flat or uniform contact area
covering 10% of the moving body is used. The direct model solutions with 100 and 200 nodes

are presented here. This results in 10 and 20 discrete contacts, respectively.

Table 6.14: Physical parameters for the numerical resolution case.

Physical Parameters

Lt 10
St
E 0.1
fi () {1 xt <1
0 xt>1
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With the use of these parameters, the temperature solution can be determined as seen
below in Figure 6.2. The first plot in the figure shows the solution with 100 nodes. The second
plot shows the solution with 200 nodes. These plots qualitatively demonstrate similar behaviors.

dimensionless temperature, with NX:100

0 —rl
r -10.9

+
+~ 10
) - -10.8
E
- = 0.7

20

0 2 4 6 8 10

dimensionless temperature, with NX:ZOO

time, t*

sensor position, x.-

Figure 6.2: Temperature fields for 100 and 200 node simulations.

Of particular interest is that the ‘front’ of the propagating heat is visible. As a result of
the wrapped boundary condition, the temperature ‘steps’ up dramatically every time the material
has had a chance to cycle through every location. That means, every t* = 10, there is a step up,
until the solution achieves a steady solution as a result of the convective loss. With regard to the
numerical convergence of the solution, there is no immediately visible difference in the solution

between the two graphs above. Thus, for the purposes of this study, 100 nodes for the 1D case is

sufficiently converged.

Example Case
This first estimation case presented here is to provide a sample result for a single run of
the parameter estimation technique. The system presented below has physical and measurement

parameters listed in Table 6.15. This uses the same 100 node discretization scheme, which was
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shown to provide sufficient accuracy, from the above numerical resolution case. This scheme

results in 10 discrete values of the contact distribution.

Table 6.15: Parameter values for sample case.

Physical Parameters

LY 10
St
L; 0.1
i (xh) {1 xt<1
0 xt>1
Measurement Parameters
N, 1
xd 1.5
+errt (simulated) +0.02

Upon running the case presented above, data was simulated using the above provided
error, in conjunction with MATLAB’s pseudo-random number generator, which is defined from
zero to one. Thus, this simulated data was generated by the following method:

Yt =Tk, +err-2(rand(length(tt),1) —.5) 6.6

The dimensionless temperature rise over time for the selected measurement location is
presented below in Figure 6.3. This shows the variations seen in the data as a result of simulated
measurement error.
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Figure 6.3: Sample dimensionless temperature data taken at a normalized location of x;'=1.5.
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There are several interesting characteristics in this graph. First, there is the expected lag
of At™ = 0.5 in the data before any action happens, as the heated material still must transport
forward a distance of Ax* = 0.5. Second, a temperature rise is observed upon every complete
cycle. This step happens every dimensionless time of t* = 10 since LT = 10. This data is then
used in the parameter estimation software discussed above in chapter 5. The software then
provides the answer that causes the model to most closely mimic the data. Since Ax* = 0.1,

there are ten parameters to be estimated. The contact distribution estimated by the parameter
estimation routine is presented in Figure 6.4.
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
location, x*

Figure 6.4: Dimensionless contact distribution comparison.

The actual distribution is uniform over the nominal contact. The parameter estimation
method is able to simulate this distribution reasonably well. This demonstrates that the quality of

the estimation is good enough to provide a rough estimate of the scale and distribution of the
contact.

Contact Distribution Study
This next case is presented to demonstrate the behavior of the estimation method for a
variety of contact distributions. Four distributions are utilized. These consist of a uniform
distribution, a Hertzian distribution (the hump-like distribution from Figure 3.2), a distribution
with three uniformly distributed contacts, and a randomly assigned distribution. Presented below
in Table 6.16 are the physical parameters used to generate the data.
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Table 6.16: Parameter values for contact distribution study.

Physical Parameters

LI 10

St

L; 0.1
i (xt) varies

Measurement Parameters
N, 1
xr [0 = 10]
+err™ (simulated) +0.02

Upon running the above cases, raw data was simulated in the same way as the example.
The dimensionless temperature rise was simulated in all nodes. A sample of the simulated data

is provided below in Figure 6.5. Again, it should be noted that the characteristics mentioned in
the example case still applies here.
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Figure 6.5: Dimensionless data simulated at 1.1 and 6.1 contact lengths.

58



These data were used to estimate the contact distributions as seen below in Figure 6.6.
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Figure 6.6: Estimated dimensionless contact distributions for various input distributions.
The actual distribution is the solid line, and the estimated distribution is the dashed line.
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It can be noted that, for x;” = 6.1, the estimation is of a noticeably lower quality. This
makes sense because it is farther away than the x;” = 1.1 case, which estimated the distribution
quite well. The topography of the estimation very nearly matches that of what the input
distribution actually was. This shows that the estimation method works well, not at just
determining the average contact, as the flat distribution would indicate, but also a variety of
others. Of particular interest is that the computer could randomly generate a distribution like in
the fourth case, and the estimation technique could determine that distribution. This indicates
that the solution does not bias towards a given result.

As part of the estimation routine, the sensitivity of the temperature to the parameters is
computed. Thus, for each measurement, since there are ten parameters, there are ten sensitivity
time traces. These can be used to demonstrate numerically why the quality of the estimation by
the closer node is better than that of the farther node. The sensitivities are calculated by:

00+

6.7
OBnl e

The sensitivity traces for a sample of the parameters is shown below in Figure 6.7. The

Xi=

sensitivity is significantly higher for the closer node than the further node. Also, since the model
is linear in the parameters, the sensitivities do not change with the contact distribution. This
graph also only has the sensitivity traces with respect to the first, fourth, seventh, and tenth
parameters.

measured at x;:1.1 measured at x;:6.1
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Figure 6.7: Selected sensitivity coefficients at measurement locations of 1.1 and 6.1.
The selected parameters were 84, B4, 87, and B1o. These corresponded to the value of the contact distribution at
xt=1[0.1,0.4,0.7,1.0]
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The above graphs are useful, but because there can be many parameters, it can be very
difficult to look at the sensitivities by themselves. However, by taking the RMS difference of the
contact distributions for each of the estimations, one can arrive at a convenient means of

determining the preferred measurement location. This RMS value is achieved by:

N
1 2
Mis = |50 (B =) 6o
n=1

This method essentially seeks the minimum RMS difference as a function of measurement
location. Thus, by characterizing the quality of the estimation against the input distribution with

a single value, then the data can be plotted in a convenient form. This is shown below in Figure
6.8.

uniform
----- Hertzian
3 contacts

---------- random
r

7 8 9 10

T

contact distribution residual, Afd;zms

position, x*

Figure 6.8: Contact distribution RMS residuals, with varying contact distributions.

