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Chapter 1

Introduction

1.1 Background

This thesis introduces the generalised multivariate beta type II distribution as well as

the noncentral and matrix variate counterparts. The research emanates from a practical

problem in the process or quality control environment where a control chart is used to

monitor the quality of a process over time. In this chapter some background of the

quality monitoring procedure is given to set the platform of this study. It is important

to note that the author does not intend to present a complete discussion of the aspects

of Statistical Process Control (SPC). Instead, only the key aspects will be considered to

equip the reader with the necessary terminology in order to grasp the content covered in

this thesis.

A control chart is a statistical procedure that can be depicted graphically that is used to

monitor an attribute (such as the mean or variance) of a process with the objective to

determine whether the process is stable or in-control. The simplest and most widely used

control chart is the Shewhart-type of chart; this chart is named after the father of quality

control Dr. Walter A. Shewhart (1891-1967). A typical Shewhart-type control chart is

shown in Figure 1.1. The chart is a basic graphical display of the successive values of a

summary measure (charting statistic) calculated from a sample of measurements taken

on a key quality characteristic and plotted on the vertical axis versus the sample number

or time on the horizontal axis. The control chart usually has a centerline (CL) and two

horizontal lines, one line on either side of the centerline. The line above the centerline is

called the upper control limit (UCL) whereas the line below the centerline is called the

lower control limit (LCL). These three lines are placed on the control chart to aid the

user in making an informed and objective decision whether a process is in-control or not;

this decision is primarily based on the pattern of the points plotted on the chart and/or

1

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



1. INTRODUCTION
1.1. Background

their position relative to the control limits. Notice that it is customary to join the points

on a control chart using straight-line segments for easier visualisation over time.

Figure 1.1. A Shewhart-type control chart

The Shewhart-type control charts are typically based on (i) taking successive samples

from the output of the process, (ii) calculating the specified sample statistic from each

sample, and (iii) comparing the value of each sample statistic (i.e. the charting statistic),

one after the other, with the control limits. An alarm (a signal) is issued if a single

point (charting statistic) plots on or outside the control limits i.e. lies on or above the

upper control limit or lies on or below the lower control limit. The alarm signals that

the process is deemed to be in an out-of-control state and a search for assignable causes

typically follows. A desirable property of a chart is to signal quickly when a change takes

place and not signal too often when the process is actually in-control (which is when no

shift or change has taken place). Hence the performance of the chart i.e. how efficient

the chart is in detecting changes, is of importance. To gain insight into the performance

of a control chart, the run-length distribution is considered. Once a shift in the process

parameter occurred, the run-length is defined as the number of samples collected until

the shift is detected (i.e. an out-of-control signal is observed). For a detailed discussion

see Montgomery (2009) [31].

In this thesis the attribute of interest is the variance or covariance structure of a process.

In practice, process variability is often monitored by plotting the sample range (R chart)

or sample standard deviation (S chart) on a Shewhart control chart. Alternatively the

cumulative sum (CUSUM) or the exponentially weighted moving average (EWMA) charts

could be used. The CUSUM and EWMA control charts are different from the Shewhart-

type chart in that they are memory-based charts which sequentially combine the informa-

tion from multiple (past) samples with the present (or current) sample information in the

decision making process. The Shewhart-type of chart, however, uses only the information

available from the most recent (last) sample. For all of these control charts calibration

2
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1. INTRODUCTION
1.2. Example

samples are needed to first estimate the parameters (used for setting up the control limits)

before real-time charting begins.

Classical control charts such as the Shewhart, CUSUM and the EWMA are designed for

processes where either the process parameters are known, or sufficient historical data is

available to estimate any unknown parameters (see e.g. Montgomery, 2009 [31]). Que-

senberry (1991) [41], however addressed the problem of monitoring an attribute from

the start of production, whether or not prior information is available and proposed the

so-called Q-charts. These Q-charts are constructed by calculating a sample statistic

and then transforming this statistic to obtain the charting statistic that is plotted on a

Shewhart-type control chart.

The practical problem that initiated the research and that is covered in this thesis is

monitoring the process variance, when the measurements are taken from a normal distri-

bution, using a Q-chart; this was then extended to also focus on monitoring the covariance

structure of a multivariate normal distribution. An example is given in the next section

to explain how a Q-chart operates.

1.2 Example

In this example a Q-chart is used to monitor the unknown process variance, assuming that

the observations from each independent sample are independent identically distributed

(i.i.d.) normal random variables with the mean known. The purpose of this example

is to give an overview of the procedure to set up the control chart; for more detail see

Quesenberry (1991) [41].

To describe the construction of a Q-chart suppose that twenty samples each of size four

were generated. The first ten samples were generated from a normal distribution with

mean ten and variance equal to one, denoted by N (10, 1). Between samples ten and

eleven it is assumed that the process variance encountered a sustained shift and therefore

the last ten samples were generated from a N (10, 2) distribution. The simulated data

set is given in Table 1.1 and the control chart in Figure 1.2. Let (Yi1, Yi2, . . . , Yini),

i = 1, 2, . . . , 20 represent successive, independent samples of size ni ≥ 1 measurements

made on a sequence of items produced in time. Note that in this example ni = 4. The

charting statistic is obtained using the following steps:

1. Calculate the sample variance for each sample i.e. S2i =
1

ni

ni∑

k=1

(Yik − µ0)
2 for i =

1, 2, . . . 20 where µ0 = 10.

The sample variance is used since it is an unbiased estimator of the variance.

3
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2. Calculate the two sample test statistic, for testing the null hypothesis at time i

that the two independent samples are from a normal distribution with the same

unknown variance,
S2i

S
2pooled
i−1

where S
2pooled
i−1 =

∑i−1
i=1 niS

2
i∑i−1

i=1 ni
. Thus, the variance of the

ith sample is divided by the pooled variance of the first i− 1 samples combined, for

i = 2, 3, . . . 20.

3. Calculate the charting statistic, Qi = Φ−1

[

Fni,n1+n2+...+ni−1

(
S2i

S
2pooled
i−1

)]

for i =

2, 3, . . . 20 where Fni,n1+n2+...+ni−1 (·) denotes the cumulative distribution function
of the F distribution. The two sample test statistic given in step 2 has an F

distribution under the null hypothesis (see Remark 2.1 in Chapter 2). Φ−1 (·)
denotes the inverse of the standard normal cumulative distribution function. The

charting statistic is a standard normal random variable obtained by transforming

the two sample test statistic using the classical probability integral transformation

theorem.

Remark 1.1 The classical probability integral transformation theorem states: for a

random variable Y with continuous distribution function G, the transformed random

variable G (Y ) has a uniform distribution on the unit interval (0, 1) ; and conversely,

if V is a uniform random variable on the unit interval, then G−1 (V ) has the distri-

bution of Y (see Bain and Engelhardt, 1992 [3], p.201).

4. Plot the charting statistic on a Shewhart-type chart with the typical three sigma

control limits where sigma refers to the standard deviation of the statistic (Qi)

plotted on the chart. Take note that the Q-chart is plotted in a standardised

normal scale therefore the LCL and UCL are equal to ±3 and the centerline CL is

0 (see Montgomery, 2009 [31], p.184).

Figure 1.2. Q-chart for the example

4
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Table 1.1. Simulated data set

Sample Yi1 Yi2 Yi3 Yi4 S2i
S2i

S
2pooled
i−1

Qi

1 8.4 9.1 10.6 8.9 1.235 NA∗ NA

2 9.6 8.8 8.8 11.3 1.183 0.957 0.041

3† 10.1 9.9 9.6 10.8 0.205 0.170 1.625

4 10.3 10.6 10.6 10.7 0.325 0.372 0.932

5 10.7 10.0 9.6 10.1 0.165 0.224 1.412

6 8.6 9.6 9.4 10.5 0.683 1.096 −0.291
7 9.0 9.1 10.3 10.0 0.475 0.751 0.169

8 10.0 10.9 10.7 9.2 0.485 0.795 0.096

9 9.1 10.0 9.5 10.1 0.268 0.450 0.744

10 10.1 11.2 10.0 9.7 0.385 0.690 0.263

11 11.3 9.6 11.2 11.1 1.125 2.080 −1.273
12 10.1 11.0 11.5 9.3 0.938 1.579 −0.853
13 9.0 7.2 11.7 7.8 4.143 6.655 −3.491
14 9.3 7.8 9.7 9.8 1.365 1.528 −0.815
15 9.7 11.9 10.2 8.2 1.745 1.882 −1.144
16 9.5 9.0 9.0 12.9 2.665 2.715 −1.774
17 7.8 11.6 9.5 7.7 3.235 2.977 −1.950
18 10.5 9.6 9.6 10.5 0.205 0.169 1.680

19 10.9 9.5 11.2 9.6 0.665 0.575 0.473

20 11.1 13.2 9.8 10.3 2.895 2.559 −1.693

† The Qi for sample 3 is computed as follows: S23=
1
4

4∑

k=1

(Y3k−10)2= 0.205

S23

S
2pooled
2

= 0.205
4×1.235+4×1.183

8

= 0.170

Qi= Φ−1 [F4,8 (0.170)] = 1.625

There is no charting statistic that corresponds to sample number one as this sample is

used to obtain an initial estimate of the process variance. Take note that in practice

the variance is unknown and that it was only assumed for illustration purposes in this

example that the variance changed from one to two. The process is effectively monitored

from sample two onwards. For this example, the process is declared out-of-control at

sample number thirteen since this is the first sample where a charting statistic plots on

or outside the control limits (see Figure 1.2). Note that, in this example the variance

changed between samples ten and eleven. Three samples were collected after the change

∗ Not Applicable
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in the variance before the control chart signalled that the process is out-of-control by

plotting outside the lower control limit, therefore the run-length is three. Once the

process variance encountered a sustained shift, some questions arise, for example:

• What is the probability that a charting statistic will plot inside or outside the control
limits?

• What is the probability that the chart will signal immediately? In other words,

what is the probability that the run-length is equal to one?

• In general, what is the probability that the run-length is equal to k for k = 1, 2, . . .?

A broad outline of this example is summarised in Figure 1.3. Independent samples of

observations are taken from a normal distribution; the latter is referred to as the process

distribution. A sample statistic, namely the sample variance (S2i ), is calculated for each

incoming sample. The charting statistic (Qi) is a function of the sample variances.

The distribution of the charting statistics as well as the joint distribution thereof, after

the change in the process parameter, will be derived in this thesis. Finally, the joint

distribution of the charting statistics can be used to determine run-length probabilities.

J o i n t  d i s t r i b u t i o n  o f  t h e  c h a r t i n g  s t a t i s t i c s

P r o c e s s  d i s t r i b u t i o n

S a m p l e  s t a t i s t i c

C h a r t i n g  s t a t i s t i c  d i s t r i b u t i o n

R u n - l e n g t h  p r o b a b i l i t i e s

Figure 1.3. Broad outline of the example
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Starting from the questions raised above originating from the sequential quality monitor-

ing procedure, it will be endeavoured in this study to contribute to the distribution theory

field. Distribution theory lies at the intersection of probability and statistics and is the

foundation from which all statistical theory and application originates. Enhancing our

knowledge of distribution theory therefore implies that the general body of knowledge of

statistics is improved. The objectives and scope of this study will be highlighted in the

next section.

1.3 Objectives and scope

• Present the problem statements within the SPC environment from which new dis-
tributions emanated.

• Follow a systematic approach in building-up the distributions, starting in each case
from successive, independent samples of measurements that are made on a sequence

of items produced in time with the assumption that the process distribution is a

normal distribution or a multivariate normal distribution.

• Specifically focus on the development of these new distribution models.

• Investigate the role of the closed form expressions of the distribution models in the
SPC environment with specific focus on calculating the run-length probabilities.

The example in Section 1.2 portrayed the situation when independent samples are taken

from a normal distribution and the variance of the sequential process is monitored and

it encounters an unknown sustained shift. Only a permanent upward or downward step

shift in the variance is considered; other types of shifts falls outside the scope of this thesis.

The run-length is a measure to gain insight into the performance of a control chart. To

develop exact expressions for the probabilities of run-lengths, the joint distribution of the

charting statistics is needed. This will be discussed in Chapter 2 as well as Chapter

5. This thesis introduces closed form expressions for the joint distribution of charting

statistics.

The sequential procedure to monitor the variance is an on-going process; therefore theoret-

ically the charting statistics could be calculated for all time periods as it tends to infinity.

In this thesis the charting statistics from immediately after the shift in the variance up to

p samples afterwards will be considered. The properties of the new distribution models

as p tends to infinity fall outside the scope of this thesis.

7
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The emphasis of this study, as can be seen from Figure 1.4, is a systematic approach in

building up new generalised multivariate beta type II distribution models from a sequential

process. In Chapter 2 the generalised multivariate beta type II distribution is derived; this

distribution stems from monitoring the variance of a normal random variable where the

mean remains unchanged. The statistical property that will be focused on in this chapter

is the moments to shed light on the nature of this distribution. The property is of

importance because once the process is out-of-control the charting statistics are no longer

independent and in order to investigate this, the correlation structure is of particular

interest.

Figure 1.4. Thesis outline

The focus of Chapter 3 is on the scenario where the variance of a normal random variable

is monitored but the mean also encounters a sustained shift. This introduces the non-

central generalised multivariate beta type II distribution. Since the correlation will be

investigated in Chapter 2, only the effect of the noncentrality parameter will be demon-

strated.

In Chapter 4 the generalised bimatrix variate beta type II distribution is proposed. Two

cases will be considered here, namely the special case where the covariance structure

changes with a scale factor, and secondly the more general case with a complete change in

8
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the covariance structure. The product moments will be derived to determine the distrib-

utions of the determinants of the statistics needed to calculate the run-length probabilities

in Chapter 5.

To the author’s knowledge, the newly derived exact expressions of the generalised mul-

tivariate beta type II distribution models are used for the first time in an illustrative

example to calculate probabilities needed for charting statistics, instead of the existing

methods within the SPC environment (e.g. simulation). A measure is also presented

in Chapter 5 if measurements are made where the samples are independent having been

collected from a multivariate normal distribution.

Chapter 6 gives some conclusive remarks and further developments. The Appendix, to-

wards the end of this study, is a collection of some fundamental mathematical results used

in this study.

9
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Chapter 2

Generalised multivariate beta type II

distributions

2.1 Introduction

In this chapter the generalised multivariate beta type II distribution is derived; this

distribution stems from monitoring the variance of a normal random variable by taking

successive, independent samples of measurements over time. These measurements are

independent and identically distributed collected from a N (µ0, σ
2) distribution. The

mean (µ0) is known and the unknown variance change from σ2 to σ21 = λσ2 (also unknown)

where λ �= 1 and λ > 0 somewhere between samples κ−1 and κ. Therefore, from sample

κ onwards the process is considered out-of-control. This scenario is depicted in Figure

2.1.

Figure 2.1 Monitor the variance when the known mean remains unchanged

Section 2.2 gives an overview of the process monitoring problem that leads to the random

variables of interest. The joint distribution of these random variables gives rise to a new

distribution that can be regarded as a generalised multivariate beta type II distribution.

Sections 2.3 and 2.4 focus on the joint and marginal distributions, respectively. Since the

moments are needed to investigate the correlation structure between the random variables,

this is the only statistical property of the distribution that is focused on in Section 2.5.

A shape analysis of the univariate and bivariate distributions as well as the correlation of

the charting statistics for the bivariate case is considered in Section 2.6. An example of

10
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.2. Problem statement

using the generalised multivariate beta type II distribution to calculate some run-length

probabilities is deferred to Chapter 5.

2.2 Problem statement

The example in Section 1.2 illustrated the use of a Q-chart and it highlighted the im-

portance of the joint distribution of the charting statistics once a shift in the process

parameter occurred. In this section the random variables of interest are derived when

monitoring the variance of normal random variables using a Q-chart.

Let (Yi1, Yi2, . . . , Yini), i = 1, 2, . . . represent successive, independent samples of size ni ≥ 1

measurements made on a sequence of items produced in time. Assume that these values

are independent and identically distributed having been collected from a N (µ0, σ
2) dis-

tribution where the parameters µ0 and σ2 denotes the known process mean and unknown

process variance, respectively. Suppose that the unknown process variance has encoun-

tered a permanent upward or downward step shift between samples (time periods) κ− 1

and κ with κ > 1 from σ2 to σ21 = λσ2 (also unknown) where λ �= 1 and λ > 0. In

practice κ and λ would be unknown (but deterministic) values. Take note that other

types of shifts, for example a trend or cycle, falls outside the scope of this thesis.

Since the process variance σ2 is unknown, the first sample is used to obtain an initial

estimate of σ2. It is assumed that the process starts in-control. This is an important

assumption because the data is used to compute estimates of the unknown process para-

meter which will in turn be incorporated in the charting statistic that is used to determine

if the process is in-control. This initial estimate is continuously updated using the new

incoming samples as they are being collected, as long as the estimated value of σ2 does

not change, i.e. is not detected using the control chart. To this end, let

S
2pooled
r =

∑r
i=1 niS

2
i∑r

i=1 ni
for r = 1, 2, . . .

where S2i =
1

ni

ni∑

k=1

(Yik − µ0)
2 for sample i = 1, 2, . . . ,

(2.1)

where S
2pooled
r denotes the pooled sample variance of all the measurements up to and

including sample r; and S2i denote the variance of the i
th sample with µ0 representing the

known population mean. According to (2.1), i denotes time and r is a specific point in

time. Take note that a sample can even consist of an individual observation because the

process mean is assumed to be known and the variance of the sample can still be calculated

as S2i = (Yi1 − µ0)
2 for i = 1, 2, . . .. The sequential sample quantity in (2.1) is computed

11
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.2. Problem statement

as each new sample becomes available. Therefore, the variance of the first sample, i.e. S21 ,

estimates σ2 at sample one. At sample two S22 is compared to S
2
1 to determine whether

the value of σ2 is still the same. If the hypothesis of equal variances cannot be rejected,

i.e. the charting statistic plotted inside the control limits, a new updated estimate of σ2

is obtained. The updated estimate is S
2pooled
2 and includes information from samples one

and two; this point estimate is then used to check if the value of σ2 is still the same at

sample three by comparing S23 to S
2pooled
2 . This sequential updating-and-testing procedure

continues until a change is detected in the value of σ2. A change in the variance will be

detected when a charting statistic plots on or outside the control limits.

The control chart and the charting statistic are based on the in-control distribution of

the process, in other words they are derived under the null hypothesis of no change in

the process variance. The two sample test statistic for testing the hypothesis at time

i = r that the two independent samples (the measurements of the rth sample alone and

the measurements of the first r−1 samples combined) are from normal distributions with

the same unknown variance σ2 (see Bain and Engelhardt, 1992 [3], p.402), is based on

the statistic

U∗
r =

S2r

S
2pooled
r−1

for r = 2, 3, . . . , (2.2)

where S2r and S
2pooled
r−1 are defined in (2.1).

Remark 2.1

(i) The statistic (2.2) can be determined from r = 2 onwards, i.e. sample number two.

This is due to the unknown variance that must be estimated from the first sample.

(ii) Independent samples are taken from the process distribution (i.e. from the N (µ0, σ
2)),

therefore
nrS

2
r

σ2
and

∑r−1
i=1 niS

2pooled
r−1

σ2
are independently chi-squared distributed with

degrees of freedom nr and
∑r−1
i=1 ni, respectively (see Bain and Engelhardt, 1992 [3],

p.271).

(iii) Furthermore, if the process is in-control,
nrS

2
r

σ2nr
/

∑r−1
i=1 niS

2pooled
r−1

σ2
∑r−1
i=1 ni

=
S2r

S
2pooled
r−1

follows an

F distribution with nr and
∑r−1
i=1 ni degrees of freedom (see Bain and Engelhardt,

1992 [3], p.275). This is the reason why the charting statistic is a function of the

F distribution (see the example in Section 1.2 step 3).

(iv) The term charting statistic will be used for the two sample test statistic defined in

(2.2) as well as the transformed value thereof that is plotted on the control chart.
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.2. Problem statement

The focus will be on the part where the process is out-of-control, i.e. encountered a shift.

The exact distribution of the charting statistic is then unknown because after a change

in the process parameter occurred, the charting statistics are no longer independent.

Essentially this means that the distribution of the statistic (2.2) is investigated under the

alternative hypothesis that the process is out-of-control. To simplify the notation used

in expression (2.2), following a change in the process variance between samples κ− 1 and

κ, define the random variable

U∗
0 ≡ U∗

κ =
S2κ

S
2pooled
κ−1

. (2.3)

The subscript of the random variable U∗
0 indicates the number of samples after the pa-

rameter has changed, with zero indicating that it is the first sample after the process

encountered a permanent upward or downward step shift in the variance.

Consider the sample variance, i.e. S2i , before and after the shift in the process variance

took place:

Before the shift in the variance: After the shift in the variance:

Samples: i = 1, 2, . . . , κ− 1 Samples: i = κ, κ+ 1, . . .

Distribution: Yik ∼ N (µ0, σ
2) Distribution: Yik ∼ N (µ0, σ

2
1 = λσ2)

S2i =
1

ni

ni∑

k=1

(Yik − µ0)
2

niS
2
i

σ2
∼ χ2 (ni)

S2i =
1

ni

ni∑

k=1

(Yik − µ0)
2

niS
2
i

σ21
∼ χ2 (ni)

Remark 2.2

(i) χ2 (ni) denotes the central chi-squared distribution with degrees of freedom ni (see

(B.31)).

(ii) The degrees of freedom is assumed to be ni, since the mean is not estimated because

it is assumed that the mean is a fixed / deterministic value. In case the mean is

unknown and has to be estimated too, the degrees of freedom changes from ni to

ni − 1 and the µ0 would be replaced by µ̂0, i.e. a point estimate of µ0.

13
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.2. Problem statement

Following a change in the variance between samples κ − 1 and κ, (2.3) can be rewritten

as:

U∗
0 =

S2κ

S
2pooled
κ−1

=
κ−1∑

i=1

ni ×
S2κ∑κ−1

i=1 niS2i

=

∑κ−1
i=1 ni
nκ

×

nκS
2
κ

σ21
× σ21

σ2

∑κ−1
i=1

niS
2
i

σ2

=

∑κ−1
i=1 ni
nκ

× λW0

X
, (2.4)

where λ =
σ21
σ2

,

W0 ≡
nκS

2
κ

σ21
∼ χ2 (nκ) and

X ≡∑κ−1
i=1

niS
2
i

σ2
∼ χ2 (a) with a=

∑κ−1
i=1 ni.

(2.5)

Note that λ indicates the unknown size of the shift in the variance. In general, at sample

κ+ j, where κ > 1 and j = 1, 2, . . . , p define the following sequence of random variables

(all based on the two sample test statistic for testing the equality of variances):

U∗
j =

S2κ+j

S
2pooled
κ+j−1

=
∑κ+j−1
i=1 ni ×

S2κ+j∑κ−1
i=1 niS

2
i +

∑κ+j−1
i=κ niS2i

=

∑κ+j−1
i=1 ni
nκ+j

×

nκ+jS
2
κ+j

σ21
× σ21

σ2

∑κ−1
i=1

niS
2
i

σ2
+
∑κ+j−1
i=κ

niS
2
i

σ21
× σ21

σ2

=

∑κ+j−1
i=1 ni
nκ+j

×

nκ+jS
2
κ+j

σ21
× σ21

σ2

∑κ−1
i=1

niS
2
i

σ2
+
∑j−1
k=0

nκ+kS
2
κ+k

σ21
× σ21

σ2

=

∑κ+j−1
i=1 ni
nκ+j

× λWj

X + λ
∑j−1
k=0Wk

, (2.6)
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.2. Problem statement

where λ =
σ21
σ2
,

Wi ≡
nκ+iS

2
κ+i

σ21
∼ χ2 (nκ+i) for i = 0, 1, . . . , j and

X ≡∑κ−1
i=1

niS
2
i

σ2
∼ χ2 (a) with a=

∑κ−1
i=1 ni.

Take note that this is an on-going process and even though j could theoretically go up

to infinity, it will be restricted to p in this thesis when defining the random variables and

determining the joint distribution. This will serve as a cut-off point for the monitoring of

the process; therefore only the random variables from immediately after the change in the

variance took place up to p samples afterwards will be considered. However, there is not

a restriction placed on the value of p. The properties of the multivariate and marginal

distributions as p tends to infinity fall outside the scope of this thesis.

To simplify matters going forward and for notational purposes the factors,
∑κ−1
i=1 ni/nκ

and
∑κ+j−1
i=1 ni/nκ+j in (2.4) and (2.6) are omitted and the (∗) superscript dropped, since

the factors are deterministic and can therefore be incorporated in the control limits when

they are calculated (see Chapter 5, Section 5.1.1). Therefore, the random variables of

interest for this study are:

U0 =
λW0

X
,

Uj =
λWj

X + λ
∑j−1
k=0Wk

, j = 1, 2, . . . , p and λ > 0,

(2.7)

where

λ =
σ21
σ2
indicates the unknown size of the shift in the variance,

X =
∑κ−1
i=1 χ2 (ni) ∼ χ2 (a), i.e. X is a chi-squared random variable with degrees of

freedom a=
∑κ−1
i=1 ni,

Wi ∼ χ2 (vi) , i.e. Wi is a chi-squared random variable with degrees of freedom vi=nκ+i

for i = 0, 1, . . . , p.

Take note that X represents the sum of κ − 1 independent χ2 random variables, i.e.

χ2 (n1) , . . . , χ
2 (nκ−1) since it is assumed the samples are independent.

The random variable U0 corresponds to time period κ, and Uj to time period κ + j.

X, Wj with j = 0, 1, 2, . . . , p are independent chi-squared random variables with degrees

of freedom a and vj for j = 0, 1, 2, . . . , p, respectively. The random variable X relates

to the samples before the change in the variance took place, with degrees of freedom

a =
∑κ−1
i=1 ni which represents the total number of observations (for all samples) before

15
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.3. The generalised multivariate beta type II distribution

the shift in the variance occurred. The random variable Wj for j = 0, 1, 2, . . . , p relate to

the samples after the change in the variance occurred, with degrees of freedom denoted

by vj = nκ+j which represents the sample size of sample κ + j. Take note that j = 0

corresponds to sample κ, j = 1 to sample κ + 1, and so forth. The parameter λ is

deterministic and represent the ratio of the new variance (after the change) with respect

to the previous variance (before the change), i.e. λ =
σ21
σ2
and indicates the unknown size

of the shift in the variance. The information regarding the time from which the shift

occurred (κ), is contained in the degrees of freedom of the random variable X; if samples

of equal size (n) are taken at equally spaced time periods the degrees of freedom of X

reduces to (κ− 1)× n.

Remark 2.3 Consider the case where independent samples each of size n ≥ 1 measure-

ments are made on a sequence of items where these values are independent and identi-

cally distributed having been collected from an exponential distribution with a parameter

θ as the unknown process mean. Suppose that from sample κ the process parameter has

changed from θ to θ1 = λθ where λ �= 1 and λ > 0. The two sample test statistic for

the Q-chart for comparing the means follows from the likelihood ratio test and is based

on the ratio of the mean for a specific sample to the overall mean of all the preceding

samples (see Bain and Engelhardt, 1992 [3], p.418). The resulting random variables

are the same as (2.7) with λ =
θ1
θ

indicating the unknown size of the shift in the mean,

X =
∑κ−1
i=1 χ2 (2n) ∼ χ2 (a), i.e. X is a chi-squared random variable with degrees of

freedom a=2n (κ− 1) and Wi ∼ χ2 (vi) , i.e. Wi is a chi-squared random variable with

degrees of freedom vi= 2n for i = 0, 1, . . . , p. Thus, when monitoring the unknown process

mean when observations are from an exponential distribution, the charting statistics are

the same as for the case of monitoring the variance when observations are from a normal

distribution with the key difference being the fact that it is only the degrees of freedom of

the chi-squared random variables that changes. For a detailed discussion the reader is

referred to Human and Chakraborti (2010) [17] and Adamski et al.(2012) [1].

The joint distribution of the random variables (2.7) will be derived in the next section.

2.3 The generalised multivariate beta type II distri-

bution

In this section the joint probability density function (pdf) of U0, U1, . . . , Up (see (2.7)) is

derived. This distribution is unknown and is important for studying the probabilistic

16
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.3. The generalised multivariate beta type II distribution

properties and performance of the control chart, for example determining the run-length

probabilities.

Theorem 2.1 Let X, Wj with j = 0, 1, 2, . . . , p be independent chi-squared random var-

iables with degrees of freedom a and vj with j = 0, 1, 2, . . . , p, respectively. Let

U0 =
λW0

X
and Uj =

λWj

X + λ
∑j−1
k=0Wk

where j = 1, 2, . . . , p and λ > 0. The pdf of

U0, U1, . . . , Up is given by

f (u0, u1, . . . , up) =
Γ
(
a
2
+
∑p
j=0

vj
2

)
λ

a
2

Γ
(
a
2

)∏p
j=0 Γ

(vj
2

)

(
p∏

j=0

u
vj
2
−1

j

)(
p−1∏

k=0

(1 + uk)
∑p

j=k+1

vj
2

)

×
(

λ+ u0 +
p∑

j=1

uj
j−1∏

k=0

(1 + uk)

)−

(
a
2+

∑p

j=0

vj
2

)

,

uj > 0, j = 0, 1, . . . , p,

(2.8)

where Γ (·) denotes the gamma function (see (B.1)).

Proof. The joint pdf of X,W0,W1, . . . ,Wp is

f (x, w0, w1, . . . , wp) =
1

2
a
2
+
∑p

j=0

vj
2 Γ

(
a
2

)∏p
j=0 Γ

(vj
2

)x
a
2−1e

−
x
2

p∏

j=0

w
vj
2
−1

j e
−
wj
2 . (2.9)

Let U = X, U0 =
λW0

X
and Uj =

λWj

X + λ
∑j−1
k=0Wk

where j = 1, 2, . . . , p.

This gives the inverse transformation,X = U, W0 =
1

λ
U0U andWj =

1

λ
Uj

(
U + λ

∑j−1
k=0Wk

)

where j = 1, 2, . . . , p.

Consider Wj :

for j = 1 : W1 =
1

λ
U1 (U + λW0) =

1

λ
U1 (U + U0U) =

1

λ
U1U (1 + U0) ,

for j = 2 : W2 =
1

λ
U2 (U + λW0 + λW1) =

1

λ
U2 (U + U0U + U1U (1 + U0))

=
1

λ
U2U (1 + U0) (1 + U1) .

Therefore, by observing the pattern, in general Wj =
1

λ
UjU

∏j−1
k=0 (1 + Uk) where

j = 1, 2, . . . , p.
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.3. The generalised multivariate beta type II distribution

The Jacobian of the transformation is,

J (x,w0, w1, . . . , wp → u, u0, u1, . . . , up)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0

u0
λ

u

λ
0 0

u1 (1+u0)

λ

u1u

λ

u (1+u0)

λ
0

u2 (1+u0) (1+u1)

λ

u2u (1+u1)

λ

u2u (1+u0)

λ
0

...
...

...
. . .

...

up
p−1∏

k=0

(1+uk)

λ

upu
p−1∏

k=1

(1+uk)

λ

upu (1+u0)
p−1∏

k=2

(1+uk)

λ

u
p−1∏

k=0

(1+uk)

λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=
(u
λ

)p+1 p∏

j=1

j−1∏

k=0

(1 + uk)

=
(u
λ

)p+1 p∏

j=1

[(1 + u0) . . . (1 + uj−1)]

=
(u
λ

)p+1
(1 + u0)

p
p∏

j=2

[(1 + u1) . . . (1 + uj−1)]

=
(u
λ

)p+1
(1 + u0)

p (1 + u1)
p−1

p∏

j=3

[(1 + u2) . . . (1 + uj−1)]

=
(u
λ

)p+1
(1 + u0)

p (1 + u1)
p−1 (1 + u2)

p−2 . . . (1 + up−1)

=
(u
λ

)p+1 p−1∏

k=0

(1 + uk)
p−k . (2.10)

Thus, making the transformation and substituting in (2.9), the joint pdf of U,U0, . . . , Up

is given by

f (u, u0, u1, . . . , up)

=
1

2
a
2
+
∑p

j=0

vj
2 Γ

(
a
2

)∏p
j=0 Γ

(vj
2

)u
a
2−1e

−
u
2

(
1

λ
u0u

) v0
2
−1

e
−
( 1λu0u)

2

×
p∏

j=1





[
1

λ
uju

j−1∏

k=0

(1 + uk)

]vj
2
−1

e
−

(
1
λ
uju

∏j−1

k=0
(1+uk)

)

2





(u
λ

)p+1 p−1∏

k=0

(1 + uk)
p−k
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.3. The generalised multivariate beta type II distribution

=
λ
−

∑p

j=0

vj
2

2
a
2
+
∑p

j=0

vj
2 Γ

(
a
2

)∏p
j=0 Γ

(vj
2

)u
a
2+

∑p

j=0

vj
2 −1

u
v0
2
−1

0

(
p∏

j=1

u
vj
2
−1

j

)

×




p∏

j=1

[
j−1∏

k=0

(1 + uk)

] vj
2
−1



(
p−1∏

k=0

(1 + uk)
p−k

)

×e
−
u
2

(

1+
u0
λ
+

∑p

j=1

uj
λ

∏j−1

k=0(1+uk)

)

.

(2.11)

Consider the term
p∏

j=1

[
j−1∏

k=0

(1 + uk)

] vj
2
−1

in (2.11):

for j = 1 : (1 + u0)
v1
2
−1 ,

for j = 2 : [(1 + u0) (1 + u1)]
v2
2
−1 ,

...

for j = p : [(1 + u0) (1 + u1) . . . (1 + up−1)]
vp
2
−1 .

Therefore,
p∏

j=1

[
j−1∏

k=0

(1 + uk)

] vj
2
−1

=

p−1∏

k=0

(1 + uk)
∑p

j=k+1

vj
2
−(p−k) . (2.12)

Substituting (2.12) in (2.11) gives

f (u, u0, u1, . . . , up)

=
λ
−

∑p

j=0

vj
2

2
a
2
+
∑p

j=0

vj
2 Γ

(
a
2

)∏p
j=0 Γ

(vj
2

)u
a
2+

∑p

j=0

vj
2 −1

(
p∏

j=0

u
vj
2
−1

j

)

×
(
p−1∏

k=0

(1 + uk)
∑p

j=k+1

vj
2
−(p−k)

)(
p−1∏

k=0

(1 + uk)
p−k

)
e
−
u
2

(

1+
u0
λ
+

∑p

j=1

uj
λ

∏j−1

k=0(1+uk)

)

=
λ
−

∑p

j=0

vj
2

2
a
2
+
∑p

j=0

vj
2 Γ

(
a
2

)∏p
j=0 Γ

(vj
2

)u
a
2+

∑p

j=0

vj
2 −1

(
p∏

j=0

u
vj
2
−1

j

)

×
(
p−1∏

k=0

(1 + uk)
∑p

j=k+1

vj
2

)
e
−
u
2

(

1+
u0
λ
+

∑p

j=1

uj
λ

∏j−1

k=0(1+uk)

)

.

(2.13)
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.3. The generalised multivariate beta type II distribution

Now, integrating (2.13) with respect to u using (B.18), yields the desired result (2.8) after

simplification,

f (u0, u1, . . . , up)

=
λ
−

∑p

j=0

vj
2

2
a
2
+
∑p

j=0

vj
2 Γ

(
a
2

)∏p
j=0 Γ

(vj
2

)

(
p∏

j=0

u
vj
2
−1

j

)(
p−1∏

k=0

(1 + uk)
∑p

j=k+1

vj
2

)

×
∞∫

0

u
a
2+

∑p

j=0

vj
2 −1

e
−
u
2

(

1+
u0
λ
+

∑p

j=1

uj
λ

∏j−1

k=0(1+uk)

)

du

=
λ
−

∑p

j=0

vj
2

2
a
2
+
∑p

j=0

vj
2 Γ

(
a
2

)∏p
j=0 Γ

(vj
2

)

(
p∏

j=0

u
vj
2
−1

j

)(
p−1∏

k=0

(1 + uk)
∑p

j=k+1

vj
2

)

× Γ
(
a
2
+
∑p
j=0

vj
2

)






1 + u0
λ
+

p∑

j=1

uj
λ

j−1∏

k=0

(1 + uk)

2






−

(
a
2+

∑p

j=1

vj
2

)

=
Γ
(
a
2
+
∑p
j=0

vj
2

)
λ

a
2

Γ
(
a
2

)∏p
j=0 Γ

(vj
2

)

(
p∏

j=0

u
vj
2
−1

j

)(
p−1∏

k=0

(1 + uk)
∑p

j=k+1

vj
2

)

×
(

λ+ u0 +
p∑

j=1

uj
j−1∏

k=0

(1 + uk)

)−

(
a
2+

∑p

j=0

vj
2

)

.

Remark 2.4 The joint distribution of U0, U1, . . . , Up (see (2.7)) derived in Theorem 2.1

gives rise to a new distribution that can be regarded as the generalised multivariate beta

type II distribution. The random variables in (2.7) are constructed from independent chi-

squared random variables using the variables-in-common (or trivariate reduction) tech-

nique and the resulting distribution is defined on the positive domain. A literature

overview of relevant multivariate beta type II distributions is briefly discussed in order

to contextualise the new distribution (2.8). Tiao and Guttman (1965) [45] obtained a

multivariate analogue of the beta type II distribution (see (B.29)) by performing the appro-

priate transformation on the Dirichlet distribution. Note that the beta type II distribution

is also referred to as the inverted beta distribution or the betaprime distribution. They

also considered an alternative development through stochastic representation. Suppose

that X, Wj with j = 0, 1, 2, . . . , p are independent chi-squared random variables as men-
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.3. The generalised multivariate beta type II distribution

tioned in Theorem 2.1, but with degrees of freedom 2a and 2vj with j = 0, 1, 2, . . . , p,

respectively. Define

Uj =
Wj

X
where j = 0, 1, 2, . . . , p. (2.14)

The pdf of U0, U1, . . . , Up is

f (u0, u1, . . . , up) =
Γ
(
a+

∑p
j=0 vj

)

Γ (a)
∏p
j=0 Γ (vj)

(
p∏

j=0

u
vj−1
j

)(

1 +
p∑

j=0

uj

)−

(
a+

∑p

j=0
vj

)

,

uj > 0, j = 0, 1, . . . , p.

(2.15)

Tiao and Guttman (1965) [45] named this the inverted Dirichlet distribution. In literature

this is also referred to as the standard inverted Dirichlet distribution, the multivariate

inverted beta distribution or the type II Dirichlet distribution. The distribution (2.15)

can also be obtained by supposing X, Wj have standard gamma distributions. For a

thorough discussion on the inverted Dirichlet distribution see Kotz et al. (2000) [26], p.485

and Ng et al. (2011) [35], p.175. Libby and Novick (1982) [27] derived the generalised F

distribution from ratios of independent gamma variables. Let X, Wj with j = 0, 1, 2, . . . , p

be independent gamma distributed random variables with parameters βa, a and βj , vj with

j = 0, 1, 2, . . . , p, respectively. The joint pdf of the random variables in (2.14) is

f (u0, u1, . . . , up) =
Γ
(
a+

∑p
j=0 vj

)

Γ (a)
∏p
j=0 Γ (vj)

(
p∏

j=0

(
βa
βj

)vj
u
vj−1
j

)

×
(

1 +
p∑

j=0

βa
βj

uj

)−

(
a+

∑p

j=0
vj

)

,

uj > 0, j = 0, 1, . . . , p.

(2.16)

Note that substituting
βa
βj

= 1 in (2.16), the generalised F distribution reduces to the

inverted Dirichlet distribution in (2.15). Rada-Mora and Nagar (2007) [42] extended the

generalised beta type II distribution given in Patil et al. (1984) [37] to obtain a multivariate

generalisation. The stochastic representation and the resulting pdf follow. Let X, Wj

with j = 0, 1, 2, . . . , p be independent standard gamma distributed random variables and

define

Uj = b

(
Wj

X

) 1
c

for j = 0, 1, 2, . . . , p, (2.17)
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.3. The generalised multivariate beta type II distribution

where c �= 0 and b > 0 are constants. The joint pdf of the random variables in (2.17) is

f (u0, u1, . . . , up) =
Γ
(
a+

∑p
j=0 vj

)

Γ (a)
∏p
j=0 Γ (vj) b

c
∑p

j=0
vj
|c|p+1

(
p∏

j=0

u
cvj−1
j

)

×
(

1 +
p∑

j=0

(uj
b

)c
)−

(
a+

∑p

j=0
vj

)

,

uj > 0, j = 0, 1, . . . , p.

(2.18)

Substituting c = b = 1 in (2.18), the pdf reduces to the inverted Dirichlet in (2.15).

Remark 2.5 It is important to note that there exists a known relationship between the

beta type I distribution and the beta type II distribution. Several beta type I distributions

have been proposed in literature, see for example Gupta and Wong (1985) [15], Jones

(2001) [23], Olkin and Liu (2003) [36], Nadarajah and Kotz (2005) [33], Nadarajah (2009)

[34], Arnold and Ng (2011) [2]. For an overview of the beta type I distribution consider

Gupta and Nadarajah (2004) [12], Johnson et al. (1995) [22], Balakrishnan and Lai

(2009) [4] and Kotz et al. (2000) [26].

The next two lemmas derive alternative expressions for the multivariate generalised beta

type II distribution given in (2.8).

Lemma 2.3.1 An alternative expression for the joint pdf in (2.8) in terms of the bino-

mial series, 1F0(·) (see (B.7)) is

f (u0, u1, . . ., up) =
Γ
(
a
2
+
∑p
j=0

vj
2

)
λ

a
2

Γ
(
a
2

)∏p
j=0 Γ

(vj
2

)

(
p∏

j=0

u
vj
2
−1

j

)

×
(

p∏

k=0

(1+uk)
−

(
a
2
+
∑k

j=0

vj
2

))

× 1F0

(
a
2
+

p∑

j=0

vj
2
;

1− λ∏p
k=0 (1 + uk)

)

,

uj > 0, j = 0, 1, . . . , p,

∣∣∣∣
1− λ∏p

k=0 (1 + uk)

∣∣∣∣ < 1.

(2.19)
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.3. The generalised multivariate beta type II distribution

Proof. Consider the term
(
λ+ u0 +

∑p
j=1 uj

∏j−1
k=0 (1 + uk)

)−
(
a
2+

∑p

j=0

vj
2

)

in (2.8),

λ+ u0 +
p∑

j=1

uj
j−1∏

k=0

(1 + uk)

= λ+ u0 + u1 (1 + u0) +
p∑

j=2

uj
j−1∏

k=0

(1 + uk)

= λ+ 1 + u0 + u1 (1 + u0) +
p∑

j=2

uj
j−1∏

k=0

(1 + uk)− 1

= λ+ (1 + u0) (1 + u1) +
p∑

j=2

uj
j−1∏

k=0

(1 + uk)− 1

= λ+ (1 + u0) (1 + u1) + u2 (1 + u0) (1 + u1) +
p∑

j=3

uj
j−1∏

k=0

(1 + uk)− 1

= λ+ (1 + u0) (1 + u1) (1 + u2) +
p∑

j=3

uj
j−1∏

k=0

(1 + uk)− 1

= λ+
p∏

k=0

(1 + uk)− 1. (2.20)

Substituting (2.20) in (2.8) and multiplying it with

∏p
k=0 (1 + uk)∏p
k=0 (1 + uk)

, gives

f (u0, u1, . . . , up)

=
Γ
(
a
2
+
∑p
j=0

vj
2

)
λ

a
2

Γ
(
a
2

)∏p
j=0 Γ

(vj
2

)

(
p∏

j=0

u
vj
2
−1

j

)(
p−1∏

k=0

(1 + uk)
∑p

j=k+1

vj
2

)

×
([

λ+
p∏

k=0

(1 + uk)− 1

] ∏p
k=0 (1 + uk)∏p
k=0 (1 + uk)

)−

(
a
2+

∑p

j=0

vj
2

)

=
Γ
(
a
2
+
∑p
j=0

vj
2

)
λ

a
2

Γ
(
a
2

)∏p
j=0 Γ

(vj
2

)

(
p∏

j=0

u
vj
2
−1

j

)(
p−1∏

k=0

(1 + uk)
∑p

j=k+1

vj
2

)

×
(
λ+

∏p
k=0 (1 + uk)− 1∏p
k=0 (1 + uk)

)−

(
a
2+

∑p

j=0

vj
2

)

(
p∏

k=0

(1 + uk)

)−

(
a
2+

∑p

j=0

vj
2

)
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.3. The generalised multivariate beta type II distribution

=
Γ
(
a
2
+
∑p
j=0

vj
2

)
λ

a
2

Γ
(
a
2

)∏p
j=0 Γ

(vj
2

)

(
p∏

j=0

u
vj
2
−1

j

)(
p∏

k=0

(1 + uk)
−

(
a
2
+
∑k

j=0

vj
2

))

×
(
λ+

∏p
k=0 (1 + uk)− 1∏p
k=0 (1 + uk)

)−

(
a
2+

∑p

j=0

vj
2

)

.

(2.21)

Note that

(
p−1∏

k=0

(1 + uk)
∑p

j=k+1

vj
2

)(
p∏

k=0

(1 + uk)

)−

(
a
2+

∑p

j=0

vj
2

)

=

(
p−1∏

k=0

(1 + uk)
∑p

j=k+1

vj
2

)(
p−1∏

k=0

(1 + uk)

)−

(
a
2+

∑p

j=0

vj
2

)

(1 + up)
−

(
a
2+

∑p

j=0

vj
2

)

=

(
p−1∏

k=0

(1 + uk)
−

(
a
2
+
∑k

j=0

vj
2

))

(1 + up)
−

(
a
2+

∑p

j=0

vj
2

)

=
p∏

k=0

(1 + uk)
−

(
a
2
+
∑k

j=0

vj
2

)

. (2.22)

Expression (2.21) can be simplified to the desired result (2.19) using (B.7) with

1− x =
λ+

∏p
k=0 (1 + uk)− 1∏p
k=0 (1 + uk)

.

Then x = −
(
λ+

∏p
k=0 (1 + uk)− 1∏p
k=0 (1 + uk)

− 1

)
=

1− λ∏p
k=0 (1 + uk)

with

∣∣∣∣
1− λ∏p

k=0 (1 + uk)

∣∣∣∣ < 1.

Therefore,

f (u0, u1, . . . , up)

=
Γ
(
a
2
+
∑p
j=0

vj
2

)
λ

a
2

Γ
(
a
2

)∏p
j=0 Γ

(vj
2

)

(
p∏

j=0

u
vj
2
−1

j

)(
p∏

k=0

(1 + uk)
−

(
a
2
+
∑k

j=0

vj
2

))

× 1F0

(
a
2
+

p∑

j=0

vj
2
;

1− λ∏p
k=0 (1 + uk)

)

.
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.3. The generalised multivariate beta type II distribution

Lemma 2.3.2 The joint pdf of (U0, U1, . . . , Up) in (2.8) can also be expressed in terms

of the product of beta type II pdfs,

f(u0, u1, . . . , up) = λ
a
2
∞∑

b=0

(
a
2

)
b

b!
(1− λ)b

p∏

j=0

BetaII
(
vj
2
, a
2
+
j−1∑

k=0

vk
2
+ b

)
,

uj > 0, j = 0, 1, . . . , p,

(2.23)

where BetaII (·, ·) denotes the known beta type II pdf defined in (B.29) and (·)b is the

Pochhammer coefficient defined in (B.4).

Proof. Expanding 1F0(·) in expression (2.19) in series form (see (B.7)), gives

f(u0, u1, . . . , up)

=
Γ
(
a
2
+
∑p
j=0

vj
2

)
λ

a
2

Γ
(
a
2

)∏p
j=0 Γ

(vj
2

)

(
p∏

j=0

u
vj
2
−1

j

)(
p∏

k=0

(1 + uk)
−

(
a
2
+
∑k

j=0

vj
2

))

×
∞∑

b=0

(
a
2
+
∑p
j=0

vj
2

)

b

b!

[
1− λ∏p

k=0 (1 + uk)

]b
.

Rewriting the Pochhammer coefficient in terms of gamma functions, (see (B.4)), gives

f(u0, u1, . . . , up)

=
Γ
(
a
2
+
∑p
j=0

vj
2

)
λ

a
2

Γ
(
a
2

)∏p
j=0 Γ

(vj
2

)
∞∑

b=0

Γ
(
a
2
+
∑p
j=0

vj
2
+ b

)

Γ
(
a
2
+
∑p
j=0

vj
2

)
b!

(1− λ)b
(

p∏

j=0

u
vj
2
−1

j

)

×
(

p∏

k=0

(1 + uk)
−

(
a
2
+
∑k

j=0

vj
2
+b

))

.

Rearranging the terms, using (B.4) and (B.29), yields the desired result (2.23),

f(u0, u1, . . . , up)

= λ
a
2
∞∑

b=0

Γ
(
a
2
+ b

)

Γ
(
a
2

)
b!

(1− λ)b
Γ
(
a
2
+
∑p
j=0

vj
2
+ b

)

Γ
(
a
2
+ b

)∏p
j=0 Γ

(vj
2

)

(
p∏

j=0

u
vj
2
−1

j

)

×
(

p∏

k=0

(1 + uk)
−

(
a
2
+
∑k

j=0

vj
2
+b

))
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.4. Marginal generalised beta type II distributions

= λ
a
2
∞∑

b=0

(
a
2

)
b

b!
(1− λ)b

Γ
(
a
2
+
∑p
j=0

vj
2
+ b

)

Γ
(
a
2
+ b

)∏p
j=0 Γ

(vj
2

)

×
p∏

j=0

u
vj
2
−1

j (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2
+b

)

= λ
a
2
∞∑

b=0

(
a
2

)
b

b!
(1− λ)b

p∏

j=0

BetaII
(
vj
2
, a
2
+
j−1∑

k=0

vk
2
+ b

)
.

This alternative representation of the joint pdf is used in some of the subsequent deriva-

tions.

Remark 2.6 For λ = 1 (see (2.5)) the process variance did not encounter a shift and

therefore the process is in-control. Using (2.20), (2.22), the joint pdf (2.8) simplifies to

f (u0, u1, . . . , up)

=
Γ
(
a
2
+
∑p
j=0

vj
2

)

Γ
(
a
2

)∏p
j=0 Γ

(vj
2

)

(
p∏

j=0

u
vj
2
−1

j

)(
p−1∏

k=0

(1 + uk)
∑p

j=k+1

vj
2

)

×
(

1 + u0 +
p∑

j=1

uj
j−1∏

k=0

(1 + uk)

)−

(
a
2+

∑p

j=0

vj
2

)

=
Γ
(
a
2
+
∑p
j=0

vj
2

)

Γ
(
a
2

)∏p
j=0 Γ

(vj
2

)

(
p∏

j=0

u
vj
2
−1

j

)(
p−1∏

k=0

(1 + uk)
∑p

j=k+1

vj
2

)

×
(

p∏

k=0

(1 + uk)

)−

(
a
2+

∑p

j=0

vj
2

)

=
Γ
(
a
2
+
∑p
j=0

vj
2

)

Γ
(
a
2

)∏p
j=0 Γ

(vj
2

)

(
p∏

j=0

u
vj
2
−1

j

)(
p∏

k=0

(1 + uk)
−

(
a
2
+
∑k

j=0

vj
2

))

,

uj > 0, j = 0, 1, . . . , p.

The latter expression is a product of independent beta type II pdfs (see (B.29)). This

confirms the independency of the random variables when λ = 1.

2.4 Marginal generalised beta type II distributions

This section focuses on the pdf of any subset of random variables of the generalised

multivariate beta type II distribution derived in (2.8). The marginal pdf of Uj, j =

26
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.4. Marginal generalised beta type II distributions

0, 1, . . . p, is derived in Section 2.4.1. In Section 2.4.2 the bivariate pdf of (Uj , Uj+m) ,

j = 0, 1, 2, . . . , p, m = 1, 2, 3, . . . is derived which will be used to investigate the correlation

structure discussed in Section 2.6. This section is concluded with the derivation of the

pdf of a subset of (U0, U1, . . . , Up) in Section 2.4.3. The marginal distributions derived in

this section will also be used to determine the moments in Section 2.5.

2.4.1 Generalised univariate beta type II distribution

Theorem 2.2 Let X, Wj with j = 0, 1, 2, . . . , p be independent chi-squared random vari-

ables with degrees of freedom a and vj with j = 0, 1, 2, . . . , p respectively. Let

U0 =
λW0

X
and Uj =

λWj

X + λ
∑j−1
k=0Wk

where j = 1, 2, . . . , p and λ > 0. If the joint

pdf of U0, U1, . . . , Up is given by (2.8), then the marginal pdf of

(a) U0 is given by

f(u0) =
Γ(a

2
+ v0

2
)λ

a
2

Γ(a
2
)Γ(v0

2
)

u
v0
2 −1

0 (λ+ u0)
−(a2+

v0
2 )

, u0 > 0, (2.24)

(b) Uj , j = 1, 2, . . . p is given by

f (uj) =
Γ
(
a
2
+
∑j
k=0

vk
2

)

Γ
(vj
2

)
Γ
(
a
2
+
∑j−1
k=0

vk
2

)λ
a
2 u

vj
2
−1

j (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2

)

× 2F1

(
a
2
+

j∑

k=0

vk
2
, a
2
; a
2
+
j−1∑

k=0

vk
2
;
1− λ

1 + uj

)
,

uj > 0 ,

∣∣∣∣
1− λ

1 + uj

∣∣∣∣ < 1,

(2.25)

where 2F1 (·) denotes the Gauss hypergeometric function defined in (B.10).

Proof. (a) For j = 0, the marginal pdf of U0 can be obtained using a similar approach

as in Theorem 2.1. The joint pdf of W0 and X is given by

f (w0, x) =
1

2
a
2+

v0
2 Γ

(
v0
2

)
Γ
(
a
2

)w
v0
2
−1

0 x
a
2−1e

−
w0
2 −

x
2 .
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2.4. Marginal generalised beta type II distributions

By applying the transformation U0 =
λW0

X
with Jacobian,

J (w0, x→ u0, x) =

∣∣∣∣∣∣

x

λ

u0
λ

0 1

∣∣∣∣∣∣
=

x

λ
,

the joint pdf of U0 and X is

f (u0, x) =
λ−

v0
2

2
a
2+

v0
2 Γ

(
v0
2

)
Γ
(
a
2

)u
v0
2
−1

0 x
a
2+

v0
2 −1

e
−
x
2 (

u0
λ
+1)

. (2.26)

The marginal pdf of U0 is obtained by integrating (2.26) with respect to x using (B.18),

f (u0) =
λ−

v0
2

2
a
2+

v0
2 Γ

(
v0
2

)
Γ
(
a
2

)u0
v0
2
−1
∫∞
0

x
a
2+

v0
2 −1

e
−
x
2 (

u0
λ
+1)

dx

=
λ−

v0
2

2
a
2+

v0
2 Γ

(
v0
2

)
Γ
(
a
2

)u0
v0
2
−1Γ

(
a
2
+ v0

2

)( u0
λ
+ 1

2

)−(a2+ v0
2 )

=
Γ
(
a
2
+ v0

2

)
λ

a
2

Γ
(
v0
2

)
Γ
(
a
2

) u0
v0
2
−1 (u0 + λ)−(

a
2
+

v0
2 ) .

(b) Let T =
∑j−1
k=0Wk, therefore T has a χ

2 distribution with parameter
∑j−1
k=0

vk
2
. The

joint pdf of Wj, X and T is given by

f (wj, x, t) =
1

2
a
2+

∑j

k=0

vk
2 Γ

(vj
2

)
Γ
(
a
2

)
Γ
(∑j−1

k=0
vk
2

)w
vj
2
−1

j x
a
2−1t

∑j−1

k=0
vk
2 −1

e
−
wj
2 −

x
2−

t
2 .

Applying the transformation Y = X + λT and Uj =
λWj

X + λT
, gives the inverse transfor-

mation X = Y − λT and Wj =
1

λ
Uj (X + λT ) =

1

λ
UjY , with Jacobian,

J (wj, x, t→ uj, y, t) =

∣∣∣∣∣∣∣∣∣

y

λ

uj
λ

0

0 1 −λ

0 0 1

∣∣∣∣∣∣∣∣∣

=
y

λ
.
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2.4. Marginal generalised beta type II distributions

The joint pdf of Uj , Y and T is

f (uj , y, t)

=
1

2
a
2+

∑j

k=0

vk
2 Γ

(vj
2

)
Γ
(
a
2

)
Γ
(∑j−1

k=0
vk
2

)

(
1

λ
ujy

) vj
2
−1

(y − λt)
a
2−1

t

∑j−1

k=0

vk
2 −1

× e
−
1
2( 1λujy)− 1

2 (y−λt)− t
2 y

λ

=
λ

a
2−

vj
2 −1

2
a
2+

∑j

k=0

vk
2 Γ

(vj
2

)
Γ
(
a
2

)
Γ
(∑j−1

k=0
vk
2

)u
vj
2
−1

j y
vj
2

(y
λ
− t

) a
2−1

t

∑j−1

k=0
vk
2 −1

e
−
y
2 (1+

uj
λ )− t

2 (1−λ)

.

Therefore, integrating with respect to t and y, the marginal pdf of Uj is

f (uj) =
λ

a
2−

vj
2 −1

2
a
2+

∑j

k=0

vk
2 Γ

(vj
2

)
Γ
(
a
2

)
Γ
(∑j−1

k=0
vk
2

)u
vj
2
−1

j

∫∞
0

y
vj
2 e

−
y
2 (1+

uj
λ )

×
∫ y

λ

0
t

∑j−1

k=0

vk
2 −1

(y
λ
− t

)a
2−1

e
−

t
2 (1−λ)

dtdy.

(2.27)

Let I1 =
∫∞
0

y
vj
2 e

−
y
2 (1+

uj
λ ) ∫ y

λ

0
t

∑j−1

k=0
vk
2 −1

(y
λ
− t

)a
2−1

e
−

t
2 (1−λ)

dtdy. Integrating I1 with re-

spect to t using (B.21), gives

I1 =
∫∞
0

y
vj
2 e

−
y
2 (1+

uj
λ ) Γ

(
a
2

)
Γ
(∑j−1

k=0
vk
2

)

Γ
(
a
2
+
∑j−1
k=0

vk
2

)
(y
λ

) a
2
+
∑j−1

k=0

vk
2
−1

× 1F1

(
j−1∑

k=0

vk
2
; a
2
+
j−1∑

k=0

vk
2
;
(λ−1) y

2λ

)
dy

=
Γ
(
a
2

)
Γ
(∑j−1

k=0
vk
2

)
λ
−

(
a
2+

∑j−1

k=0

vk
2 −1

)

Γ
(
a
2
+
∑j−1
k=0

vk
2

)
∫∞
0

y
a
2
+
∑j

k=0

vk
2
−1e

−
y
2 (1+

uj
λ )

× 1F1

(
j−1∑

k=0

vk
2
; a
2
+
j−1∑

k=0

vk
2
;
(λ− 1) y

2λ

)
dy,

(2.28)

where 1F1 denotes confluent hypergeometric series or Kummer’s hypergeometric series

(see (B.9)). Solving the integral in (2.28) using (B.22) gives
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.4. Marginal generalised beta type II distributions

I1 =
Γ
(
a
2

)
Γ
(∑j−1

k=0
vk
2

)
λ
−

(
a
2+

∑j−1

k=0
vk
2 −1

)

Γ
(
a
2
+
∑j−1
k=0

vk
2

) Γ

(
a
2
+

j∑

k=0

vk
2

)[
1
2

(
1+

uj
λ

)]−
(

a
2
+
∑j

k=0

vk
2

)

× 2F1

(
j−1∑

k=0

vk
2
, a
2
+

j∑

k=0

vk
2
; a
2
+
j−1∑

k=0

vk
2
;

λ−1
2λ

1
2

(
1 +

uj
λ

)

)

=
Γ
(
a
2

)
Γ
(∑j−1

k=0
vk
2

)
Γ
(
a
2
+
∑j
k=0

vk
2

)
λ
−

(
a
2+

∑j−1

k=0

vk
2 −1

)

2
a
2
+
∑j

k=0

vk
2

Γ
(
a
2
+
∑j−1
k=0

vk
2

)

×
(
1+

uj
λ

)−
(

a
2
+
∑j

k=0

vk
2

)

2F1

(
j−1∑

k=0

vk
2
, a
2
+

j∑

k=0

vk
2
; a
2
+
j−1∑

k=0

vk
2
;

λ−1
2λ

1
2

(
1 +

uj
λ

)

)

.

(2.29)

Rewriting the Gauss hypergeometric function, 2F1 (·) , in (2.29) using (B.23) with

x =
λ−1
λ(

1 +
uj
λ

) =
λ− 1

λ+ uj
gives

I1 =
Γ
(
a
2

)
Γ
(∑j−1

k=0
vk
2

)
Γ
(
a
2
+
∑j
k=0

vk
2

)
λ
−

(
a
2+

∑j−1

k=0
vk
2 −1

)

2
a
2
+
∑j

k=0

vk
2

Γ
(
a
2
+
∑j−1
k=0

vk
2

)
(
1+

uj
λ

)−
(

a
2
+
∑j

k=0

vk
2

)

×
(
1 + uj
λ+ uj

)−
(

a
2
+
∑j

k=0

vk
2

)

2F1

(
a
2
+

j∑

k=0

vk
2
, a
2
; a
2
+
j−1∑

k=0

vk
2
;
1− λ

1 + uj

)

=
Γ
(
a
2

)
Γ
(∑j−1

k=0
vk
2

)
Γ
(
a
2
+
∑j
k=0

vk
2

)
λ
−

(
a
2+

∑j−1

k=0

vk
2 −1

)

2
a
2
+
∑j

k=0

vk
2

Γ
(
a
2
+
∑j−1
k=0

vk
2

)
(
1

λ

)−
(

a
2
+
∑j

k=0

vk
2

)

× (λ+uj)
−

(
a
2
+
∑j

k=0

vk
2

)(
1+uj
λ+uj

)−
(

a
2
+
∑j

k=0

vk
2

)

2F1

(
a
2
+

j∑

k=0

vk
2
, a
2
; a
2
+
j−1∑

k=0

vk
2
;
1−λ
1+uj

)

=
Γ
(
a
2

)
Γ
(∑j−1

k=0
vk
2

)
Γ
(
a
2
+
∑j
k=0

vk
2

)
λ

vj
2 +1

2
a
2
+
∑j

k=0

vk
2

Γ
(
a
2
+
∑j−1
k=0

vk
2

) (λ+ uj)
−

(
a
2
+
∑j

k=0

vk
2

)

×
(
1 + uj
λ+ uj

)−
(

a
2
+
∑j

k=0

vk
2

)

2F1

(
a
2
+

j∑

k=0

vk
2
, a
2
; a
2
+
j−1∑

k=0

vk
2
;
1− λ

1 + uj

)
.

(2.30)

Substituting (2.30) back in (2.27) yields the desired result (2.25).
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.4. Marginal generalised beta type II distributions

Remark 2.7 If λ = 1, i.e. when the process is in-control, the marginal pdf of Uj, j =

0, 1, 2, . . . p (see (2.24),(2.25)) simplifies to a beta type II pdf (see (B.29)) with parameters

vj
2

and a
2
+
j−1∑

k=0

vk
2
, i.e.

f (uj) =
Γ
(
a
2
+
∑j
k=0

vk
2

)

Γ
(vj
2

)
Γ
(
a
2
+
∑j−1
k=0

vk
2

)u
vj
2
−1

j (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2

)

, uj > 0.

Remark 2.8 Remark 2.7 mentions that the beta type II distribution (see (B.29)) is a spe-

cial case of the newly derived generalised univariate beta type II distribution (see (2.25)).

Next a short discussion follows of univariate beta type II distributions. The stochastic

representation of the beta type II distribution as well as other univariate beta distributions

that is defined on the positive domain will be considered. Let X and W0 be independent

chi-squared random variables with degrees of freedom a and v0 respectively. The random

variable U ′
0 =

W0/v0
X/a

has an F distribution with v0 and a degrees of freedom with pdf (see

(B.30))

f (u′0) =
Γ
(
a
2
+ v0

2

)

Γ
(
v0
2

)
Γ
(
a
2

)
(v0
a

)v0
2
u′

v0
2 −1

0

(
1 +

v0
a
u′0

)−(a2+ v0
2 )

, u′0 > 0.

The beta type II distribution is just a multiple of the F distribution, i.e.

U0 =
W0

X
, (2.31)

with pdf (see (B.29))

f (u0) =
Γ
(
a
2
+ v0

2

)

Γ
(
v0
2

)
Γ
(
a
2

)u
v0
2 −1

0 (1 + u0)
−(a2+

v0
2 ) , u0 > 0.

The generalised betaprime distribution given in Patil et al. (1984) [37] (also see Malik

(1967) [28]) is derived assuming W0 and X in (2.31) have generalised gamma distributions

with parameters (0, β0, v0, c) and (0, βa, a, c), respectively. The pdf is given by

f (u0) =
Γ (a+ v0)

Γ (a) Γ (v0)
c

(
βa
β0

)v0c
uv0c−10

(
1 +

(
βa
β0

u0

)c)−(a+v0)

, u0 > 0. (2.32)
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.4. Marginal generalised beta type II distributions

Substituting c = 1 in (2.32) gives the marginal distribution of the generalised F distribution

(2.16) proposed by Libby and Novick (1982) [27] with pdf

f (u0) =
Γ (a+ v0)

Γ (a) Γ (v0)

(
βa
β0

)v0
uv0−10

(
1 +

βa
β0

u0

)−(a+v0)

, u0 > 0. (2.33)

This distribution (2.33) can also be obtained by determining the distribution of (2.31)

assuming X and W0 are independent two parameter gamma random variables.

Remark 2.9 It is important to take note that the marginal pdf of U0 in (2.24) is also the

marginal generalised F distribution in (2.33),

f(u0) =
Γ(a

2
+ v0

2
)λ

a
2

Γ(a
2
)Γ(v0

2
)

u
v0
2 −1

0 (λ+ u0)
−(a2+

v0
2 )

=
Γ(a

2
+ v0

2
)

Γ(a
2
)Γ(v0

2
)
λ
−
v0
2 u

v0
2 −1

0

(
1 +

1

λ
u0

)−(a2+
v0
2 )

, u0 > 0.

2.4.2 Generalised bivariate beta type II distribution

Theorem 2.3 Let X, Wj with j = 0, 1, 2, . . . , p be independent chi-squared random vari-

ables with degrees of freedom a and vj with j = 0, 1, 2, . . . , p respectively. Let

U0 =
λW0

X
and Uj =

λWj

X + λ
∑j−1
k=0Wk

where j = 1, 2, . . . , p and λ > 0. If the joint

pdf of U0, U1, . . . , Up is given by (2.8), then the bivariate pdf of Uj and Uj+m is given by

f(uj, uj+m)

= λ
a
2
∞∑

b=0

(
a
2

)
b

b!
(1− λ)b ×BetaII

(
vj
2
, a
2
+
j−1∑

k=0

vk
2
+ b

)

×BetaII
(
vj+m

2
, a
2
+
j+m−1∑

k=0

vk
2
+ b

)

(2.34)

=
λ

a
2 Γ
(
a
2
+
∑j
k=0

vk
2

)
Γ
(
a
2
+
∑j+m
k=0

vk
2

)

Γ
(vj
2

)
Γ
(vj+m

2

)
Γ
(
a
2
+
∑j−1
k=0

vk
2

)
Γ
(
a
2
+
∑j+m−1
k=0

vk
2

)u
vj
2
−1

j

× (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2

)

u
vj+m
2

−1

j+m (1 + uj+m)
−

(
a
2
+
∑j+m

k=0

vk
2

)

× 3F2

(
a
2
+
j+m∑

k=0

vk
2
, a
2
+

j∑

k=0

vk
2
, a
2
; a
2
+
j+m−1∑

k=0

vk
2
, a
2
+
j−1∑

k=0

vk
2
;

1− λ

(1 + uj) (1 + uj+m)

)
,

uj, uj+m > 0, j = 0, 1, . . . , p ,m = 1, 2, . . . ,

∣∣∣∣
1− λ

(1 + uj) (1 + uj+m)

∣∣∣∣ < 1,

(2.35)
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.4. Marginal generalised beta type II distributions

where 3F2 (·) denotes the hypergeometric function (see (B.5)).

Proof. Expression (2.34) follows from integrating the appropriate variables from the

joint pdf in the form given in (2.23).

Expression (2.35) in terms of the hypergeometric function, 3F2 (·) , follows from expanding
the product of the beta type II pdfs, rearranging the terms and simplifying,

f(uj, uj+m)

= λ
a
2
∞∑

b=0

(
a
2

)
b

b!
(1− λ)b×BetaII

(
vj
2
, a
2
+
j−1∑

k=0

vk
2
+ b

)
×BetaII

(
vj+m

2
, a
2
+
j+m−1∑

k=0

vk
2
+ b

)

= λ
a
2
∞∑

b=0

(
a
2

)
b

b!
(1− λ)b

Γ
(
a
2
+
∑j
k=0

vk
2
+ b

)

Γ
(vj
2

)
Γ
(
a
2
+
∑j−1
k=0

vk
2
+ b

)u
vj
2
−1

j (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2
+b

)

×
Γ
(
a
2
+
∑j+m
k=0

vk
2
+ b

)

Γ
(vj+m

2

)
Γ
(
a
2
+
∑j+m−1
k=0

vk
2
+ b

)u
vj+m
2

−1

j+m (1 + uj+m)
−

(
a
2
+
∑j+m

k=0

vk
2
+b

)

=
λ

a
2

Γ
(vj
2

)
Γ
(vj+m

2

)u
vj
2
−1

j (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2

)

u
vj+m
2

−1

j+m (1 + uj+m)
−

(
a
2
+
∑j+m

k=0

vk
2

)

×
∞∑

b=0

Γ
(
a
2
+
∑j+m
k=0

vk
2
+ b

)
Γ
(
a
2
+
∑j
k=0

vk
2
+ b

)
Γ
(
a
2
+ b

)

Γ
(
a
2
+
∑j+m−1
k=0

vk
2
+ b

)
Γ
(
a
2
+
∑j−1
k=0

vk
2
+ b

)
Γ
(
a
2

)
b!

(
1− λ

(1 + uj) (1 + uj+m)

)b

=
λ

a
2 Γ
(
a
2
+
∑j
k=0

vk
2

)
Γ
(
a
2
+
∑j+m
k=0

vk
2

)

Γ
(vj
2

)
Γ
(vj+m

2

)
Γ
(
a
2
+
∑j−1
k=0

vk
2

)
Γ
(
a
2
+
∑j+m−1
k=0

vk
2

)u
vj
2
−1

j (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2

)

×u
vj+m
2

−1

j+m (1 + uj+m)
−

(
a
2
+
∑j+m

k=0

vk
2

)

×
∞∑

b=0

(
a
2
+
∑j+m
k=0

vk
2

)

b

(
a
2
+
∑j
k=0

vk
2

)

b

(
a
2

)
b(

a
2
+
∑j+m−1
k=0

vk
2

)

b

(
a
2
+
∑j−1
k=0

vk
2

)

b
b!

(
1− λ

(1 + uj) (1 + uj+m)

)b

=
λ

a
2 Γ
(
a
2
+
∑j
k=0

vk
2

)
Γ
(
a
2
+
∑j+m
k=0

vk
2

)

Γ
(vj
2

)
Γ
(vj+m

2

)
Γ
(
a
2
+
∑j−1
k=0

vk
2

)
Γ
(
a
2
+
∑j+m−1
k=0

vk
2

)u
vj
2
−1

j

× (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2

)

u
vj+m
2

−1

j+m (1 + uj+m)
−

(
a
2
+
∑j+m

k=0

vk
2

)

× 3F2

(
a
2
+
j+m∑

k=0

vk
2
, a
2
+

j∑

k=0

vk
2
, a
2
; a
2
+
j+m−1∑

k=0

vk
2
, a
2
+
j−1∑

k=0

vk
2
;

1− λ

(1 + uj) (1 + uj+m)

)
.

33

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  
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Remark 2.10 In the following three remarks the cases if m = 1 and/or j = 0 in expres-

sion (2.35) is considered, since the form of the bivariate pdf will be illustrated for these

cases in Section 2.6.

(i) If m = 1,

f(uj, uj+1)

=
λ

a
2 Γ
(
a
2
+
∑j+1
k=0

vk
2

)

Γ
(vj
2

)
Γ
(vj+1

2

)
Γ
(
a
2
+
∑j−1
k=0

vk
2

)

×u
vj
2
−1

j (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2

)

u
vj+1
2
−1

j+1 (1 + uj+1)
−

(
a
2
+
∑j+1

k=0

vk
2

)

× 2F1

(
a
2
+
j+1∑

k=0

vk
2
, a
2
; a
2
+
j−1∑

k=0

vk
2
;

1− λ

(1 + uj) (1 + uj+1)

)
,

uj , uj+1 > 0,

∣∣∣∣
1− λ

(1 + uj) (1 + uj+1)

∣∣∣∣ < 1.

(2.36)

(ii) If j = 0,

f(u0, um)

=
λ

a
2 Γ
(
a
2
+ v0

2

)
Γ
(
a
2
+
∑m
k=0

vk
2

)

Γ
(
v0
2

)
Γ
(
vm
2

)
Γ
(
a
2

)
Γ
(
a
2
+
∑m−1
k=0

vk
2

)

×u
v0
2
−1

0 (1 + u0)
−(a2+

v0
2 ) u

vm
2
−1

m (1 + um)
−
(
a
2
+
∑m

k=0

vk
2

)

× 2F1

(
a
2
+

m∑

k=0

vk
2
, a
2
+ v0

2
; a
2
+
m−1∑

k=0

vk
2
;

1− λ

(1 + u0) (1 + um)

)
,

u0, um > 0,

∣∣∣∣
1− λ

(1 + u0) (1 + um)

∣∣∣∣ < 1.

(2.37)

Take note in this case
j−1∑

k=0

vk
2
= 0 for j < 1.

(iii) If j = 0, m = 1,

f(u0, u1)

=
λ

a
2 Γ(a

2
+ v0

2
+ v1

2
)

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)
u

v0
2 −1

0 (1+u0)
−(a2+

v0
2 )

u
v1
2 −1

1 (1+u1)
−(a2+

v0
2 +

v1
2 )

× 1F0(
a
2
+ v0

2
+ v1

2
; 1−λ
(1+u0)(1+u1)

),

∣∣∣∣
1− λ

(1 + u0) (1 + u1)

∣∣∣∣ < 1

(2.38)
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=
λ

a
2 Γ(a

2
+v0

2
+v1

2
)

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)
u

v0
2 −1

0 (1+u0)
v1
2
u

v1
2 −1

1 [λ+u0+u1(1+u0)]
−(a2+

v0
2 +

v1
2 )

(2.39)

= λ
a
2
∞∑

b=0

(
a
2

)
b

b!
(1− λ)b ×BetaII

(
v0
2
, a
2
+ b

)

×BetaII
(
v1
2
, a
2
+
j+m−1∑

k=0

v0
2
+ b

)
,

u0, u1 > 0.

(2.40)

Remark 2.11 Other bivariate beta type II distributions that is defined on the positive

domain will be briefly discussed. Let X, W0 and W1 be independent chi-squared random

variables with degrees of freedom a, v0 and v1, respectively. The bivariate F distribution

is the joint distribution of

U0 =
aW0

v0X
, U1 =

aW1

v1X
, (2.41)

with pdf

f(u0, u1) = Cu
v0
2 −1

0 u
v1
2 −1

1

(
1 +

v0
a
u0 +

v1
a
u1
)−(a2+v0

2 +
v1
2 )

,

u0, u1 > 0,

where C =
Γ(a

2
+ v0

2
+ v1

2
)

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)
a−(

a
2
+

v0
2
+

v1
2
)a

a
2 v

v0
2
0 v

v1
2
1 (see Balakrishnan and Lai, 2009 [4],

p.367).

El-Bassiouny and Jones (2008) [10] explored the case if a further chi-squared random

variable is added to the denominator of the second ratio in (2.41). This has the advantage

that the marginal distributions do not share a common degree of freedom. To this end

let W2 be a further chi-squared random variable, independent of X, W0 and W1, with

v2 degrees of freedom. They proposed the extended bivariate F distribution as the joint

distribution of

U0 =
aW0

v0X
, U1 =

(a+ v2)W1

v1 (X +W2)
,
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2.4. Marginal generalised beta type II distributions

with pdf

f(u0, u1) = Cu
v0
2 −1

0 u
v1
2 −1

1

(
1 +

v0
a
u0 +

v1
(a+ v2)

u1

)−(a2+
v0
2 +

v1
2 +

v2
2 )

× 2F1

(
a
2
+ v0

2
+ v1

2
+ v2

2
, v2
2
; a
2
+ v0

2
+ v2

2
;

v0
a
u0

1 + v0
a
u0 +

v1
(a+v2)

u1

)

,

u0, u1 > 0,

∣∣∣∣∣

v0
a
u0

1 + v0
a
u0 +

v1
(a+v2)

u1

∣∣∣∣∣
< 1,

where C =
Γ(a

2
+ v0

2
+ v1

2
+ v2

2
)Γ(a

2
+ v0

2
)

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)Γ(a

2
+ v0

2
+ v2

2
)

(v0
a

) v0
2

(
v1

a+ v2

) v1
2

.

The bivariate version of the generalised F distribution (2.16) proposed by Libby and Novick

(1982) [27] is given by

f (u0, u1) =
Γ (a+ v0 ++v1)

Γ (a) Γ (v0) Γ (v1)

(
βa
β0

)v0
uv0−10

(
βa
β1

)v1
uv1−11

×
(
1 +

βa
β0

u0 +
βa
β1

u1

)−(a+v0++v1)

,

u0, u1 > 0.

(2.42)

From (2.39) and (2.42) it is evident that these distributions are different for the bivariate

case.

2.4.3 Distribution of a subset

Theorem 2.4 Let X, Wj with j = 0, 1, 2, . . . , p be independent chi-squared random vari-

ables with degrees of freedom a and vj with j = 0, 1, 2, . . . , p respectively. Let

U0 =
λW0

X
and Uj =

λWj

X + λ
∑j−1
k=0Wk

where j = 1, 2, . . . , p and λ > 0. If the joint

pdf of U0, U1, . . . , Up is given by (2.8), then the joint pdf of the subset Ur, Ur+1, . . . , Up

where r = 0, 1, . . . , p is given by

f(ur, ur+1, . . . , up)

= λ
a
2
∞∑

b=0

(
a
2

)
b

b!
(1− λ)b

p∏

j=r

BetaII
(
vj
2
, a
2
+
j−1∑

k=0

vk
2
+ b

)
(2.43)
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2.4. Marginal generalised beta type II distributions

=
λ

a
2 Γ
(
a
2
+
∑p
k=0

vk
2

)

∏p
j=r Γ

(vj
2

)
Γ
(
a
2
+
∑r−1
k=0

vk
2

)

(
p∏

j=r

u
vj
2
−1

j (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2

))

× 2F1

(
a
2
+

p∑

k=0

vk
2
, a
2
; a
2
+
r−1∑

k=0

vk
2
;

1− λ∏p
j=r (1 + uj)

)

uj > 0, j = r, . . . , p,

∣∣∣∣∣
1− λ∏p

j=r (1 + uj)

∣∣∣∣∣
< 1.

(2.44)

Proof. The pdf of the subset (Ur, Ur+1, . . . , Up) where r ≤ p can be obtained by inte-

grating the appropriate variables from the joint pdf in the form given in (2.23), similarly

as in the proof of Theorem 2.3.

Therefore

f(ur, ur+1, . . . , up)

=
∞∫

0

. . .
∞∫

0

λ
a
2
∞∑

b=0

(a2 )b
b!

(1− λ)b
p∏

j=0

BetaII
(
vj
2
, a
2
+
j−1∑

k=0

vk
2
+ b

)
du0 . . . dur−1

= λ
a
2
∞∑

b=0

(a2 )b
b!

(1− λ)b
p∏

j=r

BetaII
(
vj
2
, a
2
+
j−1∑

k=0

vk
2
+ b

)
.

The expression in (2.44) in terms of the Gauss hypergeometric function, 2F1 (·) , follows
from expanding the product of the beta type II pdfs (see (B.29)),

f(ur, ur+1, . . . , up)

= λ
a
2
∞∑

b=0

(
a
2

)
b

b!
(1− λ)b

p∏

j=r

BetaII
(
vj
2
, a
2
+
j−1∑

k=0

vk
2
+ b

)

= λ
a
2
∞∑

b=0

(
a
2

)
b

b!
(1− λ)b

×
p∏

j=r




Γ
(
a
2
+
∑j
k=0

vk
2
+ b

)

Γ
(vj
2

)
Γ
(
a
2
+
∑j−1
k=0

vk
2
+ b

)u
vj
2
−1

j (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2
+b

)



= λ
a
2
∞∑

b=0

(
a
2

)
b

b!
(1− λ)b

Γ
(
a
2
+
∑p
k=0

vk
2
+ b

)

∏p
j=r Γ

(vj
2

)
Γ
(
a
2
+
∑r−1
k=0

vk
2
+ b

)

×
(

p∏

j=r

u
vj
2
−1

j (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2
+b

))

.