This image shows that, regardless of the distribution being measured, the preferred
measurement location is just downstream of the contact, with 1 < x < 2. However, that
information is available at some points further downstream. Care must be taken, however, that
one is not in the insensitive region. In the far away region x;- > 7.5, the data appears insensitive
to the contact distribution, and as such, any distribution (within broad limitations) will result in a
converged answer. That is useless. Thus, these results demonstrate two conclusions: that the

preferred placement of the measurement does not change between distributions, and that the
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estimation system can return a reasonably accurate result without any form of a priori knowledge

about the distribution, beyond the nominal contact zone.

Effect of Error
The next case is presented to show the effect of the simulated error. As a means to avoid

. S .
observing ‘wrap around’ effects of the bulk transport, the L—i term has been increased to ensure
y

the data achieves a roughly steady state during the first cycle. The cases involved will study the

effects of error on the A fdJ;MS plot. The physical and measurement parameters as they were used

for this study are below in Table 6.17.

Table 6.17: Parameter values used in the varied error case.

Physical Parameters

L 10
St 1
Ly
fiF(xt) {1 xt <1
0 xt>1
Measurement Parameters
N, 1
xd [0 - 10]
+err™ (simulated) +[0,0.01,0.02]

The error was simulated once and then applied to each ‘actual condition’ node as

required. These error traces are presented below in Figure 6.9.
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Figure 6.9: Simulated error traces.

As was done above in Figure 6.8, the contact distribution RMS residual plot was
generated for each error trace. This is presented below in Figure 6.10. This results in roughly
what one would expect, where the zero-error case has a rather smooth curve, and has the lowest
valued minimum. The other traces are rougher, but follow the same basic shape, with larger

residuals.
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Figure 6.10: Contact distribution RMS residual for varied error case.
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Of particular note from this graph is the behavior of the roll-off from xJ = 0to 1. The
leveling off of information shows that the method, when there is no demonstrable sensitivity to a
parameter, leaves that parameter at its initial seed value. The initial seed values used throughout
this paper were zero (indicative of zero contact). Thus, because the model neglects axial
conduction, the first node is only sensitive to the first contact parameter, and highly insensitive to
all the others. Thus it predicts a distribution of [1,0,0,0,0,0,0,0,0,0]. The RMS difference

between the two is v0.9. The next node has sensitivity to the first two nodes, and thus has an

RMS difference of v0.8. This leads to the important observation that measurements taken where
the RMS residual is unity indicates zero sensitivity to the estimation parameters, and thus that
measurement location gives no indication of the contact area. Further, this roll-off behavior

seems to be preserved throughout the selected error parameters.

Effect of the Length of the Solid

This next case is presented to show the effect of the length of the rotating body. In
particular, this study involves a fixed number of parameters constant and constant nodal spacing,
while allowing the overall length to change. Further, to observe the effect of any wrap around
effects in the simulation, the Stanton parameter was varied. The physical and measurement

parameters as they were used for this study are below in Table 6.18.

Table 6.18: Parameter values used in the total length study.

Physical Parameters

Lt [2,5,10]

St

LJyr [5,1,0.5]
fif(x™ {1 xt <1

0 xt>1
Measurement Parameters
N, 1
xg [0 - L]
+err™ (simulated) +0.02

The RMS contact distribution residual (Afd’;m ) traces of this case are shown below in

Figure 6.11. For f—i = 5, the traces all fall directly on top of each other. This is what one would
Yy
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anticipate as the result because, as stated above, the Stanton parameter was selected to prevent

the appearance of wrap around effects. Thus, the material must be roughly ambient temperature

by x* = 2. Otherwise, if the data is allowed to wrap around, the quality of the data in the shorter

material in the contact region is improved over the others because the information from the

S
L

previous iteration is preserved. As — is allowed to decrease for a given L}, the residuals get

y

smaller, and the effective measurement range increases.
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Figure 6.11: Contact distribution residual for the total lengths of L,"=10, 5, 2.

One of the critical observations from this graph is that the preferred measurement

location seems to always situate itself on x} = 1. This makes intuitive sense as that is always
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the immediate downstream location that has the best access to information about the action from

the whole contact.

Effect of the Nominal Contact Zone

This next case is presented to show the effect of the length of the nominal contact area.
In particular, this study involves varying the number of parameters while maintaining the same
nodal spacing and overall length L,.. The physical and measurement parameters as they were

used for this study are below in Table 6.19.

Table 6.19: Parameter values used in the contact length study.

Physical Parameters

L [2,5,10]

St

L; 0.1
fiF(xh) {1 xt <1

0 xt>1
Measurement Parameters
N, 1
xt [0 - L]
+err™ (simulated) +0.02

The critical results of this study are the behavior of the RMS contact residual trace as a
function of L. Presented below in Figure 6.12 are the RMS residual traces for the above
prescribed values of LE. As L} increases, since the total number of nodes was maintained to be
the same, the number of parameters to be estimated is decreased. Thus, when L} = 2, the
nominal contact consumes half the available surface. This means that sensors located
immediately downstream of the contact are still half the total length away from the first node of

potential contact, thus reducing its sensitivity to the value of the contact there.
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Further, as the number of parameters increases, it is obvious that the method itself

Figure 6.12: Contact distribution RMS residual for various dimensionless lengths.
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Figure 6.13: Sample contact distribution from the 50 parameter case.
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It should be noted that, while the average of the estimated distribution is indeed very

close to 1, it maintains no sense of the actual topography of the input function.

Number of Sensors Study

This final case study for the 1D, 1B model discusses the preferred positioning of up to
three sensors worth of data collection. This is important because, if an experimenter has access
to multiple measurement devices (as is frequently the case), understanding the interaction of the
emplacements is essential to getting the best possible results from the measurement construct.
The physical and measurement parameters as they were used for this study are below in Table
6.20.