(2.45)
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2.5. Product moments of the random variables

Note that
p∏

j=r




Γ
(
a
2
+
∑j
k=0

vk
2
+ b

)

Γ
(
a
2
+
∑j−1
k=0

vk
2
+ b

)





=
Γ
(
a
2
+
∑r
k=0

vk
2
+ b

)
Γ
(
a
2
+
∑r+1
k=0

vk
2
+ b

)
. . .Γ

(
a
2
+
∑p
k=0

vk
2
+ b

)

Γ
(
a
2
+
∑r−1
k=0

vk
2
+ b

)
Γ
(
a
2
+
∑r
k=0

vk
2
+ b

)
. . .Γ

(
a
2
+
∑p−1
k=0

vk
2
+ b

)

=
Γ
(
a
2
+
∑p
k=0

vk
2
+ b

)

Γ
(
a
2
+
∑r−1
k=0

vk
2
+ b

) .

Simplifying (2.45) using (B.4) and (B.10),

f(ur, ur+1, . . . , up)

=
λ

a
2 Γ
(
a
2
+
∑p
k=0

vk
2

)

∏p
j=r Γ

(vj
2

)
Γ
(
a
2
+
∑r−1
k=0

vk
2

)

(
p∏

j=r

u
vj
2
−1

j (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2

))

×
∞∑

b=0

(
a
2
+
∑p
k=0

vk
2

)
b

(
a
2

)
b(

a
2
+
∑r−1
k=0

vk
2

)
b
b!

(
1− λ∏p

j=r (1 + uj)

)b

=
λ

a
2 Γ
(
a
2
+
∑p
k=0

vk
2

)

∏p
j=r Γ

(vj
2

)
Γ
(
a
2
+
∑r−1
k=0

vk
2

)

(
p∏

j=r

u
vj
2
−1

j (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2

))

× 2F1

(
a
2
+

p∑

k=0

vk
2
, a
2
; a
2
+
r−1∑

k=0

vk
2
;

1− λ∏p
j=r (1 + uj)

)

.

2.5 Product moments of the random variables

In this section a general expression is derived for the product moments of the joint and

bivariate distributions as well as for the distribution of a subset. Theorem 2.5 provides a

derivation of the joint moments of U0, U1, . . . , Up. The product moments for the bivariate

case, E
(
UrjU

s
j+m

)
and a subset, E(Uhrr U

hr+1
r+1 . . . U

hp
p ) are given in Theorem 2.6 and 2.7,

respectively. The moments for the bivariate case will be used in Section 2.6 to investigate

the correlation structure of this sequential process.
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.5. Product moments of the random variables

Theorem 2.5 The joint moments of U0, U1, . . . , Up, where U0, U1, . . . , Up has joint pdf

(2.8), is given by

E
(
Uh00 Uh11 . . . U

hp
p

)
=

λ
a
2 Γ
(
a
2
+
∑p
k=0

vk
2

)

Γ
(
a
2

)∏p
k=0 Γ

(
vk
2

)
∞∑

b=0

(
a
2
+
∑p
k=0

vk
2

)
b

b!
(1− λ)b

×
p∏

j=0

Γ
(vj
2
+ hj

)
Γ
(
a
2
+
∑j−1
k=0

vk
2
+ b− hj

)

Γ
(
a
2
+
∑j
k=0

vk
2
+ b

) ,

(2.46)

with the values of the parameters such that E
(
Uh00 Uh11 . . . U

hp
p

)
is defined.

Take note that
j−1∑

k=0

vk
2
= 0 if j < 1.

Proof. The joint moments of U0, U1, . . . , Up, using the joint pdf in the form given in

(2.19) and expanding 1F0(·) in series form (see (B.7)), is defined as

E
(
Uh00 Uh11 . . . U

hp
p

)

=
λ

a
2
Γ
(
a
2
+
∑p
k=0

vk
2

)

Γ
(
a
2

)∏p
k=0 Γ

(
vk
2

)
∞∫

0

. . .

∞∫

0

(
p∏

j=0

u
vj
2
+hj−1

j

)(
p∏

j=0

(1 + uj)
−

(
a
2
+
∑j

k=0

vk
2

))

×
∞∑

b=0

(
a
2
+
∑p
k=0

vk
2

)
b

b!

[
1− λ∏p

j=0 (1 + uj)

]b
du0 . . . dup.

Rearranging the terms in the above expression give

E
(
Uh00 Uh11 . . . Uhpp

)
=

λ
a
2 Γ
(
a
2
+
∑p
k=0

vk
2

)

Γ
(
a
2

)∏p
k=0 Γ

(
vk
2

)
∞∑

b=0

(
a
2
+
∑p
k=0

vk
2

)
b

b!
(1− λ)b

×
p∏

j=0




∞∫

0

u
vj
2
+hj−1

j (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2
+b

)

duj



 .

Evaluation of the above integrals using (B.2), yields the desired expression (2.46).
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2.5. Product moments of the random variables

Theorem 2.6 The product moment of Uj , Uj+m, where Uj , Uj+m has the bivariate pdf

(2.35), is given by

E
(
U rj U

s
j+m

)

=
λ

a
2 Γ
(vj
2
+r
)
Γ
(vj+m

2
+s
)
Γ
(
a
2
+
∑j−1
k=0

vk
2
−r
)
Γ
(
a
2
+
∑j+m−1
k=0

vk
2
−s
)

Γ
(vj
2

)
Γ
(
a
2
+
∑j−1
k=0

vk
2

)
Γ
(vj+m

2

)
Γ
(
a
2
+
∑j+m−1
k=0

vk
2

)

×3F2
(
a
2
+
j−1∑

k=0

vk
2
−r, a

2
+
j+m−1∑

k=0

vk
2
−s, a

2
; a
2
+
j+m−1∑

k=0

vk
2
, a
2
+
j−1∑

k=0

vk
2
; 1−λ

)
,

|1− λ| < 1,

(2.47)

where j = 0, 1, 2, . . . , p and m = 1, 2, 3, . . . .

Proof. The product moment of Uj, Uj+m, using the bivariate pdf in the form given

in (2.35) and expanding the hypergeometric function 3F2(·) in series form (see (B.5)), is
defined as

E
(
U rj U

s
j+m

)

=
Γ
(
a
2
+
∑j
k=0

vk
2

)
Γ
(
a
2
+
∑j+m
k=0

vk
2

)
λ

a
2

Γ
(vj
2

)
Γ
(
a
2
+
∑j−1
k=0

vk
2

)
Γ
(vj+m

2

)
Γ
(
a
2
+
∑j+m−1
k=0

vk
2

)

×
∞∫

0

∞∫

0

u
vj
2
+r−1

j (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2

)

u
vj+m
2

+s−1

j+m (1 + uj+m)
−

(
a
2
+
∑j+m

k=0

vk
2

)

×
∞∑

b=0

(
a
2
+
∑j+m
k=0

vk
2

)

b

(
a
2
+
∑j
k=0

vk
2

)

b

(
a
2

)
b(

a
2
+
∑j+m−1
k=0

vk
2

)

b

(
a
2
+
∑j−1
k=0

vk
2

)

b
b!

[
1− λ

(1 + uj) (1 + uj+m)

]b
duj+mduj.

Rearranging the terms in the above expression give

E
(
U rj U

s
j+m

)

=
Γ
(
a
2
+
∑j
k=0

vk
2

)
Γ
(
a
2
+
∑j+m
k=0

vk
2

)
λ

a
2

Γ
(vj
2

)
Γ
(
a
2
+
∑j−1
k=0

vk
2

)
Γ
(vj+m

2

)
Γ
(
a
2
+
∑j+m−1
k=0

vk
2

)

×
∞∑

b=0

(
a
2
+
∑j+m
k=0

vk
2

)

b

(
a
2
+
∑j
k=0

vk
2

)

b

(
a
2

)
b(

a
2
+
∑j+m−1
k=0

vk
2

)

b

(
a
2
+
∑j−1
k=0

vk
2

)

b
b!

(1− λ)b

×
∞∫

0

u
vj
2
+r−1

j (1 + uj)
−

(
a
2
+
∑j

k=0

vk
2
+b

)

duj
∞∫

0

u
vj+m
2

+s−1

j+m (1 + uj+m)
−

(
a
2
+
∑j+m

k=0

vk
2
+b

)

duj+m.
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2.5. Product moments of the random variables

Evaluation of the above integrals using (B.2), and simplifying yields the desired result

(2.47),

E
(
UrjU

s
j+m

)

=
Γ
(
a
2
+
∑j
k=0

vk
2

)
Γ
(
a
2
+
∑j+m
k=0

vk
2

)
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Γ
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.5. Product moments of the random variables

Remark 2.12 In the following three remarks the cases j = 0 and / or m = 1 in expres-

sion (2.47) is considered respectively, since the correlation is plotted for these cases in

Section 2.6.

(i) If j = 0,

E (U r0U
s
m) =

λ
a
2 Γ
(
v0
2
+ r

)
Γ
(
vm
2
+ s

)
Γ
(
a
2
− r

)
Γ
(
a
2
+
∑m−1
k=0

vk
2
− s

)

Γ
(
v0
2

)
Γ
(
a
2

)
Γ
(
vm
2

)
Γ
(
a
2
+
∑m−1
k=0

vk
2

)

× 2F1

(
a
2
− r, a

2
+
m−1∑

k=0

vk
2
− s; a

2
+
m−1∑

k=0

vk
2
; 1− λ

)
,

|1− λ| < 1.

(2.48)

Take note that
j−1∑

k=0

vk
2
= 0 if j < 1.

(ii) If m = 1,

E
(
UrjU

s
j+1

)
=

λ
a
2 Γ
(vj
2
+ r

)
Γ
(vj+1

2
+ s

)
Γ
(
a
2
+
∑j−1
k=0

vk
2
− r

)
Γ
(
a
2
+
∑j
k=0

vk
2
− s

)

Γ
(vj
2

)
Γ
(
a
2
+
∑j−1
k=0

vk
2

)
Γ
(vj+1

2

)
Γ
(
a
2
+
∑j
k=0

vk
2

)

× 3F2

(
a
2
+
j−1∑

k=0
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2
− r, a

2
+

j∑

k=0
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2
− s, a

2
; a
2
+

j∑

k=0

vk
2
, a
2
+
j−1∑

k=0

vk
2
; 1− λ

)
,

|1− λ| < 1.

(2.49)

(iii) If j = 0, m = 1

E (U r0U
s
1 ) =

λ
a
2 Γ
(
v0
2
+ r

)
Γ
(
v1
2
+ s

)
Γ
(
a
2
− r

)
Γ
(
a
2
+ v0

2
− s

)

Γ
(
v0
2

)
Γ
(
a
2

)
Γ
(
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2

)
Γ
(
a
2
+ v0

2

)

× 2F1
(
a
2
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2
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2
− s; a

2
+ v0

2
; 1− λ

)
,

|1− λ| < 1.

(2.50)

42

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.6. Shape analysis and correlation

Theorem 2.7 The joint moments of a subset Ur, Ur+1, . . . , Up where r = 0, 1, . . . , p with

joint pdf (2.44), is given by

E
(
Uhrr . . . U

hp
p

)

=
λ

a
2 Γ
(
a
2
+
∑p
k=0

vk
2

)

Γ
(
a
2
+
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k=0

vk
2

)∏p
k=r Γ

(
vk
2

)
∞∑

b=0

(
a
2
+
∑p
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2

)
b

(
a
2

)
b(

a
2
+
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k=0
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2

)
b
b!

(1− λ)b

×
p∏

j=r

Γ
(vj
2
+ hj

)
Γ
(
a
2
+
∑j−1
k=0

vk
2
+ b− hj

)

Γ
(
a
2
+
∑j
k=0

vk
2
+ b

) ,

(2.51)

with the values of the parameters such that E
(
Uhrr . . . U

hp
p

)
is defined.

Proof. Using the pdf of a subset given in (2.44) and expanding the hypergeometric

function 2F1(·) (see (B.10)),
E
(
Uhrr . . . U

hp
p

)

=
λ

a
2 Γ
(
a
2
+
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∑r−1
k=0

vk
2

)∏p
j=r Γ

(vj
2

)
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j (1 + uj)
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a
2
+
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vk
2
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)

duj



 .

Evaluation of the above integrals using (B.2), yields the desired expression (2.51).

2.6 Shape analysis and correlation

In this section the shape of the univariate and bivariate marginal pdfs of the generalised

multivariate beta type II distribution will be illustrated for different values of the para-
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.6. Shape analysis and correlation

meters λ, a and vj. The effect of the different parameters on the correlation between Uj

and Uj+m will also be investigated.

In terms of the process control application the parameters can be interpreted as follows:

λ : size of the unknown shift in the variance,

a : pooled number of observations before the shift in the unknown variance took

place,

vj : sample size at time period κ+ j,

κ : the first time period following the shift in the unknown variance.

Take note that in this section it will be assumed that the sample sizes at each point in

time are equal, in effect vj = v = n and therefore a=
∑κ−1
i=1 n = (κ− 1)× n.

Figure 2.2 illustrates the effect of the parameters λ, a and v on the univariate pdf (see

(2.24), (2.25)). The software package Mathematica was used to draw graphs. In all

four panels, the solid black line (λ = 1.5, v = 5 and a = 20) is the same and is used as

reference in order to easily make comparisons between the panels. In terms of the SPC

application this reference case represents monitoring a process where the variance changed

with a factor of 1.5 (i.e. λ =
σ21
σ2

= 1.5) between samples four and five (i.e. κ = 5) using

samples of size five (i.e. v = n = 5 and a = (κ− 1)×n = 20). Panels (i) to (iii) focus on

the random variable U0. In panel (i) the role of λ is investigated. Take note that when

λ = 1, the pdf simplifies to that of a beta type II pdf (see Remark 2.7). Panel (ii) shows

that for larger values of a (meaning the shift took place after a long time) the plot moves

towards the vertical axis. Take note that a depends on the sample size at each point in

time as well as κ, the sample from which the process parameter has changed. Panel (iii)

examines the effect of the v = n. Note that for the special case when individual samples

are considered (i.e. when v = n = 1), the shape is different. In panel (iv), the influence

of j is investigated, where j represents the position of the random variable in the process.

For larger values of j the pdf moves towards the vertical axis.
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.6. Shape analysis and correlation

l = 0.5

l = 1

l = 1.5

0.0 0.5 1.0 1.5 2.0
u0

1

2

3

4

5

6

f Hu0L

a = 60

a = 40

a = 20

0.0 0.5 1.0 1.5 2.0
u0

1

2

3

4

5

6

f Hu0L

(i) v = 5, a = 20 (ii) λ = 1.5, v = 5

v = 1

v = 5
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j = 0

j = 2

j = 5

0.0 0.5 1.0 1.5 2.0
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f Iu jM

(iii) λ = 1.5, κ = 5 (iv) λ = 1.5, v = 5, a = 20

Figure 2.2 The marginal pdfs (2.24) and (2.25) for different values of the

parameters λ, a and v

Figures 2.3 and 2.4 plot the bivariate pdf (see (2.35), (2.36), (2.37), (2.39)) for different

values of the parameters λ, a and v. In each panel the reference case (λ = 1.5, v = 5,

a = 20) will be included for easy comparison between the panels. Panels (i) to (iii)

consider the two consecutive random variables U0 and U1, while Figure 2.4 illustrates the

bivariate pdf for consecutive random variables further along in the process (for example

(U1, U2)) and random variables that are not consecutively observed (for example (U0, U3)).

Panel (i) shows the effect of λ. For λ < 1 there was a downward shift in the process

parameter, while for λ > 1 an upward shift occurred. The role of a is investigated in

panel (ii), where a has to do with when the shift took place. For bigger values of a, the

process was longer in-control. Panel (iii) examines the effect of v. Note that for v = 1

the shape is different. A similar behaviour was observed in the marginal case (see Figure

2.2 (iii)). Since the pdf has an asymptote at u0 = u1 = 0 a truncated version of the joint

pdf is also included to get a better idea of the shape close to zero.
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.6. Shape analysis and correlation

(i) f (u0, u1) with a = 20, v = 5

λ = 0.5 λ = 1 λ = 1.5

(ii) f (u0, u1) with λ = 1.5, v = 5

a = 20 a = 40 a = 60

Figure 2.3 The bivariate pdf of (U0, U1) (see (2.39)) for different values of the

parameters λ, a and v
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.6. Shape analysis and correlation

(iii) f (u0, u1) with λ = 1.5, κ = 5

v = 1 v = 5 v = 10

Figure 2.3 The bivariate pdf of (U0, U1) (see (2.39)) for different values of the

parameters λ, a and v

λ = 1.5, a = 20, v = 5

f (u0, u1) f (u1, u2) f (u0, u3)

Figure 2.4 The bivariate pdf of (U0, U1) , (U1, U2) and (U0, U3) (see (2.39), (2.36)

and (2.37), respectively) for λ = 1.5, a = 20 and v = 5
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.6. Shape analysis and correlation

Substituting the appropriate values for r and s in (2.47) (see also (2.48), (2.49) and (2.50))

the correlation between Uj and Uj+m can be calculated. Take note that j represents the

number of samples after the change in the parameter value and m indicates how far apart

the two random variables are. The software package Mathematica was used to compute

these correlations. In Figure 2.5 panel (i) the correlation is plotted as a function of λ for

j = 0,m = 1, v = 5 and a = 20. In other words, the correlation between U0 and U1

when monitoring a process where the variance changed between samples four and five (i.e.

κ = 5) using samples of size five (i.e. v = 5 and a = (κ− 1) × v = 20). The shape will

be similar for other values of the parameters j,m, a and v. The sign of the correlation

depends on the value of λ, for λ < 1 (downwards shift in the process parameter) the

correlation is positive while for values of λ > 1 (upwards shift) the correlation is negative.

For λ = 1 (i.e. the process is in-control), the random variables Uj and Uj+m, m > 0,

are uncorrelated. Panels (ii) to (v) investigate the influence of the other parameters on

the correlation for the cases where λ = 0.5 and λ = 1.5. Panel (ii) plots the correlation

between consecutive observations since m = 1. For larger values of j (long time after the

change in the parameter took place) the correlation gets very small in absolute terms.

Panel (iii) shows that the further apart the two random variables are, the smaller the

correlation in absolute terms. Panel (iv) looks at the influence of κ, the sample number

when the variance parameter changed. From κ = 1 to κ = 2 the correlation initially

increases in absolute terms and from κ ≥ 2 the correlation slowly decreases. The shape of

the plot suggests that the correlation will be zero for κ = 1. Only values for κ > 1 were

considered, since it was assumed that the process started in-control. In theory a value of

κ = 1 implies that the process was out-of-control from the start of production. This can

be viewed as if the process was "in-control" at an out-of-control value for the variance

which would imply that charting statistics are independent since all the collected samples

come from a normal distribution with the same out-of-control value for the variance. This

would imply that the correlation is zero. Panel (v) plots the correlation as a function of

the sample size (i.e. v = n); for individual samples the correlation is smaller.
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2. GENERALISED MULTIVARIATE BETA TYPE II DISTRIBUTIONS
2.7. Conclusion

(i) Role of λ (ii) Role of j

j = 0,m = 1, a = 20, v = 5 m = 1, a = 20, v = 5
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(iv) Role of v

j = 0, m = 1, κ = 6
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Figure 2.5 The correlation for different values of the parameters λ,j,m, v and κ

2.7 Conclusion

A new generalised multivariate beta type II distribution with pdf in a closed form is

proposed, emanating from a sequential process where a distribution is needed for the

run-length of a Q-chart that monitors the process variance when measurements are from

a normal distribution with known mean and unknown variance. The product moments

of this generalised multivariate beta distribution are derived to shed light on the nature

of this distribution, specifically the correlation structure. In Chapter 5 an example

will demonstrate the calculation of run-length probabilities by making use of the exact

expressions of the distribution of the charting statistics.
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Chapter 3

Noncentral generalised multivariate

beta type II distributions

3.1 Introduction

In this chapter the noncentral generalised multivariate beta type II distribution is pro-

posed. This distribution emanates from a sequential process and is constructed from

independent noncentral chi-squared random variables using the variables in common tech-

nique. This is a new contribution to the existing noncentral beta type II distributions

considered in the literature. A brief overview of relevant noncentral univariate, bivariate

and multivariate cases will be highlighted in order to contextualise this new distribution

that will be derived. Tang (1938) [44] studied the distribution of the ratios of noncentral

chi-squared random variables defined on the positive domain. In this paper of Tang, the

ratio (consisting of independent random variables) is considered, where the numerator is

a noncentral chi-squared random variable while the denominator is a central chi-squared

random variable. Also presented is the ratio where both the numerator and denominator

are noncentral chi-squared random variables - this was applied to study the properties

of analysis of variance tests under nonstandard conditions. Patnaik (1949) [38] coined

the phrase noncentral F for the first ratio. The second ratio is referred to as the doubly

noncentral F distribution. Let X andW0 be independent noncentral chi-squared random

variables (see (B.32)) with degrees of freedom a and v0 and noncentrality parameters δa

and δ0, respectively. According to Tang (1938) [44] the pdf of the random variable

U0 =
W0

X
, (3.1)

is
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3. NONCENTRAL GENERALISED MULTIVARIATE BETA TYPE II
DISTRIBUTIONS
3.1. Introduction

f (u0) =
∞∑

k1=0

∞∑

k2=0

Γ(a2+
v0
2
+k1+k2)δk10 δ

k2
a e

−(δa+δ0)

Γ( v02 +k1)Γ(
a
2
+k2)k1!k2!

v0
2
+k1−1

(
1

1 + u0

) a
2
+k2+1

,

u0 > 0.

(3.2)

Setting δa = 0 in (3.2) gives the pdf for the first ratio mentioned above i.e. the case

with central chi-squared distributed random variables in the numerator. The stochastic

representation of the noncentral F distribution (see Patnaik, 1949 [38]) is

U ′
0 =

W0/v0
X/a

, (3.3)

where W0 has a noncentral chi-squared distribution with degrees of freedom v0 and non-

centrality parameter δ0, but X has a central chi-squared distribution with a degrees of

freedom. The pdf is given by

f (u′0) =
∞∑

k=0

Γ
(
a
2
+ v0

2
+ k

) (
δ0
2

)k
e−

δ0
2

Γ
(
v0
2
+ k

)
Γ
(
a
2

)
k!

(
v0
a

) v0
2
+k

(u′0)
v0
2
+k−1 (1 + v0

a
u′0
)−(a2+ v0

2 )−k ,

u′0 > 0.

(3.4)

An overview of these distributions is given by Johnson et al. (1995) [22]. More recently

Pe and Drygas (2006) [39] proposed an alternative presentation for the doubly noncentral

F distribution (see (3.2)) by using the results on the product of two hypergeometric

functions. The pdf is given by

f (u0) = e−(
δa
2
+

δ0
2 )

∞∑

k=0

Γ
(
a
2
+ v0

2
+ k

) (
δ0
2

)k
δk2a

Γ
(
v0
2
+ k

)
Γ
(
a
2

)
k!

u
v0
2 +k−1

0

(1+u0)
a
2+

v0
2 +k 2F1

(
1− v0

2
− k,−k; a

2
; δa
δ0u0

)
,

u0 > 0,

∣∣∣∣
δa
δ0u0

∣∣∣∣ < 1.

In a bivariate context Gupta et al. (2009) [14] derived a noncentral bivariate beta type

I distribution, using a ratio of noncentral gamma random variables, that is defined on

the unit square; applying the appropriate transformation yield a noncentral beta type

II distribution defined on the positive domain. After the transformation the random

variables of interest are

U0 =
W0

X
, U1 =

W1

X
, (3.5)

whereW0, W1 have standard gamma distributions with parameters v0 and v1, respectively
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3. NONCENTRAL GENERALISED MULTIVARIATE BETA TYPE II
DISTRIBUTIONS
3.1. Introduction

and X has a noncentral gamma distribution with parameters (1, a, δa). The pdf of (3.5)

is

f (u0, u1) =
e−

δa
2 Γ (a+ v0 + v1)

Γ (a) Γ (v0) Γ (v1)
u
v0−1
0 u

v1−1
1

(1+u0+u1)
a+v0+v1 1F1

(
a+ v0 + v1; a;

δa
1+u0+u1

)
,

u0, u1 > 0.

The noncentral Dirichlet type II distribution was derived by Troskie (1967) [46] as the

joint distribution of

Uj =
Wj

X
, j = 0, 2, . . . , p,

where Wj is chi-squared distributed with degrees of freedom vj and X has a noncentral

chi-squared distribution with a degrees of freedom and noncentrality parameter δa. The

pdf of U0, U1, . . . , Up is

f (u0, u1, . . . , up) =
Γ
(
a
2
+
∑p
j=0

vj
2

)
e−

1
2
δa

Γ
(
a
2

)∏p
j=0 Γ

(vj
2

)

(
p∏

j=0

u
vj
2
−1

j

)(

1 +
p∑

j=0

uj

)−

(
a
2+

∑p

j=0

vj
2

)

× 1F1



a
2
+
∑p
j=0

vj
2
; a
2
;

1
2
δa

1+
p∑

j=0
uj



 , uj > 0, j = 0, 1, . . . , p.

Sánchez et al. (2006) [43] stated the pdf of the version where both Wj and X are non-

central gamma random variables with parameters (α, vj, δj) and (α, a, δa), respectively

as

f (u0, u1, . . . , up)

=
Γ
(
a+

∑p
j=0 vj

)
e
−
(
δa+
∑p

j=0
δj
)

Γ (a)
∏p
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u
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uj
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(
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vj

)

× Ψ
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a+

p∑
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1 +
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, . . . ,
δpup

1 +
p∑

j=0

uj

,
δa

1 +
p∑

j=0

uj




 ,

uj > 0, j = 0, 1, . . . , p,

where Ψ
(p+2)
2 is the confluent hypergeometric function in p+2 variables (see (B.11)) with
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the values of the parameters such that f (u0, u1, . . . , up) is a valid pdf.

Section 3.2 provides an overview of the practical problem which is the genesis of the

random variables U0 =
λW0

X
and Uj =

λWj

X + λ
∑j−1
k=0Wk

, j = 1, 2, . . . , p with λ > 0 where

X andWi, i = 0, 1, . . . , p are noncentral chi-squared distributed (see also (2.7)). In Section

3.3 the distribution of the first three random variables, i.e. U0, U1, U2 is derived. Bivariate

pdfs and univariate pdfs of (U0, U1, U2) also receive attention. Section 3.4 proposes

a multivariate extension, followed by a shape analysis in Section 3.5. An example of

determining the probability to detect the shift in the variance immediately is discussed

in Chapter 5.

3.2 Problem statement

Monitoring the unknown process variance when the known location parameter sustained

a permanent shift leads to a noncentral version of the generalised multivariate beta type

II distribution proposed in Chapter 2. The derivation of this new noncentral generalised

multivariate beta type II distribution will be discussed in two steps. Firstly, the practical

setting which motivates the derivation of the distribution is described, and secondly the

distributions are derived in Sections 3.3 and 3.4.

In the same way as Chapter 2, let (Yi1, Yi2, . . . , Yini), i = 1, 2, . . . represent successive,

independent samples of size ni ≥ 1 measurements made on a sequence of items produced

in time. Assume that these values are independent and identically distributed having

been collected from a N (µ0, σ
2) distribution where the parameters µ0 and σ2 denotes

the known process mean and unknown process variance, respectively. Take note that a

sample can even consist of an individual observation because the process mean is assumed

to be known and the variance of the sample can still be calculated as S2i = (Yi1 − µ0)
2,

i = 1, 2, . . .. Suppose that the unknown process variance has encountered a permanent

upward or downward step shift between samples (time periods) κ − 1 and κ with κ > 1

from σ2 to σ21 = λσ2 (also unknown), where λ �= 1 and λ > 0. Additionally, suppose that

the known process mean also encountered an unknown sustained shift between samples

(time periods) d − 1 and d where 1 < d < κ, i.e. it changed from µ0 to µ1 where µ1

is also known. To clarify, the mean of the process at start-up is assumed to be known

and denoted by µ0 but the time and the size of the shift in the mean will be unknown

in a practical situation. In order to incorporate and/or evaluate the influence of the

change in the mean on the performance of the control chart for the variance, assume

fixed/deterministic values for the mean — essentially this implies then that the mean is

known following the shift, i.e. denoted by µ1. Note that, in practice d, κ and λ would
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be unknown (but deterministic) values. Therefore, the main interest is in monitoring

the process variance when the process mean is known, although this mean can suffer an

unknown shift at some point in time.

Based on the time of the shift in the process mean, this problem can be viewed in three

ways, as illustrated in Figure 3.1.

Scenario 1 (S1): d = κ

The mean and variance change simultaneously

Scenario 2 (S2): d < κ

The mean changes before the variance

Scenario 3 (S3): d > κ

The mean changes after the variance

Figure 3.1 The scenarios for monitoring the variance

when the mean also encountered a shift

From Figure 3.1 the following is evident:

Scenario 1: the mean and the variance change simultaneously from µ0 to µ1 and from

σ2 to σ21, respectively. Note that, it is assumed that the shift in the process parameters

occurs somewhere between samples κ− 1 and κ.

Scenario 2: the change in the mean from µ0 to µ1 occurs before the change in the variance

from σ2 to σ21.

Scenario 3: the change in the variance from σ2 to σ21 occurs before the change in the

mean from µ0 to µ1.

Like in Chapter 2, it is assumed that the process starts in-control and that the variance

σ2 is unknown, therefore the first sample is used to obtain an initial estimate of σ2.
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This initial estimate is continuously updated using the new incoming samples as they

are collected, as long as a change in the estimated value of σ2 is not detected using the

control chart. The control chart and the charting statistic are based on the in-control

distribution of the process. This sequential updating and testing procedure is based on

the two sample test statistic for testing the hypothesis at time r that the two independent

samples (the measurements of the rth sample alone and the measurements of the first r−1

samples combined) are from normal distributions with the same unknown variance, and

is given by (see (2.1) and (2.2))

U∗
r =

S2r

S
2pooled
r−1

for r = 2, 3, . . . ,

where S
2pooled
r−1 =

∑r−1
i=1 niS

2
i∑r−1

i=1 ni
and S2i =

1

ni

ni∑

k=1

(Yik − µi)
2 for i = 1, 2, . . . , r.

[Take note: µi denotes the known population mean of sample i.]

(3.6)

The focus will again be on the part where the process is out-of-control, i.e. encountered

a shift, since the exact distribution of the charting statistic is then unknown. As in

Chapter 2, to simplify the notation used in expression (3.6) following a change in the

process variance between samples κ− 1 and κ, define the random variable (see (2.3))

U∗
0 ≡ U∗

κ =
S2κ

S
2pooled
κ−1

. (3.7)

The subscript of the random variable U∗
0 indicates the number of samples after the process

variance encountered a shift, with zero indicating the first sample after the process para-

meter has changed.

Note that, the three scenarios can theoretically occur with equal probability as there

would be no reason to expect (without additional information such as expert knowledge

about the process being monitored) that the mean would sustain a change prior to the

variance (and vice versa). In fact, it might be more realistic to argue that in practice

the mean and variance would change simultaneously in the event of a “special cause”, as

such an event might change the entire underlying process generating distribution; hence

both the location and variability might be affected. Having said the aforementioned, the

likelihood of the three scenarios will most likely depend on the interaction between the

underlying process distribution and the special causes that may occur. The focus of this

chapter is on scenario 2 displayed in Figure 3.1 since the results for the other scenarios

follow by means of simplifications (by setting the noncentrality parameter equal to zero)
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and will be shown as remarks.

Consider the sample variance, i.e. S2i , before and after the shifts in the process mean and

variance took place:

Before the shift in the mean:

Samples: i = 1, 2, . . . , d− 1

Distribution: Yik ∼ N (µ0, σ
2)

S2i =
1

ni

ni∑

k=1

(Yik − µ0)
2

niS
2
i

σ2
∼ χ2 (ni) .

After the shift in the mean:

Samples: i = d, . . . , κ− 1

Distribution: Yik ∼ N (µ1 = µ0 + ξ0σ, σ
2)

[Take note: The observer is unaware of the shift in the process mean

and therefore still wrongly assumes Yik ∼ N (µ0, σ
2) .]

S2i =
1

ni

ni∑

k=1

(Yik − µ0)
2

niS
2
i =

ni∑

k=1

(Yik − µ1 + µ1 − µ0)
2

niS
2
i

σ2
=

ni∑

k=1

(
Yik − µ1

σ
+

µ1 − µ0
σ

)2

=
ni∑

k=1

(Zik + ξ0)
2 where Zik ∼ N (0, 1)

∼ χ′2δi (ni)

where δi =
ni∑

k=1

ξ20 = niξ
2
0 > 0 with ξ0 =

µ1 − µ0
σ

.

After the shift in the mean and variance:

Samples: i = κ, κ+ 1, . . .

Distribution: Yik ∼ N (µ1 = µ0 + ξ1σ1, σ
2
1 = λσ2)

[Take note: The observer is unaware of the shifts in the process

parameters and therefore still wrongly assumes Yik ∼ N (µ0, σ
2) .]

S2i =
1

ni

ni∑

k=1

(Yik − µ0)
2

niS
2
i =

ni∑

k=1

(Yik − µ1 + µ1 − µ0)
2

56

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  
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niS
2
i

σ21
=

ni∑

k=1

(
Yik − µ1

σ1
+

µ1 − µ0
σ1

)2

=
ni∑

k=1

(Zik + ξ1)
2 where Zik ∼ N (0, 1)

∼ χ′2δi (ni)

where δi =
ni∑

k=1

ξ21 = niξ
2
1 > 0 with ξ1 =

µ1 − µ0
σ1

.

Remark 3.1

(i) χ′2δi (ni) denotes the noncentral chi-squared distribution with degrees of freedom ni

and noncentrality parameter δi (see (B.32)).

(ii) The shift in the mean, before the variance changed, is modelled as follows: ξ0 =
µ1 − µ0

σ
, i.e. µ1 = µ0 + ξ0σ.

(iii) The shift in the mean, after the variance changed, is modelled as follows: ξ1 =
µ1 − µ0

σ1
, i.e. µ1 = µ0 + ξ1σ1.

(iv) The key to the noncentral case is the fact that the observer is unaware of the change

in the mean since the charting statistics and the transformations used depends on

the in-control distribution of the process. In practice it is important to note that

even though the mean and the variance of the normal distribution can change in-

dependently (i.e. the mean changes without affecting the variance and vice versa),

the performance of a Shewhart-type control chart for the variance depends on the

process mean. This dependency stems from the charting statistics used and the

manner in which the control limits of a Shewhart-type control chart are calculated

(see e.g. Montgomery, 2009 [31]). To clarify, the known mean is used to calculate

the sample variance. If the mean value changes but it is not incorporated in the

variance calculation, the sample variance will be inflated. This could lead to the

control chart signalling that there is a change in the variance even though this is not

the case. Therefore, the focus is on deriving the joint distribution of the charting

statistics of the Shewhart-type Q-chart for detecting changes in the unknown vari-

ance, while accounting for the impact that a change in the known mean will have on

the performance of this chart. This impact is analysed by incorporating the possi-

bility of changes in both the mean and variance in the underlying data generating

distribution.

(v) From (iv) it is evident that the proposed control chart could be useful in practice when

the control chart for monitoring the mean fails to detect the shift in the mean. For
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example, in case a small shift in the mean occurs and a Shewhart-type chart for the

mean is used (which is known for the inefficiency in detecting small shifts compared

to the EWMA and CUSUM charts for the mean which are better in detecting small

shifts (see Montgomery, 2009 [31]) the shift might go undetected.

Following a change in the variance between samples κ − 1 and κ, (3.7) can be rewritten

as (see (2.4)):

U∗
0 =

S2κ

S
2pooled
κ−1

=
κ−1∑

i=1

ni ×
S2κ∑d−1

i=1 niS
2
i +

∑κ−1
i=d niS

2
i

=

∑κ−1
i=1 ni
nκ

×

nκS
2
κ

σ21
× σ21

σ2

∑d−1
i=1

niS
2
i

σ2
+
∑κ−1
i=d

niS
2
i

σ2

=

∑κ−1
i=1 ni
nκ

× λW0

X
,

where, as before, λ =
σ21
σ2
(see (2.5)),

but now,

W0 ≡
nκS

2
κ

σ21
∼ χ′2δκ (nκ) and

X ≡∑d−1
i=1

niS
2
i

σ2
+
∑κ−1
i=d

niS
2
i

σ2
=
∑κ−1
i=1

niS
2
i

σ2
∼ χ′2δa (a) with a=

∑κ−1
i=1 ni and δa =

∑κ−1
i=1 δi,

where δi =






0 for i = 1, . . . , d− 1

niξ
2
0 > 0 with ξ0 =

µ1 − µ0
σ

for i = d, . . . , κ− 1

nκξ
2
1 > 0 with ξ1 =

µ1 − µ0
σ1

for i = κ.

Take note:
d−1∑

i=1

χ2 (ni)
d
=
d−1∑

i=1

χ′20 (ni) .
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In general, at sample κ+ j, where κ > 1 and j = 1, 2, . . . , p define the following sequence

of random variables (see (2.6)):

U∗
j =

S2κ+j

S
2pooled
κ+j−1

=
∑κ+j−1
i=1 ni ×

S2κ+j∑d−1
i=1 niS

2
i +

∑κ−1
i=d niS

2
i +

∑κ+j−1
i=κ niS2i

=

∑κ+j−1
i=1 ni
nκ+j

×

nκ+jS
2
κ+j

σ21
× σ21

σ2

∑d−1
i=1

niS
2
i

σ2
+
∑κ−1
i=d

niS
2
i

σ2
+
∑κ+j−1
i=κ

niS
2
i

σ21
× σ21

σ2

=

∑κ+j−1
i=1 ni
nκ+j

×

nκ+jS
2
κ+j

σ21
× σ21

σ2

∑d−1
i=1

niS
2
i

σ2
+
∑κ−1
i=d

niS
2
i

σ2
+
∑j−1
k=0

nκ+kS
2
κ+k

σ21
× σ21

σ2

=

∑κ+j−1
i=1 ni
nκ+j

× λWj

X + λ
∑j−1
k=0Wk

,

where

λ =
σ21
σ2
,

Wi ≡
nκ+iS

2
κ+i

σ21
∼ χ′2δi (nκ+i) ,

X ≡∑d−1
i=1

niS
2
i

σ2
+
∑κ−1
i=d

niS
2
i

σ2
=
∑κ−1
i=1

niS
2
i

σ2
∼ χ′2δa (a) with a=

∑κ−1
i=1 ni and δa =

∑κ−1
i=1 δi,

where δi =






0 for i = 1, . . . , d− 1

niξ
2
0 > 0 with ξ0 =

µ1 − µ0
σ

for i = d, . . . , κ− 1

niξ
2
1 > 0 with ξ1 =

µ1 − µ0
σ1

for i = κ, . . . , κ+ j.

In the same way as Chapter 2, the deterministic factors,
∑κ−1
i=1 ni/nκ and

∑κ+j−1
i=1 ni/nκ+j ,

respectively are omitted and the (∗) superscript dropped. Therefore, the random variables
of interest are (see (2.7)):

U0 =
λW0

X
,

Uj =
λWj

X + λ
∑j−1
k=0Wk

, j = 1, 2, . . . , p and λ > 0,

(3.8)
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where

λ =
σ21
σ2
indicates the unknown size of the shift in the variance,

X =
∑κ−1
i=1 χ

′2
δi
(ni) , i.e. the sum of κ− 1 independent noncentral χ2 random variables,

X ∼ χ′2δa (a), i.e. X is a noncentral chi-squared random variable with degrees of freedom

a=
∑κ−1
i=1 ni and noncentrality parameter δa = 0 +

∑κ−1
i=d δi, d < κ where

δi = niξ
2
0 with ξ0 =

µ1 − µ0
σ

,

Wi ∼ χ′2δi (vi) , i.e. Wi is a noncentral chi-squared random variable with degrees of

freedom vi=nκ+i and noncentrality parameter δi = nκ+iξ
2
1 with ξ1 =

µ1 − µ0
σ1

,

i = 0, 1, . . . , p.