Table 6.20: Parameter values for the multi-sensor system.

Physical Parameters

L [2,5,10]
St
5 !
fiF(xh) {1 xt <1
0 xt>1
Measurement Parameters
N, [1,2,3]
xd [0 - 10]
+err™ (simulated) 0.0

Firstly, and most obviously, it is important to know where to measure with a single
sensor. Thus, recalling from Figure 6.10, the contact distribution RMS residual for a single
sensor shows the intuitive result that one would place the sensor immediately downstream of the
contact.

In order to present the interaction of two sensors, the RMS residual data was generated
for the entire nodal matrix. This sweep enables a density plot to be generated of the data as it
varies in both variables. This can be seen below in Figure 6.14, where the darker the region, the
smaller the value of the residual. Most of the graph is showing white, or nearly so. This is

indicative of regions of essentially zero sensitivity, where one would not want to take data, if one
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was interested in the contact distribution. It should be noted that the same basic characteristics
of the above graph are followed, in that the region where good measurements can be achieved is
roughly between x;* = 1 and 4. It is notable that the minimum of the data shows that, at least
computationally, the preferred measurement locations are immediately under the nodes at the
end of the contact. This result is not anticipated, but makes sense as long as one recalls that the
data was generated using zero simulated error. Thus, maintaining maximum sensitivity to as

many nodes as possible is the best possible way to estimate the contact distribution.
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Figure 6.14: Contact distribution RMS residual density plot.

In order to present data on three sensors, one must generate a series of density plots. This
is done by taking sections of the data with one sensor fixed. This result grants a density plot of

the data as the other two sensors vary. Luckily, having done both the one sensor and two sensor
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cases, we know that a reasonable set of locations to take the sections is around the downstream
nodes of contact. Thus, the sections will be taken at x5+3 = [0.8,0.9,1.0,1.1]. Further, as a result
of the above data, the amount of data necessary to be generated to come to acceptable
conclusions has been reduced, and thus data was only generated between x; = 0 and 2.5. These

data are presented below in Figure 6.15.
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Figure 6.15: Contact distribution RMS residual plots for various sensor locations.

These data all shows trends similar to the two sensor data, but with mildly lower

residuals. This shows that each sensor is still helping to reduce error in the estimation.
However, it is obvious that the biggest single factor is the placement of the first sensor. The
other sensors help only somewhat. This third sensor is exhibiting significant diminishing returns
on the estimation quality. That said, it still exhibits the observed preference for each
measurement being stacked on the trailing nodes of the contact. This result is suspected to be a
result of having added no error to the simulated data for this case.
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6.3.2 2D, 1B Cases

Now the cases to be covered are the two dimensional cases. These cases will give a
better understanding of how the moving solid behaves in depth. These cases are built upon the
understanding developed in the one dimensional cases. This formulation continues to assume
that all the heat enters the moving body, but removes the assumption that the material is thin
enough to assume roughly uniform temperatures in the ‘y’ direction. The non-dimensional
formulation is presented above in Table 6.11. In addition to the required parameters in the 1D,
1B study, the 2D, 1B study requires the that the thickness LJyr be specified.

Numerical Resolution Case

This first case again looks at the behavior of the direct model to ensure that the numerical
method gives physical results that are reasonably converged. Again, with regard to the
application of this paper, an exact numerical convergence is not required. The physical
parameters used to generate the data are provided in Table 6.21.

Table 6.21: Physical parameters for the 2D numerical resolution study.

Physical Parameters

Lt 10
Ly 0.1
St
E 0.1
i (xt) {1 xt<1
0 xt>1

With the use of these parameters, the temperature solution can be determined. These
results are presented below in Figure 6.16. The first plot in the figure shows the solution with
100 nodes in the ‘y’ direction at t* = 25. The second plot shows the solution with 200 nodes in
the ‘y’ direction, again at t* = 25. Both of these cases retain the use of 100 nodes in the ‘x’
direction from the previous one dimensional cases. These plots, qualitatively demonstrate very

similar behaviors.
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Figure 6.16: Comparison of dimensionless temperature using 100 and 200 ‘y’ nodes.

This figure shows some very interesting behavior. As a result of allowing the conductive
mechanism, one can see that immediately downstream of the source the warmest part of the body
is actually subsurface. This result would indicate that for some systems, it may be beneficial to
measure the temperature downstream of the source and slightly subsurface. With regard to the
numerical convergence of the solution, there is no immediately visible difference in the solution
between the two graphs above. Thus, for the purposes of this study, 100 nodes in both the ‘x’

and ‘y’ directions for the 2D case is sufficiently converged.

Varied ‘y’ Direction measurement location case

This case study discusses the effect of the depth of the sensor on the measurement
quality. This study is important because when the sensor is placed deeper into the material, the
data becomes far less sensitive to the contact. This is because the only means by which energy is
transferred to the deeper material is through conduction. Conduction, by and large, is far slower
than bulk transport. Also, since it is diffusive in nature, the data becomes less sharp. Thus, it is
useful to know how deep one can place the measurement location before the data is useless. The

physical and measurement parameters as they were used for this study are below in Table 6.22.
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Table 6.22: Parameters for the varied ‘y’ measurement location.

Physical Parameters

Lt 10
L; 1
St .
Ly
i (xh) {1 xt <1
0 xt>1
Measurement Parameters
N, 1
xd [0 - 2.5]
ya [0 - 0.05]
+errt (simulated) 0.0

As this case allows both the ‘x’ and “y’ positions of the sensor to move, one can now
determine a field much like those determined above in the multiple sensors in 1D case. This
field will give the preferred location of a single sensor in two dimensions. Further, it will give
information to the effect of how deep one can place the sensor before there is no useable
information. The RMS residual plot of the one sensor in two dimensions is shown below in

Figure 6.17.
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Figure 6.17: Contact distribution RMS residual plot for one sensor in two dimensions.
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With the relatively large Stanton number, the surface nodes, while providing the smallest
residuals in the field, have a very limited zone where the results are good. However, these nodes
fall off quickly, whereas the subsurface nodes, because they are not directly exposed to
convection at the surface, retain their energy longer, and thus are more forgiving with regard to

the location of the sensor in the ‘x’ direction.

6.4 Two Body Problems

The two body problems bring added physical realism and complexity to the problem.
That said, the major issues and trends as presented in the one body problems do not change. As
such, the addition of these new difficulties enables the application of the lessons learned above to
extend the understanding of the more physically realistic situations. The major aspect that has
now changed is that one must now account for the partition of heat. How one divides this is not
a trivial matter, and was addressed in chapter 4.

6.4.1 1D, 2B Cases

Now the case to be covered is the two body case. This case will give a better
understanding of how the two solids interact. The system, as derived in chapter 3, is the ‘pin-on-
disk’ arrangement. The non-dimensional formulation is presented above in Table 6.12. This
implies that the nominal contact area is the whole extent of the static body. Thus, L,, = L¢,y,
and thus we can continue to use L,, = L,. These cases are built upon the understanding
developed in the one dimensional, one body cases. Both bodies are examined and compared.

The parameters used to generate the case are presented below in Table 6.23.

74



Table 6.23: Parameters for the 1D, 2B sensor study.

Physical Parameters

LY 10
St
E 0.5
2
+ + 1 x+ < 1
fa &) {0 xt>1
Measurement Parameters
N, 1
o {[O—>1] body 1
* [

0 - 10] body 2

+errt (simulated)

+0.0

As this case allows the sensor position to be in either body, one can now compare the
quality of the measurement in the static body with that of the moving body. This gives two RMS

contact distribution residual traces. The two traces can be plotted together to give a comparison

of their utility. The Af;, . plots of a single sensor in the different bodies are shown in Figure

6.18. The geometry of the system is shown directly above the plot in the figure. As a means of

comparing the two residual plots, they are plotted against linear axes rather than semi-
logarithmic scales as done in the previous cases.
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Figure 6.18: Contact distribution RMS residual plot for two bodies with geometry shown.
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These plots clearly demonstrate that the static body has a relatively poor capability to
estimate the contact distribution compared to the moving body at its preferred location
immediately downstream of the contact. However, the residuals do get reasonably small. This
would seem to be because advection preserves the information more exactly. Further, if one
looks at the sensitivity coefficients in the two regions, it shows that for the preferred nodes in
either body, the node in the moving body sees the information from x; = 0 sooner than the

static body. This is demonstrated in Figure 6.19.

35 L L L L L L L L L
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i
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0.5 Rad preferred location in moving body | |
: 'd . . .
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Figure 6.19: Sensitivity coefficients for each body at their preferred location.
Each trace is for the parameter with which its communication is weakest.

The communication in the static body is slower, and thus the information is less well
transmitted. Interestingly, this slow behavior was useful in the two dimensional case because the
information is preserved as the body advects along. That allowed sensors to be placed much
further away from the contact, as long as they were appropriately subsurface, thus making the

measurement system more forgiving.

6.4.2 2D, 2B Case

This case is a demonstration of the estimation algorithm with real material properties and
stated dimensions. The non-dimensional formulation is presented above in Table 6.10. This is
designed to show that the trends discovered above in the simpler models still apply and can be

used in a more advanced situation. The parameters used in the estimation are stated in Table
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6.24. Of particular note is that, for this case a randomly generated contact distribution shows

that the method can still estimate contact distributions in this complex case.

Table 6.24: Parameters for the demonstration of the 2D, 2B estimation.

Physical Parameters

h 100 e
T 0°cC
J
Ccu 390 kg—K
Pcu 8930 k—g3
K W
Cu
400 —
L, 1m
Ly, 0.1m
Ly, 0.1m
Qfric 1000000 W
m
%4 10—
S
Ty 0°cC
Leon 0.1m
Dimensionless Parameters
Pe 8700
St 2.9 x 107°
LY 10
L;Z 1
-+ randomly generated
Measurement Parameters
N, 1
X 14 cm
Vs 3mm
err +1°C

These parameters were selected such that it was assumed that the first millimeter of

material was inaccessible for measurement (the first millimeter would be the top row of nodes)

to simulate restricted access to the frictional surface. Thus, the measurements needed to be taken

further downstream and not too deep, so as to have good sensitivity to the contact distribution

parameters. Thus, the measurement was selected to be at a nodal position just a little under 5

centimeters downstream, and 3 millimeters deep. However, provided for comparison is the

estimation with the sensor at the preferred measurement location. Both were simulated
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independently, and thus had differently generated contact distribution data. The estimated

distributions are presented below in Figure 6.20.

preffered location at x?=1.0, y=0.01 measurement location at x}=1.4, y:=0.03
3 3
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Figure 6.20: Actual and estimated contact distributions for the 2D, 2B demonstration.
The solid line is the actual contact, and the dashed line is the estimated contact.

From this image, one sees that both measurement locations were able to reasonably back
out the trends of the contact distribution. This success shows that the knowledge gained from the
simpler models is very useful in selecting the measurement criteria in more complex models.

This case helps validate the understanding gained from the simpler studies performed earlier.
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7 Recommendations and Conclusions

Here is a final summary of the work with final conclusions and recommendations for

future work.

7.1 Summary

In summary, a means by which a time invariant real area of contact and surface
temperature could be estimated using thermal measurements in 1D and 2D systems was
developed. This technique utilized formulating a heat transfer model to simulate up to a two
dimensional, two body sliding system. This estimation method was then used to provide
experimental design guidance regarding measurement location for the estimation of the real
contact area.

The thesis further covers the conversion of the above heat transfer model into a
numerical, modified cellular automata technique. Once the rules for the modified cellular
automata were developed, the inverse mathematics was covered to provide an understanding as
to the method used to estimate the contact distribution. This method was then used on a variety
of case studies to arrive at conclusions regarding the capabilities of this method to estimate the

contact distribution.

7.2 Conclusions

This thesis has demonstrated that the preferred sensor location in the one and two
dimensional systems does not change significantly when the contact distribution changes. Also,
for the two dimensional estimations, the placement of the sensor was shown to be more forgiving
if it was placed somewhat subsurface, as the information is preserved longer because the only
transport mechanisms are conduction and advection. The addition of error to the data did not
change the basic trends observed in the preferred location, but it did reduce the quality of the
estimation of the contact distribution. Finally, it was shown that, while the moving body of the
system was the preferred body to instrument, if necessary, the static body could be instrumented
to achieve a reasonable approximation of the contact area.