The random variable X in (3.8) relates to the process before the change in the variance

occurred, while the components Wi, i = 0, 1, . . . , p, relate to the process after the change

in the variance occurred. The noncentrality of these chi-squared random variables is

dependent on whether a shift in the mean occurred or not, and furthermore the timing of

this shift. The influence of the timing of shift in the mean on (3.8) will be highlighted in

the remark that follows.

Remark 3.2

(i) Scenarios 1 and 3 of Figure 3.1 can be obtained as follows:

When the process mean and variance change simultaneously (scenario 1), i.e. d = κ,

then δa = 0, i.e. the component X in (3.8) reduces to a central chi-squared random

variable. The superscript (S1) in the expressions that follow indicate scenario 1 as

discussed and shown in Figure 3.1. From (3.8) it then follows that

U
(S1)
0 =

λW0

X
,

U
(S1)
j =

λWj

X + λ
∑j−1
k=0Wk

, j = 1, 2, . . . , p and λ > 0,

where

X =
∑κ−1
i=1 χ2 (ni) ∼ χ2 (a) with a =

∑κ−1
i=1 ni,

Wi ∼ χ′2δi (vi) with vi = nκ+i, δi = nκ+iξ
2
1 and ξ1 =

µ1−µ0
σ1

, i = 0, 1, . . . , p.

For scenario 3, the process variance has changed between samples (time periods)

κ−1 and κ > 1, but the process mean encountered a sustained shift between samples

(time periods) d− 1 and d where d > κ, i.e. the mean changed after the variance.

The random variables X and Wi for i = 0, 1, . . . , d−1 that relate to the process before
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the change in the mean occurred reduce to central chi-squared random variables i.e.

δa = 0 and δi = 0 for i = 0, 1, . . . , d−1. The random variables in (3.8) will change

as follows:

U
(S3)
0 =

λW0

X
,

U
(S3)
j =

λWj

X + λ
∑j−1
k=0Wk

, j = 1, 2, . . . , p and λ > 0,

where

X =
∑κ−1
i=1 χ2 (ni) ∼ χ2 (a) with a =

∑κ−1
i=1 ni,

Wi ∼ χ′2δi (vi) with vi = nκ+i, δi =

{
0 for i = 0, 1, . . . , d− 1

nκ+iξ
2
1 and ξ1 =

µ1−µ0
σ1

for i = d, d+ 1, . . . , p.

(ii) If the process mean remains unchanged and only the process variance encountered a

sustained shift, the components X and Wi in (3.8) will reduce to central chi-squared

random variables (see (2.7)). The joint distribution of the random variables (3.8)

will then be the generalised multivariate beta distribution derived in Chapter 2.

In Section 3.3 the joint distribution of the random variables U0, U1, U2 (see (3.8)) is derived,

i.e. the first three random variables following a change in the variance. In Section 3.4

the multivariate extension is considered. The reason for this unorthodox presentation of

results is to first demonstrate the different marginals for the trivariate case.

3.3 The noncentral generalised trivariate beta type

II distribution

The joint pdf of U0, U1, U2 (see (3.8) with j = 1, 2) is derived in Theorem 3.1. The

bivariate and univariate marginal pdfs of U0, U1, U2 are considered in Theorems 3.2 and

3.3, respectively.

3.3.1 The probability density function

Theorem 3.1 Let X, Wi with i = 0, 1, 2 be independent noncentral chi-squared random

variables with degrees of freedom a and vi and noncentrality parameters δa and δi with

i = 0, 1, 2, respectively. Let U0 =
λW0

X
, U1 =

λW1

X + λW0
and U2 =

λW2

X + λW0 + λW1
(see

(3.8)) and λ > 0. The joint pdf of (U0, U1, U2) is given by
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f(u0, u1, u2)

=
e−(

δa+δ0+δ1+δ2
2 )λ

a
2Γ
(
a+v0+v1+v2

2

)

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)Γ(v2

2
)

u
v0
2 −1

0 u
v1
2 −1

1 u
v2
2 −1

2 (1 + u0)
v1
2 +

v2
2

× (1 + u1)
v2
2
[λ+ u0 + u1 (1 + u0) + u2(1 + u0)(1 + u1)]

−(a+v0+v1+v2
2 )

×Ψ
(4)
2

[
a+v0+v1+v2

2
; a
2
, v0
2
, v1
2
, v2
2
; λδa
2z

, δ0u0
2z

, δ1u1(1+u0)
2z

, δ2u2(1+u0)(1+u1)
2z

]
,

uj > 0, j = 0, 1, 2,

(3.9)

where z = λ + u0 + u1 (1 + u0) + u2(1 + u0)(1 + u1), Ψ
(4)
2 is the confluent hypergeomet-

ric function in four variables (see (B.11)) with the values of the parameters such that

f(u0, u1, u2) is a valid pdf.

Proof. The joint pdf of X,W0,W1,W2 is

f(x, w0, w1, w2)

=
e−(

δa
2
+

δ0
2
+

δ1
2
+

δ2
2 )

2
a
2+

v0
2 +

v1
2 +

v2
2 Γ(a

2
)Γ(v0

2
)Γ(v1

2
)Γ(v2

2
)
0F1

(
a
2
; δax
4

)
0F1

(
v0
2
; δ0w0

4

)

× 0F1
(
v1
2
; δ1w1

4

)
0F1

(
v2
2
; δ2w2

4

)
x

a
2−1w

v0
2 −1

0 w
v1
2 −1

1 w
v2
2 −1

2 e
−
1
2 (x+w0+w1+w2)

,

(3.10)

where 0F1 (·) is defined in (B.8).

Apply the transformation U = X, U0 =
λW0

X
,U1 =

λW1

X + λW0

and U2 =
λW2

X + λW0 + λW1

with inverse transformation W0 =
1

λ
U0U, W1 =

1

λ
U1U (1 + U0) and

W2 =
1

λ
U2U(1 + U0)(1 + U1), and with Jacobian,

J(x, w0, w1, w2 → u, u0, u1, u2)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 0 0

u0
λ

u

λ
0 0

u1(1 + u0)

λ

u1u

λ

u(1 + u0)

λ
0

u2(1 + u0)(1 + u1)

λ

u2u(1 + u1)

λ

u2u(1 + u0)

λ

u(1 + u0)(1 + u1)

λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=
u3(1 + u0)

2(1 + u1)

λ3
. (3.11)
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Using (3.10) and (3.11), the joint pdf of U,U0, U1, U2 is

f(u, u0, u1, u2)

=
e−(

δa
2
+

δ0
2
+

δ1
2
+

δ2
2 )

2
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a
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4
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2
; δ0u0u

4λ

)
0F1

(
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2
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4λ

)
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(
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2
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2
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u

a
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(
1
λ
u0u

)v0
2 −1 (

1
λ
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)v1
2 −1

×
(
1
λ
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)v2
2 −1

e
−
1
2(u+ 1

λ
u0u+

1
λ
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1
λ
u2u(1+u0)(1+u1)) u3(1 + u0)

2(1 + u1)

λ3

=
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2
+
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2
+
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2
+
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2
+
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2
+
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2
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2
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2
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(
a
2
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u
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λ
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λ

)

.

Expanding the 0F1 (·) expressions in series form (see (B.8)) and integrating with respect
to u using (B.18) gives,

f(u0, u1, u2)

=
e−(
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2
+
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2
+
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+
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+
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+
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v0
2 +

v1
2 +
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∞∑
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∞∑
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e
−
u
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+
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+
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(3.12)
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The desired result (3.9) follows easily from simplifying (3.12) and using (B.11),

f(u0, u1, u2)

=
e−(
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2
+
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+
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+
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+
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+
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+
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+

v2
2 )
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2

[
a
2
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2
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2
+ v2

2
; a
2
, v0
2
, v1
2
, v2
2
; λδa
z
, δ0u0
z

, δ1u1(1+u0)
z

, δ2u2(1+u0)(1+u1)
z

]
,

where z = 2 [λ+ u0 + u1 (1 + u0) + u2(1 + u0)(1 + u1)] .

Remark 3.3 (i) The expression for the joint pdf of (U0, U1, U2) in (3.9) can also be

obtained by setting p = 2 in (3.28) (see Section 3.4) and applying result (B.12).

(ii) For the special case when λ = 1 (i.e. the process variance did not encounter a shift

although the mean did), this trivariate pdf (3.9) simplifies to
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f(u0, u1, u2)

=
e−(

δa+δ0+δ1+δ2
2 )Γ

(
a+v0+v1+v2

2

)

Γ(a
2
)Γ(v0

2
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, δ2u2(1+u0)(1+u1)
2y

]
,

uj > 0, j = 0, 1, 2,

where y = (1 + u0) (1 + u1) (1 + u2) and the values of the parameters are such that

f(u0, u1, u2) is a valid pdf.

(iii) When the shift in the mean and the variance occurs simultaneously (scenario 1), the

noncentrality parameter δa = 0, and using (B.12) and (B.8) it follows that
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.

The trivariate pdf (3.9) is then given by

f(u0, u1, u2)

=
e−(
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,

uj > 0, j = 0, 1, 2,

where z = λ+u0+u1 (1 + u0)+u2(1+u0)(1+u1), Ψ
(3)
2 is the confluent hypergeometric

function in three variables (see (B.11)) with the values of the parameters such that

f(u0, u1, u2) is a valid pdf.
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(iv) When monitoring the variance and the mean did not change, i.e. δa = δ0 = δ1 =

δ2 = 0, the trivariate pdf (3.9) simplifies to the generalised multivariate beta distri-

bution, derived in Chapter 2 (see (2.8) with p = 2):

f(u0, u1, u2) =
λ

a
2Γ
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2 ) ,

uj > 0, j = 0, 1, 2.

3.3.2 Marginal noncentral generalised beta type II distributions

Theorem 3.2 Let X, Wi with i = 0, 1, 2 be independent noncentral chi-squared random

variables with degrees of freedom a and vi and noncentrality parameters δa and δi with

i = 0, 1, 2, respectively. Let U0 =
λW0

X
, U1 =

λW1

X + λW0

and U2 =
λW2

X + λW0 + λW1

and

λ > 0.

(a) The joint pdf of (U0, U1) is given by

f(u0, u1) (3.13)

=
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with the values of the parameters such that f(u0, u1) is a valid pdf.

(b) The joint pdf of (U0, U2) is given by

f(u0, u2) (3.14)

=
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with the values of the parameters such that f(u0, u2) is a valid pdf.

(c) The joint pdf of (U1, U2) is given by

f(u1, u2) (3.15)

=
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with the values of the parameters such that f(u1, u2) is a valid pdf.

Proof. (a) Expanding Ψ
(4)
2 (·) in (3.9) in series form (see (B.11)) and integrating this

trivariate pdf with respect to u2, yields
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Rewriting and solving the integral in (3.16) using (B.19) gives

∞∫

0

u
v2
2 +k4−1

2 [λ+ u0 + u1 (1 + u0) + u2(1 + u0)(1 + u1)]
−(a+v0+v1+v2

2
+k1+k2+k3+k4) du2

= [λ+ u0 + u1 (1 + u0)]
−(a+v0+v1+v2

2
+k1+k2+k3+k4)

×
∞∫

0

u
v2
2 +k4−1

2

[
1 +

u2(1 + u0)(1 + u1)

λ+ u0 + u1 (1 + u0)

]−(a+v0+v1+v2
2

+k1+k2+k3+k4)
du2
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= [λ+ u0 + u1 (1 + u0)]
−(a+v0+v1+v2

2
+k1+k2+k3+k4)

×
[

(1 + u0)(1 + u1)

λ+ u0 + u1 (1 + u0)

]−( v22 +k4) Γ
(
v2
2
+ k4

)
Γ
(
a
2
+ v0

2
+ v1

2
+ k1 + k2 + k3

)

Γ
(
a
2
+ v0

2
+ v1

2
+ v2

2
+ k1 + k2 + k3 + k4

)

= [λ+ u0 + u1 (1 + u0)]
−(a+v0+v1

2
+k1+k2+k3)

× [(1 + u0)(1 + u1)]
−( v22 +k4)

Γ
(
v2
2
+ k4

)
Γ
(
a
2
+ v0

2
+ v1

2
+ k1 + k2 + k3

)

Γ
(
a
2
+ v0

2
+ v1

2
+ v2

2
+ k1 + k2 + k3 + k4

) .

(3.17)

Substituting (3.17) in (3.16) gives

f(u0, u1)

=
e−(

δa+δ0+δ1+δ2
2 )λ

a
2Γ
(
a+v0+v1+v2

2

)

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)Γ(v2

2
)

u
v0
2 −1

0 u
v1
2 −1

1 (1 + u0)
v1
2
[λ+ u0 + u1 (1 + u0)]

−(a+v0+v1
2 )

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

∞∑

k4=0

(
a+v0+v1+v2

2

)
k1+k2+k3+k4(

a
2

)
k1

(
v0
2

)
k2

(
v1
2

)
k3

(
v2
2

)
k4
k1!k2!k3!k4!

(
λδa

2 [λ+ u0 + u1 (1 + u0)]

)k1

×
(

δ0u0
2 [λ+ u0 + u1 (1 + u0)]

)k2 ( δ1u1 (1 + u0)

2 [λ+ u0 + u1 (1 + u0)]

)k3 (δ2
2

)k4

× Γ
(
v2
2
+ k4

)
Γ
(
a
2
+ v0

2
+ v1

2
+ k1 + k2 + k3

)

Γ
(
a
2
+ v0

2
+ v1

2
+ v2

2
+ k1 + k2 + k3 + k4

) .

Rewriting the Pochhammer coefficients in terms of gamma functions, using (B.4) give

f(u0, u1)

=
e−(

δa+δ0+δ1+δ2
2 )λ

a
2Γ
(
a+v0+v1+v2

2

)

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)Γ(v2

2
)

u
v0
2 −1

0 u
v1
2 −1

1 (1 + u0)
v1
2
[λ+ u0 + u1 (1 + u0)]

−(a+v0+v1
2 )

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

∞∑

k4=0

Γ
(
a
2
+ v0

2
+ v1

2
+ v2

2
+ k1 + k2 + k3 + k4

)
Γ
(
v2
2

)

Γ
(
a
2
+ v0

2
+ v1

2
+ v2

2

) (
a
2

)
k1

(
v0
2

)
k2

(
v1
2

)
k3
Γ
(
v2
2
+ k4

)
k1!k2!k3!k4!

×
(

λδa
2 [λ+ u0 + u1 (1 + u0)]

)k1 ( δ0u0
2 [λ+ u0 + u1 (1 + u0)]

)k2 ( δ1u1 (1 + u0)

2 [λ+ u0 + u1 (1 + u0)]

)k3

×
(
δ2
2

)k4 Γ
(
v2
2
+ k4

)
Γ
(
a
2
+ v0

2
+ v1

2
+ k1 + k2 + k3

)

Γ
(
a
2
+ v0

2
+ v1

2
+ v2

2
+ k1 + k2 + k3 + k4

)
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=
e−(

δa+δ0+δ1+δ2
2 )Γ

(
a
2
+ v0

2
+ v1

2

)
λ

a
2

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)

u
v0
2 −1

0 u
v1
2 −1

1 (1 + u0)
v1
2
[λ+ u0 + u1 (1 + u0)]

−(a+v0+v1
2 )

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

(
a
2
+ v0

2
+ v1

2

)
k1+k2+k3(

a
2

)
k1

(
v0
2

)
k2

(
v1
2

)
k3
k1!k2!k3!

×
(

λδa
2 [λ+ u0 + u1 (1 + u0)]

)k1 ( δ0u0
2 [λ+ u0 + u1 (1 + u0)]

)k2 ( δ1u1 (1 + u0)

2 [λ+ u0 + u1 (1 + u0)]

)k3

×
∞∑

k4=0

(
δ2
2

)k4

k4!
.

Subsequently, the joint pdf of U0 and U1 in (3.13) follows by applying (B.6) and (B.11).

(b) Expanding Ψ
(4)
2 (.) in (3.9) in series form using (B.11) and integrating the trivariate

pdf (3.9) with respect to u1, it follows that

f(u0, u2)

=
e−(

δa+δ0+δ1+δ2
2 )λ

a
2Γ
(
a+v0+v1+v2

2

)

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)Γ(v2

2
)

u
v0
2 −1

0 (1 + u0)
v1+v2
2

u
v2
2 −1

2

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

∞∑

k4=0

(
a+v0+v1+v2

2

)
k1+k2+k3+k4(

a
2

)
k1

(
v0
2

)
k2

(
v1
2

)
k3

(
v2
2

)
k4
k1!k2!k3!k4!

(
λδa
2

)k1 (δ0u0
2

)k2

×
(
δ1 (1 + u0)

2

)k3 (δ2u2(1 + u0)

2

)k4 ∞∫

0

u
v1
2 +k3−1

1 (1 + u1)
v2
2 +k4

× [λ+ u0 + u1 (1 + u0) + u2(1 + u0)(1 + u1)]
−(a+v0+v1+v2

2
+k1+k2+k3+k4) du1.

(3.18)

Solving the integral in (3.18) using (B.20) gives

∞∫

0

u
v1
2 +k3−1

1 (1+u1)
v2
2 +k4

[λ+u0+u1 (1+u0)+u2(1+u0)(1+u1)]
−(a+v0+v1+v2

2
+k1+k2+k3+k4) du1

=

∞∫

0

u
v1
2 +k3−1

1 (1+u1)
v2
2 +k4

[λ+u0+u2(1+u0)+u1 (1+u0) (1+u2)]
−(a+v0+v1+v2

2
+k1+k2+k3+k4) du1
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= [λ+ u0 + u2(1 + u0)]
−(a+v0+v1+v2

2
+k1+k2+k3+k4)

×
∞∫

0

u
v1
2 +k3−1

1 (1 + u1)
v2
2 +k4

[
1 + u1(1+u0)(1+u2)

λ+u0+u2(1+u0)

]−(a+v0+v1+v2
2

+k1+k2+k3+k4)
du1

= [λ+ u0 + u2(1 + u0)]
−(a+v0+v1+v2

2
+k1+k2+k3+k4)

× Γ
(
v1
2
+ k3

)
Γ
(
a+v0
2

+ k1 + k2
)

Γ
(
a+v0+v1

2
+ k1 + k2 + k3

)

× 2F1

(
a+v0+v1+v2

2
+k1+k2+k3+k4,

v1
2
+k3;

a+v0+v1
2

+k1+k2+k3; 1− (1+u0)(1+u2)
λ+u0+u2(1+u0)

)

= [(1 + u0)(1 + u2)]
−(a+v0+v1+v2

2
+k1+k2+k3+k4) Γ

(
v1
2
+ k3

)
Γ
(
a+v0
2

+ k1 + k2
)

Γ
(
a+v0+v1

2
+ k1 + k2 + k3

)

× 2F1
(
a+v0+v1+v2

2
+k1+k2+k3+k4,

a+v0
2

+k1+k2;
a+v0+v1

2
+k1+k2+k3;

1−λ
(1+u0)(1+u2)

)
.

(3.19)

The latter step follows by using (B.24) with

x = 1− (1 + u0)(1 + u2)

λ+ u0 + u2 (1 + u0)
=

λ− 1

λ+ u0 + u2 (1 + u0)
.

Substituting (3.19) in (3.18) gives

f(u0, u2)

=
e−(

δa+δ0+δ1+δ2
2 )λ

a
2Γ
(
a+v0+v1+v2

2

)

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)Γ(v2

2
)

u
v0
2 −1

0 (1 + u0)
−(a+v0

2 )u
v2
2 −1

2 (1 + u2)
−(a+v0+v1+v2

2 )

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

∞∑

k4=0

(
a+v0+v1+v2

2

)
k1+k2+k3+k4(

a
2

)
k1

(
v0
2

)
k2

(
v1
2

)
k3

(
v2
2

)
k4
k1!k2!k3!k4!

(
λδa

2(1 + u0)(1 + u2)

)k1

×
(

δ0u0
2(1 + u0)(1 + u2)

)k2 ( δ1
2(1 + u2)

)k3 ( δ2u2
2(1 + u2)

)k4

×Γ
(
v1
2
+ k3

)
Γ
(
a+v0
2

+ k1 + k2
)

Γ
(
a+v0+v1

2
+ k1 + k2 + k3

)

× 2F1

(
a+v0+v1+v2

2
+k1+k2+k3+k4,

a+v0
2

+k1+k2;
a+v0+v1

2
+k1+k2+k3;

1−λ
(1+u0)(1+u2)

)
.

Replacing some of the Pochhammer coefficients with gamma functions (see (B.4)) and

expanding 2F1 (·) (see (B.5)) in series form, the desired result (3.14) follows after simpli-
fication,
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f(u0, u2)

=
e−(

δa+δ0+δ1+δ2
2 )λ

a
2Γ
(
a+v0+v1+v2

2

)

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)Γ(v2

2
)

u
v0
2 −1

0 (1 + u0)
−(a+v0

2 )u
v2
2 −1

2 (1 + u2)
−(a+v0+v1+v2

2 )

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

∞∑

k4=0

Γ
(
a+v0+v1+v2

2
+ k1 + k2 + k3 + k4

)
Γ(v1

2
)

Γ
(
a+v0+v1+v2

2

) (
a
2

)
k1

(
v0
2

)
k2
Γ
(
v1
2
+ k3

) (
v2
2

)
k4
k1!k2!k3!k4!

×
(

λδa
2(1 + u0)(1 + u2)

)k1 ( δ0u0
2(1 + u0)(1 + u2)

)k2 ( δ1
2(1 + u2)

)k3 ( δ2u2
2(1 + u2)

)k4

×Γ
(
v1
2
+ k3

)
Γ
(
a+v0
2

+ k1 + k2
)

Γ
(
a+v0+v1

2
+ k1 + k2 + k3

)

×
∞∑

k5=0

Γ
(
a+v0+v1+v2

2
+k1+k2+k3+k4+k5

)
Γ
(
a+v0
2

+k1+k2+k5
)
Γ
(
a+v0+v1

2
+k1+k2+k3

)

Γ
(
a+v0+v1+v2

2
+k1+k2+k3+k4

)
Γ
(
a+v0
2

+k1+k2
)
Γ
(
a+v0+v1

2
+k1+k2+k3+k5

)
k5!

×
(

1− λ

(1 + u0)(1 + u2)

)k5

=
e−(

δa+δ0+δ1+δ2
2 )λ

a
2Γ
(
a+v0+v1+v2

2

)

Γ(a
2
)Γ(v0

2
)Γ(v2

2
)

u
v0
2 −1

0 (1 + u0)
−(a+v0

2 )u
v2
2 −1

2 (1 + u2)
−(a+v0+v1+v2

2 )

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

∞∑

k4=0

∞∑

k5=0

Γ
(
a+v0+v1+v2

2
+k1+k2+k3+k4+k5

)
Γ
(
a+v0
2

+k1+k2+k5
)

Γ
(
a+v0+v1+v2

2

)
Γ
(
a+v0+v1

2
+k1+k2+k3+k5

) (
a
2

)
k1

(
v0
2

)
k2

(
v2
2

)
k4

× 1

k1!k2!k3!k4!k5!

(
λδa

2(1 + u0)(1 + u2)

)k1 ( δ0u0
2(1 + u0)(1 + u2)

)k2 ( δ1
2(1 + u2)

)k3

×
(

δ2u2
2(1 + u2)

)k4 ( 1− λ

(1 + u0)(1 + u2)

)k5

=
e−(

δa+δ0+δ1+δ2
2 )λ

a
2Γ
(
a+v0+v1+v2

2

)
Γ
(
a+v0
2

)

Γ(a
2
)Γ(v0

2
)Γ(v2

2
)Γ
(
a+v0+v1

2

) u
v0
2 −1

0 (1 + u0)
−(a+v0

2 )u
v2
2 −1

2 (1 + u2)
−(a+v0+v1+v2

2 )

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

∞∑

k4=0

∞∑

k5=0

(
a+v0+v1+v2

2

)
k1+k2+k3+k4+k5

(
a+v0
2

)
k1+k2+k5(

a
2

)
k1

(
v0
2

)
k2

(
v2
2

)
k4

(
a+v0+v1

2

)
k1+k2+k3+k5

k1!k2!k3!k4!k5!

×
(

λδa
2(1 + u0)(1 + u2)

)k1 ( δ0u0
2(1 + u0)(1 + u2)

)k2 ( δ1
2(1 + u2)

)k3 ( δ2u2
2(1 + u2)

)k4

×
(

1− λ

(1 + u0)(1 + u2)

)k5
.

(c) Proof follows similarly as in (b).

Remark 3.4 (i) Alternatively, the proof of Theorem 3.2(a) can be derived by substi-

tuting p=1 in (3.28) in Section 3.4.
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(ii) Substituting δa = δ0 = δ1 = 0 in (3.13), the pdf simplifies to the bivariate distribu-

tion derived in Chapter 2 (see (2.38)),

f(u0, u1)

=
λ

a
2Γ
(
a+v0+v1

2

)

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)
u

v0
2 −1

0 (1 + u0)
−(a+v0

2 )
u

v1
2 −1

1 (1 + u1)
−(a+v0+v1

2 )

×
[
λ+ u0 + u1 (1 + u0)

(1 + u0) (1 + u1)

]−(a+v0+v1
2 )

,

uj > 0, j = 0, 1.

This can be rewritten using the binomial series (B.7) with 1 − z = λ+u0+u1(1+u0)
(1+u0)(1+u1)

.

Therefore,

f(u0, u1)

=
Γ(a+v0+v1

2
)λ

a
2

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)
u

v0
2 −1

0 (1 + u0)
−(a+v0

2 )
u

v1
2 −1

1 (1 + u1)
−(a+v0+v1

2 )

×1F0(a+v0+v12
; 1−λ
(1+u0)(1+u1)

),

uj > 0, j = 0, 1,
1− λ

(1 + u0)(1 + u1)
< 1.

Theorem 3.3 Let X, Wi with i = 0, 1, 2 be independent noncentral chi-squared random

variables with degrees of freedom a and vi and noncentrality parameters δa and δi with

i = 0, 1, 2, respectively. Let U0 =
λW0

X
, U1 =

λW1

X + λW0
and U2 =

λW2

X + λW0 + λW1
and

λ > 0. The marginal pdf of

(a) U0 is given by

f(u0)

=
e−(

δa+δ0
2 )λ

a
2Γ
(
a+v0
2

)

Γ(a
2
)Γ(v0

2
)

u
v0
2 −1

0 (u0+λ)
−(a+v0

2 )
Ψ2

(
a+v0
2

; a
2
, v0
2
; λδa
2(u0+λ)

, δ0u0
2(u0+λ)

)
,

u0 > 0,

(3.20)

with Ψ2 the Humbert confluent hypergeometric function of two variables (see (B.13)) with

the values of the parameters such that f(u0) is a valid pdf.
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(b) U1 is given by

f(u1)

=
e−(

δa+δ0+δ1
2 )λ

a
2Γ
(
a+v0+v1

2

)

Γ(v1
2
)Γ
(
a+v0
2

) u
v1
2 −1

1 (1 + u1)
−(a+v0+v1

2 )

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

∞∑

k5=0

(
a+v0+v1

2

)
k1+k2+k3+k5

(
a
2

)
k1+k5(

a
2

)
k1

(
v1
2

)
k3

(
a+v0
2

)
k1+k2+k5

k1!k2!k3!k5!

×
(

λδa
2 (1 + u1)

)k1 ( δ0
2 (1 + u1)

)k2 ( δ1u1
2 (1 + u1)

)k3 ( 1− λ

1 + u1

)k5
,

u1 > 0,

(3.21)

with the values of the parameters such that f(u1) is a valid pdf.

(c) U2 is given by

f(u2)

=
e−(

δa+δ0+δ1+δ2
2 )λ

a
2Γ
(
a+v0+v1+v2

2

)

Γ(v2
2
)Γ
(
a+v0+v1

2

) u
v2
2 −1

2 (1 + u2)
−(a+v0+v1+v2

2 )

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

∞∑

k4=0

∞∑

k5=0

(
a+v0+v1+v2

2

)
k1+k2+k3+k4+k5

(
a
2

)
k1+k5(

a
2

)
k1

(
v2
2

)
k4

(
a+v0+v1

2

)
k1+k2+k3+k5

k1!k2!k3!k4!k5!

×
(

λδa
2(1+u2)

)k1 ( δ0
2(1+u2)

)k2 ( δ1
2(1+u2)

)k3 ( δ2u2
2(1+u2)

)k4 ( 1− λ

(1+u2)

)k5
,

u2 > 0,

(3.22)

with the values of the parameters such that f(u2) is a valid pdf.

Proof. (a) Expanding Ψ
(3)
2 (.) in (3.13) in series form using (B.11) and integrating

with respect to u1, gives

f(u0)

=
e−(

δa+δ0+δ1
2 )λ

a
2Γ
(
a+v0+v1

2

)

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)

u
v0
2 −1

0 (1 + u0)
v1
2

∞∫

0

u
v1
2 −1

1 [λ+ u0 + u1 (1 + u0)]
−(a+v0+v1

2 )

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

(
a+v0+v1

2

)
k1+k2+k3(

a
2

)
k1

(
v0
2

)
k2

(
v1
2

)
k3
k1!k2!k3!

(
λδa

2 [λ+ u0 + u1 (1 + u0)]

)k1

×
(

δ0u0
2 [λ+ u0 + u1 (1 + u0)]

)k2 ( δ1u1 (1 + u0)

2 [λ+ u0 + u1 (1 + u0)]

)k3
du1
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=
e−(

δa+δ0+δ1
2 )λ

a
2Γ
(
a+v0+v1

2

)

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)

u
v0
2 −1

0 (1+u0)
v1
2

∞∫

0

u
v1
2 −1

1

[
(λ+u0)

(
1+

u1 (1 + u0)

(λ+ u0)

)]−(a+v0+v1
2 )

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

(
a+v0+v1

2

)
k1+k2+k3(

a
2

)
k1

(
v0
2

)
k2

(
v1
2

)
k3
k1!k2!k3!



 λδa

2
[
(λ+ u0)

(
1 + u1(1+u0)

(λ+u0)

)]





k1

×



 δ0u0

2
[
(λ+ u0)

(
1 + u1(1+u0)

(λ+u0)

)]





k2

 δ1u1 (1 + u0)

2
[
(λ+ u0)

(
1 + u1(1+u0)

(λ+u0)

)]





k3

du1

=
e−(

δa+δ0+δ1
2 )λ

a
2Γ
(
a+v0+v1

2

)

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)

u
v0
2 −1

0 (1 + u0)
v1
2
(λ+ u0)

−(a+v0+v1
2 )

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

(
a+v0+v1

2

)
k1+k2+k3(

a
2

)
k1

(
v0
2

)
k2

(
v1
2

)
k3
k1!k2!k3!

(
λδa

2 (λ+ u0)

)k1

×
(

δ0u0
2 (λ+ u0)

)k2 (δ1 (1 + u0)

2 (λ + u0)

)k3 ∞∫

0

u
v1
2 +k3−1

1

(
1 +

u1 (1 + u0)

(λ+ u0)

)−(a+v0+v1
2

+k1+k2+k3)
du1.

(3.23)

Solving the integral in (3.23) using (B.19) and (B.3) gives

∞∫

0

u
v1
2 +k3−1

1

(
1+

u1 (1 + u0)

(λ+ u0)

)−(a+v0+v1
2

+k1+k2+k3)
du1

=

(
1 + u0
λ+ u0

)−( v12 +k3) Γ(v1
2
+ k3)Γ(

a+v0
2

+k1+k2)

Γ(a+v0+v1
2

+k1+k2+k3)
. (3.24)

Substituting (3.24) in (3.23) and using (B.4),

f(u0)

=
e−(

δa+δ0+δ1
2 )λ

a
2Γ
(
a+v0+v1

2

)

Γ(a
2
)Γ(v0

2
)Γ(v1

2
)

u
v0
2 −1

0 (λ+ u0)
−(a+v0

2 )

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

Γ
(
a+v0+v1

2
+ k1 + k2 + k3

)
Γ
(
v1
2

)
(
a
2

)
k1

(
v0
2

)
k2
Γ
(
v1
2
+ k3

)
Γ
(
a+v0+v1

2

)
k1!k2!k3!

(
λδa

2 (λ+ u0)

)k1

×
(

δ0u0
2 (λ+ u0)

)k2 (δ1
2

)k3 Γ(v1
2
+ k3)Γ(

a+v0
2

+k1+k2)

Γ(a+v0+v1
2

+k1+k2+k3)
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=
e−(

δa+δ0+δ1
2 )λ

a
2Γ(a+v0

2
)

Γ(a
2
)Γ(v0

2
)

u
v0
2 −1

0 (λ+ u0)
−(a+v0

2 )
∞∑

k3=0

(
δ1
2

)k3

k3!

×
∞∑

k1=0

∞∑

k2=0

(a+v0
2

)k1+k2(
a
2

)
k1

(
v0
2

)
k2
k1!k2!

(
λδa

2 (λ+ u0)

)k1 ( δ0u0
2 (λ+ u0)

)k2
.

(3.25)

The result (3.20) follows after applying (B.6) and (B.13).

(b) Integrating (3.15) with respect to u2, gives

f(u1)

=
e−(

δa+δ0+δ1+δ2
2 )λ

a
2Γ
(
a+v0+v1+v2

2

)

Γ(v1
2
)Γ(v2

2
)Γ
(
a+v0
2

) u
v1
2 −1

1 (1 + u1)
−(a+v0+v1

2 )

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

∞∑

k4=0

∞∑

k5=0

(
a+v0+v1+v2

2

)
k1+k2+k3+k4+k5

(
a
2

)
k1+k5(

a
2

)
k1

(
v1
2

)
k3

(
v2
2

)
k4

(
a+v0
2

)
k1+k2+k5

k1!k2!k3!k4!k5!

×
(

λδa
2 (1 + u1)

)k1 ( δ0
2 (1 + u1)

)k2 ( δ1u1
2 (1 + u1)

)k3 (δ2
2

)k4 ( 1− λ

1 + u1

)k5

×
∞∫

0

u
v2
2 +k4−1

2 (1 + u2)
−(a+v0+v1+v2

2 +k1+k2+k3+k4+k5)
du2.

(3.26)

Evaluation of the above integral using (B.2) and (B.3) gives

∞∫

0

u
v2
2 +k4−1

2 (1 + u2)
−(a+v0+v1+v2

2 +k1+k2+k3+k4+k5)
du2

=
Γ
(
v2
2
+ k4

)
Γ
(
a+v0+v1

2
+ k1 + k2 + k3 + k5

)

Γ
(
a+v0+v1+v2

2
+ k1 + k2 + k3 + k4 + k5

) .

(3.27)

The result (3.21) follows from substituting (3.27) in (3.26), then using (B.4) and (B.6):
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f(u1)

=
e−(

δa+δ0+δ1+δ2
2 )λ

a
2Γ
(
a+v0+v1+v2

2

)

Γ(v1
2
)Γ(v2

2
)Γ
(
a+v0
2

) u
v1
2 −1

1 (1 + u1)
−(a+v0+v1

2 )

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

∞∑

k4=0

∞∑

k5=0

Γ
(
a+v0+v1+v2

2
+ k1 + k2 + k3 + k4 + k5

) (
a
2

)
k1+k5

Γ
(
v2
2

)

(
a
2

)
k1

(
v1
2

)
k3

(
a+v0
2

)
k1+k2+k5

Γ
(
a+v0+v1+v2

2

)
Γ
(
v2
2
+ k4

)
k1!k2!k3!k4!k5!

×
(

λδa
2 (1 + u1)

)k1 ( δ0
2 (1 + u1)

)k2 ( δ1u1
2 (1 + u1)

)k3 (δ2
2

)k4 ( 1− λ

1 + u1

)k5

×Γ
(
v2
2
+ k4

)
Γ
(
a+v0+v1

2
+ k1 + k2 + k3 + k5

)

Γ
(
a+v0+v1+v2

2
+ k1 + k2 + k3 + k4 + k5

)

=
e−(

δa+δ0+δ1+δ2
2 )λ

a
2Γ
(
a+v0+v1

2

)

Γ(v1
2
)Γ
(
a+v0
2

) u
v1
2 −1

1 (1 + u1)
−(a+v0+v1

2 ) ∞∑

k4=0

(
δ2
2

)k4

k4!

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

∞∑

k5=0

(
a+v0+v1

2

)
k1+k2+k3+k5

(
a
2

)
k1+k5(

a
2

)
k1

(
v1
2

)
k3

(
a+v0
2

)
k1+k2+k5

k1!k2!k3!k5!

×
(

λδa
2 (1 + u1)

)k1 ( δ0
2 (1 + u1)

)k2 ( δ1u1
2 (1 + u1)

)k3 ( 1− λ

1 + u1

)k5

=
e−(

δa+δ0+δ1
2 )λ

a
2Γ
(
a+v0+v1

2

)

Γ(v1
2
)Γ
(
a+v0
2

) u
v1
2 −1

1 (1 + u1)
−(a+v0+v1

2 )

×
∞∑

k1=0

∞∑

k2=0

∞∑

k3=0

∞∑

k5=0

(
a+v0+v1

2

)
k1+k2+k3+k5

(
a
2

)
k1+k5(

a
2

)
k1

(
v1
2

)
k3

(
a+v0
2

)
k1+k2+k5

k1!k2!k3!k5!

×
(

λδa
2 (1 + u1)

)k1 ( δ0
2 (1 + u1)

)k2 ( δ1u1
2 (1 + u1)

)k3 ( 1− λ

1 + u1

)k5
.

(c) Proof follows similarly as in (b).

Remark 3.5 (i) Substituting δa = δ0 = 0 in (3.20), the pdf simplifies to the univariate

distribution derived in Chapter 2 (see (2.24)), namely

f(u0) =
λ

a
2Γ
(
a+v0
2

)

Γ(a
2
)Γ(v0

2
)
u

v0
2 −1

0 (u0 + λ)
−(a+v0

2 )
,

u0 > 0.

(ii) Replacing δa and δ0 with 2δa and 2δ0, respectively and setting λ = 1, the pdf (3.20)

reduces to that of Tang (1938) [44] given in (3.2).
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3.4 The noncentral generalised multivariate beta type

II distribution

In the previous section the noncentral generalised trivariate beta type II distribution

emanating from a sequential process, was developed where the focus was on j = 1, 2

in (3.8). Now the interest shifts to the corresponding multivariate case for the problem

statement described in Section 3.2. In this section the noncentral generalised multivariate

beta type II distribution is proposed.

Theorem 3.4 Let X, Wi with i = 0, 1, 2, . . . , p be independent noncentral chi-squared

random variables with degrees of freedom a and vi and noncentrality parameters δa and

δi with i = 0, 1, 2, . . . , p, respectively. Let U0 =
λW0

X
, and Uj =

λWj

X + λ
∑j−1
k=0Wk

where

j = 1, 2, . . . , p, and λ > 0. The joint pdf of (U0, U1, . . . , Up) is given by

f (u0, u1, . . . , up)

=

e
−
(
δa+δ0+δ1+...+δp

2

)

Γ

(
a
2
+

p∑

j=0

vj
2

)

λ
a
2

Γ
(
a
2

)
Γ
(
v0
2

)
. . .Γ

(vp
2

)

(
p∏

j=0

u
vj
2
−1

j

)(
p−1∏

k=0

(1 + uk)

p∑

j=k+1

vj
2

)

×
(

λ+ u0 +
p∑

j=1

uj
j−1∏

k=0

(1 + uk)

)−
(

a
2
+

p∑

j=0

vj
2

)

×Ψ(p+2)
2



a
2
+

p∑

j=0

vj
2
; a
2
, v0
2
, . . . , vp

2
; λδa
2z

, δ0u0
2z

, δ1u1(1+u0)
2z

, . . . ,
δpup

j−1∏

k=0
(1+uk)

2z



 ,

uj > 0, j = 1, 2, . . . , p,

(3.28)

where z = λ+ u0 +
p∑

j=1

uj
j−1∏

k=0

(1 + uk), Ψ
(p+2)
2 is the confluent hypergeometric function in

p + 2 variables (see (B.11)) with the values of the parameters such that f (u0, u1, . . . , up)

is a valid pdf.

Proof. The joint pdf of X,W0,W1, . . . ,Wp is

f (x,w0, w1, . . . , wp)

=
e
−
(
δa+δ0+δ1+...+δp

2

)

2
a+v0+...+vp

2 Γ
(
a
2

)
Γ
(
v0
2

)
. . .Γ

(vp
2

) 0F1
(
a
2
; δax
4

)
0F1

(
v0
2
; δ0w0

4

)
0F1

(
v1
2
; δ1w1

4

)

× 0F1
(
v2
2
; δ2w2

4

)
. . . 0F1

(
vp
2
; δpwp

4

)

× x
a
2−1w

v0
2 −1

0 w
v1
2 −1

1 w
v2
2 −1

2 . . . w
vp
2 −1

p e
−
1
2 (x+w0+w1+w2+...+wp)

,
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where 0F1 (a; z) is defined in (B.8).