This paper also utilized the two dimensional, two body case as an opportunity to
demonstrate that the trends gleaned from simplified models can still be applied as the complexity

increases. It showed that, through analysis of the residuals plots from simpler cases, information
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could be used to select the preferred measurement location, as well as acceptable measurement

locations in the event that the preferred location is, for whatever reason, not accessible.

7.3 Recommendations

The success of the demonstration with the two dimensional, two body case indicates that
the techniques used to develop these results shows promise and that there is significant future
study that could be done that could provide useful insight. Of primary interest would be
allowing the contact distribution to evolve in time. This investigation would significantly
increase the number of parameters involved, but would model certain aspects of reality better.
Secondly, and also of significant importance, would be an experimental validation of the
modeling done within this paper. As this work was entirely computational, the question still
remains about the full behavior in the real world. This work would likely best be done after the
extension of this work into the time dependant contact distribution. Thirdly, and of particular
interest to this analysis, would be the inclusion of further multi-physical modeling into the
modified cellular automata method. This would imply the inclusion of physical processes such
as chemical effects, mechanical vibrations, mechanics of solids, and electrical current flow
through the contact. Each of these provides a potential benefit in terms of more accurate
modeling of the system. These benefits add potential insight into the contact distribution.

While the above mentioned recommendations are probably the most important, there is
further follow on work that could provide interesting information as well. These include the
extension of the model into three dimensions, studying the effect of property ratios, and having
multiple sensors in the higher dimensional systems. These all grant further capability to estimate
the contact distribution. In particular, with regard to more experimental applications, the
physical effects of thee dimensional systems or dissimilar materials can have great implications
on the thermal field evolved in the solid. The addition of additional sensors in two or three
dimensional systems can provide a great informational boon to the experimenter.

To conclude, this work has provided interesting insights to and developed trends
regarding the estimation of the contact distribution in sliding systems using temperature
measurements. It has further laid a ground work for a large body of immediate follow on work

that could prove fruitful.
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Appendix

Parameter Estimation Program:

function [beta,X,U,t,RMSdT]=paramestimatorl 5 (betainit, ...
model, Data,cols,maxRMSdelta, step,alpha);

o

general Least Squares parameter estimation program v1.0:

o\

betainit=initialization values for each beta

o\

model=function (beta) that produces:
node.H=hook up coefficients
node.C=function(t,U) thermal capacities
node.S=function(t,U) source terms

o oP

o

o

model init=function() that produces
time=vector of time values corresp. to data
Y=data
UO0=initial condition for ALL nodes

o° oo

oe

oe

cols=which nodes (in order) that make up the data vector

o

maxRMSdelta=maximum value the RMS difference can
be, in otherwords, convergence criteria

oe

o)

% Defining loop values (norm)

o

o)

% parameter initial estimates
beta=betainit;

% load time vector, data, initial conditions
[time, U]l=model (beta) ;

% percent change for numerical differentiation in beta
$step=.05;
Dat=Data;
clear Data;
Data=][];

for k2=1:length(cols);

Data=[Data;Dat(:,k2)];

end

Data=reshape (Data, [],1);

% initialize sensitivity matrix
X=zeros (length (Data), length (beta));

%% construction of while loop

Q

% initialize loop variables
condition=1;

Sos=inf;

count=0;
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oo
© 0

recast data and solve

% execute model
[t,U]l=model (beta) ;

%recast relevant model data into single vector
clear Ur
Ur=[1;
for k2=1:1length(cols);
Ur=[Ur;U(:,cols(k2))1;
end

%% loop for all beta

o\°

o\°

%

%

for k=1l:1length (beta);

% set up perturbed parameters
betap=beta;
betap (k) =beta (k) +step (k) ;

% execute model for betap
[tp,Up]=model (betap) ;

%recast relevant model data into single vector
clear Upr
Upr=[1];
for k2=1:length(cols);
Upr=[Upr;Up(:,cols (k2))]1;
end

% create sensitivity data by numerical differentiation
X (:,k)=(Upr-Ur)/ (step(k));
end

solution for new beta's

use regularization

condition will be a boolean 1/0

while condition;

o\°

% execute model
[t,U]l=model (beta) ;

%recast relevant model data into single vector
clear Ur
Ur=[1;
for k2=1:length(cols);
Ur=[Ur;U(:,cols(k2))];
end

betaold=beta;
beta=betaold+ (X'*X)\X'* (Data-Ur) ;
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Omega=eye (length (beta)) ;%diag(diag (X'*X));
beta= (X' *X+alpha*Omega) \...
((X'"*X) *betaold+X'* (Data-Ur)) ;

%% looping condition

o\

check for any nonphysical beta results

if any(or (beta<-seed,beta>l+seed));
beta (find (beta<-seed))=rand (1) ;
beta (find (beta>1l+seed))=1-rand (1) ;
condition=1;

o° o o°

o\

o

check convergence if no nonphysical beta's
% use sum of squares
else
Sosp=Sos;
Sos=sum ( (Ur-Data) ."2);
if Sosp<Sos;
beta=betaold;
alpha=alpha*10;
condition=1;
Sos=Sosp;
else
condition=Sos>length (Data) *maxRMSdelta”2;
alpha=.l*alpha;
end
end

o\

o

% ensure a few iterations have been completed
if count<2;

condition=1;
end

% print sum of sgquares to screen
Sos

oe

RMSdT=sqgrt (Sos/length (Data)) ;

if count>10;
condition=0;
RMSAT

end

[

% augment counter and print to screen
count=count+1;

Q

% print the beta variable to screen
beta
alpha

o\°

o\°

end
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1D, 1B Direct Model:

fu

o\°
o\

A° 0° o° dO A° O° O° O° O° d° O o° oe

o

gd

nction [t,T]=model 1D1B(fd,gfric,TO0,sys,V,tfin);

sys.c=1;

sys.rho=1;

sys.Ly=.1;

sys.h=1;

sys.T inf=0;

sys.dx=.01;

sys.L=1;

qfric=1000;

Nt=length (0:sys.dx:sys.L);
Ncon=floor (.1*Nt) ;

fd=(1/ (Ncon*sys.dx)) *ones (1,Ncon) ;%[0,.5,0,0,.1,.2,.1,.1,0,01;
TO=zeros (1,Nt);

tfin=.25;

v=10;

p=qfric*fd;

T k=TO;

Nx
dt

en
t=

=Nx*sys.dx/V;

T k;

r k=dt:dt:tfin;
[T _k]=source 1D(T_ k,qgdp,sys,dt);
[T _k]=advection 1D(T k,Nx);
T=[T;T kI];

d

O:dt:tfin;

2D, 1B Direct Model Driver:

fu

A 0° A 0° A° O° A° A° O A° A O° o° o° o°

o

nction [t,T]=model 2D1B driver (fd,gfric,T0,sys,V,tfin);

sys.c=1;

sys.rho=1;

sys.Ly=.1;

sys.h=1;

sys.T inf=0;

sys.dx=.01;

sys.L=1;

sys.dy=.01;
sys.alpha=10" (-4) ;
qfric=1000;
fd=ones(1,10)/(10*sys.dx);%[(0,.5,0,0,.1,.2,.1,.1,0,0];
Nx=length (0:sys.dx:sys.L);
Ny=length (0O:sys.dy:sys.Ly);
TO=zeros (Ny, Nx) ;

tfin=.25;

v=10;
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fd=reshape (fd, 1, []);

[t, theta]=model 2D1B(fd,gfric,T0,sys,V,tfin);

[n,m,pl=size(theta);

for kl=1l:n;
T((l+(kl-1)*m): (kl*m), :)=theta(kl,:,:);

end

T=T"';

2D, 1B Direct Model:

function [t,T]=model 2D1B(fd,gfric,T0,sys,V,tfin);

oe
oe

oe

sys.c=1;

sys.rho=1;

sys.Ly=.01;

sys.h=1;

sys.T inf=0;

sys.dx=.01;

sys.L=1;

sys.dy=.0001;
sys.alpha=10"(-4);
qfric=1000;
fd=ones(1,10)/(10*sys.dx);%[0,.5,0,0,.1,.2,.1,.1,0,01;
Nx=length (0:sys.dx:sys.L);
Ny=length (0:sys.dy:sys.Ly);
TO=zeros (Ny, Nx) ;

tfin=.25;

v=10;

O° A A ° o 0° A° O° A° A° O° A° o° oe

oe

gdp=gfric*fd;

T k=TO;

Nadv=1;
dt=Nadv*sys.dx/V;

o
Il o°

?T‘

T=T k;
t=0:dt: tfin;
for k=2:length(t);
[T _k]=advection 2D(T k,Nadv);
[T _k]=source 2D(T_k,qgdp,sys,dt);
[T _k]=conv_2D(T k,qgdp,sys,dt);
[T k] diff_lD(sys.alpha,sys.dy,dt,T_k);
T(:,:,k)=T_k;
end
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1D, 2B Direct Model Driver:

function [t,T]=model 1D2B driver(fd,qfric,T10,T20,sys,V,tfin);

o\

material 1 is static
material 2 is moving

o

o\

sys.dx=0.01;
sys.h=1;
sys.T inf=0;

o° o o°

o\

sys.matl.c=1;
sys.matl.rho=1;
sys.matl.Ly=.1;
sys.matl.L=.1;
sys.matl.alpha=10"(-4);

o d° od° oP° oe

oe

sys.mat2.c=1;
sys.mat2.rho=1;
sys.mat2.Ly=.1;
sys.mat2.L=1;
sys.mat2.alpha=10" (-4);

o 0P o° o° o°

o

gfric=1;

fd=ones (1,10)/ (10*sys.dx) ;
Nxl=length(0:sys.dx: (sys.matl.L-sys.dx));
Tl10=zeros (1,Nx1);

Nx2=length (0:sys.dx:sys.mat2.L) ;
T20=zeros (1,Nx2) ;

o° 0O od° o° o° o°

o

tfin=.25;
v=10;

oe

[t,T1,T2]=model 1D2B(fd,gfric,T10,T20,sys,V,tfin);

T=[T2,T1];

1D, 2B Direct Model:

function [t,T1,T2]=model 1D2B(fd,qgfric,T10,T20,sys,V,tfin);

oe
oe

oe

material 1 is static
material 2 is moving

oe

oe

sys.dx=0.01;
sys.h=1;
sys.T inf=0;

o e oe

oe

sys.matl.c=1;
sys.matl.rho=1;
sys.matl.Ly=.1;
sys.matl.L=.1;

o oe

o\°



o\

sys.matl.alpha=10"(-4);

o\

o

sys.mat2.c=1;
sys.mat2.rho=1;
sys.mat2.Ly=.1;
sys.mat2.L=1;
sys.mat2.alpha=10"(-4);

o 0P o° o° o°

o

gfric=1;

fd=ones (1,10)/(10*sys.dx) ;

Nxl=length (0:sys.dx: (sys.matl.L-sys.dx));
Tl10=zeros (1,Nx1);
Nx2=length(0:sys.dx:sys.mat2.L) ;
T20=zeros (1,Nx2) ;

d° d° o° 0P o° o°

o\

tfin=.25;
v=10;

oe°

gdp=gfric*fd;

T1 k=T10;

T2 k=T20;

Nadv=1;
dt=Nadv*sys.dx/V;

matl.rho=sys.matl.rho;
matl.c=sys.matl.c;
matl.Ly=sys.matl.Ly;
matl.h=sys.h;

matl.T inf=sys.T inf;

mat2.rho=sys.mat2.rho;
mat2.c=sys.mat2.c;
mat2.Ly=sys.mat2.Ly;
mat2.h=sys.h;

mat2.T inf=sys.T inf;

oe

T1=T1 k;
T2=T2_k;
t=0:dt:tfin;

gdp=reshape (qdp, 1, []) ;

for k=dt:dt:tfin;
[gdpl,gdp2]=source partition 1D(T1 k,T2 k,qdp,sys);

% for body 1

[T1 k]=source 1D(T1 k,qdpl,matl,dt);

[Tl k]=diff 1D(sys.matl.alpha,sys.dx,dt,Tl k');
Tl k=T1 k';

T1=[T1;T1 k];