Let U = X, U0 =
λW0

X
and Uj =

λWj

X + λ
∑j−1
k=0Wk

where j = 1, 2, . . . , p.

This gives the inverse transformation: X = U, W0 =
1

λ
U0U and

Wj =
1
λ
Uj
(
U + λ

∑j−1
k=0Wk

)
= 1

λ
UjU

∏j−1
k=0 (1 + Uk) where j = 1, 2, . . . , p with Jacobian

(see (2.10))

J (x,w0, .., wp → u, u0, .., up) =
(u
λ

)p+1 p−1∏

k=0

(1 + uk)
p−k .

Thus, the joint pdf of U,U0, U1, . . . , Up is

f (u, u0, .., up) =
e
−
(
δa+δ0+δ1+...+δp

2

)

λ

(

−
p∑

j=0

vj
2

)

2
a+v0+...+vp

2 Γ
(
a
2

)
Γ
(
v0
2

)
. . .Γ

(vp
2

) 0F1
(
a
2
; δau
4

)
0F1

(
v0
2
; δ0u0u

4λ

)

×




p∏

j=1
0F1



vj
2
;
δjuju

j−1∏

k=0
(1+uk)

4λ







u

a
2+

p∑

j=0

vj
2 −1

u
v0
2 −1

0

(
p∏

j=1

u
vj
2
−1

j

)

×
(
p−1∏

k=0

(1 + uk)

p∑

j=k+1

vj
2

)

e
−
u
2



1+u0
λ
+

p∑

j=1

uj
λ

j−1∏

k=0
(1+uk)





.

(3.29)

Note that (see (2.12))
∏p
j=1

[∏j−1
k=0 (1 + uk)

] vj
2
−1

=
∏p−1
k=0 (1 + uk)

∑p

j=k+1

vj
2
−(p−k) .

Expanding the 0F1 (·) expressions in (3.29) in series form (see (B.8)) and integrating with
respect to u using (B.18) gives

f (u, u0, .., up)

=
e
−
(
δa+δ0+δ1+...+δp

2

)

λ

(

−
p∑

j=0

vj
2

)

2
a+v0+...+vp

2 Γ
(
a
2

)
Γ
(
v0
2

)
. . .Γ

(vp
2

)

∞∫

0

∞∑

k1=0

∞∑

k2=0

(
δau
4

)k1
(
a
2

)
k1
k1!

(
δ0u0u
4λ

)k2
(
v0
2

)
k2
k2!

×






p∏

j=1

∞∑

kj+2=0




δjuju

j−1∏

k=0

(1+uk)

4λ





kj+2

(vj
2

)
kj+2

kj+2!






u

a
2+

p∑

j=0

vj
2 −1

u
v0
2 −1

0

(
p∏

j=1

u
vj
2
−1

j

)

×
(
p−1∏

k=0

(1 + uk)

p∑

j=k+1

vj
2

)

e
−
u
2



1+u0
λ
+

p∑

j=1

uj
λ

j−1∏

k=0
(1+uk)





du
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=
e
−
(
δa+δ0+δ1+...+δp

2

)

λ

(

−
p∑

j=0

vj
2

)

2
a+v0+...+vp

2 Γ
(
a
2

)
Γ
(
v0
2

)
. . .Γ

(vp
2

)u
v0
2 −1

0

(
p∏

j=1

u
vj
2
−1

j

)(
p−1∏

k=0

(1 + uk)

p∑

j=k+1

vj
2

)

×
∞∑

k1=0

∞∑

k2=0

(
δa
4

)k1
(
a
2

)
k1
k1!

(
δ0u0
4λ

)k2
(
v0
2

)
k2
k2!






p∏

j=1

∞∑

kj+2=0




δjuj

j−1∏

k=0

(1+uk)

4λ





kj+2

(vj
2

)
kj+2

kj+2!






×
∞∫

0

u

a
2+

p∑

j=0

vj
2 +k1+k2+...+kp+2−1

e
−
u
2



1+u0
λ
+

p∑

j=1

uj
λ

j−1∏

k=0
(1+uk)





du

=
e
−
(
δa+δ0+δ1+...+δp

2

)

λ

(

−
p∑

j=0

vj
2

)

2
a+v0+...+vp

2 Γ
(
a
2

)
Γ
(
v0
2

)
. . .Γ

(vp
2

)u
v0
2 −1

0

(
p∏

j=1

u
vj
2
−1

j

)(
p−1∏

k=0

(1 + uk)

p∑

j=k+1

vj
2

)

×
∞∑

k1=0

∞∑

k2=0

(
δa
4

)k1
(
a
2

)
k1
k1!

(
δ0u0
4λ

)k2
(
v0
2

)
k2
k2!






p∏

j=1

∞∑

kj+2=0




δjuj

j−1∏

k=0
(1+uk)

4λ





kj+2

(vj
2

)
kj+2

kj+2!






×




1+

u0
λ
+

p∑

j=1

uj
λ

j−1∏

k=0
(1+uk)

2





−

(
a
2
+

p∑

j=0

vj
2
+k1+k2+...+kp+2

)

× Γ(a
2
+

p∑

j=0

vj
2
+ k1 + k2 + . . . + kp+2)
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=

e
−
(
δa+δ0+δ1+...+δp

2

)

Γ

(
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2
+

p∑

j=0

vj
2

)

λ
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2

Γ
(
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2

)
Γ
(
v0
2

)
. . .Γ

(vp
2

)

(
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j=0

u
vj
2
−1

j

)(
p−1∏

k=0

(1 + uk)

p∑

j=k+1

vj
2

)

×
(

λ+ u0 +
p∑

j=1

uj
j−1∏

k=0

(1 + uk)

)−
(

a
2
+

p∑

j=0

vj
2

)

×
∞∑

k1=0

∞∑

k2=0




 λδa

2

(

λ+u0+
p∑

j=1
uj

j−1∏

k=0
(1+uk)

)






k1

(
a
2

)
k1
k1!




 δ0u0

2

(

λ+u0+
p∑

j=1
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j−1∏
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)






k2

(
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2

)
k2
k2!

×






p∏

j=1

∞∑

kj+2=0






δjuj
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2

(
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)
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(vj
2

)
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Γ

(
a
2
+

p∑

j=0
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2
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)

Γ

(
a
2
+

p∑

j=0

vj
2

)

=

e
−
(
δa+δ0+δ1+...+δp

2

)

Γ

(
a
2
+

p∑

j=0

vj
2

)

λ
a
2

Γ
(
a
2

)
Γ
(
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2

)
. . .Γ

(vp
2

)

(
p∏

j=0

u
vj
2
−1

j

)(
p−1∏

k=0

(1 + uk)

p∑

j=k+1

vj
2

)

×
(

λ+ u0 +
p∑

j=1

uj
j−1∏

k=0

(1 + uk)

)−
(

a
2
+

p∑

j=0

vj
2

)

×

×
∞∑

k1=0

∞∑

k2=0

. . .
∞∑

kp+2=0

(
a
2
+

p∑

j=0

vj
2

)

k1+k2+...+kp+2

(a2 )k1(
v0
2 )k2

...( vp2 )kp+2
k1!k2!...kp+2!

(
λδa
2z

)k1 ( δ0u0
2z

)k2 ( δ1u1(1+u0)
2z

)k3
. . .

×




δpup

j−1∏

k=0
(1+uk)

2z





kp+2

,

where z = λ+ u0 +
p∑

j=1

uj
j−1∏

k=0

(1 + uk) . Result (3.28) follows from (B.11).

Remark 3.6 If δa = δ0 = δ1 = . . . = δp = 0, the distribution with pdf given in (3.28)

simplifies to the multivariate distribution derived in Chapter 2 (see (2.8)),
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f (u0, u1, . . . , up) =

Γ

(
a
2
+

p∑

j=0

vj
2

)

λ
a
2

Γ
(
a
2

)
Γ
(
v0
2

)
. . .Γ

(vp
2

)

(
p∏

j=0

u
vj
2
−1

j

)(
p−1∏

k=0

(1 + uk)

p∑

j=k+1

vj
2

)

×
(

λ+ u0 +
p∑

j=1

uj
j−1∏

k=0

(1 + uk)

)−
(

a
2
+

p∑

j=0

vj
2

)

,

uj > 0, j = 1, 2, . . . , p.

3.5 Shape analysis

In this section the shape of the univariate (see (3.20)) and bivariate (see (3.13)) mar-

ginal pdfs will be illustrated and the influence of the noncentrality parameters will be

investigated. The software package Mathematica was used.

The parameters can be interpreted as follows, based on the process control application:

λ : size of the unknown shift in the variance,

a : pooled number of observations before the shift in the unknown variance took

place,

v0 : sample size at time period κ, the first sample following the shift in the variance;

the shift in the variance took place between samples κ− 1 and κ,

δa : noncentrality parameter that quantifies the change in the mean before the change

in the variance took place,

δ0 : noncentrality parameter that quantifies the change in the mean after the change

in the variance took place.
Take note that if the mean and variance changes simultaneously, then δa = 0.

Panels (i) and (ii) of Figure 3.2 illustrate the effect of the noncentrality parameters δa

and δ0 on the univariate marginal pdf of U0 (see (3.20)).
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(i) Role of δa for δ0 = 2 (ii) Role of δ0 for δa = 0

da = 5

da = 0da = 10

0.0 0.5 1.0 1.5 2.0
u0

0.5

1.0

1.5

2.0
f Hu0L

d0 = 0

d0 = 5

d0 = 10

0.0 0.5 1.0 1.5 2.0
u0

0.5

1.0

1.5

2.0
f Hu0L

Figure 3.2 The marginal pdf (3.20) for different values of the

parameters δa and δ0 for λ = 1.5, κ = 5, a = 20 and v0 = 5

Panel (i) shows the effect of δa; as δa increases the pdf initially moves towards the vertical

axis and then towards the horizontal axis. In panel (ii) the pdf moves towards the

horizontal axis for bigger values of δ0. The influence of the parameters a, v0 = v and λ

on the marginal pdf is discussed in detail in Chapter 2, Section 2.6.

Panels (ii) to (v) of Figure 3.3 illustrate the effect of the noncentrality parameters δa, δ0

and δ1 on the bivariate pdf of U0, U1 (see (3.13)) for λ = 1.5, κ = 5, a = 20, v0 = v1 = 5.

Panel (i) is the central case, i.e. δa = δ0 = δ1 = 0 (see (2.39)), included for comparison

purposes. For λ < 1 the pattern is similar. The effect of λ is addressed in Chapter 2,

Section 2.6.
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(i) δa = δ0 = δ1 = 0

(ii) δa = δ0 = δ1 = 10

(iii) δa = 10, δ0 = δ1 = 2

(iv) δa = 2, δ0 = 10, δ1 = 2

(v) δa = δ0 = 2, δ1 = 10

Figure 3.3 The bivariate pdf (3.13) for different values of the

parameters δa and δ0 for λ = 1.5, κ = 5, a = 20 and v0 = 5
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3.6 Conclusion

In this chapter, the distributions are proposed for the case when measurements from

each sample are independent and identically distributed normal random variables and

the unknown variance is monitored when the known mean encountered a sustained shift.

Three scenarios were considered based on the timing of the shift in the mean. The

proposed model is also extended to the multivariate case i.e. the noncentral generalised

multivariate beta type II distribution. The effect of the noncentrality parameters were

investigated graphically.

In Chapter 5 the focus for the example will also be on this sequential process where the

unknown variance is monitored with a shift in the known mean. The probability to

detect a shift in the variance immediately will be calculated using the exact pdf of U0 (see

(3.20)).
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Chapter 4

Generalised bimatrix variate beta

type II distributions

4.1 Introduction

In this chapter the generalised bimatrix variate beta type II distribution is proposed. This

distribution emanates from monitoring the process covariance structure of q attributes

where samples are independent, having been collected from a multivariate normal distri-

bution with known mean vector and unknown covariance matrix. Two matrix variates

that correspond to the two time periods, immediately after the change in the covariance

structure took place, will be considered. Section 4.2 gives an outline of the sequential

process that introduces new Wishart ratios. The generalised bimatrix variate beta type

II distribution is derived in Sections 4.3.1 for the case where the covariance structure

changes by a scale factor and in Section 4.3.2 it is derived for the case with a complete

change in the covariance structure. In each of these sections the joint and marginal pdfs

are given, the moments and product moment of the determinants as well as the pdfs of

the determinants and product of the determinants are derived. The latter property is

investigated since it plays a role in the calculations discussed in Chapter 5.

4.2 Problem statement

In this section the problem of monitoring the process variance, when the mean remains

unchanged and measurements are from a normal distribution, will be extended to matrix

variates.

Suppose the covariance structure of q attributes of the items of a single process are

monitored simultaneously where the samples are independent having been collected from
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4.2. Problem statement

a multivariate normal distribution with known mean vector (µ
0
) and unknown covariance

matrix (Σ :q × q), denoted as MVN
(
µ
0
,Σ
)
. At each point in time (i) a sample of size

ni is collected. To this end let Y
(i) : ni × q denote the matrix of observations for time

period i, where Y
(i)
1 , Y

(i)
2 , . . . , Y (i)

q denote the column vectors (i.e. the ni observations of

each attribute) and Y
(i)
(1), Y

(i)
(2), . . . , Y

(i)
(ni)
denote the row vectors (i.e. observations of each

sample) of Y(i), i.e.

Y
(i) : ni × q =






Y
(i)
11 Y

(i)
12 · · · Y

(i)
1q

Y
(i)
21 Y

(i)
22 · · · Y

(i)
2q

...
...

...

Y (i)
ni1

Y (i)
ni2

· · · Y (i)
niq






=
(

Y
(i)
1 Y

(i)
2 · · · Y (i)

q

)
=






Y
(i)
(1)

Y
(i)
(2)
...

Y
(i)
(ni)






.

Assume that the observations within each sample are independent, therefore the row

vectors Y
(i)
(1), Y

(i)
(2), . . . , Y

(i)
(ni)
represent independent observations from a MVN

(
µ
0
,Σ
)

distribution. The sample covariance matrix at time i is denoted by

Si : q × q =
1

ni

ni∑

j=1

(
Y
(i)
(j) − µ

0

)′ (
Y
(i)
(j) − µ

0

)
.

The first sample is used to obtain an initial estimate of Σ, i.e. the sample covariance

matrix S1. At sample number two, S2 is compared to S1 to check whether the covariance

structure is still the same, if it is still the same a pooled sample covariance matrix is cal-

culated which will be compared to S3 at time period three. This sequential updating and

testing procedure continues until the process is declared out-of-control. It is known that

Si has a Wishart distribution (see Muirhead, 1982 [32], Definition 3.1.3, p.82; Corollary

3.2.2, p.86; (C.59)).

In SPC, once the process encountered a permanent / sustained upward or downward

step shift, one is interested in determining the probability of detecting the change in

the parameter Σ as soon as possible. Suppose that between samples κ − 1 and κ the

covariance structure changes as shown in Figure 4.1, i.e.

(a) from Σ to λΣ where λ > 0 and λ �= 1;

(b) from Σ to Σ1.
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4.2. Problem statement

κ − 1 κ κ + 1

MVN μ
0
,Σ MVN μ

0
,λΣ

MVN μ
0
,Σ1MVN μ

0
,Σ

(a)

(b)

Y11
κ−1

Y12
κ−1 ⋯ Y1q

κ−1

Y21
κ−1

Y22
κ−1 ⋯ Y2q

κ−1

⋮ ⋮ ⋮

Ynκ−11
κ−1

Ynκ−12
κ−1 ⋯ Ynκ−1q

κ−1

Y11
κ

Y12
κ ⋯ Y1q

κ

Y21
κ

Y22
κ ⋯ Y2q

κ

⋮ ⋮ ⋮

Ynκ1
κ

Ynκ2
κ ⋯ Ynκq

κ

Y11
κ+1

Y12
κ+1 ⋯ Y1q

κ+1

Y21
κ+1

Y22
κ+1 ⋯ Y2q

κ+1

⋮ ⋮ ⋮

Ynκ+11
κ+1

Ynκ+12
κ+1 ⋯ Ynκ+1q

κ+1

Figure 4.1 Matrix scenarios

In this study the two matrix random variables, U0 and U1, that corresponds to the two

successive time periods immediately after the change in the covariance structure occurred

(i.e. sample κ and sample κ+ 1) will be studied and is defined analogous to (2.7) by

U0 = X
− 1
2λW0X

− 1
2 ,

U1 = (X+ λW0)
− 1
2 λW1 (X+ λW0)

− 1
2 .

(4.1)

In this case X has a Wishart distribution with parameters v1 and Σ, denoted Wq (v1,Σ)

(see (C.59)), W0 is Wq (v2,Σ) distributed and W1 has a Wq (v3,Σ) distribution with

X, W0 and W1 independent (vi ≥ q, i = 1, 2, 3). Note that A
1
2 is the unique positive

definite square root of A (see (C.33)). In terms of the SPC application the parameters

v1 =
∑κ−1
i=1 ni, v2 = nκ and v3 = nκ+1. The latter expression (4.1) can be rewritten

U0 = X
− 1
2W0X

− 1
2 ,

U1 = (X+W0)
− 1
2 W1 (X+W0)

− 1
2 ,

(4.2)

where X ∼ Wq (v1,Σ) , W0 ∼ Wq (v2, λΣ) and W1 ∼ Wq (v3, λΣ) for Scenario (a).

FurthermoreW0 ∼ Wq (v2,Σ1) andW1 ∼ Wq (v3,Σ1) for scenario (b) with X, W0 and

W1 independent (vi ≥ q, i = 1, 2, 3) . The symmetric form of the ratios will be considered.

Subsequently, a short overview of existing bimatrix variate beta type II models will be

given to position the new model that will be derived.
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• Díaz-García and Gutiérrez-Jáimez (2010) [8] extended the bivariate generalised beta
type II / or F distribution to the matrix variate case with ratios:

U0 = X
− 1
2W0X

− 1
2 , (4.3)

U1 = X
− 1
2W1X

− 1
2 ,

where X ∼ Wq (v1,Σ) , Wi ∼ Wq (vi+2,Σ) i = 0, 1 be independent.

The pdf of (U0,U1) (see (4.3)) is

Γq
(
1
2
(v1 + v2 + v3)

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
) |U0|

1
2
v2−

1
2
(q+1) |U1|

1
2
v3−

1
2
(q+1) |Iq +U0 +U1|−

1
2
(v1+v2+v3)

where Ui > 0, i = 0, 1 with Re (vi) > q − 1, i = 1, 2, 3.

• Bekker et al. (2011) [5] defined the bimatrix variate extended F distribution as fol-
lows:

U0 = X
− 1
2W0X

− 1
2 , (4.4)

U1 = (X +W2)
−1
2 W1 (X +W2)

− 1
2 ,

where Wi ∼ Wq (vi+2,Σ), i = 0, 1, 2 and X ∼ Wq (v1,Σ) are independent.

The pdf of (U0,U1) (see (4.4)) is

βq
(
1
2
(v1 + v2) ,

1
2
v4
)

βq
(
1
2
v1,

1
2
v2,

1
2
v3;

1
2
v4
) |U0|

1
2
v2−

1
2
(q+1) |U1|

1
2
v3−

1
2
(q+1) |Iq +U1|−

1
2
(v1+v2+v3+v4)

× 2F1
(
1
2
(v1 + v2) ,

1
2
(v1 + v2 + v3 + v4) ;

1
2
(v1 + v2 + v4) ;−U0 (Iq +U1)

−1)

whereUi > 0, i = 0, 1 with
∣∣−U0 (Iq +U1)

−1
∣∣ < 1, Re (vi) > q−1, i = 1, 2, 3, 4 and

βq
(
1
2
(v1 + v2) ,

1
2
v4
)
is the multivariate beta function (see (C.36)), βq

(
1
2
v1,

1
2
v2,

1
2
v3;

1
2
v4
)

is the multivariate Dirichlet function (see (C.37)) and 2F1 (·) is the Gauss
hypergeometric function of matrix argument (see (C.52)).

This chapter focuses on the matrix variate random variables (4.2), because the distribution

of these matrix random variables is unknown and plays a role when calculating the run-

length probabilities. In Chapter 5 some measures are proposed. To develop an exact

expression of a run-length of one, one may use the distribution of |U0|; for N = 2 the

joint distribution of |U0| , |U1| plays a role, because after a change occurred, there is no
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longer independency. Furthermore, as a two-sample statistic for testing the hypothesis

at time κ that the two independent samples are from the q−variate multivariate normal
distributions with the same unknown covariance matrix Σ, the statistic |U0| may be of
interest as a test statistic. Subsequently |U1| can be used at time κ+ 1. Thus |U0| and
|U1| may be used as charting statistics for the multivariate process. For scenario (a) (see
Figure 4.1), |U0| is in fact a test statistic to check whether λ = 1 (i.e. the covariance

matrices are the same) versus λ �= 1 (i.e. the covariance matrix change with the scale

factor λ). For λ = 1, |U0| is the Wilks’ statistic type II (see Pham-Gia and Turkkan,
2011 [40]). Take note that it is assumed that the mean vector is known; without any loss

of generality it is assumed that the mean vector is the zero vector.

In the next section the generalised bimatrix variate beta type II distribution is derived.

Section 4.3.1 considers the case where X ∼ Wq (v1,Σ) , W0 ∼ Wq (v2, λΣ) and W1 ∼
Wq (v3, λΣ) are independent. In Section 4.3.1.1 the pdf of this newly defined bimatrix

variate generalised beta type II distribution is derived with the marginal pdfs in Section

4.3.1.2. The product moment E
[
|U0|h1|U1|h2

]
is derived in Section 4.3.1.3 and is used

to obtain exact expressions for the pdfs of |U0|, |U1|and |U0U1| in Section 4.3.1.4. The
case where it is not only a scale transformation of the covariance matrix but a complete

change in the covariance matrix structure (i.e. from Σ to Σ1) will be discussed in Section

4.3.2.

This study only considers the situation where the process covariance matrix structure

changed. The case where the mean also changes from µ
0
to µ

1
falls outside the scope of

this thesis.

4.3 The generalised bimatrix variate beta type II dis-

tributions

4.3.1 The covariance structure change from Σ to λΣ

In this section the generalised bimatrix variate beta type II distribution is derived for

the case where the covariance structure Σ changes with a scale factor i.e. λΣ. For the

bivariate case (q = 2) an example of a contour plot of the multivariate normal distribution

is given in Figure 4.2 to illustrate the effect of the change in the covariance matrix. The

pdf of (U0,U1) (4.2) is derived in Theorem 4.1. Sections 4.3.1.2 to 4.3.1.4 consider

some characteristics of this distribution with specific focus on the marginal distributions,

followed by an exact expression for the product moment. Finally the pdfs of |U0| , |U1|
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and |U0U1| are derived. Note there is no loss of generality in assuming Σ = Iq in the

derivation of the pdfs.

MVN μ
0
,Σ MVN μ

0
,λΣ

Figure 4.2 Contour plot to illustrate the change of

the covariance matrix by a scale factor

4.3.1.1 The probability density function

The pdf of the generalised bimatrix variate beta type II distribution is derived in Theorem

4.1.

Theorem 4.1 Suppose that X ∼ Wq (v1,Σ) is independent of W0 ∼ Wq (v2, λΣ) and

W1 ∼ Wq (v3, λΣ) . Then the pdf of (4.2) is given by

f(U0,U1) =
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
) |U0|

1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3 (4.5)

× |U1|
1
2
v3−

1
2
(q+1)

∣∣∣λIq +U0 + (Iq +U0)
1
2 U1 (Iq +U0)

1
2

∣∣∣
− 1
2
(v1+v2+v3)

,

where U i > 0, i = 0, 1 with Re (vi) > q − 1, i = 1, 2, 3 and Γq (·) is the multivariate

gamma function (see (C.34)).

Proof. The joint pdf of X,W0,W1 is given by (see (C.59))

f (X,W0,W1) = C |X|
1
2
(v1−q−1) |W0|

1
2
(v2−q−1) |W1|

1
2
(v3−q−1)

× etr
(
−1
2
X
)
etr
(
−1
2
λ−1W0

)
etr
(
−1
2
λ−1W1

)
,

(4.6)

where

C−1 = 2
1
2
q(v1+v2+v3)

∏3
i=1 Γq

(
1

2
vi

)
λ
1
2
q(v2+v3). (4.7)

Making the transformation

U = X, U0 = X
− 1
2W0X

− 1
2 , U1 = (X+W0)

− 1
2 W1 (X+W0)

− 1
2 ,
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give

X = U, W0 = U
1
2U0U

1
2 , W1 =

(
U+U

1
2U0U

1
2

) 1
2

U1

(
U+U

1
2U0U

1
2

) 1
2

=
(
U

1
2 (Iq +U0)U

1
2

) 1
2

U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

.

From (C.41) and (C.42) the Jacobian of the transformation is

J (X,W0,W1→U,U0,U1) = J (X→U) J (W0→U0) J (W1→U1)

= |U|
1
2
(q+1)

∣∣∣U
1
2 (Iq +U0)U

1
2

∣∣∣
1
2
(q+1)

= |U|q+1 |Iq +U0|
1
2
(q+1) . (4.8)

Therefore, substituting in (4.6) gives the joint pdf of (U,U0,U1) as

f (U,U0,U1)

= C |U| 12 (v1−q−1)
∣∣∣U

1
2U0U

1
2

∣∣∣
1
2
(v2−q−1)

×
∣∣∣∣
(
U

1
2 (Iq +U0)U

1
2

) 1
2

U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

∣∣∣∣

1
2
(v3−q−1)

×etr
(
−1
2
U
)
etr
(
−1
2
λ−1U

1
2U0U

1
2

)

×etr
(
−1
2
λ−1

(
U

1
2 (Iq+U0)U

1
2

) 1
2

U1

(
U

1
2 (Iq+U0)U

1
2

) 1
2

)

× |U|q+1 |Iq +U0|
1
2
(q+1)

= C |U|
1
2
(v1+v2+v3)−

1
2
(q+1) |U0|

1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3 |U1|

1
2
v3−

1
2
(q+1)

×etr
(
−1
2
U
)
etr
(
−1
2
λ−1UU0

)
etr
(
−1
2
λ−1U

1
2 (Iq +U0)U

1
2U1

)
.

(4.9)

From (4.9) follows that

f (U0,U1)

= C |U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3 |U1|

1
2
v3−

1
2
(q+1)

×
∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
U
)
etr
(
−1
2
λ−1UU0

)

× etr
(
−1
2
λ−1U

1
2 (Iq +U0)U

1
2U1

)
dU

= C |U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3 |U1|

1
2
v3−

1
2
(q+1) g1 (U1) , (4.10)
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where

g1 (U1) =

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
U
)
etr
(
−1
2
λ−1UU0

)

×etr
(
−1
2
λ−1U

1
2 (Iq +U0)U

1
2U1

)
dU.

Expanding etr
(
−1
2
λ−1U

1
2 (Iq +U0)U

1
2U1

)
in terms of the zonal polynomial using (C.50)

and applying (C.44) it follows that for any H ∈ O (q) , the orthogonal group, it can be

easily seen that g1 (U1) = g1 (HU1H
′) (see Muirhead, 1982 [32], p.248). Thus

g1 (HU1H
′)

=

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
U
)
etr
(
−1
2
λ−1UU0

)

×
∫

O(q)

etr
(
−1
2
λ−1U

1
2 (Iq +U0)U

1
2HU1H

′
)
dHdU

=

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
U
)
etr
(
−1
2
λ−1UU0

)

×∑
t

∑

τ

1

t!

∫

O(q)

Cτ
(
−1
2
λ−1U

1
2 (Iq +U0)U

1
2HU1H

′
)
dHdU

=

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
U
)
etr
(
−1
2
λ−1UU0

)

×∑
t

∑

τ

1

t!

∫

O(q)

Cτ

(
−1
2
λ−1 (Iq +U0)

1
2 U (Iq +U0)

1
2 HU1H

′
)
dHdU,

and

g1 (U1) =

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
U
)
etr
(
−1
2
λ−1UU0

)

×etr
(
−1
2
λ−1 (Iq +U0)

1
2 U (Iq +U0)

1
2 U1

)
dU.

(4.11)

Substituting (4.11) in (4.10) gives

f (U0,U1)

= C |U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3 |U1|

1
2
v3−

1
2
(q+1)

×
∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
U
)
etr
(
−1
2
λ−1UU0

)

× etr
(
−1
2
λ−1 (Iq +U0)

1
2 U (Iq +U0)

1
2 U1

)
dU
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= C |U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3 |U1|

1
2
v3−

1
2
(q+1)

×
∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
U
)
etr
(
−1
2
λ−1UU0

)

× etr
(
−1
2
λ−1U (Iq +U0)

1
2 U1 (Iq +U0)

1
2

)
dU

(4.12)

= C |U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3 |U1|

1
2
v3−

1
2
(q+1)

×
∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)

× etr
(
−1
2
λ−1U

[
λIq +U0 + (Iq +U0)

1
2 U1 (Iq +U0)

1
2

])
dU.

(4.13)

Integrating (4.13) with respect to U using (C.54) and substituting C (4.7) gives the

desired result

f (U0,U1)

=
1

2
1
2
q(v1+v2+v3)

∏3
i=1 Γq

(
1
2
vi
)
λ
1
2
q(v2+v3)

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3 |U1|

1
2
v3−

1
2
(q+1)

×Γq
(
1
2
(v1 + v2 + v3)

) ∣∣∣12λ
−1
[
λIq +U0 + (Iq +U0)

1
2 U1 (Iq +U0)

1
2

]∣∣∣
−1
2
(v1+v2+v3)

=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
) |U0|

1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3 |U1|

1
2
v3−

1
2
(q+1)

×
∣∣∣λIq +U0 + (Iq +U0)

1
2 U1 (Iq +U0)

1
2

∣∣∣
− 1
2
(v1+v2+v3)

.

4.3.1.2 Marginal probability density functions

In this section the marginal pdfs of the generalised bimatrix variate beta type II distrib-

ution (4.5) are derived.

Theorem 4.2 Suppose that X ∼ Wq (v1,Σ) is independent of W0 ∼ Wq (v2, λΣ) and

W1 ∼ Wq (v3, λΣ) . If the joint pdf of (4.2) is given by (4.5), then the pdf of

(a) U0 is given by

f (U0) =
Γq
(
1
2
(v1 + v2)

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)λ

1
2
qv1 |U0|

1
2
v2−

1
2
(q+1) |λIq +U0|−

1
2
(v1+v2) , (4.14)

where U0 > 0, with Re (vi) > q − 1, i = 1, 2,
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(b) U1 is given by

f (U1) =
Γq
(
1
2
(v1 + v2 + v3)

)

Γq
(
1
2
(v1 + v2)

)
Γq
(
1
2
v3
)λ

1
2
qv1 |U1|

1
2
v3−

1
2
(q+1) |λIq +U1|−

1
2
(v1+v2+v3)

×2F1
(
1
2
v2,

1
2
(v1+v2+v3) ;

1
2
(v1+v2) ; Iq− (Iq+U1)

1
2 (λIq+U1)

−1 (Iq+U1)
1
2

)
,

(4.15)

where U1 > 0,
∥∥∥Iq − (Iq +U1)

1
2 (λIq +U1)

−1 (Iq +U1)
1
2

∥∥∥ < 1 with Re (vi) > q − 1, i =

1, 2, 3 and 2F1 (·) is the Gauss hypergeometric function of matrix argument (see (C.52)).

Proof. (a) The marginal pdf of U0 is obtained by integrating f(U0,U1) (see (4.5))

with respect to U1 using (C.53),

f (U0)

=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
) |U0|

1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3

×
∫

U1>0

|U1|
1
2
v3−

1
2
(q+1)

∣∣∣λIq +U0 + (Iq +U0)
1
2 U1 (Iq +U0)

1
2

∣∣∣
− 1
2
(v1+v2+v3)

dU1

=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
) |U0|

1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3

∫

U1>0

|U1|
1
2
v3−

1
2
(q+1)

×
∣∣∣(λIq+U0)

1
2

(
Iq+(λIq+U0)

− 1
2 (Iq+U0)

1
2 U1 (Iq+U0)

1
2 (λIq+U0)

− 1
2

)

(λIq+U0)
1
2

∣∣∣
− 1
2
(v1+v2+v3)

dU1

=
Γq
(
1
2
(v1+v2+v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
) |U0|

1
2
v2−

1
2
(q+1) |Iq+U0|

1
2
v3 |λIq+U0|−

1
2
(v1+v2+v3)

×
∫

U1>0

|U1|
1
2
v3−

1
2
(q+1)

×
∣∣∣Iq+(λIq+U0)

− 1
2 (Iq+U0)

1
2 U1 (Iq+U0)

1
2 (λIq+U0)

− 1
2

∣∣∣
− 1
2
(v1+v2+v3)

dU1

=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
) |U0|

1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3 |λIq +U0|−

1
2
(v1+v2+v3)

×
∫

U1>0

|U1|
1
2
v3−

1
2
(q+1)

∣∣∣Iq + (Iq +U0)
1
2 (λIq +U0)

−1 (Iq +U0)
1
2 U1

∣∣∣
−1
2
(v1+v2+v3)

dU1
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=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
) |U0|

1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3 |λIq +U0|−

1
2
(v1+v2+v3)

×βq
(
1
2
v3,

1
2
(v1 + v2)

) ∣∣∣(Iq +U0)
1
2 (λIq +U0)

−1 (Iq +U0)
1
2

∣∣∣
− 1
2
(v1+v2+v3)

× 2F1
(
1
2
(v1+v2) ,

1
2
(v1+v2+v3) ;

1
2
(v1+v2+v3) ; Iq− (Iq+U0)

− 1
2 (λIq+U0) (Iq+U0)

− 1
2

)

=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
) |U0|

1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3 |λIq +U0|−

1
2
(v1+v2+v3)

×βq
(
1
2
v3,

1
2
(v1 + v2)

) ∣∣∣(Iq +U0)
1
2 (λIq +U0)

−1 (Iq +U0)
1
2

∣∣∣
− 1
2
(v1+v2+v3)

× 1F0

(
1
2
(v1 + v2) ; Iq − (Iq +U0)

− 1
2 (λIq +U0) (Iq +U0)

− 1
2

)

=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
) |U0|

1
2
v2−

1
2
(q+1) |Iq +U0|−

1
2
(v1+v2) βq

(
1
2
v3,

1
2
(v1 + v2)

)

× 1F0
(
1
2
(v1 + v2) ; Iq − (Iq +U0)

− 1
2 (λIq +U0) (Iq +U0)

− 1
2

)

=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
) |U0|

1
2
v2−

1
2
(q+1) |Iq +U0|−

1
2
(v1+v2)

Γq
(
1
2
(v1 + v2)

)
Γq
(
1
2
v3
)

Γq
(
1
2
(v1 + v2 + v3)

)

×
∣∣∣Iq −

(
Iq − (Iq +U0)

− 1
2 (λIq +U0) (Iq +U0)

−1
2

)∣∣∣
− 1
2
(v1+v2)

=
Γq
(
1
2
(v1 + v2)

)
λ
1
2
qv1

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) |U0|

1
2
v2−

1
2
(q+1) |λIq +U0|−

1
2
(v1+v2) ,

where βq (·) is the multivariate beta function (see (C.36)) and 1F0 (·) is the hypergeometric
function of matrix argument (see (C.51)). The latter two steps follows from writing the

multivariate beta function in terms of the multivariate gamma function (C.36), applying

(C.51) and simplifying the result.

(b) From (4.12) follows that

f (U1)

=

∫

U0>0

∫

U>0

C |U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3 |U1|

1
2
v3−

1
2
(q+1) |U| 12 (v1+v2+v3)− 1

2
(q+1)

× etr
(
−1
2
U
)
etr
(
−1
2
λ−1UU0

)
etr
(
−1
2
λ−1 (Iq +U0)

1
2 U (Iq +U0)

1
2 U1

)
dUdU0
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= C |U1|
1
2
v3−

1
2
(q+1)

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
U
) ∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3

× etr
(
−1
2
λ−1UU0

)
etr
(
−1
2
λ−1 (Iq +U0)

1
2 U (Iq +U0)

1
2 U1

)
dU0dU

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
U
)
g2(U1)dU, (4.16)

where

g2(U1) =

∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3etr

(
−1
2
λ−1UU0

)

×etr
(
−1
2
λ−1 (Iq +U0)

1
2 U (Iq +U0)

1
2 U1

)
dU0.

Expanding etr
(
−1
2
λ−1 (Iq +U0)

1
2 U (Iq +U0)

1
2 U1

)
in terms of the zonal polynomial us-

ing (C.50) and applying (C.44) it follows that for any H ∈ O (q) , g2(U1) = g2 (HU1H
′)

with

g2 (HU1H
′)

=

∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3etr

(
−1
2
λ−1UU0

)

×
∫

O(q)

etr
(
−1
2
λ−1 (Iq +U0)

1
2 U (Iq +U0)

1
2 HU1H

′
)
dHdU0

=

∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3etr

(
−1
2
λ−1UU0

)

×∑
t

∑

τ

1

t!

∫

O(q)

Cτ

(
−1
2
λ−1 (Iq +U0)

1
2 U (Iq +U0)

1
2 HU1H

′
)
dHdU0

=

∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3etr

(
−1
2
λ−1UU0

)

×∑
t

∑

τ

1

t!

∫

O(q)

Cτ
(
−1
2
λ−1U

1
2 (Iq +U0)U

1
2HU1H

′
)
dHdU0,

and

g2(U1) =

∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3etr

(
−1
2
λ−1UU0

)

×etr
(
−1
2
λ−1U

1
2 (Iq +U0)U

1
2U1

)
dU0.

(4.17)
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Substituting (4.17) in (4.16) gives

f (U1)

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
U
) ∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3

×etr
(
−1
2
λ−1UU0

)
etr
(
−1
2
λ−1U

1
2 (Iq +U0)U

1
2U1

)
dU0dU

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
U
) ∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3

×etr
(
−1
2
λ−1UU0

)
etr
(
−1
2
λ−1UU1

)
etr
(
−1
2
λ−1U

1
2U0U

1
2U1

)
dU0dU

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
λ−1UU1

)
etr
(
−1
2
U
)

×
∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3etr

(
−1
2
λ−1U0

(
U+U

1
2U1U

1
2

))
dU0dU

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)

×etr
(
−1
2
λ−1UU1

)
etr
(
−1
2
U
)
etr
(
−1
2
λ−1U0U

1
2 (Iq+U1)U

1
2

)
dUdU0

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3 g3 (U0) dU0, (4.18)

where

g3 (U0) =

∫

U>0

|U| 12 (v1+v2+v3)−
1
2
(q+1)etr

(
−1
2
λ−1UU1

)
etr
(
−1
2
U
)

×etr
(
−1
2
λ−1U0U

1
2 (Iq+U1)U

1
2

)
dU.

Expanding etr
(
−1
2
λ−1U0U

1
2 (Iq+U1)U

1
2

)
in terms of the zonal polynomial using (C.50)

and applying (C.44) it follows that for any H ∈ O (q) , g3(U0) = g3 (HU0H
′) with

g3 (HU0H
′)

=

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
λ−1UU1

)
etr
(
−1
2
U
)

×
∫

O(q)

etr
(
−1
2
λ−1HU0H

′
U

1
2 (Iq+U1)U

1
2

)
dHdU

=

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
λ−1UU1

)
etr
(
−1
2
U
)

×∑
t

∑

τ

1

t!

∫

O(q)

Cτ

(
−1
2
λ−1HU0H

′
U

1
2 (Iq+U1)U

1
2

)
dHdU
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=

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
λ−1UU1

)
etr
(
−1
2
U
)

×∑
t

∑

τ

1

t!

∫

O(q)

Cτ

(
−1
2
λ−1HU0H

′ (Iq+U1)
1
2 U (Iq+U1)

1
2

)
dHdU,

and

g3(U0) =

∫

U>0

|U| 12 (v1+v2+v3)−
1
2
(q+1)etr

(
−1
2
λ−1UU1

)
etr
(
−1
2
U
)

×etr
(
−1
2
λ−1U0 (Iq+U1)

1
2 U (Iq+U1)

1
2

)
dU.