% for body 2
[T2 k]=source 1D(T2 k,qdp2,mat2,dt):;
[T2_k]=advection 1D(T2 k,Nadv);



T2=[T2;T2_k];
end

2D, 2B Direct \Model Driver:

function [t,T]=model 2D2B driver(fd,qfric,T10,T20,sys,V,tfin);

o
o

o

material 1 is static
material 2 is moving

o\

o

sys.dx=0.01;
sys.h=1;

sys.T inf=0;
sys.dy=0.001;

o° 0 o oe

o

sys.matl.c=1;
sys.matl.rho=1;
sys.matl.Ly=.1;
sys.matl.L=.1;
sys.matl.alpha=10"(-4);

d° d° od° oe oe

oe

sys.mat2.c=1;
sys.mat2.rho=1;
sys.mat2.Ly=.1;
sys.mat2.L=1;
sys.mat2.alpha=10"(-4);

o d° P o° oe

oe

qfric=1;

fd=ones (1,10)/ (10*sys.dx) ;
Nxl=length(0:sys.dx: (sys.matl.L-sys.dx));
Nyl=length(0:sys.dy: (sys.matl.Ly));
Tl10=zeros (Nyl,Nx1) ;
Nx2=length(0:sys.dx:sys.mat2.L);
Ny2=length(0:sys.dy: (sys.mat2.Ly));
T20=zeros (Ny2,Nx2) ;

d° d° A o° o° o° o° o°

oe

tfin=.25;
v=10;

oe

fd=reshape (fd, 1, []);
[t,thetal, theta2]=model 2D2B(fd,gfric,T10,T20,sys,V,tfin);

[nl,ml,pl]l=size (thetal);
[n2,m2,p2]=size (theta?);

for kl=1:nl;
T1((1+(kl-1)*ml): (kl*ml), :)=thetal(kl,:,:);
end
T1=T1"';
for k2=1:n2;
T2 ((1+(k2-1)*m2) : (k2*m2), :)=theta2(k2,:,:);
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end
T2=T2";

T=[T2,T1];

2D, 2B Direct Model:
function [t,T1,T2]=model 2D2B(fd,qgfric,T10,T20,sys,V,tfin);

o
o

o

material 1 is static
material 2 is moving

o

o

sys.dx=0.01;
sys.h=1;

sys.T inf=0;
sys.dy=0.001;

o° 0 o° oe

o

sys.matl.c=1;
sys.matl.rho=1;
sys.matl.Ly=.1;
sys.matl.L=.1;
sys.matl.alpha=10"(-4);

d° d° od° 0P oe

o

sys.mat2.c=1;
sys.mat2.rho=1;
sys.mat2.Ly=.1;
sys.mat2.L=1;
sys.mat2.alpha=10"(-4);

o° d° 0P oe oe

oe

gfric=1;

fd=ones (1,10)/ (10*sys.dx) ;
Nxl=length(0:sys.dx: (sys.matl.L-sys.dx));
Nyl=length(0:sys.dy: (sys.matl.Ly));
T10=zeros (Nyl,Nx1) ;
Nx2=length(0:sys.dx:sys.mat2.L);
Ny2=length(0:sys.dy: (sys.mat2.Ly));
T20=zeros (Ny2,Nx2) ;

A0 d° o o° o° o° oo o°

o\°

tfin=.25;
v=10;

oe

gdp=gfric*fd;

Tl k=T10;

T2 k=T20;

Nadv=1;
dt=Nadv*sys.dx/V;

matl.rho=sys.matl.rho;
matl.c=sys.matl.c;
matl.Ly=sys.matl.Ly;
matl.h=sys.h;

matl.T inf=sys.T inf;



matl.dy=sys.dy;

mat2.rho=sys.mat2.rho;
mat2.c=sys.mat2.c;
mat2.Ly=sys.mat2.Ly;
mat2.h=sys.h;

mat2.T inf=sys.T inf;
mat2.dy=sys.dy;

o

H oo

1=T1 k;

T2=T2 k;

t=0:dt:tfin;
gdp=reshape (qdp, 1, []1) ;

for k=2:1length(t);

[gdpl,gdp2]=source partition 2D(T1 k,T2 k,qdp,sys);

% for body 1
[Tl k]=source 2D(T1 k,qdpl,matl,dt);
[T2 k] =conv_2D(T2 k,qdpl,matl,dt);

$x diff

[Tl k]=diff 1D(sys.matl.alpha,sys.dx,dt,Tl k');

T1 k=T1 k';
Sy diff

[Tl k]=diff 1D(sys.matl.alpha,sys.dy,dt,Tl k);

Tl(:,:,k)=Tl_k;

% for body 2

[T2 _k]=advection 2D(T2 k,Nadv);

[T2 k]=source 2D(T2 k,qdp2,mat2,dt);

[T2 k]=conv 2D(T2 k,gdp2,mat2,dt);

[T2 _k]=diff 1D(sys.matZ.alpha,sys.dy,dt,T2 k);

T2 (1, : ,k)=T2 k;
end

Surface Temperature:

function Ts=surfaceT 2D(sys,qgfric, fd,T1,T2,t);

kl=sys.matl.alpha*sys.matl.rho*sys.matl.c;
k2=sys.mat2.alpha*sys.mat2.rho*sys.mat2.c;
Lyl=sys.dy;
Ly2=sys.dy;

Ncon=length (fd) ;

for k=l:length(t);

Ts (k, :)=(gfric*fd+ (2*k1l/Lyl) *T1 (1, 1:Ncon, k) +(2*k2/Ly2)*T2(1,1:Ncon,k)) /...

((2*k1/Lyl)+(2*k2/Ly2))
end
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2D Advection Rule:

function [T kpl]=advection 2D(T k,Nadv) ;

o

T k is a matrix of values in 2D arrangement
- each row should be a y index
- each column is an x index

Nx is the number of nodes shifted
- should normally be 1

o 0o oe

o\

[J,I]=size(T_k);
T kpl=zeros(J,I);
for j=1:3J;
T kpl(j,:)=advection 1D(T k(j,:),Nadv);
end

1D Advection Rule:

function [T kpl]=advection 1D(T_ k,Nadv);

o

T 0 is the input vector
- the book keeping must be such that node i talks to i-1 & i+l
- wrapped condition applies, so node I talks to node 1

Nx is the number of nodes to be shifted in this step
- generally speaking, it should be 1

o od° oe

oe

T k=reshape (T k,1,length(T k));
T kpl=[T k(end-(Nadv-1):end),T k(l:end-Nadv)];

Diffusion Rule:
function U=diff 1D(alpha,delta,dt,U0);

dy=delta;
%alpha=sys.alpha;

[n,m]=size (UO) ;
Fo=alpha*dt/ (dy"2) ;

offdiag=-Fo*ones (n-1,1);
diag=l+2*Fo*ones(n,1);
diag(l)=1+Fo;
diag(end)=1+Fo;

for k=1:m;
U(:,k)=tridiagonal (diag,offdiag,offdiag,U0(:,k));
end



Tridiagonal Solver (source uncertain):

fu

d° 0P o 0° o° o° o° d° d° o°

o

o3
°

2 oe

o

%

fo

nction x = tridiagonal (diag, lower, upper, rhs)
tridiagonal: solves a tridiagonal matrix.

Syntax: x = tridiagonal (diag, lower, upper, rhs)

Input: diag = diagonal vector of length N
lower = lower diagonal vector of length N-1
upper = upper diagonal vector of length N-1
rhs = right hand side vector of length N

Output: x = solution vector of length N

--- determine the number of equations
= length (diaqg);

--- eliminate the lower diagonal

r i = 2:N

factor = lower (i-1)/diag(i-1);

diag (i) = diag(i)-upper(i-1)*factor;
rhs (i) = rhs(i)-rhs(i-1)*factor;

--—- back substitute
N) = rhs(N)/diag(N);
r i =N-1:-1:1
(i) = ( rhs(i)-upper(i)*x(i+l) ) / diag(i);

2D Source:

fu

o° oo

oe

d° 0P A 0° A O° A° A° O A° A° O o° o° o°

oe

nction [T kpl]=source 2D(T_k,qgdp,sys,dt);

T k is a matrix of values in 2D arrangement
- each row should be a y index
- each column is an x index

sys.c=1;

sys.rho=1;

sys.Ly=.01;

sys.h=.000001;

sys.T inf=0;

sys.dx=.01;

sys.L=1;

sys.dy=.0001;
sys.alpha=10" (-4)
qfric=1000;
fd=.1l*ones(1,10);%(0,.5,0,0,.1,.2,.1,.1,0,01;
Nx=length (0:sys.dx:sys.L);
Ny=length (0:sys.dy:sys.Ly);
TO=zeros (Ny, Nx) ;

tfin=2;

v=10;
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Ncon=length (gdp) ;
T kpl=T k;

T kpl(l,1:Ncon)=(gdp/(sys.c*sys.rho*sys.dy))*dt+T k(1,1:Ncon);

1D Source:

function [T kpll=source 1D(T k,qdp,sys,dt);
%% init T kpl

T k=reshape (T k,1,length(T k));
gdp=reshape (qdp, 1, length (qdp) ) ;
T kpl=zeros(size(T k));

%% source locus
Ncon=length (gdp) ;

%% sys breakout

T inf=sys.T inf;

h=sys.h;

Ly=sys.Ly;

rho=sys.rho;

c=sys.c;

%% sourcet+conv region solution

T kpl(1l:Ncon)=T inf+qgdp/h+...
(T _k(1:Ncon)-T inf-qgdp/h) *exp (-dt*h/ (rho*c*Ly));

%% no source region solution

T kpl((Ncon+l):end)=T inf+...
(T _k((Ncon+l) :end)-T inf) *exp (-2*dt*h/ (rho*c*Ly));

2D Convection:

function [T kpll=conv_2D(T k,qdp,sys,dt);

o\°

T k is a matrix of values in 2D arrangement
- each row should be a y index
- each column is an x index

oe

oe

oe

sys.c=1;
sys.rho=1;
sys.Ly=.1;
sys.h=1;
sys.T inf=0;

o 0o oe

o\°



o\

sys.dx=.01;

sys.L=1;

sys.dy=.01;
sys.alpha=10" (-4)
gqfric=1000;
fd=.1l*ones(1,10);%10,.5,0,0,.1,.2,.1,.1,0,01;
Nx=length (0:sys.dx:sys.L);
Ny=length (0:sys.dy:sys.Ly);
TO=zeros (Ny,Nx) ;

tfin=2;

vV=10;

d° dO ° o° o° o° d° o° o

o\

[n,m]=size(T_k);

tau=sys.rho*sys.c*sys.dy/sys.h;

Ncon=length (gdp) ;

T kpl=T k;

if m>Ncon;
T_kpl(l,(Ncon+l):end)=T_k(l,(Ncon+l):end)*exp(—dt/tau);

end
T_kpl(end,:)=T_k(end,:)*exp(—dt/tau);

2D Source Partition:
function [gdpl,qgdp2]=source partition 2D(T1 k,T2 k,qgdp,sys);
Ncon=length (gdp) ;

kl=sys.matl.alpha*sys.matl.rho*sys.matl.c;
k2=sys.mat2.alpha*sys.mat2.rho*sys.mat2.c;
Lyl=sys.dy;

Ly2=sys.dy;
qdpl=(((k1l/Lyl)/ ((k1/Lyl)+(k2/Ly2)))*...
(gdp+ (2*k2/Ly2) * (T2 k(1,1:Ncon)-Tl k(1,1:Ncon)))) .*abs(sign(qdp));

qdp2=gdp-gdpl;

1D Source Partition:

function [gdpl,gdpZ2]=source partition 1D(T1 k,T2 k,qgdp,sys);

Ncon=length (gdp) ;
kl=sys.matl.alpha*sys.matl.rho*sys.matl.c;
k2=sys.mat2.alpha*sys.mat2.rho*sys.mat2.c;
Lyl=sys.matl.Ly;
Ly2=sys.mat2.Ly;

qdpl=(((kl/Lyl)/ ((k1/Lyl)+(k2/Ly2)))*...
(gdp+ (2*k2/Ly2) * (T2 _k(1:Ncon)-T1l k(1l:Ncon)))).*abs(sign(qdp));
gdp2=qgdp-gdpl;
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