(4.19)

Substituting (4.19) in (4.18) and applying (C.56) gives

f (U1)

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)

×etr
(
−1
2
λ−1UU1

)
etr
(
−1
2
U
)
etr
(
−1
2
λ−1U0 (Iq+U1)

1
2 U (Iq+U1)

1
2

)
dUdU0

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
λ−1UU1

)
etr
(
−1
2
U
)

×
∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3etr

(
−1
2
λ−1U0 (Iq+U1)

1
2 U (Iq+U1)

1
2

)
dU0dU

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U>0

|U| 12 (v1+v2+v3)−
1
2
(q+1)etr

(
−1
2
λ−1UU1

)
etr
(
−1
2
U
)

×Γq
(
1
2
v2
)
Ψ
(
1
2
v2,

1
2
(v2 + v3) +

1
2
(q + 1) , 1

2
λ−1 (Iq+U1)

1
2 U (Iq+U1)

1
2

)
dU

= C |U1|
1
2
v3−

1
2
(q+1) Γq

(
1
2
v2
) ∫

U>0

|U| 12 (v1+v2+v3)−1
2
(q+1)etr

(
−1
2
λ−1 (U1 + λIq)U

)

×Ψ
(
1
2
v2,

1
2
(v2 + v3) +

1
2
(q + 1) , 1

2
λ−1 (Iq +U1)

1
2 U (Iq +U1)

1
2

)
dU.

(4.20)

Integrating (4.20) with respect to U using (C.58) and substituting C (4.7) gives

f (U1)

=
Γq
(
1
2
(v1 + v2 + v3)

)
Γq
(
1
2
v1
)
Γq
(
1
2
v2
)

2
1
2
q(v1+v2+v3)

∏3
i=1 Γq

(
1
2
vi
)
λ
1
2
q(v2+v3)Γq

(
1
2
(v1 + v2)

) |U1|
1
2
v3−

1
2
(q+1)

×
∣∣ 1
2
λ−1 (Iq +U1)

∣∣− 1
2
(v1+v2+v3)

× 2F1

(
1
2
(v1+v2+v3) ,

1
2
v1;

1
2
(v1+v2) ; Iq− (Iq+U1)

−1
2 (λIq+U1) (Iq+U1)

− 1
2

)
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=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

) |U1|
1
2
v3−

1
2
(q+1) |Iq +U1|−

1
2
(v1+v2+v3)

× 2F1
(
v1
2
, v1+v2+v3

2
; v1+v2

2
; Iq− (Iq+U1)

− 1
2 (λIq+U1) (Iq+U1)

− 1
2

)
.

(4.21)

Rewriting the hypergeometric function of matrix argument, 2F1 (·) , using (C.55) gives

f (U1)

=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

) |U1|
1
2
v3−

1
2
(q+1) |Iq +U1|−

1
2
(v1+v2+v3)

∣∣∣(Iq +U1)
− 1
2 (λIq +U1) (Iq +U1)

− 1
2

∣∣∣
−1
2
(v1+v2+v3)

× 2F1

(
1
2
v2,

1
2
(v1 + v2 + v3) ;

1
2
(v1 + v2) ; Iq − (Iq +U1)

1
2 (λIq +U1)

−1 (Iq +U1)
1
2

)

=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

) |U1|
1
2
v3−

1
2
(q+1) |λIq +U1|−

1
2
(v1+v2+v3)

× 2F1
(
1
2
v2,

1
2
(v1 + v2 + v3) ;

1
2
(v1 + v2) ; Iq − (Iq +U1)

1
2 (λIq +U1)

−1 (Iq +U1)
1
2

)
.

Remark 4.1 Substituting λ = 1 (i.e. there is no change in the covariance structure and

therefore the process remains in-control) in (4.14) gives the well-known matrix variate

beta type II distribution (see (C.61)) with parameters (1
2
v1,

1
2
v2) with pdf

Γq
(
1
2
(v1 + v2)

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) |U0|

1
2
v2−

1
2
(q+1) |Iq +U0|−

1
2
(v1+v2) ,

U0 > 0.

4.3.1.3 Product moment of the determinants

The (h1, h2)
th product moment, E

(
|U0|h1 |U1|h2

)
, where (U0,U1) is distributed as (4.5)

is derived in Theorem 4.3 with the hth moments of |U0| and |U1| given in Lemma 4.3.1.
The moments are used to determine the distribution of |U0|, |U1| and |U0U1| in Section
4.3.1.4.
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Theorem 4.3 Suppose that X ∼ Wq (v1,Σ) is independent of W0 ∼ Wq (v2, λΣ) and

W1 ∼ Wq (v3, λΣ) . If the joint pdf of (4.2) is given by (4.5), then

E
(
|U0|h1 |U1|h2

)

=
Γq
(
1
2
(v1 + v2)− h2

)
Γq
(
1
2
v3 + h2

)
Γq
(
1
2
v1 − h1

)
Γq
(
1
2
v2 + h1

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
)
Γq
(
1
2
(v1 + v2)

)

× 2F1
(
1
2
v1 − h1,

1
2
(v1 + v2)− h2;

1
2
(v1 + v2) ; (1− λ) Iq

)
,

(4.22)

where ‖(1− λ) Iq‖ < 1, Re
(
1
2
(v1 + v2)− h2

)
> 1

2
(q − 1) , Re

(
1
2
v3 + h

)
> 1

2
(q − 1) ,

Re
(
1
2
v1 − h1

)
> 1

2
(q − 1) , Re

(
1
2
v2 + h1

)
> 1

2
(q − 1) .

Proof. From (4.5),

E
(
|U0|h1 |U1|h2

)

=

∫

U0>0

∫

U1>0

Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
) |U0|

1
2
v2+h1−

1
2
(q+1) |Iq +U0|

1
2
v3 |U1|

1
2
v3+h2−

1
2
(q+1)

×
∣∣∣λIq +U0 + (Iq +U0)

1
2 U1 (Iq +U0)

1
2

∣∣∣
− 1
2
(v1+v2+v3)

dU1dU0

=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
)

∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq +U0|

1
2
v3

∫

U1>0

|U1|
1
2
v3+h2−

1
2
(q+1)

×
∣∣∣(λIq +U0)

1
2

(
Iq + (λIq +U0)

−1
2 (Iq +U0)

1
2 U1 (Iq +U0)

1
2 (λIq +U0)

− 1
2

)

(λIq +U0)
1
2

∣∣∣
− 1
2
(v1+v2+v3)

dU1dU0

=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
)

∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq +U0|

1
2
v3 |λIq +U0|−

1
2
(v1+v2+v3)

×
∫

U1>0

|U1|
1
2
v3+h2−

1
2
(q+1)

×
∣∣∣Iq + (λIq +U0)

−1
2 (Iq +U0)

1
2 U1 (Iq +U0)

1
2 (λIq +U0)

− 1
2

∣∣∣
− 1
2
(v1+v2+v3)

dU1dU0

=
Γq
(
1
2
(v1+v2+v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
)

∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq+U0|

1
2
v3 |λIq+U0|−

1
2
(v1+v2+v3)

×
∫

U1>0

|U1|
1
2
v3+h2−

1
2
(q+1)

×
∣∣∣Iq + (Iq +U0)

1
2 (λIq +U0)

−1 (Iq +U0)
1
2 U1

∣∣∣
− 1
2
(v1+v2+v3)

dU1dU0.

(4.23)
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Integrating (4.23) with respect to U1 using (C.53) gives

E
(
|U0|h1 |U1|h2

)

=
Γq
(
1
2
(v1+v2+v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
)

∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq+U0|

1
2
v3 |λIq+U0|−

1
2
(v1+v2+v3)

×βq
(
1
2
v3 + h2,

1
2
(v1 + v2)− h2

) ∣∣∣(Iq +U0)
1
2 (λIq +U0)

−1 (Iq +U0)
1
2

∣∣∣
− 1
2
(v1+v2+v3)

× 1F0
(
1
2
(v1 + v2)− h2; Iq − (Iq +U0)

− 1
2 (λIq +U0) (Iq +U0)

− 1
2

)
dU0

=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
)

×
∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq +U0|

1
2
v3 |λIq +U0|−

1
2
(v1+v2+v3)

×βq
(
1
2
v3 + h2,

1
2
(v1 + v2)− h2

)
|Iq +U0|−

1
2
(v1+v2+v3) |λIq +U0|

1
2
(v1+v2+v3)

× 1F0
(
1
2
(v1 + v2)− h2; Iq − (Iq +U0)

− 1
2 (λIq +U0) (Iq +U0)

− 1
2

)
dU0.

(4.24)

The hypergeometric function of matrix argument, 1F0 (·) , in (4.24) can be simplified by
using (C.51), then

1F0
(
1
2
(v1 + v2)− h2; Iq − (Iq +U0)

− 1
2 (λIq +U0) (Iq +U0)

−1
2

)

=
∣∣∣(Iq +U0)

− 1
2 (λIq +U0) (Iq +U0)

−1
2

∣∣∣
− 1
2
(v1+v2)+h2

= |Iq +U0|
1
2
(v1+v2)−h2 |λIq +U0|−

1
2
(v1+v2)+h2 . (4.25)

Substituting (4.25) in (4.24) gives

E
(
|U0|h1 |U1|h2

)

=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
) βq

(
1
2
v3 + h2,

1
2
(v1 + v2)− h2

)

×
∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq +U0|−h2 |λIq +U0|−

1
2
(v1+v2)+h2 dU0

=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
) βq

(
1
2
v3 + h2,

1
2
(v1 + v2)− h2

)

×
∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq +U0|−h2

∣∣λ
(
Iq + λ−1U0

)∣∣− 1
2
(v1+v2)+h2 dU0
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=
Γq
(
1
2
(v1 + v2 + v3)

)
λ−

1
2
qv2+qh2

∏3
i=1 Γq

(
1
2
vi
) βq

(
1
2
v3 + h2,

1
2
(v1 + v2)− h2

)

×
∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq +U0|−h2

∣∣Iq + λ−1U0

∣∣− 1
2
(v1+v2)+h2 dU0.

(4.26)

Integrating (4.26) using (C.53) and subsequently replacing the multivariate beta function

using (C.36), the (h1, h2)
th product moment is

E
(
|U0|h1 |U1|h2

)

=
Γq
(
1
2
(v1 + v2 + v3)

)
λ−

1
2
qv2+qh2

∏3
i=1 Γq

(
1
2
vi
) βq

(
1
2
v3 + h2,

1
2
(v1 + v2)− h2

)

× βq
(
1
2
v2 + h1,

1
2
v1 − h1

) ∣∣λ−1Iq
∣∣− 1

2
(v1+v2)+h2

× 2F1
(
1
2
v1 − h1,

1
2
(v1 + v2)− h2;

1
2
(v1 + v2) ; Iq − λIq

)

=
Γq
(
1
2
(v1 + v2 + v3)

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
)

Γq
(
1
2
v3 + h2

)
Γq
(
1
2
(v1 + v2)− h2

)

Γq
(
1
2
(v1 + v2 + v3)

)

× Γq
(
1
2
v2 + h1

)
Γq
(
1
2
v1 − h1

)

Γq
(
1
2
(v1 + v2)

)

× 2F1
(
1
2
v1 − h1,

1
2
(v1 + v2)− h2;

1
2
(v1 + v2) ; Iq − λIq

)

=
Γq
(
1
2
(v1 + v2)− h2

)
Γq
(
1
2
v3 + h2

)
Γq
(
1
2
v1 − h1

)
Γq
(
1
2
v2 + h1

)

∏3
i=1 Γq

(
1
2
vi
)
Γq
(
1
2
(v1 + v2)

) λ
1
2
qv1

× 2F1
(
1
2
v1 − h1,

1
2
(v1 + v2)− h2;

1
2
(v1 + v2) ; (1− λ) Iq

)
.

Lemma 4.3.1 The hth moment of |U0| and |U1| where (U0,U1) is distributed as (4.5)

can be obtained from (4.22):

(a)

E
(
|U0|h

)
=

Γq
(
1
2
v1 − h

)
Γq
(
1
2
v2 + h

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) λqh (4.27)

where Re
(
1
2
v1 − h

)
> 1

2
(q − 1) , Re

(
1
2
v2 + h

)
> 1

2
(q − 1) .
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(b)

E
(
|U1|h

)
=

Γq
(
1
2
(v1 + v2)− h

)
Γq
(
1
2
v3 + h

)
λ
1
2
v1q

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

)

× 2F1
(
1
2
v1,

1
2
(v1 + v2)− h; 1

2
(v1 + v2) ; (1− λ) Iq

)

(4.28)

where ‖(1− λ) Iq‖ < 1, Re
(
1
2
(v1 + v2)− h

)
> 1

2
(q − 1) , Re

(
1
2
v3 + h

)
> 1

2
(q − 1) .

Proof. (a) Set h1 = h and h2 = 0 in (4.22) and using (C.51) it follows, then

E
(
|U0|h

)
=

Γq
(
1
2
(v1 + v2)

)
Γq
(
1
2
v3
)
Γq
(
1
2
v1 − h

)
Γq
(
1
2
v2 + h

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
)
Γq
(
1
2
(v1 + v2)

)

× 2F1
(
1
2
v1 − h, 1

2
(v1 + v2) ;

1
2
(v1 + v2) ; (1− λ) Iq

)

=
Γq
(
1
2
v1 − h

)
Γq
(
1
2
v2 + h

)
λ
1
2
qv1

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) 1F0

(
1
2
v1 − h; (1− λ) Iq

)

=
Γq
(
1
2
v1 − h

)
Γq
(
1
2
v2 + h

)
λ
1
2
qv1

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) |Iq − (1− λ) Iq|−(

1
2
v1−h)

=
Γq
(
1
2
v1 − h

)
Γq
(
1
2
v2 + h

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) λqh.

(b) Set h1 = 0 and h2 = h in (4.22), then

E
(
|U1|h

)
=

Γq
(
1
2
(v1 + v2)− h

)
Γq
(
1
2
v3 + h

)
Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
)
Γq
(
1
2
(v1 + v2)

)

× 2F1
(
1
2
v1,

1
2
(v1 + v2)− h; 1

2
(v1 + v2) ; (1− λ) Iq

)

=
Γq
(
1
2
(v1 + v2)− h

)
Γq
(
1
2
v3 + h

)
λ
1
2
qv1

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

)

× 2F1
(
1
2
v1,

1
2
(v1 + v2)− h; 1

2
(v1 + v2) ; (1− λ) Iq

)
.

4.3.1.4 Distributions of |U0|, |U1| and |U0U1|

Exact expressions for the pdfs of |U0|, |U1| and |U0U1| are derived in Theorem 4.4. Note
that the expressions of the cumulative distribution function of |U0| and |U1| are included
- see Chapter 5, Section 5.3.
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Theorem 4.4 Suppose that X ∼ Wq (v1,Σ) is independent of W0 ∼ Wq (v2, λΣ) and

W1 ∼ Wq (v3, λΣ) . If the joint pdf of (4.2) is given by (4.5) with marginal pdfs given in

(4.14) and (4.15) respectively, then

(a) the pdf of |U0| is given by

f (|U0|) = π
q(q−1)

2

Γq(12 v1)Γq(
1
2
v2)

λ−qGq,qq,q

(
λ−q |U0| |a1,...,aqb1,...,bq

)
,

|U0| > 0,

(4.29)

(b) with cumulative distribution function (CDF)

F|U0| (c) = Pr (|U0| ≤ c)

=
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)Gq,q+1q+1,q+1

(
λ−qc|1,a1+1,...,aq+1b1+1,...,bq+1,0

)
, c > 0, (4.30)

where G(·) denotes Meijer′s G-function (see (B.16)) and

aj = −1
2
v1 +

1
2
(j − 1) and bj =

1
2
v2 − 1

2
(j + 1) for j = 1, 2, . . . , q.

(c) The pdf of |U1| is given by

f (|U1|) =
λ
1
2
v1qπ

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v3
) (4.31)

×∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

)
t!
(1− λ)tCτ (Iq)G

q,q
q,q

(
|U1| |a1,...,aqb1,...,bq

)
,

|U1| > 0,

with the values of the parameters such that f (|U1|) is a valid pdf,

(d) with CDF

F|U1| (c) = Pr (|U1| ≤ c)

=
λ
1
2
v1qπ

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)

×∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

)
t!
(1− λ)tCτ (Iq)G

q,q+1
q+1,q+1

(
c|1,a1+1,...,aq+1b1+1,...,bq+1,0

)
,

c > 0,

(4.32)
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where aj = −1
2
(v1 + v2)−tj+

1
2
(j − 1) and bj =

1
2
v3− 1

2
(j + 1) for j = 1, . . . , q, with

the values of the parameters such that F|U1| (c) is a valid CDF and Γq (·, ·) denotes the

generalised gamma function (see (C.40)) and Cτ (·) is the zonal polynomial defined

in (C.43).

(e) The pdf of |U0U1| is given by

f (|U0U1|) =
λ
1
2
qv1

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)

×∑∞
t=0

∑
τ

πq(q−1) (1− λ)tCτ (Iq)

Γq
(
1
2
(v1 + v2) , τ

)
t!

G2q,2q
2q,2q

(
|U0U1| |a1,...,a2qb1,...,b2q

)
,

|U0U1| > 0,

(4.33)

where

aj =






−1
2
v1 − t j+1

2
+ 1

4
(j − 1) for j = 1, 3, . . . , 2q − 1

−1
2
(v1 + v2)− t j

2
+ 1

4
(j − 2) for j = 2, 4, . . . , 2q,

bj =

{
1
2
v3 − 1− (j−1)

4
for j = 1, 3, . . . , 2q − 1

1
2
v2 − 1− (j−2)

4
for j = 2, 4, . . . , 2q,

with the values of the parameters such that f (|U0U1|) is a valid pdf.

Proof. (a) From (4.27),

E
(
|U0|h−1

)
=

Γq
(
1
2
v1 − h+ 1

)
Γq
(
1
2
v2 + h− 1

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) λq(h−1),

therefore

E
(∣∣λ−1U0

∣∣h−1
)
=

Γq
(
1
2
v1 − h+ 1

)
Γq
(
1
2
v2 + h− 1

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) . (4.34)

The Mellin transform (see (B.14)) of f
(∣∣λ−1U0

∣∣) is

Mf (h) ≡ E
(∣∣λ−1U0

∣∣h−1
)
. (4.35)

Expressing the multivariate gamma functions in (4.34) as a product of gamma functions

(see (C.35)) and substituting it in the Mellin transform (4.35), gives

Mf (h) =

π
q(q−1)

2

q∏

j=1

Γ [1− aj − h]
q∏

j=1

Γ [bj + h]

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) ,

where aj = −1
2
v1 +

1
2
(j − 1) and bj =

1
2
v2 − 1

2
(j + 1) , j = 1, 2, . . . , q.

(4.36)
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The pdf of
∣∣λ−1U0

∣∣ is uniquely obtained from the inverse Mellin transform (see (B.15))
of (4.36) and the definition of the Meijer’s G-function (see (B.16)) and is given by

f
(∣∣λ−1U0

∣∣)

= 1
2πi

∫ ω+i∞
ω−i∞

Mf (h)
∣∣λ−1U0

∣∣−h dh

=
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) 1
2πi

∫ ω+i∞
ω−i∞

q∏

j=1

Γ [1− aj − h]
q∏

j=1

Γ [bj + h]
∣∣λ−1U0

∣∣−h dh

=
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)Gq,qq,q

(
λ−q |U0| |a1,...,aqb1,...,bq

)
. (4.37)

Therefore

f (|U0|) =
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)λ−qGq,qq,q

(
λ−q |U0| |a1,...,aqb1,...,bq

)
.

(b) Let u = |U0| , u > 0 then from (4.29) the CDF is defined as

F|U0| (c) = Pr (|U0| ≤ c)

=
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)λ−q

∫ c

0

Gq,qq,q

(
λ−qu|a1,...,aqb1,...,bq

)
du.

Applying (B.27), (B.28) and (B.25), yields the desired result:

F|U0| (c) =
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)λ−q

∫ c

0

Hq,q
q,q

(
λ−qu|(a1,1),...,(aq ,1)(b1,1),...,(bq,1)

)
du

=
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)λ−qcHq,q+1

q+1,q+1

(
λ−qc|(0,1),(a1,1),...,(aq ,1)(b1,1),...,(bq,1),(−1,1)

)

=
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)λ−qcGq,q+1q+1,q+1

(
λ−qc|0,a1,...,aqb1,...,bq,−1

)

=
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)Gq,q+1q+1,q+1

(
λ−qc|1,a1+1,...,aq+1b1+1,...,bq+1,0

)
.

(c) From (4.28) the Mellin transform (see (B.14)) of f (|U1|) is

Mf (h) ≡ E
(
|U1|h−1

)

=
Γq
(
1
2
(v1 + v2)− h+ 1

)
Γq
(
1
2
v3 + h− 1

)
λ
1
2
v1q

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

)

× 2F1
(
1
2
v1,

1
2
(v1 + v2)− h+ 1; 1

2
(v1 + v2) ; (1− λ) Iq

)
.

(4.38)
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Using (C.49) and (C.40) the Gauss hypergeometric function of matrix argument in (4.38)

can be written as

2F1
(
1
2
v1,

1
2
(v1 + v2)− h+ 1; 1

2
(v1 + v2) ; (1− λ) Iq

)

=
∑∞
t=0

∑
τ

(
1
2
v1
)
τ

(
1
2
(v1 + v2)− h+ 1

)
τ(

1
2
(v1 + v2)

)
τ

Cτ ((1− λ) Iq)

t!

=
∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
v1
)

Γq
(
1
2
(v1 + v2)− h+ 1, τ

)

Γq
(
1
2
(v1 + v2)− h+ 1

)
Γq
(
1
2
(v1 + v2)

)

Γq
(
1
2
(v1 + v2) , τ

)Cτ ((1− λ) Iq)

t!
.

This gives

Mf (h) ≡ Γq
(
1
2
v3 + h− 1

)
λ
1
2
v1q

Γq
(
1
2
v1
)
Γq
(
1
2
v3
) (4.39)

×∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)
Γq
(
1
2
(v1 + v2)− h+ 1, τ

)

Γq
(
1
2
(v1 + v2) , τ

)
t!

Cτ ((1− λ) Iq) .

From (C.35) the multivariate gamma function in (4.39) can be written as

Γq
(
1
2
v3 + h− 1

)
= π

q(q−1)
4

q∏

j=1

Γ [bj + h] , (4.40)

where bj =
1
2
v3 − 1

2
(j + 1) for j = 1, . . . , q,

and using (C.39), the generalised gamma function of weight τ can be written as

Γq
(
1
2
(v1 + v2)− h+ 1, τ

)
= π

q(q−1)
4

q∏

j=1

Γ [1− aj − h] , (4.41)

where aj = −1
2
(v1 + v2)− tj +

1
2
(j − 1) for j = 1, 2, . . . , q.

Substituting (4.40) and (4.41) in (4.39) gives

Mf (h) ≡
λ
1
2
v1q

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)
∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

)
t!
π

q(q−1)
2

×
q∏

j=1

Γ [1− aj − h]
q∏

j=1

Γ [bj + h]Cτ ((1− λ) Iq) .

(4.42)
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The pdf of |U1| is obtained from the inverse Mellin transform (see (B.15)) of (4.42) and
from the definition of the Meijer’s G-function (see (B.16)) as

f (|U1|)

= 1
2πi

∫ ω+i∞
ω−i∞

Mf (h) |U1|−h dh

=
λ
1
2
v1q

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)
∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

)
t!
Cτ ((1− λ) Iq)π

q(q−1)
2

× 1
2πi

∫ ω+i∞
ω−i∞

q∏

j=1

Γ [1− aj − h]
q∏

j=1

Γ [bj + h] |U1|−h dh

=
λ
1
2
v1qπ

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)
∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

)
t!
(1− λ)t Cτ (Iq)G

q,q
q,q

(
|U1| |a1,...,aqb1,...,bq

)
.

(d) Let u = |U1| , u > 0 then from (4.31) the CDF is defined as

F|U1| (c) = Pr (|U1| ≤ c)

=
λ
1
2
v1qπ

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)

×∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

)
t!
(1− λ)tCτ (Iq)

∫ c
0
Gq,qq,q

(
u|a1,...,aqb1,...,bq

)
du.

Applying (B.27), (B.28) and (B.25), yields the desired result:

F|U1| (c) =
λ
1
2
v1qπ

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)

×∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

)
t!
(1− λ)t Cτ (Iq)

∫ c
0
Hq,q
q,q

(
v|(a1,1),...,(aq ,1)(b1,1),...,(bq,1)

)
du

=
λ
1
2
v1qπ

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)

×∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

)
t!
(1− λ)t Cτ (Iq) cH

q,q+1
q+1,q+1

(
c|(0,1),(a1,1),...,(aq ,1)(b1,1),...,(bq,1),(−1,1)

)

=
λ
1
2
v1qπ

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)

×∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

)
t!
(1− λ)t Cτ (Iq) cG

q,q+1
q+1,q+1

(
c|0,a1,...,aqb1,...,bq,−1

)
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=
λ
1
2
v1qπ

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)

×∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

)
t!
(1− λ)tCτ (Iq)G

q,q+1
q+1,q+1

(
c|1,a1+1,...,aq+1b1+1,...,bq+1,0

)
.

(e) From (4.22), (C.49) and (C.40) the Mellin transform (see (B.14)) of f (|U0U1|) is

Mf (h)

≡ E
(
(|U0U1|)h−1

)

=
Γq
(
1
2
(v1 + v2)− h+ 1

)
Γq
(
1
2
v3 + h− 1

)
Γq
(
1
2
v1 − h+ 1

)
Γq
(
1
2
v2 + h− 1

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
)
Γq
(
1
2
(v1 + v2)

)

× 2F1
(
1
2
v1 − h+ 1, 1

2
(v1 + v2)− h+ 1; 1

2
(v1 + v2) ; (1− λ) Iq

)

=
Γq
(
1
2
(v1 + v2)− h+ 1

)
Γq
(
1
2
v3 + h− 1

)
Γq
(
1
2
v1 − h+ 1

)
Γq
(
1
2
v2 + h− 1

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
)
Γq
(
1
2
(v1 + v2)

)

× ∑∞
t=0

∑
τ

(
1
2
v1 − h+ 1

)
τ

(
1
2
(v1 + v2)− h+ 1

)
τ(

1
2
(v1 + v2)

)
τ

Cτ ((1− λ) Iq)

t!

=
Γq
(
1
2
(v1 + v2)− h+ 1

)
Γq
(
1
2
v3 + h− 1

)
Γq
(
1
2
v1 − h+ 1

)
Γq
(
1
2
v2 + h− 1

)
λ
1
2
qv1

∏3
i=1 Γq

(
1
2
vi
)
Γq
(
1
2
(v1 + v2)

)

× ∑∞
t=0

∑
τ

Γq
(
1
2
v1 − h+ 1, τ

)

Γq
(
1
2
v1 − h+ 1

)
Γq
(
1
2
(v1 + v2)− h+ 1, τ

)

Γq
(
1
2
(v1 + v2)− h+ 1

)
Γq
(
1
2
(v1 + v2)

)

Γq
(
1
2
(v1 + v2) , τ

)

× Cτ ((1− λ) Iq)

t!

=
Γq
(
1
2
v3 + h− 1

)
Γq
(
1
2
v2 + h− 1

)
λ
1
2
qv1

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)

× ∑∞
t=0

∑
τ

Γq
(
1
2
v1 − h+ 1, τ

)
Γq
(
1
2
(v1 + v2)− h+ 1, τ

)

Γq
(
1
2
(v1 + v2) , τ

)
t!

Cτ ((1− λ) Iq) .

(4.43)

From (C.35) the multivariate gamma functions in (4.43) can be written as

Γq
(
1
2
v3 + h− 1

)
Γq
(
1
2
v2 + h− 1

)

= π
q(q−1)

2

q∏

j=1

Γ
[
1
2
v3 + h− 1− (j−1)

2

] q∏

j=1

Γ
[
1
2
v2 + h− 1− (j−1)

2

]
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= π
q(q−1)

2

2q∏

j=1

Γ [bj + h] , (4.44)

where bj =

{
1
2
v3 − 1− (j−1)

4
for j = 1, 3, . . . , 2q − 1

1
2
v2 − 1− (j−2)

4
for j = 2, 4, . . . , 2q.

Using (C.39) the generalised gamma function of weight τ can be written as

Γq
(
1
2
v1 − h+ 1, τ

)
Γq
(
1
2
(v1 + v2)− h+ 1, τ

)

= π
q(q−1)

2

q∏

j=1

Γ
[
1
2
v1 − h+ 1 + tj − 1

2
(j − 1)

] q∏

j=1

Γ
[
1
2
(v1 + v2)− h+ 1 + tj − 1

2
(j − 1)

]

= π
q(q−1)

2

2q∏

j=1

Γ [1− aj − h] , (4.45)

where aj =






−1
2
v1 − t j+1

2
+ 1

4
(j − 1) for j = 1, 3, . . . , 2q − 1

−1
2
(v1 + v2)− t j

2
+ 1

4
(j − 2) for j = 2, 4, . . . , 2q.

Substituting (4.44) and (4.45) in (4.43) gives

Mf (h) ≡
λ
1
2
qv1

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)

× ∑∞
t=0

∑
τ

πq(q−1)
2q∏

j=1

Γ [1− aj − h]
2q∏

j=1

Γ [bj + h]

Γq
(
1
2
(v1 + v2) , τ

)
t!

Cτ ((1− λ) Iq) .

(4.46)

The pdf of |U0U1| is obtained from the inverse Mellin transform (see (B.15)) of (4.46)
and from the definition of the Meijer’s G-function (see (B.16)) as

f (|U0U1|)

= 1
2πi

∫ ω+i∞
ω−i∞

Mf (h) (|U0U1|)−h dh

=
λ
1
2
qv1

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)
∑∞
t=0

∑
τ

πq(q−1)Cτ ((1− λ) Iq)

Γq
(
1
2
(v1 + v2) , τ

)
t!

× 1
2πi

∫ ω+i∞
ω−i∞

2q∏

j=1

Γ [1− aj − h]
2q∏

j=1

Γ [bj + h] (|U0U1|)−h dh

=
λ
1
2
qv1

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)
∑∞
t=0

∑
τ

πq(q−1) (1− λ)t Cτ (Iq)

Γq
(
1
2
(v1 + v2) , τ

)
t!

G2q,2q
2q,2q

(
|U0U1| |a1,...,a2qb1,...,b2q

)
.
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Remark 4.2 Substituting q=1 in (4.29) and using (B.26) yields the marginal pdf of U0

given in (2.24):

f (u0) =
1

Γ
(
1
2
v1
)
Γ
(
1
2
v2
)λ−1G1,1

1,1

(
λ−1u0|−

1
2
v1

1
2
v2−1

)

=
1

Γ
(
1
2
v1
)
Γ
(
1
2
v2
)λ−1

(
λ−1

) 1
2
v2−1

Γ
(
1
2
(v1 + v2)

)
u
1
2
v2−1

0
(
1 + λ−1u0

) 1
2
(v1+v2)

=
Γ
(
1
2
(v1 + v2)

)

Γ
(
1
2
v1
)
Γ
(
1
2
v2
)λ−

1
2
v2u

1
2
v2−1

0

[
λ−1 (λ+ u0)

]− 1
2
(v1+v2)

=
Γ
(
1
2
(v1 + v2)

)

Γ
(
1
2
v1
)
Γ
(
1
2
v2
)λ

1
2
v1u

1
2
v2−1

0 (λ+ u0)
− 1
2
(v1+v2) , u0 > 0.

Remark 4.3 Substituting q=1 in (4.31) using (C.40) and (B.26) yields the marginal pdf

of U1 given in (2.25):

f (u1) =
λ
1
2
v1

Γ
(
1
2
v1
)
Γ
(
1
2
v3
)
∑∞
t=0

Γ1
(
1
2
v1, t

)

Γ1
(
1
2
(v1 + v2) , t

)
t!
(1− λ)t Ct (I1)G

1,1
1,1

(
u1|

− 1
2
(v1+v2)−t

1
2
v3−1

)

=
λ
1
2
v1

Γ
(
1
2
v1
)
Γ
(
1
2
v3
)
∑∞
t=0

(
1
2
v1
)
t
Γ
(
1
2
v1
)

(
1
2
(v1 + v2)

)
t
Γ
(
1
2
(v1 + v2)

)
t!
(1− λ)t

×Γ
(
1
2
(v1 + v2 + v3) + t

)
u
1
2
v3−1

1

(1 + u1)
1
2
(v1+v2+v3)+t

=
λ
1
2
v1

Γ
(
1
2
v3
)
Γ
(
1
2
(v1 + v2)

)u
1
2
v3−1

1 (1 + u1)
− 1
2
(v1+v2+v3)

∑∞
t=0

(
1
2
v1
)
t(

1
2
(v1 + v2)

)
t
t!

(
1− λ

1 + u1

)t

×Γ
(
1
2
(v1 + v2 + v3) + t

)

=
Γ
(
1
2
(v1 + v2 + v3)

)
λ
1
2
v1

Γ
(
1
2
v3
)
Γ
(
1
2
(v1 + v2)

) u
1
2
v3−1

1 (1 + u1)
− 1
2
(v1+v2+v3)

×∑∞
t=0

(
1
2
v1
)
t

(
1
2
(v1 + v2 + v3)

)
t(

1
2
(v1 + v2)

)
t
t!

(
1− λ

1 + u1

)t

=
Γ
(
1
2
(v1 + v2 + v3)

)
λ
1
2
v1

Γ
(
1
2
v3
)
Γ
(
1
2
(v1 + v2)

) u
1
2
v3−1

1 (1 + u1)
− 1
2
(v1+v2+v3)

× 2F1

(
1
2
v1,

1
2
(v1 + v2 + v3) ;

1
2
(v1 + v2) ;

1− λ

1 + u1

)
, u1 > 0,

∣∣∣∣
1− λ

1 + u1

∣∣∣∣ < 1.

Remark 4.4 Pham-Gia and Turkkan (2011) [40] discussed the two kinds of Wilks’ sta-

tistic. If U0 = X
− 1
2W0X

− 1
2 with X and W0 Wishart matrices (Wq (vi,Σ), i = 1, 2), then

U0 has the matrix variate beta type II distribution. They derived the exact expression for
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the pdf of Wilks’ statistic type II: |U0|, the latter expressed as the product of q univariate

betas of the second kind, which in turn, can be expressed as Meijer G-functions. Thus,

(4.29) and (4.31) can be considered as Wilks’ type II statistics.

4.3.2 The covariance structure change from Σ to Σ1

In this section the generalised bimatrix variate beta type II distribution is derived for

the case where the covariance structure of the multivariate normal process changes from

Σ to Σ1, i.e. not just a scale transformation. The difference between this scenario and

the one discussed in Section 4.3.1 is evident from the comparison of the contour plots

of the multivariate normal distribution for the bivariate case (q = 2) given in Figure 4.2

and Figure 4.3 respectively. This section is organised in the same way as Section 4.3.1

where the pdf (U0,U1) (4.2) is derived in Section 4.3.2.1 and the marginal pdfs in Section

4.3.2.2 for the case where the covariance matrix change to Σ1 instead of λΣ . In Sections

4.3.2.3 and 4.3.2.4 exact expressions for the moments and product moment and the pdfs

of |U0| , |U1| and |U0U1| are derived, respectively.

MVN μ
0
,Σ MVN μ

0
,Σ1

Figure 4.3 Contour plot to illustrate the effect of a change

of the covariance matrix

4.3.2.1 The probability density function

In this section the joint pdf of the generalised bimatrix variate beta type II distribu-

tion is derived for the general case where the change in the covariance structure of the

multivariate normal distribution of the process is not restricted to a scale factor only.
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Theorem 4.5 Suppose that X ∼ Wq (v1,Σ) is independent of W0 ∼ Wq (v2,Σ1) and

W1 ∼ Wq (v3,Σ1) . Then the pdf of (4.2) is given by

f (U0,U1) (4.47)

=
Γq
(
1
2
(v1 + v2 + v3)

)

∏3
i=1 Γq

(
1
2
vi
)
|Σ| 12 v1 |Σ1|

1
2
(v2+v3)

|U0|
1
2
v2−

1
2
(q+1) |U1|

1
2
v3−

1
2
(q+1) |Iq +U0|

1
2
v3

×
∣∣∣Σ−1 +U

1
2
0Σ

−1
1 U

1
2
0 + (Iq +U0)

1
2 Σ

− 1
2

1 U1Σ
−1
2

1 (Iq +U0)
1
2

∣∣∣
− 1
2
(v1+v2+v3)

,

where U i > 0, with Re (vi) > q − 1, i = 1, 2, 3.

Proof. The joint pdf of X,W0 andW1 is given by (see (C.59))

f (X,W0,W1) = C |X| 12 (v1−q−1) |W0|
1
2
(v2−q−1) |W1|

1
2
(v3−q−1)

× etr
(
−1
2
Σ
−1
X
)
etr
(
−1
2
Σ
−1
1 W0

)
etr
(
−1
2
Σ
−1
1 W1

)
,

(4.48)

where

C−1 = 2
1
2
q(v1+v2+v3)

∏3
i=1 Γq

(
1
2
vi
)
|Σ| 12 v1 |Σ1|

1
2
(v2+v3). (4.49)

The transformation

U = X, U0 = X
− 1
2W0X

− 1
2 , U1 = (X+W0)

− 1
2 W1 (X+W0)

− 1
2 ,

give

X = U, W0 = U
1
2U0U

1
2 , W1 = =

(
U+U

1
2U0U

1
2

) 1
2

U1

(
U+U

1
2U0U

1
2

) 1
2

=
(
U

1
2 (Iq +U0)U

1
2

) 1
2

U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

,

with Jacobian (see (4.8))

J (X,W0,W1 → U,U0,U1) = |U|q+1 |Iq +U0|
1
2
(q+1) .
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Substituting in (4.48), the joint pdf of (U,U0,U1) is

f (U,U0,U1)

= C |U|
1
2
(v1−q−1)

∣∣∣U
1
2U0U

1
2

∣∣∣
1
2
(v2−q−1)

∣∣∣∣
(
U

1
2 (Iq+U0)U

1
2

) 1
2
U1

(
U

1
2 (Iq+U0)U

1
2

) 1
2

∣∣∣∣

1
2
(v3−q−1)

× etr
(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)

× etr
(
−1
2
Σ
−1
1

(
U

1
2 (Iq +U0)U

1
2

) 1
2
U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

)
|U|q+1 |Iq +U0|

1
2
(q+1)

= C |U| 12 (v1+v2+v3)− 1
2
(q+1) |U0|

1
2
v2−

1
2
(q+1) |U1|

1
2
v3−

1
2
(q+1) |Iq +U0|

1
2
v3

× etr
(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)

× etr
(
−1
2
Σ
−1
1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

)
.

(4.50)

From (4.50) follows that

f (U0,U1)

= C |U0|
1
2
v2−

1
2
(q+1) |U1|

1
2
v3−

1
2
(q+1) |Iq +U0|

1
2
v3

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)

× etr
(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)

× etr
(
−1
2
Σ
−1
1

(
U

1
2 (Iq +U0)U

1
2

) 1
2
U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

)
dU

(4.51)

= C |U0|
1
2
v2−

1
2
(q+1) |U1|

1
2
v3−

1
2
(q+1) |Iq +U0|

1
2
v3 g4

(
Σ
−1
1

)
, (4.52)

where

g4
(
Σ
−1
1

)
=

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)

×etr
(
−1
2
Σ
−1
1

(
U

1
2 (Iq +U0)U

1
2

) 1
2
U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

)
dU.

Expanding etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)
and etr

(
−1
2
Σ
−1
1

(
U

1
2 (Iq +U0)U

1
2

) 1
2
U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

)

in terms of the zonal polynomials using (C.50) and applying (C.46) it follows that for any

H ∈ O (q) , g4(Σ
−1
1 ) = g4

(
HΣ

−1
1 H

′
)
with
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g4
(
HΣ

−1
1 H

′
)

=

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
Σ
−1
U
) ∫

O(q)

etr
(
−1
2
HΣ

−1
1 H

′
U

1
2U0U

1
2

)

×etr
(
−1
2
HΣ

−1
1 H

′
(
U

1
2 (Iq +U0)U

1
2

) 1
2
U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

)
dHdU

=

∫

U>0

|U| 12 (v1+v2+v3)−
1
2
(q+1)etr

(
−1
2
Σ
−1
U
)∑

s

∑

ς

∑

t

∑

τ

1

t!

1

s!

∫

O(q)

Cς
(
−1
2
HΣ

−1
1 H

′
U

1
2U0U

1
2

)

×Cτ
(
−1
2
HΣ

−1
1 H

′
(
U

1
2 (Iq +U0)U

1
2

) 1
2
U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

)
dHdU

=

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
Σ
−1
U
)∑

s

∑

ς

∑

t

∑

τ

1

t!

1

s!

∫

O(q)

Cς
(
−1
2
HΣ

−1
1 H

′
U

1
2U0U

1
2

)

×Cτ
(
−1
2
HΣ

−1
1 H

′
U

1
2
1U

1
2 (Iq +U0)U

1
2U

1
2
1

)
dHdU.

Applying (C.48) gives

g4
(
HΣ

−1
1 H

′
)

=

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
Σ
−1
U
)∑

s

∑

ς

∑

t

∑

τ

1

t!

1

s!

∫

O(q)

Cς
(
−1
2
HΣ

−1
1 H

′
U

1
2
0UU

1
2
0

)

×Cτ
(
−1
2
HΣ

−1
1 H (Iq +U0)

1
2 U

1
2U1U

1
2 (Iq +U0)

1
2

)
dHdU,

and

g4(Σ
−1
1 ) =

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
−1
1 U

1
2
0UU

1
2
0

)

×etr
(
−1
2
Σ
−1
1 (Iq +U0)

1
2 U

1
2U1U

1
2 (Iq +U0)

1
2

)
dU.

(4.53)

Substituting (4.53) in (4.52) gives

f (U0,U1)

= C |U0|
1
2
v2−

1
2
(q+1) |U1|

1
2
v3−

1
2
(q+1) |Iq +U0|

1
2
v3

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)

×etr
(
−1
2
U

1
2
0Σ

−1
1 U

1
2
0U

)
etr
(
−1
2
(Iq +U0)

1
2 Σ

−1
1 (Iq +U0)

1
2 U

1
2U1U

1
2

)
dU

= C |U0|
1
2
v2−

1
2
(q+1) |U1|

1
2
v3−

1
2
(q+1) |Iq +U0|

1
2
v3 g5(U1), (4.54)
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where

g5(U1) =

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
−1
1 U

1
2
0UU

1
2
0

)

×etr
(
−1
2
(Iq +U0)

1
2 Σ

−1
1 (Iq +U0)

1
2 U

1
2U1U

1
2

)
dU.

Expanding etr
(
−1
2
(Iq +U0)

1
2 Σ

−1
1 (Iq +U0)

1
2 U

1
2U1U

1
2

)
in terms of the zonal polynomial

using (C.50) and applying (C.45) it follows that for any H ∈ O (q) , g5(U1) = g5 (HU1H
′)

with

g5 (HU1H
′)

=

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
U

1
2
0Σ

−1
1 U

1
2
0U

)

×
∫

O(q)

etr
(
−1
2
(Iq +U0)

1
2 Σ

−1
1 (Iq +U0)

1
2 U

1
2HU1H

′
U

1
2

)
dHdU

=

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
U

1
2
0Σ

−1
1 U

1
2
0U

)

× ∑

t

∑

τ

1

t!

∫

O(q)

Cτ

(
−1
2
U

1
2 (Iq +U0)

1
2 Σ

−1
1 (Iq +U0)

1
2 U

1
2HU1H

′
)
dHdU

=

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
U

1
2
0Σ

−1
1 U

1
2
0U

)

× ∑

t

∑

τ

1

t!

∫

O(q)

Cτ

(
−1
2
Σ
− 1
2

1 (Iq +U0)
1
2 U (Iq +U0)

1
2 Σ

− 1
2

1 HU1H
′
)
dHdU,

and

g5 (U1)

=

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
U

1
2
0Σ

−1
1 U

1
2
0U

)

×etr
(
−1
2
Σ
− 1
2

1 (Iq +U0)
1
2 U (Iq +U0)

1
2 Σ

− 1
2

1 U1

)
dU.

(4.55)
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Substituting (4.55) in (4.54) gives

f (U0,U1)

= C |U0|
1
2
v2−

1
2
(q+1) |U1|

1
2
v3−

1
2
(q+1) |Iq +U0|

1
2
v3

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)

×etr
(
−1
2
Σ
−1
U
)
etr
(
−1
2
U

1
2
0Σ

−1
1 U

1
2
0U

)

×etr
(
−1
2
(Iq +U0)

1
2 Σ

−1
2

1 U1Σ
−1
2

1 (Iq +U0)
1
2 U

)
dU

= C |U0|
1
2
v2−

1
2
(q+1) |U1|

1
2
v3−

1
2
(q+1) |Iq +U0|

1
2
v3

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)

etr
(
−1
2

(
Σ
−1 +U

1
2
0Σ

−1
1 U

1
2
0 + (Iq +U0)

1
2 Σ

− 1
2

1 U1Σ
− 1
2

1 (Iq +U0)
1
2

)
U

)
dU.

(4.56)

Integrating (4.56) with respect to U and substituting C (4.49) gives the desired result,

f (U0,U1)

=
1

2
1
2
q(v1+v2+v3)

∏3
i=1 Γq

(
1
2
vi
)
|Σ|

1
2
v1 |Σ1|

1
2
(v2+v3)

|U0|
1
2
v2−

1
2
(q+1) |U1|

1
2
v3−

1
2
(q+1)

× |Iq +U0|
1
2
v3 Γq

(
1
2
(v1 + v2 + v3)

)

×
∣∣∣12
(
Σ
−1 +U

1
2
0Σ

−1
1 U

1
2
0 + (Iq +U0)

1
2 Σ

−1
2

1 U1Σ
−1
2

1 (Iq +U0)
1
2

)∣∣∣
− 1
2
(v1+v2+v3)

=
Γq
(
1
2
(v1 + v2 + v3)

)

∏3
i=1 Γq

(
1
2
vi
)
|Σ| 12v1 |Σ1|

1
2
(v2+v3)

|U0|
1
2
v2−

1
2
(q+1) |U1|

1
2
v3−

1
2
(q+1) |Iq +U0|

1
2
v3

×
∣∣∣Σ−1 +U

1
2
0Σ

−1
1 U

1
2
0 + (Iq +U0)

1
2 Σ

− 1
2

1 U1Σ
− 1
2

1 (Iq +U0)
1
2

∣∣∣
− 1
2
(v1+v2+v3)

.

4.3.2.2 Marginal probability density function

In this section the marginal pdfs of (4.47) are derived.

Theorem 4.6 Suppose that X ∼ Wq (v1,Σ) is independent of W0 ∼ Wq (v2,Σ1) and

W1 ∼ Wq (v3,Σ1) . If the joint pdf of (4.2) is given in (4.47), then the pdf of

(a) U0 is given by

f (U0) =
Γq
(
1
2
(v1 + v2)

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
|Σ|

1
2
v1 |Σ1|

1
2
v2
|U0|

1
2
v2−

1
2
(q+1)

∣∣∣Σ−1 +Σ
− 1
2

1 U0Σ
− 1
2

1

∣∣∣
− 1
2
(v1+v2)

,

(4.57)

where U0 > 0, with Re (vi) > q − 1, i = 1, 2.
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(b) U1 is given by

f (U1) =
Γq
(
1
2
(v1 + v2 + v3)

)

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

)
|Σ|

1
2
v1 |Σ1|

1
2
(v2+v3)

(4.58)

× |U1|
1
2
v3−

1
2
(q+1)

∣∣∣Σ−1 +U
1
2
1Σ

−1
1 U

1
2
1

∣∣∣
− 1
2
(v1+v2+v3)

×2F1
(
1

2
v2,

1

2
(v1 + v2 + v3) ;

1

2
(v1 + v2)

; Iq −
(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2
(
Σ
−1 +U

1
2
1Σ

−1
1 U

1
2
1

)−1 (
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2

)
,

whereU1 > 0,

∥∥∥∥Iq−
(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2
(
Σ
−1+U

1
2
1Σ

−1
1 U

1
2
1

)−1 (
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2

∥∥∥∥<1

with Re (vi) > q − 1, i = 1, 2, 3.

Proof. From (4.50) follows that

f (U0)

=

∫

U1>0

∫

U>0

C |U|
1
2
(v1+v2+v3)−

1
2
(q+1) |U0|

1
2
v2−

1
2
(q+1) |U1|

1
2
v3−

1
2
(q+1) |Iq +U0|

1
2
v3

× etr
(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)

× etr
(
−1
2
Σ
−1
1

(
U

1
2 (Iq +U0)U

1
2

) 1
2
U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

)
dUdU1

= C |U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)

×etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)∫

U1>0

|U1|
1
2
v3−

1
2
(q+1)

×etr
(
−1
2

(
U

1
2 (Iq +U0)U

1
2

) 1
2

Σ
−1
1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

U1

)
dU1dU.

(4.59)

Integrating (4.59) with respect to U1 using (C.54) gives

f (U0)

= C |U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)

×etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)

× Γq
(
1
2
v3
)
∣∣∣∣
1
2

(
U

1
2 (Iq +U0)U

1
2

) 1
2
Σ
−1
1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

∣∣∣∣
− 1
2
v3

dU
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= C |U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)

×etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)
Γq
(
1
2
v3
)
2
1
2
qv3

∣∣∣U
1
2 (Iq +U0)U

1
2

∣∣∣
− 1
2
v3
|Σ1|

1
2
v3 dU

= CΓq
(
1
2
v3
)
2
1
2
qv3 |U0|

1
2
v2−

1
2
(q+1) |Σ1|

1
2
v3

×
∫

U>0

|U|
1
2
(v1+v2)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
U

1
2Σ

−1
1 U

1
2U0

)
dU

= CΓq
(
1
2
v3
)
2
1
2
qv3 |U0|

1
2
v2−

1
2
(q+1) |Σ1|

1
2
v3 g6 (U0) , (4.60)

where

g6 (U0) =

∫

U>0

|U|
1
2
(v1+v2)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
U

1
2Σ

−1
1 U

1
2U0

)
dU.

Expanding etr
(
−1
2
U

1
2Σ

−1
1 U

1
2U0

)
in terms of the zonal polynomial using (C.50) and ap-

plying (C.44) it follows that for any H ∈ O (q) , g6(U0) = g6 (HU0H
′) with

g6 (HU0H
′)

=

∫

U>0

|U| 12 (v1+v2)− 1
2
(q+1)etr

(
−1
2
Σ
−1
U
) ∫

O(q)

etr
(
−1
2
U

1
2Σ

−1
1 U

1
2HU0H

′
)
dHdU

=

∫

U>0

|U| 12 (v1+v2)−
1
2
(q+1)etr

(
−1
2
Σ
−1
U
)∑

t

∑

τ

1

t!

∫

O(q)

Cτ
(
−1
2
U

1
2Σ

−1
1 U

1
2HU0H

′
)
dHdU

=

∫

U>0

|U| 12 (v1+v2)− 1
2
(q+1)etr

(
−1
2
Σ
−1
U
)∑

t

∑

τ

1

t!

∫

O(q)

Cτ
(
−1
2
Σ
− 1
2

1 UΣ
− 1
2

1 HU0H
′
)
dHdU,

and

g6 (U0) =

∫

U>0

|U| 12 (v1+v2)−
1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
− 1
2

1 UΣ
−1
2

1 U0

)
dU. (4.61)
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Substituting (4.61) in (4.60) gives

f (U0)

= CΓq
(
1
2
v3
)
2
1
2
qv3 |U0|

1
2
v2−

1
2
(q+1) |Σ1|

1
2
v3

×
∫

U>0

|U| 12 (v1+v2)− 1
2
(q+1) etr

(
−1
2
Σ
−1
U
)
etr

(
−1
2
Σ
− 1
2

1 UΣ
− 1
2

1 U0

)
dU

= CΓq
(
1
2
v3
)
2
1
2
qv3 |U0|

1
2
v2−

1
2
(q+1) |Σ1|

1
2
v3

×
∫

U>0

|U| 12 (v1+v2)− 1
2
(q+1) etr

(
−1
2
Σ
−1
U
)
etr

(
−1
2
Σ
− 1
2

1 U0Σ
− 1
2

1 U

)
dU

= CΓq
(
1
2
v3
)
2
1
2
qv3 |U0|

1
2
v2−

1
2
(q+1) |Σ1|

1
2
v3

×
∫

U>0

|U| 12 (v1+v2)− 1
2
(q+1) etr

(
−1
2

(
Σ
−1 +Σ

− 1
2

1 U0Σ
− 1
2

1

)
U

)
dU.

(4.62)

Integrating (4.62) with respect to U using (C.54) and substituting C (4.49) gives the

desired result

f (U0)

=
1

2
1
2
q(v1+v2+v3)

∏3
i=1 Γq

(
1
2
vi
)
|Σ|

1
2
v1 |Σ1|

1
2
(v2+v3)

Γq
(
1
2
v3
)
2
1
2
qv3 |U0|

1
2
v2−

1
2
(q+1) |Σ1|

1
2
v3

×Γq
(
1
2
(v1 + v2)

) ∣∣∣12
(
Σ
−1 +Σ

− 1
2

1 U0Σ
− 1
2

1

)∣∣∣
− 1
2
(v1+v2)

=
Γq
(
1
2
(v1 + v2)

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
|Σ|

1
2
v1 |Σ1|

1
2
v2
|U0|

1
2
v2−

1
2
(q+1)

∣∣∣Σ−1 +Σ
−1
2

1 U0Σ
−1
2

1

∣∣∣
− 1
2
(v1+v2)

.

(b) From (4.51) follows that

f (U1)

=

∫

U0>0

∫

U>0

C |U0|
1
2
v2−

1
2
(q+1) |U1|

1
2
v3−

1
2
(q+1) |Iq +U0|

1
2
v3 |U| 12 (v1+v2+v3)− 1

2
(q+1)

× etr
(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)

× etr
(
−1
2
Σ
−1
1

(
U

1
2 (Iq +U0)U

1
2

) 1
2
U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

)
dUdU0
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= C |U1|
1
2
v3−

1
2
(q+1)

∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3

×
∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)

× etr
(
−1
2
Σ
−1
1

(
U

1
2 (Iq +U0)U

1
2

) 1
2
U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

)
dUdU0

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3 g7

(
Σ
−1
1

)
dU0, (4.63)

where

g7
(
Σ
−1
1

)
=

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)

×etr
(
−1
2
Σ
−1
1

(
U

1
2 (Iq +U0)U

1
2

) 1
2
U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

)
dU.

Expanding etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)
and etr

(
−1
2
Σ
−1
1

(
U

1
2 (Iq+U0)U

1
2

) 1
2
U1

(
U

1
2 (Iq+U0)U

1
2

) 1
2

)

in terms of the zonal polynomials using (C.50) and applying (C.46) it follows that for any

H ∈ O (q) , g7(Σ
−1
1 ) = g7

(
HΣ

−1
1 H

′
)
with

g7
(
HΣ

−1
1 H

′
)

=

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
Σ
−1
U
) ∫

O(q)

etr
(
−1
2
HΣ

−1
1 H

′
U

1
2U0U

1
2

)

×etr
(
−1
2
HΣ

−1
1 H

′
(
U

1
2 (Iq +U0)U

1
2

) 1
2
U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

)
dHdU

=

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
Σ
−1
U
)

× ∑

s

∑

ς

∑

t

∑

τ

1

t!

1

s!

∫

O(q)

Cς

(
−1
2
HΣ

−1
1 H

′
U

1
2U0U

1
2

)

× Cτ

(
−1
2
HΣ

−1
1 H

′
(
U

1
2 (Iq +U0)U

1
2

) 1
2

U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

)
dHdU

=

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)

× ∑

s

∑

ς

∑

t

∑

τ

1

t!

1

s!

∫

O(q)

Cς
(
−1
2
HΣ

−1
1 H

′
U

1
2U0U

1
2

)

× Cτ
(
−1
2
HΣ

−1
1 H

′
U

1
2
1U

1
2 (Iq +U0)U

1
2U

1
2
1

)
dHdU,
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and

g7
(
Σ
−1
1

)
=

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)

× etr
(
−1
2
Σ
−1
1 U

1
2
1U

1
2 (Iq +U0)U

1
2U

1
2
1

)
dU.

(4.64)

Substituting (4.64) in (4.63) gives

f (U1)

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3

×
∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)

× etr
(
−1
2
Σ
−1
1 U

1
2
1U

1
2 (Iq +U0)U

1
2U

1
2
1

)
dUdU0

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3

×
∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)

× etr
(
−1
2
Σ
−1
1 U

1
2
1UU

1
2
1

)
etr
(
−1
2
Σ
−1
1 U

1
2
1U

1
2U0U

1
2U

1
2
1

)
dUdU0

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3

×
∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
U

1
2
1Σ

−1
1 U

1
2
1U

)

× etr
(
−1
2
U

1
2

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

)
U

1
2U0

)
dUdU0

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3 g8 (U0) dU0, (4.65)

where

g8 (U0) =

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
U

1
2
1Σ

−1
1 U

1
2
1U

)

×etr
(
−1
2
U

1
2

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

)
U

1
2U0

)
dU.

Expanding etr
(
−1
2
U

1
2

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

)
U

1
2U0

)
in terms of the zonal polynomial using

(C.50) and applying (C.44) it follows that for any H ∈ O (q) , g8(U0) = g8 (HU0H
′) with
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g8 (HU0H
′)

=

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
U

1
2
1Σ

−1
1 U

1
2
1U

)

×
∫

O(q)

etr
(
−1
2
U

1
2

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

)
U

1
2HU0H

′
)
dHdU

=

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
U

1
2
1Σ

−1
1 U

1
2
1U

)

× ∑

t

∑

τ

1

t!

∫

O(q)

Cτ
(
−1
2
U

1
2

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

)
U

1
2HU0H

′
)
dHdU

=

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
U

1
2
1Σ

−1
1 U

1
2
1U

)

× ∑

t

∑

τ

1

t!

∫

O(q)

Cτ

(
−1
2

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2

U

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2

HU0H
′

)
dHdU,

and

g8(U0) =

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
U

1
2
1Σ

−1
1 U

1
2
1U

)

× etr
(
−1
2

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2

U

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2

U0

)
dU.

(4.66)

Substituting (4.66) in (4.65) and applying (C.56) gives

f (U1)

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3

×
∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
U

1
2
1Σ

−1
1 U

1
2
1U

)

× etr
(
−1
2

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2

U

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2

U0

)
dUdU0

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
U

1
2
1Σ

−1
1 U

1
2
1U

)

×
∫

U0>0

|U0|
1
2
v2−

1
2
(q+1) |Iq +U0|

1
2
v3

× etr
(
−1
2

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2

U

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2

U0

)
dU0dU
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4. GENERALISED BIMATRIX VARIATE BETA TYPE II DISTRIBUTIONS
4.3. The generalised bimatrix variate beta type II distributions

= C |U1|
1
2
v3−

1
2
(q+1)

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
U

1
2
1Σ

−1
1 U

1
2
1U

)

×Γq
(
1
2
v2
)

× Ψ

(
v2
2
, v2+v3

2
+ q+1

2
, 1
2

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2

U

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2

)
dU

= CΓq
(
1
2
v2
)
|U1|

1
2
v3−

1
2
(q+1)

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)

×etr
(
−1
2

(
Σ
−1 +U

1
2
1Σ

−1
1 U

1
2
1

)
U

)

×Ψ
(
v2
2
, v2+v3

2
+q+1

2
, 1
2

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2

U

(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2

)
dU.

(4.67)

Integrating (4.67) with respect to U using (C.58) and substituting C (4.49) gives

f (U1)

=
Γq
(
1
2
v2
)
Γq
(
1
2
(v1 + v2 + v3)

)
Γq
(
1
2
v1
)

2
1
2
q(v1+v2+v3)

∏3
i=1 Γq

(
vi
2

)
Γq
(
1
2
(v1 + v2)

)
|Σ|

1
2
v1 |Σ1|

1
2
(v2+v3)

|U1|
1
2
v3−

1
2
(q+1)

×
∣∣∣12
(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

)∣∣∣
− 1
2
(v1+v2+v3)

× 2F1
(
1
2
v1,

1
2
(v1 + v2 + v3) ;

1
2
(v1 + v2)

; Iq−
(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

)− 1
2
(
Σ
−1+U

1
2
1Σ

−1
1 U

1
2
1

)(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

)− 1
2

)

=
Γq
(
1
2
(v1 + v2 + v3)

)

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

)
|Σ| 12 v1 |Σ1|

1
2
(v2+v3)

|U1|
1
2
v3−

1
2
(q+1)

∣∣∣Σ−11 +U
1
2
1Σ

−1
1 U

1
2
1

∣∣∣
− 1
2
(v1+v2+v3)

× 2F1
(
1
2
v1,

1
2
(v1 + v2 + v3) ;

1
2
(v1 + v2)

; Iq−
(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

)− 1
2
(
Σ
−1+U

1
2
1Σ

−1
1 U

1
2
1

)(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

)− 1
2

)
.
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Rewriting the hypergeometric function of matrix argument, 2F1 (·) , using (C.55) gives

f (U1)

=
Γq
(
1
2
(v1 + v2 + v3)

)

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

)
|Σ|

1
2
v1 |Σ1|

1
2
(v2+v3)

|U1|
1
2
v3−

1
2
(q+1)

∣∣∣Σ−11 +U
1
2
1Σ

−1
1 U

1
2
1

∣∣∣
− 1
2
(v1+v2+v3)

×
∣∣∣∣
(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

)− 1
2
(
Σ
−1 +U

1
2
1Σ

−1
1 U

1
2
1

)(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

)− 1
2

∣∣∣∣

−1
2
(v1+v2+v3)

× 2F1
(
1
2
v2,

1
2
(v1 + v2 + v3) ;

1
2
(v1 + v2)

; Iq−
(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2
(
Σ
−1+U

1
2
1Σ

−1
1 U

1
2
1

)−1 (
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2

)

=
Γq
(
1
2
(v1 + v2 + v3)

)

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

)
|Σ|

1
2
v1 |Σ1|

1
2
(v2+v3)

|U1|
1
2
v3−

1
2
(q+1)

∣∣∣Σ−1 +U
1
2
1Σ

−1
1 U

1
2
1

∣∣∣
− 1
2
(v1+v2+v3)

× 2F1
(
1
2
v2,

1
2
(v1 + v2 + v3) ;

1
2
(v1 + v2)

; Iq−
(
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2
(
Σ
−1+U

1
2
1Σ

−1
1 U

1
2
1

)−1 (
Σ
−1
1 +U

1
2
1Σ

−1
1 U

1
2
1

) 1
2

)
.

Remark 4.5 Substituting Σ = Iq and Σ1 = λIq in (4.57) simplifies to (4.14),

f (U0) =
Γq
(
1
2
(v1 + v2)

)

Γq
(
v1
2

)
Γq
(
v2
2

)
|Iq|

1
2
v1 |λIq|

1
2
v2
|U0|

1
2
v2−

1
2
(q+1)

∣∣Iq + λ−1U0

∣∣− 1
2
(v1+v2)

=
Γq
(
1
2
(v1 + v2)

)

Γq
(
v1
2

)
Γq
(
v2
2

)
λ
1
2
qv2
|U0|

1
2
v2−

1
2
(q+1)

∣∣λ−1 (λIq +U0)
∣∣− 1

2
(v1+v2)

=
Γq
(
1
2
(v1 + v2)

)
λ
1
2
qv1

Γq
(
v1
2

)
Γq
(
v2
2

) |U0|
1
2
v2−

1
2
(q+1) |λIq +U0|−

1
2
(v1+v2) ,

U0 > 0.

Remark 4.6 Substituting Σ = Iq and Σ1 = λIq in (4.58) simplifies to (4.15),

f (U1) =
Γq
(
1
2
(v1 + v2 + v3)

)

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

)
|Iq|

1
2
v1 |λIq|

1
2
(v2+v3)

|U1|
1
2
v3−

1
2
(q+1)

∣∣Iq + λ−1U1

∣∣− 1
2
(v1+v2+v3)

× 2F1
(
v2
2
, v1+v2+v3

2
; v1+v2

2
; Iq−

(
λ−1Iq+λ−1U1

) 1
2
(
Iq+λ−1U1

)−1 (
λ−1Iq+λ−1U1

) 1
2

)

=
Γq
(
1
2
(v1 + v2 + v3)

)

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

)
λ
1
2
q(v2+v3)

|U1|
1
2
v3−

1
2
(q+1)

∣∣λ−1 (λIq +U1)
∣∣− 1

2
(v1+v2+v3)

× 2F1
(
1
2
v2,

1
2
(v1 + v2 + v3) ;

1
2
(v1 + v2) ; Iq − (Iq +U1)

1
2 (λIq +U1)

−1 (Iq +U1)
1
2

)
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=
Γq
(
1
2
(v1 + v2 + v3)

)

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

)λ
1
2
qv1 |U1|

1
2
v3−

1
2
(q+1) |λIq +U1|−

1
2
(v1+v2+v3)

× 2F1

(
1
2
v2,

1
2
(v1 + v2 + v3) ;

1
2
(v1 + v2) ; Iq − (Iq +U1)

1
2 (λIq +U1)

−1 (Iq +U1)
1
2

)

U1 > 0,
∥∥∥Iq − (Iq +U1)

1
2 (λIq +U1)

−1 (Iq +U1)
1
2

∥∥∥ < 1.

4.3.2.3 Product moment of the determinants

The (h1, h2)
th product moment, E

(
|U0|h1 |U1|h2

)
, where (U0,U1) is distributed as (4.47)

is derived in Theorem 4.7 with the hth moments of |U0| and |U1| given in Lemma 4.3.2.

Theorem 4.7 Suppose that X ∼ Wq (v1,Σ) is independent of W0 ∼ Wq (v2,Σ1) and

W1 ∼ Wq (v3,Σ1) . If the joint pdf of (4.2) is given by (4.47), then,

E
(
|U0|h1 |U1|h2

)

=
Γq
(
1
2
(v1 + v2)− h2

)
Γq
(
1
2
v3 + h2

)
Γq
(
1
2
v1 − h1

)
Γq
(
1
2
v2 + h1

)

∏3
i=1 Γq

(
1
2
vi
)
Γq
(
1
2
(v1 + v2)

)

× |Σ|−
1
2
v1 |Σ1|

1
2
v1

× 2F1
(
1
2
v1 − h1,

1
2
(v1 + v2)− h2;

1
2
(v1 + v2) ; Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)

(4.68)

where
∥∥∥Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

∥∥∥ < 1, Re
(
1
2
(v1 + v2)− h2

)
> 1

2
(q − 1) , Re

(
1
2
v3 + h

)
> 1

2
(q − 1) ,

Re
(
1
2
v1 − h1

)
> 1

2
(q − 1) , Re

(
1
2
v2 + h1

)
> 1

2
(q − 1) .

Proof. From (4.50)

E
(
|U0|h1 |U1|h2

)

=

∫

U>0

∫

U0>0

∫

U1>0

C |U|
1
2
(v1+v2+v3)−

1
2
(q+1) |U0|

1
2
v2+h1−

1
2
(q+1) |U1|

1
2
v3+h2−

1
2
(q+1) |Iq +U0|

1
2
v3

× etr
(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)

× etr
(
−1
2
Σ
−1
1

(
U

1
2 (Iq +U0)U

1
2

) 1
2
U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

)
dU1dU0dU
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= C

∫

U>0

|U|
1
2
(v1+v2+v3)−

1
2
(q+1)etr

(
−1
2
Σ
−1
U
)

×
∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq +U0|

1
2
v3etr

(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)

×
∫

U1>0

|U1|
1
2
v3+h2−

1
2
(q+1)

×etr
(
−1
2

(
U

1
2 (Iq +U0)U

1
2

) 1
2
Σ
−1
1

(
U

1
2 (Iq +U0)U

1
2

) 1
2
U1

)
dU1dU0dU.

Solving the integral with respect to U1 using (C.54) gives

E
(
|U0|h1 |U1|h2

)

= C

∫

U>0

|U| 12 (v1+v2+v3)− 1
2
(q+1)etr

(
−1
2
Σ
−1
U
)

×
∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq +U0|

1
2
v3etr

(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)

×Γq
(
1
2
v3 + h2

)
∣∣∣∣
1
2

(
U

1
2 (Iq +U0)U

1
2

) 1
2
Σ
−1
1

(
U

1
2 (Iq +U0)U

1
2

) 1
2

∣∣∣∣
−( 12v3+h2)

dU0dU

= CΓq
(
1
2
v3 + h2

)
2
1
2
qv3+qh2 |Σ1|

1
2
v3+h2

∫

U>0

|U| 12 (v1+v2)−h2−1
2
(q+1)etr

(
−1
2
Σ
−1
U
)

×
∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq +U0|−h2etr

(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)
dU0dU

= CΓq
(
1
2
v3 + h2

)
2
1
2
qv3+qh2 |Σ1|

1
2
v3+h2

∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq +U0|−h2

×
∫

U>0

|U| 12 (v1+v2)−h2− 1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)
dUdU0

= CΓq
(
1
2
v3 + h2

)
2
1
2
qv3+qh2 |Σ1|

1
2
v3+h2

×
∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq +U0|−h2 g9 (U0) dU0,

(4.69)

where

g9 (U0) =

∫

U>0

|U| 12 (v1+v2)−h2−1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)
dU.

Expanding etr
(
−1
2
Σ
−1
1 U

1
2U0U

1
2

)
in terms of the zonal polynomial using (C.50) and ap-

plying (C.44) it follows that for any H ∈ O (q) , g9(U0) = g9 (HU0H
′) with
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g9 (HU0H
′)

=

∫

U>0

|U| 12 (v1+v2)−h2−1
2
(q+1)etr

(
−1
2
Σ
−1
U
) ∫

O(q)

etr
(
−1
2
Σ
−1
1 U

1
2HU0H

′
U

1
2

)
dHdU

=

∫

U>0

|U| 12 (v1+v2)−h2−
1
2
(q+1)etr

(
−1
2
Σ
−1
U
)∑

t

∑

τ

1

t!

∫

O(q)

Cτ
(
−1
2
U

1
2Σ

−1
1 U

1
2HU0H

′
)
dHdU

=

∫

U>0

|U| 12 (v1+v2)−h2−1
2
(q+1)etr

(
−1
2
Σ
−1
U
)∑

t

∑

τ

1

t!

∫

O(q)

Cτ
(
−1
2
Σ
− 1
2

1 UΣ
− 1
2

1 HU0H
′
)
dHdU,

and

g9(U0) =

∫

U>0

|U| 12 (v1+v2)−h2−1
2
(q+1)etr

(
−1
2
Σ
−1
U
)
etr
(
−1
2
Σ
− 1
2

1 UΣ
− 1
2

1 U0

)
dU. (4.70)

Substituting (4.70) in (4.69) gives

E
(
|U0|h1 |U1|h2

)

= CΓq
(
1
2
v3 + h2

)
2
1
2
qv3+qh2 |Σ1|

1
2
v3+h2

∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq +U0|−h2

×
∫

U>0

|U| 12 (v1+v2)−h2−
1
2
(q+1) etr

(
−1
2
Σ
−1
U
)
etr

(
−1
2
Σ
− 1
2

1 UΣ
− 1
2

1 U0

)
dUdU0

= CΓq
(
1
2
v3 + h2

)
2
1
2
qv3+qh2 |Σ1|

1
2
v3+h2

∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq +U0|−h2

×
∫

U>0

|U|
1
2
(v1+v2)−h2−

1
2
(q+1)etr

(
−1
2

(
Σ
−1 +Σ

− 1
2

1 U0Σ
− 1
2

1

)
U

)
dUdU0.

(4.71)

Integrating (4.71) with respect to U using (C.54) gives

E
(
|U0|h1 |U1|h2

)

= CΓq
(
1
2
v3 + h2

)
2
1
2
qv3+qh2 |Σ1|

1
2
v3+h2

∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq +U0|−h2

×Γq
(
1
2
(v1 + v2)− h2

) ∣∣∣12
(
Σ
−1 +Σ

−1
2

1 U0Σ
−1
2

1

)∣∣∣
−(12 (v1+v2)−h2)

dU0

= CΓq
(
1
2
v3 + h2

)
Γq
(
1
2
(v1 + v2)− h2

)
2
1
2
q(v1+v2+v3) |Σ1|

1
2
v3+h2

×
∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq +U0|−h2

×
∣∣∣Σ−

1
2

(
Iq +Σ

1
2Σ

− 1
2

1 U0Σ
− 1
2

1 Σ
1
2

)
Σ
− 1
2

∣∣∣
−( 12 (v1+v2)−h2)

dU0
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= CΓq
(
1
2
v3+h2

)
Γq
(
1
2
(v1+v2)−h2

)
2
1
2
q(v1+v2+v3) |Σ|

1
2
(v1+v2)−h2 |Σ1|

1
2
v3+h2

×
∫

U0>0

|U0|
1
2
v2+h1−

1
2
(q+1) |Iq+U0|−h2

∣∣∣Iq+Σ
−1
2

1 ΣΣ
− 1
2

1 U0

∣∣∣
−( 12 (v1+v2)−h2)

dU0.

(4.72)

Integrating (4.72) with respect to U0 using (C.53), substituting C (4.49) and rewriting

the multivariate beta functions using (C.36) gives

E
(
|U0|h1 |U1|h2

)

=
Γq
(
1
2
v3 + h2

)
Γq
(
1
2
(v1 + v2)− h2

)
2
1
2
q(v1+v2+v3) |Σ|

1
2
(v1+v2)−h2 |Σ1|

1
2
v3+h2

2
1
2
q(v1+v2+v3)

∏3
i=1 Γq

(
1
2
vi
)
|Σ| 12 v1 |Σ1|

1
2
(v2+v3)

× βq
(
1
2
v2 + h1,

1
2
v1 − h1

) ∣∣∣Σ
− 1
2

1 ΣΣ
− 1
2

1

∣∣∣
−( 12 (v1+v2)−h2)

× 2F1

(
1
2
v1 − h1,

1
2
(v1 + v2)− h2;

1
2
(v1 + v2) ; Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)

=
Γq
(
1
2
(v1 + v2)− h2

)
Γq
(
1
2
v3 + h2

)
Γq
(
1
2
v1 − h1

)
Γq
(
1
2
v2 + h1

)

∏3
i=1 Γq

(
1
2
vi
)
Γq
(
1
2
(v1 + v2)

) |Σ|−
1
2
v1 |Σ1|

1
2
v1

× 2F1

(
1
2
v1 − h1,

1
2
(v1 + v2)− h2;

1
2
(v1 + v2) ; Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)
.

Lemma 4.3.2 The hth moment of |U0| and |U1| where (U0,U1) is distributed as (4.47)

can be obtained from (4.68):

(a)

E
(
|U0|h

)
=

Γq
(
1
2
v1 − h

)
Γq
(
1
2
v2 + h

) ∣∣∣Σ
1
2
1Σ

−1
Σ

1
2
1

∣∣∣
h

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) , (4.73)

where Re
(
1
2
v1 − h

)
> 1

2
(q − 1) ,Re

(
1
2
v2 + h

)
> 1

2
(q − 1) .

(b)

E
(
|U1|h

)
=

Γq
(
1
2
(v1 + v2)− h

)
Γq
(
1
2
v3 + h

)

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

) |Σ|−
1
2
v1 |Σ1|

1
2
v1

× 2F1

(
1
2
v1,

1
2
(v1 + v2)− h; 1

2
(v1 + v2) ; Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)
,

(4.74)

where
∥∥∥Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

∥∥∥ < 1, Re
(
1
2
(v1 + v2)− h

)
> 1

2
(q − 1) ,Re

(
1
2
v3 + h

)
> 1

2
(q − 1) .
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Proof. (a) Set h1 = h and h2 = 0 in (4.68) and using (C.51) it follows

E
(
|U0|h

)
=

Γq
(
1
2
(v1 + v2)

)
Γq
(
1
2
v3
)
Γq
(
1
2
v1 − h

)
Γq
(
1
2
v2 + h

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

) |Σ|−
1
2
v1 |Σ1|

1
2
v1

× 2F1

(
1
2
v1 − h, 1

2
(v1 + v2) ;

1
2
(v1 + v2) ; Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)

=
Γq
(
1
2
v1 − h

)
Γq
(
1
2
v2 + h

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) |Σ|−

1
2
v1 |Σ1|

1
2
v1

1F0

(
1
2
v1 − h; Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)

=
Γq
(
1
2
v1 − h

)
Γq
(
1
2
v2 + h

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) |Σ|−

1
2
v1 |Σ1|

1
2
v1
∣∣∣Iq −

(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)∣∣∣
−( 12 v1−h)

=
Γq
(
1
2
v1 − h

)
Γq
(
1
2
v2 + h

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)

∣∣∣Σ
1
2
1Σ

−1
Σ

1
2
1

∣∣∣
h

=
Γq
(
1
2
v1 − h

)
Γq
(
1
2
v2 + h

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) |Σ−1Σ1|h .

(b) Set h1 = 0 and h2 = h in (4.68), then

E
(
|U1|h

)
=

Γq
(
1
2
(v1 + v2)− h

)
Γq
(
1
2
v3 + h

)
Γq
(
1
2
v1
)
Γq
(
1
2
v2
)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

) |Σ|− 1
2
v1 |Σ1|

1
2
v1

× 2F1
(
1
2
v1,

1
2
(v1 + v2)− h; 1

2
(v1 + v2) ; Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)

=
Γq
(
1
2
(v1 + v2)− h

)
Γq
(
1
2
v3 + h

)

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

) |Σ|− 1
2
v1 |Σ1|

1
2
v1

× 2F1
(
1
2
v1,

1
2
(v1 + v2)− h; 1

2
(v1 + v2) ; Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)
.

4.3.2.4 Distributions of |U0|, |U1| and |U0U1|

Exact expressions for the pdfs of |U0|, |U1| and |U0U1| are derived in Theorem 4.8.
Similarly as before, the expressions of the cumulative distribution function of |U0| and
|U1| are also included.

130

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



4. GENERALISED BIMATRIX VARIATE BETA TYPE II DISTRIBUTIONS
4.3. The generalised bimatrix variate beta type II distributions

Theorem 4.8 Suppose that X ∼ Wq (v1,Σ) is independent of W0 ∼ Wq (v2,Σ1) and

W1 ∼ Wq (v3,Σ1) . The ratios (4.2) have joint pdf (4.47) with marginal pdfs given in

(4.57) and (4.58), respectively. Then,

(a) the pdf of |U0| is given by

f (|U0|) =
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
∣∣Σ−11 Σ

∣∣Gq,qq,q
(∣∣Σ−11 Σ

∣∣ |U0| |a1,...,aqb1,...,bq

)
,

|U0| > 0,

(4.75)

(b) with CDF

F|U0| (c) = Pr (|U0| ≤ c)

=
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)Gq,q+1q+1,q+1

(∣∣Σ−11 Σ
∣∣ c|1,a1+1,...,aq+1b1+1,...,bq+1,0

)
,

c > 0,

(4.76)

where aj = −1
2
v1 +

1
2
(j − 1) and bj =

1
2
v2 − 1

2
(j + 1) for j = 1, 2, . . . , q.

(c) The pdf of |U1| is given by

f (|U1|)

=
π

q(q−1)
2 |Σ|−1

2
v1 |Σ1|

1
2
v1

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)

×∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

) 1
t!
Cτ

(
Iq−Σ

1
2
1Σ

−1
Σ

1
2
1

)
Gq,qq,q

(
|U1| |a1,...,aqb1,...,bq

)
,

|U1| > 0,

(4.77)

(d) with CDF

F|U1| (c) = Pr (|U1| ≤ c)

=
π

q(q−1)
2 |Σ|−1

2
v1 |Σ1|

1
2
v1

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)

∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

) 1
t!
Cτ

(
Iq−Σ

1
2
1Σ

−1
Σ

1
2
1

)
Gq,q+1q+1,q+1

(
c|1,a1+1,...,aq+1b1+1,...,bq+1,0

)
,

c > 0,

(4.78)

where aj = −1
2
(v1 + v2)− tj +

1
2
(j − 1) and bj =

1
2
v3 − 1

2
(j + 1) for j = 1, 2, . . . , q.
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(e) The pdf of |U0U1| is given by

f (|U0U1|)

=
|Σ|− 1

2
v1 |Σ1|

1
2
v1

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)

×∑∞
t=0

∑
τ

πq(q−1)

Γq
(
1
2
(v1 + v2) , τ

) 1
t!
Cτ

(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)
G2q,2q
2q,2q

(
|U0U1| |a1,...,a2qb1,...,b2q

)
,

|U0U1| > 0,

(4.79)

where

aj =






−1
2
v1 − t j+1

2
+ 1

4
(j − 1) for j = 1, 3, . . . , 2q − 1

−1
2
(v1 + v2)− t j

2
+ 1

4
(j − 2) for j = 2, 4, . . . , 2q,

bj =

{
1
2
v3 − 1− (j−1)

4
for j = 1, 3, . . . , 2q − 1

1
2
v2 − 1− (j−2)

4
for j = 2, 4, . . . , 2q.

Proof. (a) From (4.73),

E
(
|U0|h−1

)
=

Γq
(
1
2
v1 − h+ 1

)
Γq
(
1
2
v2 + h− 1

)
|Σ−1Σ1|h−1

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) ,

therefore the Mellin transform (see (B.14)) of f
(∣∣Σ−11 ΣU0

∣∣) is

Mf (h)

≡ E
(∣∣Σ−11 ΣU0

∣∣h−1
)

=
Γq
(
1
2
v1 − h+ 1

)
Γq
(
1
2
v2 + h− 1

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) . (4.80)

As in the proof of Theorem 4.4(a), Section 4.3.1.4, it follows that

Mf (h) =

π
q(q−1)

2

q∏

j=1

Γ [1− aj − h]
q∏

j=1

Γ [bj + h]

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) , (see (4.36))

where aj = −1
2
v1 +

1
2
(j − 1) and bj =

1
2
v2 − 1

2
(j + 1) , j = 1, 2, . . . , q.
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The pdf of
∣∣Σ−11 ΣU0

∣∣ is uniquely obtained from the inverse Mellin transform (see (B.15))
of (4.36) and the definition of the Meijer’s G-function (see (B.16)) and is given by

f
(∣∣Σ−11 ΣU0

∣∣)

= 1
2πi

∫ ω+i∞
ω−i∞

Mf (h)
∣∣Σ−11 ΣU0

∣∣−h dh

=
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
) 1
2πi

∫ ω+i∞
ω−i∞

q∏

j=1

Γ [1− aj − h]
q∏

j=1

Γ [bj + h]
∣∣Σ−11 ΣU0

∣∣−h dh

=
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)Gq,qq,q

(∣∣Σ−11 ΣU0

∣∣ |a1,...,aqb1,...,bq

)
.

Therefore

f (|U0|) =
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
∣∣Σ−11 Σ

∣∣Gq,qq,q
(∣∣Σ−11 Σ

∣∣ |U0| |a1,...,aqb1,...,bq

)
.

(b) Let u = |U0| , u > 0 then from (4.75) the CDF is defined as

F|U0| (c) = Pr (|U0| ≤ c)

=
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
∣∣Σ−11 Σ

∣∣
∫ c

0

Gq,qq,q

(∣∣Σ−11 Σ
∣∣ u|a1,...,aqb1,...,bq

)
du.

Applying (B.27), (B.28) and (B.25), yields the desired result:

F|U0| (c) =
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
∣∣Σ−11 Σ

∣∣
∫ c

0

Hq,q
q,q

(∣∣Σ−11 Σ
∣∣ u|(a1,1),...,(aq ,1)(b1,1),...,(bq,1)

)
du

=
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
∣∣Σ−11 Σ

∣∣ cHq,q+1
q+1,q+1

(∣∣Σ−11 Σ
∣∣ c|(0,1),(a1,1),...,(aq,1)(b1,1),...,(bq,1),(−1,1)

)

=
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
∣∣Σ−11 Σ

∣∣ cGq,q+1q+1,q+1

(∣∣Σ−11 Σ
∣∣ c|0,a1,...,aqb1,...,bq,−1

)

=
π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)Gq,q+1q+1,q+1

(∣∣Σ−11 Σ
∣∣ c|1,a1+1,...,aq+1b1+1,...,bq+1,0

)
.

(c) From (4.74) the Mellin transform (see (B.14)) of f (|U1|) is

Mf (h)

≡ E
(
|U1|h−1

)
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=
Γq
(
1
2
(v1 + v2)− h+ 1

)
Γq
(
1
2
v3 + h− 1

)

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

) |Σ|−1
2
v1 |Σ1|

1
2
v1

× 2F1
(
1
2
v1,

1
2
(v1 + v2)− h+ 1; 1

2
(v1 + v2) ; Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)
.

(4.81)

From (C.49) and (C.40) the Gauss hypergeometric function of matrix argument in (4.81)

can be written as

2F1

(
1

2
v1,

1

2
(v1 + v2)− h+ 1;

1

2
(v1 + v2) ; Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)

=
∑∞
t=0

∑
τ

(
1
2
v1
)
τ

(
1
2
(v1 + v2)− h+ 1

)
τ(

1
2
(v1 + v2)

)
τ
t!

Cτ

(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)

=
∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
v1
)

Γq
(
1
2
(v1 + v2)− h+ 1, τ

)

Γq
(
1
2
(v1 + v2)− h+ 1

)
Γq
(
1
2
(v1 + v2)

)

Γq
(
1
2
(v1 + v2) , τ

) 1
t!
(4.82)

×Cτ
(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)
.

Substituting (4.82) in (4.81) gives

Mf (h)

=
Γq
(
1
2
(v1 + v2)− h+ 1

)
Γq
(
1
2
v3 + h− 1

)

Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

) |Σ|−1
2
v1 |Σ1|

1
2
v1

× ∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
v1
)

Γq
(
1
2
(v1+v2)−h+1, τ

)

Γq
(
1
2
(v1+v2)−h+1

)
Γq
(
1
2
(v1+v2)

)

Γq
(
1
2
(v1+v2) , τ

) 1
t!
Cτ
(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)

=
Γq
(
1
2
v3 + h− 1

)

Γq
(
1
2
v1
)
Γq
(
1
2
v3
) |Σ|− 1

2
v1 |Σ1|

1
2
v1

× ∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)
Γq
(
1
2
(v1 + v2)− h+ 1, τ

)

Γq
(
1
2
(v1 + v2) , τ

)
t!

Cτ
(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)
.

(4.83)

Similarly as in the proof of Theorem 4.4(c), Section 4.3.1.4, it follows that

Γq
(
1
2
v3 + h− 1

)
= π

q(q−1)
4

q∏

j=1

Γ [bj + h] , (see (4.40))

where bj =
1
2
v3 − 1

2
(j + 1) , j = 1, . . . , q,

and
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Γq
(
1
2
(v1 + v2)− h+ 1, τ

)
= π

q(q−1)
4

q∏

j=1

Γ [1− aj − h] , (see (4.41))

where aj = −1
2
(v1 + v2)− tj +

1
2
(j − 1) , j = 1, 2, . . . , q.

Substituting (4.40) and (4.41) in (4.83) gives

Mf (h)

=
|Σ|− 1

2
v1 |Σ1|

1
2
v1

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)
∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

)
t!
π

q(q−1)
2

×
q∏

j=1

Γ [1− aj − h]
q∏

j=1

Γ [bj + h]Cτ
(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)
.

(4.84)

From the inverse Mellin transform (see (B.15)) of (4.84) and the definition of the Meijer’s

G-function (see (B.16)), the pdf of |U1| is

f (|U1|)

= 1
2πi

∫ ω+i∞
ω−i∞

Mf (h) |U1|−h dh

=
|Σ1|

1
2
v1 |Σ|−

1
2
v1

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)
∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

) 1
t!
Cτ
(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)
π

q(q−1)
2

× 1
2πi

∫ ω+i∞
ω−i∞

q∏

j=1

Γ [bj + h]
q∏

j=1

Γ [1− aj − h] |U1|−h dh

=
|Σ1|

1
2
v1 |Σ|−

1
2
v1 π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)

∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

) 1
t!
Cτ
(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)
Gq,qq,q

(
|U1| |a1,...,aqb1,...,bq

)
.

(d) Let u = |U1| , u > 0 then from (4.77) the CDF is defined as

F|U1| (c)

= Pr (|U1| ≤ c)

=
π

q(q−1)
2 |Σ|−

1
2
v1 |Σ1|

1
2
v1

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)

×∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

) 1
t!
Cτ

(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

) ∫ c
0
Gq,qq,q

(
u|a1,...,aqb1,...,bq

)
du.
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Applying (B.27), (B.28) and (B.25), yields the desired result:

F|U1| (c)

=
π

q(q−1)
2 |Σ|−

1
2
v1 |Σ1|

1
2
v1

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)

×∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

) 1
t!
Cτ
(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

) ∫ c
0
Hq,q
q,q

(
u|(a1,1),...,(aq,1)(b1,1),...,(bq ,1)

)
du

=
π

q(q−1)
2 |Σ|− 1

2
v1 |Σ1|

1
2
v1

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)

×∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

) 1
t!
Cτ
(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)
cHq,q+1

q+1,q+1

(
c|(0,1),(a1,1),...,(aq,1)(b1,1),...,(bq,1),(−1,1)

)

=
π

q(q−1)
2 |Σ|−

1
2
v1 |Σ1|

1
2
v1

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)

×∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

) 1
t!
Cτ

(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)
cGq,q+1q+1,q+1

(
c|0,a1,...,aqb1,...,bq,−1

)

=
π

q(q−1)
2 |Σ|−

1
2
v1 |Σ1|

1
2
v1

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)

×∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

) 1
t!
Cτ
(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)
Gq,q+1q+1,q+1

(
c|1,a1+1,...,aq+1b1+1,...,bq+1,0

)
.

(e) From (4.68), expanding the Gauss hypergeometric function of matrix argument in

series form using (C.49) and (C.40), the Mellin transform (see (B.14)) of f (|U0U1|) is

Mf (h)

≡ E
(
(|U0U1|)h−1

)

=
Γq
(
1
2
(v1 + v2)− h+ 1

)
Γq
(
1
2
v3 + h− 1

)
Γq
(
1
2
v1 − h+ 1

)
Γq
(
1
2
v2 + h− 1

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

)

× |Σ|− 1
2
v1 |Σ1|

1
2
v1

× 2F1

(
1
2
v1 − h+ 1, 1

2
(v1 + v2)− h+ 1; 1

2
(v1 + v2) ; Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)
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=
Γq
(
1
2
(v1 + v2)− h+ 1

)
Γq
(
1
2
v3 + h− 1

)
Γq
(
1
2
v1 − h+ 1

)
Γq
(
1
2
v2 + h− 1

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

)

× |Σ|−
1
2
v1 |Σ1|

1
2
v1

× ∑∞
t=0

∑
τ

(
1
2
v1 − h+ 1

)
τ

(
1
2
(v1 + v2)− h+ 1

)
τ(

1
2
(v1 + v2)

)
τ

Cτ
(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)

t!

=
Γq
(
1
2
(v1 + v2)− h+ 1

)
Γq
(
1
2
v3 + h− 1

)
Γq
(
1
2
v1 − h+ 1

)
Γq
(
1
2
v2 + h− 1

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)
Γq
(
1
2
(v1 + v2)

)

× |Σ|−
1
2
v1 |Σ1|

1
2
v1

×∑∞
t=0

∑
τ

Γq
(
v1
2
−h+1, τ

)

Γq
(
v1
2
−h+1

)
Γq
(
v1+v2
2
−h+1, τ

)

Γq
(
v1+v2
2
−h+1

)
Γq
(
v1+v2
2

)

Γq
(
v1+v2
2

, τ
)
Cτ
(
Iq−Σ

1
2
1Σ

−1
Σ

1
2
1

)

t!

=
Γq
(
1
2
v3 + h− 1

)
Γq
(
1
2
v2 + h− 1

)

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
) |Σ|−

1
2
v1 |Σ1|

1
2
v1

×∑∞
t=0

∑
τ

Γq
(
1
2
v1 − h+ 1, τ

)
Γq
(
1
2
(v1 + v2)− h+ 1, τ

)

Γq
(
1
2
(v1 + v2) , τ

)
t!

Cτ

(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)
.

(4.85)

Similarly as in the proof of Theorem 4.4(e), Section 4.3.1.4, it follows that

Γq
(
1
2
v3 + h− 1

)
Γq
(
1
2
v2 + h− 1

)

= π
p(p−1)

2

2q∏

j=1

Γ [bj + h] , (see (4.44))

with bj =






1
2
v3 − 1− (j−1)

4
for j = 1, 3, . . . , 2q − 1

1
2
v2 − 1− (j−2)

4
for j = 2, 4, . . . , 2q,

and

Γq
(
1
2
v1 − h+ 1, τ

)
Γq
(
1
2
(v1 + v2)− h+ 1, τ

)

= π
q(q−1)

2

2q∏

j=1

Γ [1− aj − h] , (see (4.45))

with aj =






−1
2
v1 − t j+1

2
+ 1

4
(j − 1) for j = 1, 3, . . . , 2q − 1

−1
2
(v1 + v2)− t j

2
+ 1

4
(j − 2) for j = 2, 4, . . . , 2q.
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Substituting (4.44) and (4.45) in (4.85) gives

Mf (h) =
|Σ|− 1

2
v1 |Σ1|

1
2
v1

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)

×∑∞
t=0

∑
τ

πp(p−1)
2q∏

j=1

Γ [bj+h]
2q∏

j=1

Γ [1−aj−h]

Γq
(
1
2
(v1 + v2) , τ

)
t!

Cτ

(
Iq−Σ

1
2
1Σ

−1
Σ

1
2
1

)
.

(4.86)

The pdf of |U0U1| is obtained from the inverse Mellin transform (see (B.15)) of (4.86)
and from the definition of the Meijer’s G-function (see (B.16)) as

f (|U0U1|)

= 1
2πi

∫ ω+i∞
ω−i∞

Mf (h) (|U0U1|)−hdh

=
|Σ|−

1
2
v1 |Σ1|

1
2
v1

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)
∑∞
t=0

∑
τ

πq(q−1)Cτ

(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)

Γq
(
1
2
(v1 + v2) , τ

)
t!

× 1
2πi

∫ ω+i∞
ω−i∞

2q∏

j=1

Γ [bj + h]
2q∏

j=1

Γ [1− aj − h] (|U0U1|)−hdh

=
|Σ|− 1

2
v1 |Σ1|

1
2
v1

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)
∑∞
t=0

∑
τ

πq(q−1)Cτ

(
Iq −Σ

1
2
1Σ

−1
Σ

1
2
1

)

Γq
(
1
2
(v1 + v2) , τ

)
t!

×G2q,2q
2q,2q

(
|U0U1| |a1,...,a2qb1,...,b2q

)
.

Remark 4.7 Substituting Σ = Iq and Σ1 = λIq in (4.75) simplifies to (4.29),

f (|U0|) =
π

q(q−1)
2

Γq
(
v1
2

)
Γq
(
v2
2

)
∣∣λ−1Iq

∣∣Gq,qq,q
(∣∣λ−1Iq

∣∣ |U0| |a1,...,aqb1,...,bq

)

=
π

q(q−1)
2

Γq
(
v1
2

)
Γq
(
v2
2

)λ−qGq,qq,q
(
λ−q |U0| |a1,...,aqb1,...,bq

)
,

|U0| > 0.

Remark 4.8 Substituting Σ = Iq and Σ1 = λIq in (4.77) simplifies to (4.31),

f (|U1|)

=
|λIq|

1
2
v1 |Iq|−

1
2
v1 π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)

∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

) 1
t!
Cτ (Iq − λIq)G

q,q
q,q

(
|U1| |a1,...,aqb1,...,bq

)
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=
λ
1
2
qv1π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)
∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

) 1
t!
Cτ ((1− λ) Iq)G

q,q
q,q

(
|U1| |a1,...,aqb1,...,bq

)

=
λ
1
2
qv1π

q(q−1)
2

Γq
(
1
2
v1
)
Γq
(
1
2
v3
)
∑∞
t=0

∑
τ

Γq
(
1
2
v1, τ

)

Γq
(
1
2
(v1 + v2) , τ

) 1
t!
(1− λ)tCτ (Iq)G

q,q
q,q

(
|U1| |a1,...,aqb1,...,bq

)
,

|U1| > 0.

Remark 4.9 Substituting Σ = Iq and Σ1 = λIq in (4.79) simplifies to (4.33),

f (|U0U1|)

=
|Iq|−

1
2
v1 |λIq|

1
2
v1

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)
∑∞
t=0

∑
τ

πq(q−1)Cτ (Iq − λIq)

Γq
(
1
2
(v1 + v2) , τ

)
t!
G2q,2q
2q,2q

(
|U0U1| |a1,...,a2qb1,...,b2q

)

=
λ
1
2
qv1

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)
∑∞
t=0

∑
τ

πq(q−1)Cτ ((1− λ) Iq)

Γq
(
1
2
(v1 + v2) , τ

)
t!
G2q,2q
2q,2q

(
|U0U1| |a1,...,a2qb1,...,b2q

)

=
λ
1
2
qv1

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
)
∑∞
t=0

∑
τ

πq(q−1) (1− λ)tCτ (Iq)

Γq
(
1
2
(v1 + v2) , τ

)
t!

G2q,2q
2q,2q

(
|U0U1| |a1,...,a2qb1,...,b2q

)
,

|U0U1| > 0.

4.3.2.5 Distribution of (|U0| , |U1|)

In Chapter 5, Section 5.3, a measure is proposed to determine the probability that a

control chart will signal immediately after a change in the covariance matrix, or after

one sample (i.e. the run-length probabilities). For this measure the joint distribution of

(|U0| , |U1|) is of interest and will be derived in this section.

Theorem 4.9 Suppose that X ∼ Wq (v1,Σ) is independent of W0 ∼ Wq (v2,Σ1) and

W1 ∼ Wq (v3,Σ1) . Then the joint pdf of |U0| and |U1| is

f (|U0| , |U1|) =
π
3q(q−1)

4 |2Σ|−1 |2Σ1|−2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
) |Iq +U0|

∞∫

0

|U|2Gq,00,q
( |U|
|2Σ| |b1,...,bq

)

×Gq,00,q
( |U| |U0|
|2Σ1|

|a1,...,aq
)
Gq,00,q

( |U| |Iq +U0| |U1|
|2Σ1|

|c1,...,acq
)
d |U| ,

where |U0| , |U1| > 0, with Re (vi) > q − 1, i = 1, 2, 3.

Proof. From (C.60) follows

E |X|h

|2Σ|h
=

Γq
(
1
2
v1 + h

)

Γq
(
1
2
v1
) .
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4. GENERALISED BIMATRIX VARIATE BETA TYPE II DISTRIBUTIONS
4.3. The generalised bimatrix variate beta type II distributions

The Mellin transform (see (B.14)) of f

( |X|
|2Σ|

)
is

Mf (h) ≡ E

(( |X|
|2Σ|

)h−1)

=
Γq
(
1
2
v1 + h− 1

)

Γq
(
1
2
v1
) . (4.87)

From (C.35) the multivariate gamma function in (4.87) can be written as

Γq
(
1
2
v1 + h− 1

)
= π

q(q−1)
4

q∏

j=1

Γ [bj + h] ,

where bj =
1
2
v1 − 1

2
(j + 1) for j = 1, . . . , q.

The pdf of
|X|
|2Σ| is obtained from the inverse Mellin transform (see (B.15)) of (4.87) and

from the definition of the Meijer’s G-function (see (B.16)) as

f

( |X|
|2Σ|

)

= 1
2πi

∫ ω+i∞
ω−i∞

Mf (h)

( |X|
|2Σ|

)−h
dh

=
π

q(q−1)
4

Γq
(
1
2
v1
) 1
2πi

∫ ω+i∞
ω−i∞

q∏

j=1

Γ [bj + h]

( |X|
|2Σ|

)−h
dh

=
π

q(q−1)
4

Γq
(
1
2
v1
)Gq,00,q

( |X|
|2Σ| |b1,...,bq

)
.

Therefore

f (|X|) = π
q(q−1)

4

Γq
(
1
2
v1
) |2Σ|−1Gq,00,q

( |X|
|2Σ| |b1,...,bq

)
.

Similarly

f (|W0|)=
π

q(q−1)
4

Γq
(
1
2
v2
) |2Σ1|−1Gq,00,q

( |W0|
|2Σ1|

|a1,...,aq
)
,

where aj =
1
2
v2 − 1

2
(j + 1) for j = 1, . . . , q,

and

f (|W1|) =
π

q(q−1)
4

Γq
(
1
2
v3
) |2Σ1|−1Gq,00,q

( |W1|
|2Σ1|

|c1,...,cq
)
,

where cj =
1
2
v3 − 1

2
(j + 1) for j = 1, . . . , q.
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4. GENERALISED BIMATRIX VARIATE BETA TYPE II DISTRIBUTIONS
4.4. Conclusion

The joint pdf of |X| , |W0| , |W1| is given by

f (|X| , |W0| , |W1|) = CGq,00,q

( |X|
|2Σ| |b1,...,bq

)
Gq,00,q

( |W0|
|2Σ1|

|a1,...,aq
)
Gq,00,q

( |W1|
|2Σ1|

|c1,...,cq
)
,

where C =
π
3q(q−1)

4 |2Σ|−1 |2Σ1|−2

Γq
(
1
2
v1
)
Γq
(
1
2
v2
)
Γq
(
1
2
v3
) .

Making the transformation

U = X, U0 = X
− 1
2W0X

− 1
2 , U1 = (X+W0)

− 1
2 W1 (X+W0)

− 1
2 ,

give

X = U, W0 = U
1
2U0U

1
2 , W1 =

(
U

1
2 (Iq +U0)U

1
2

) 1
2
U1

(
U

1
2 (Iq +U0)U

1
2

) 1
2
.

Therefore |X|= |U| , |W0| = |U| |U0| and |W1| =
∣∣∣
(
U

1
2 (Iq +U0)U

1
2

)∣∣∣ |U1| = |U| |Iq +U0| |U1|
with Jacobian (see (C.41))

J (|X| , |W0| , |W1|→ |U| , |U0| , |U1|) = |U|2 |Iq +U0| .

The joint pdf of |U| , |U0| and |U1| is

f (|U| , |U0| , |U1|) = CGq,00,q

( |U|
|2Σ| |b1,...,bq

)
Gq,00,q

( |U| |U0|
|2Σ1|

|a1,...,aq
)

×Gq,00,q
( |U| |Iq +U0| |U1|

|2Σ1|
|c1,...,cq

)
|Iq +U0| |U|2 .

Thus, the joint pdf of |U0| and |U1| is

f (|U0| , |U1|) = C |Iq +U0|
∞∫

0

|U|2Gq,00,q
( |U|
|2Σ| |b1,...,bq

)
Gq,00,q

( |U| |U0|
|2Σ1|

|a1,...,aq
)

×Gq,00,q
( |U| |Iq +U0| |U1|

|2Σ1|
|c1,...,cq

)
d |U| .

4.4 Conclusion

In this chapter the bimatrix variate beta type II distribution that originated fromWishart

ratios is introduced. This distribution originates from monitoring the process covariance

structure of q attributes where samples are independent, having been collected from a
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4. GENERALISED BIMATRIX VARIATE BETA TYPE II DISTRIBUTIONS
4.4. Conclusion

multivariate normal distribution with knownmean vector and unknown covariance matrix.

The case where the covariance matrix changes with a scale factor as well as a more general

case were discussed. The product moments of these new distributions were explored since

they were needed to derive the pdfs of the determinants of the statistics of interest. The

latter is required in Chapter 5.

The exact expressions of the pdfs are in terms of zonal polynomials, hypergeometric

functions of matrix argument and Meijer’s G-function. These functions are computable

due to the availability of packages (for example the Mathematica software package) and

algorithms (see Koev and Edelman, 2006 [25]). The computational aspect of the run-

length probabilities will be considered in Chapter 5.
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Chapter 5

Illustrative examples

The usefulness of the exact expressions for the pdfs of the newly derived distributions will

be illustrated in this chapter. Note that there are other methods available to calculate

the probabilities stemming from the sequential quality monitoring procedure, which are

also briefly addressed in this chapter.

The following will be addressed in this chapter:

• Calculation of the run-length probabilities if the unknown process variance changes;
this is done using the generalised multivariate beta type II pdf. Other methods to

calculate these run-length probabilities are also included (Section 5.1).

• Calculation of the run-length probabilities if both the unknown process variance and
the known process mean changes. The focus will be on the effect of the noncentral-

ity parameter of the noncentral generalised multivariate beta type II distribution

(Section 5.2).

• Tabulation of some percentage points of |U0| as an avenue to address the calculation
of run-length probabilities within the matrix environment (Section 5.3).

5.1 Run-length probabilities if the unknown process

variance has changed

This section considers a practical application in the SPC environment where the proposed

distribution (see (2.8)) is used to calculate run-length probabilities. In Section 5.1.1 the

generalised multivariate beta type II distribution is used to determine the probability

that a Q-chart will signal after the process variance encountered a sustained shift. For
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5. ILLUSTRATIVE EXAMPLES
5.1. Run-length probabilities if the unknown process variance has changed

comparison purposes these probabilities will also be calculated by means of (i) an approx-

imate method using simulation, (ii) an approximation assuming independence and (iii)

an exact method using a conditioning and unconditioning approach. These alternative

methods are discussed in Sections 5.1.2, 5.1.3 and 5.1.4, respectively.

The example used throughout this section is a continuation of the example in Section 1.2

where a Q-chart was used to monitor the process variance of a normal random variable

using twenty samples of size four each. The first ten samples of the simulated data

set were generated from a N (10, 1) distribution; the next ten samples from a N (10, 2)

distribution. The simulated data and Q-chart is given in Table 1.1 and Figure 1.2,

respectively. Based on the information of the simulated data set, it is evident that λ = 2

(variance increased by a factor of 2), vj = nj = n = 4 (equal sample sizes at each point in

time), κ = 11 (the process variance encountered a shift between samples ten and eleven)

and thus a = (κ− 1)×n = 40 (forty observations were available to estimate the unknown

variance before the shift occurred). The goal is to calculate the probabilities that the

control chart will signal that the process is out-of-control on samples one, two and three

following the shift.

Once a shift in the process parameter occurred, the run-length is the number of samples

collected from time κ (i.e. first sample after the change) until an out-of-control signal is

observed (i.e. a charting statistic plots on or outside the control limits). The discrete

random variable defining the run-length is called the run-length random variable and

typically denoted by N . The distribution of N is called the run-length distribution.

Let Aj be the event that the random variable Uj , j = 0, 1, . . . , p, plots inside its respective

control limits, i.e.

Aj = LCLκ+j < Uj < UCLκ+j . (5.1)

The probability of detecting a shift immediately, in other words, the probability of a

run-length of one is then

Pr(N = 1) = Pr(AC0 )

= 1− Pr(A0)

= 1− Pr (LCLκ < U0 < UCLκ) .

(5.2)

Remark 5.1 Take note that (5.2) is the probability that the control chart will signal

on the first sample collected after there was a change in the process variance. This is
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5. ILLUSTRATIVE EXAMPLES
5.1. Run-length probabilities if the unknown process variance has changed

essentially a conditional probability that the control chart will signal given that the process

is out-of-control.

5.1.1 The generalised distribution approach

The generalised multivariate beta type II distribution can be used to calculate probabili-

ties that a charting statistic will plot inside or outside the control limits. The probability

of detecting a shift immediately (see (5.2)), is the likelihood that a signal is obtained at

time κ,

Pr(N = 1)

= 1−
∫ UCL
LCL

f (u∗0) du
∗
0 (see (2.4))

= 1−
∫ UCLκ
LCLκ

f (u0) du0. (see (2.7)) (5.3)

The marginal pdf of U0 (see (2.24)) can therefore be used to determine the probability

of detecting the shift in the process variance immediately, i.e. when collecting the first

sample after the shift took place. The difference between the random variables U∗
0 (see

(2.4)) and U0 (see (2.7)) will be incorporated in the limits of integration. Note that LCLκ

and UCLκ depend on κ whereas LCL and UCL equals −3 and 3, respectively (regardless
the value of κ).

The limits of integration, LCLκ and UCLκ, will be discussed next.

When the process is in-control, i.e. λ = 1, U∗
0 =

W0/nκ

X/
∑κ−1
i=1 ni

∼ F
(
nκ,

∑κ−1
i=1 ni

)
(see

Remark 2.1), then the Q charting statistic is given by

Q (U∗
0 ) = Φ−1

[
Fnκ,Σκ−1

i=1 ni
(U∗

0 )
]
,

and the control limits UCLκ and LCLκ are determined as follows:

−3 < Φ−1
[
Fnκ,Σκ−1

i=1 ni
(U∗

0 )
]

< 3

⇐⇒ Φ(−3) < Fnκ,Σκ−1
i=1 ni

(U∗
0 ) < Φ(3)

⇐⇒ F−1

nκ,Σ
κ−1
i=1 ni

[Φ (−3)] < U∗
0 < F−1

nκ,Σ
κ−1
i=1 ni

[Φ (3)]

⇐⇒
F−1

nκ,Σ
κ−1
i=1 ni

[Φ (−3)]
∑κ−1

i=1
ni

nκ

< U0 <
F−1

nκ,Σ
κ−1
i=1 ni

[Φ (3)]
∑κ−1

i=1
ni

nκ

.
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5. ILLUSTRATIVE EXAMPLES
5.1. Run-length probabilities if the unknown process variance has changed

Therefore UCLκ =
F−1

nκ,Σ
κ−1
i=1 ni

[Φ (3)]
∑κ−1

i=1
ni

nκ

and LCLκ =
F−1

nκ,Σ
κ−1
i=1 ni

[Φ (−3)]
∑κ−1

i=1
ni

nκ

,

where

F (v1, v2) denotes the F distribution with v1 and v2 degrees of freedom;

Fv1,v2 (·) denotes the cumulative distribution function of the F (v1, v2) distribution;

F−1
v1,v2

(·) denotes the inverse of the cumulative distribution function of the F (v1, v2) dis-

tribution;

Φ(·) denotes the standard normal cumulative distribution function; and
Φ−1 (·) denotes the inverse of the standard normal cumulative distribution function.

In general, at time κ+ j, the limits of integration will be

UCLκ+j =
F−1

nκ+j ,Σ
κ+j−1
i=1 ni

[Φ (3)]
∑κ+j−1

i=1
ni

nκ+j

and LCLκ+j =
F−1

nκ+j ,Σ
κ+j−1
i=1 ni

[Φ (−3)]
∑κ+j−1

i=1
ni

nκ+j

, (5.4)

since the control limits of the control chart are based on the in-control distribution of the

process (i.e. when λ = 1).

The probability of a the run-length of two is the probability of not detecting the shift at

time κ, i.e. the charting statistic U0 plots inside the control limits, but the control chart

signals at time κ+ 1, i.e. U1 plots on or outside the control limits. Therefore

Pr(N = 2)

= Pr
(
A0 ∩AC1

)

= Pr (A0)− Pr (A0 ∩ A1)

=
∫ UCLκ
LCLκ

f (u0) du0 −
∫ UCLκ+1
LCLκ+1

∫ UCLκ
LCLκ

f (u0, u1) du0du1. (5.5)

The run-length probabilities for higher values of N can be determined in a similar fashion.
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5. ILLUSTRATIVE EXAMPLES
5.1. Run-length probabilities if the unknown process variance has changed

The probability of a run-length of η is then

Pr(N = η)

= Pr

(
η−2⋂

j=0

Aj ∩ ACη−1

)

=
∫ UCLκ+η−2

LCLκ+η−2
. . .
∫ UCLκ
LCLκ

f (u0, . . . , uη−2) du0 . . . duη−2

−
∫ UCLκ+η−1

LCLκ+η−1
. . .
∫ UCLκ
LCLκ

f (u0, . . . , uη−1) du0 . . . duη−1

for η = 2, 3, . . . .

(5.6)

The run-length probabilities, up to N = 3, for the example (where λ = 2, vj = n = 4,

κ = 11, a = Σκ−1i=1 n = (κ− 1) × n = 40) is calculated next. The software package

Mathematica was used to calculate these probabilities. An exact solution can be obtained

for N = 1 while numerical integration is necessary for determining run-lengths greater

than one.

The probability of detecting the shift in the process variance immediately at time period

eleven is calculated using (5.3) and (2.24):

Pr(N = 1) = 1−
∫ UCLκ=11
LCLκ=11

f (u0) du0 = 1−
∫ 0.5444577
0.0025837

f (u0) du0

= 1− 0.956871 = 0.043129,

(5.7)

where, from (5.4)

LCLκ=11 =
F−1
4,40 [Φ (−3)]

40
4

=
F−1
4,40 [0.001349898]

10
= 0.0025837, (5.8)

UCLκ=11 =
F−1
4,40 [Φ (3)]

40
4

=
F−1
4,40 [0.998650102]

10
= 0.5444577.

Remark 5.2 It is well-known that the type I error in hypothesis testing is P (reject H0

| H0 true). In the SPC context this is the same as the false alarm rate (FAR). The

FAR is defined as the probability for a single charting statistic to plot on or outside the

control limits when the process is in-control. In terms of the example above, that is the

probability that U0 plots on or outside the control limits given that the process variance

did not encounter a shift, i.e. λ = 1.
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5. ILLUSTRATIVE EXAMPLES
5.1. Run-length probabilities if the unknown process variance has changed

Therefore

FAR = 1− Pr (LCLκ < U0 < UCLκ | λ = 1)

= 1−
∫ 0.5444577
0.0025837

f (u0) du0

= 0.0027.

In the SPC environment it is desirable to have a FAR of 0.0027.

The probability of detecting the shift in the process variance at time period twelve is

calculated using (5.5), (2.24) and (2.39):

Pr(N = 2) =
∫ UCLκ=11
LCLκ=11

f (u0) du0 −
∫ UCLκ+1=12
LCLκ+1=12

∫ UCLκ=11
LCLκ=11

f (u0, u1) du0du1

=
∫ 0.5444577
0.0025837

f (u0) du0 −
∫ 0.4858039
0.0023536

∫ 0.5444577
0.0025837

f (u0, u1) du0du1

= 0.956871− 0.924702 = 0.032169,

where, from (5.4)

LCLκ+1=12 =
F−1
4,44 [Φ (−3)]

44
4

=
F−1
4,44 [0.001349898]

11
= 0.0023536, (5.9)

UCLκ+1=12 =
F−1
4,44 [Φ (3)]

44
4

=
F−1
4,44 [0.998650102]

11
= 0.4858039.

Note that in calculating the above probability the form of f (u0, u1) used was (2.39) and

not in terms of the product of beta type II pdfs (see (2.40)) since the latter form has an

infinite sum.

The probability of detecting the shift in the process variance at time period thirteen is

calculated using (5.6), (2.39) and (2.8) with p = 2:

Pr(N = 3) =
∫ UCLκ+1=12
LCLκ+1=12

∫ UCLκ=11
LCLκ=11

f (u0, u1) du0du1

−
∫ UCLκ+2=13
LCLκ+2=13

∫ UCLκ+1=12
LCLκ+1=12

∫ UCLκ=11
LCLκ=11

f (u0, u1, u2) du0du1du2

=
∫ 0.4858039
0.0023536

∫ 0.5444577
0.0025837

f (u0, u1) du0du1

−
∫ 0.4384660
0.0021612

∫ 0.4858039
0.0023536

∫ 0.5444577
0.0025837

f (u0, u1, u2) du0du1du2

= 0.924702− 0.899646 = 0.025056,

where, from (5.4)
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5. ILLUSTRATIVE EXAMPLES
5.1. Run-length probabilities if the unknown process variance has changed

LCLκ+2=13 =
F−1
4,48 [Φ (−3)]

48
4

=
F−1
4,48 [0.001349898]

12
= 0.0021612, (5.10)

UCLκ+2=13 =
F−1
4,48 [Φ (3)]

48
4

=
F−1
4,48 [0.998650102]

12
= 0.4384660.

These run-length probabilities can then be used to estimate the average run-length (ARL)

using the formula E (N)=ARL=
∞∑

η=1

η Pr (N=η)≈
M∑

η=1

ηPr (N=η) . The accuracy of the

ARL estimate will depend on the cut-off value, M. The evaluation of high dimensional

multiple integrals become increasingly more complex (i.e. time consuming and resource

intensive) as the dimension increases and is beyond the scope of this thesis.

In the next section the run-length probabilities calculated above (using the pdf of the

generalised multivariate beta type II distribution) will be determined heuristically using

Monte Carlo simulation.

5.1.2 The simulation approach

The run-length probabilities for the example (where λ = 2, vj = 4, κ = 11, a = 40) can be

approximated using Monte Carlo simulation. The Pr(N = η) for η = 1, 2, 3 is calculated

using the SAS software package. An algorithm of the SAS program follows:

Step 1:

Generate random numbers from the distributions of the building blocks of the random

variables in (2.7), i.e. X ∼ χ2 (a = 40) and W0, W1, W2 ∼ χ2 (v = n = 4) .

Step 2:

Determine U0 =
λW0

X
, U1 =

λW1

X + λW0
and U2 =

λW2

X + λW0 + λW1
.

Step 3:

Count the number of times a simulated value of the random variables lie between the

limits of integration,

i.e. (a) count1 = 0.0025837 < U0 < 0.5444577,

(b) count2 = 0.0025837 < U0 < 0.5444577 and 0.0023536 < U1 < 0.48580390,

(c) count3 = 0.0025837 < U0 < 0.5444577 and 0.0023536 < U1 < 0.48580390

and 0.0021612 < U2 < 0.4384660.
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5. ILLUSTRATIVE EXAMPLES
5.1. Run-length probabilities if the unknown process variance has changed

These control limits are the same as those determined in Section 5.1.1 (see (5.8), (5.9)

and (5.10)).

Repeat steps 1 to 3 one million times.

Step 4:

Aggregate the results of step 3 to determine the approximate probability that the random

variable(s) are inside their control limits,

i.e. p1 = Pr (0.0025837 < U0 < 0.5444577) =
count1

1000000
,

p2 = Pr (0.0025837 < U0 < 0.5444577 ∩ 0.0023536 < U1 < 0.48580390) =
count2

1000000
,

p3 = Pr

(
0.0025837 < U0 < 0.5444577 ∩ 0.0023536 < U1 < 0.48580390

∩ 0.0021612 < U2 < 0.4384660

)

=
count3

1000000
.

Step 5:

Determine the run-length probabilities analogous to (5.3), (5.5) and (5.6),

i.e. Pr(N = 1) = 1− p1

Pr(N = 2) = p1− p2

Pr(N = 3) = p2− p3.

The approximate run-length probabilities using this method are: Pr(N = 1) = 0.043133

Pr(N = 2) = 0.032287

Pr(N = 3) = 0.02492.

This method offers a straightforward approximation of the high order multiple integrals

needed to determine the run-length probabilities. In Section 5.1.3 another approximate

solution will be considered.

5.1.3 Assuming independence

Zantek (2005) [47] studied the performance of a Q-chart in the detection of process mean

shifts when observations are collected from a normal distribution. He proposed that an

approximation of the run-length probabilities can be obtained by treating the charting

statistics as if they are independent. The first charting statistic calculated following

a shift in the variance (i.e. U0) is independent of each of the previous test statistics

when the process was in-control; therefore an exact probability of a run-length of one

can be calculated. From time period κ onwards, the charting statistics (i.e. U0, U1, . . .)

are not independent random variables and therefore the events that the chart will signal
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5. ILLUSTRATIVE EXAMPLES
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at certain time periods are not independent events. This dependency complicates the

calculation of the run-length probabilities for N > 1 as seen in Section 5.1.1. Treating

these charting statistics as independent random variables simplifies the computational

aspect of the probabilities because it reduces to the product of univariate probabilities.

Following this approach, the approximate run-length probabilities can be calculated as

(see also (5.3), (5.6))

Pr(N = 1) = 1− Pr (A0) ,

Pr(N = η) =
∏η−2
j=0 Pr (Aj) [1− Pr (Aη−1)] ,

where Pr (Aj) =
∫ UCLκ+j

LCLκ+j
f (uj) duj , j = 0, 1, . . . η − 1 for η = 2, 3, . . . .

(5.11)

Take note that Pr(N = 1) is the same as the exact solution (see (5.3)) in Section 5.1.1.

Continuing with the example (where λ = 2, vj = 4, κ = 11, a = (n− 1) × κ = 40), the

corresponding approximate run-length probabilities are:

Pr(N = 1) = 1− Pr (A0)

= 1−
∫ 0.5444577
0.0025837

f (u0) du0

= 1− 0.956871

= 0.043129,

Pr(N = 2) = Pr (A0) [1− Pr (A1)]

=
∫ 0.5444577
0.0025837

f (u0) du0
[
1−

∫ 0.4858039
0.0023536

f (u1) du1
]

= 0.956871× (1− 0.967036)

= 0.031543,

Pr(N = 3) = Pr (A0) Pr (A1) [1− Pr (A2)]

=
∫ 0.5444577
0.0025837

f (u0) du0
∫ 0.4858039
0.0023536

f (u1) du1
[
1−

∫ 0.4384660
0.0021612

f (u2) du2
]

= 0.956871× 0.967036× (1− 0.973753)

= 0.024287.

This method underestimates the run-length probabilities. An advantage of this approx-

imation is that the software package Mathematica could get exact solutions of the uni-

variate integrals evaluated. The final approach to determine the run-length probabilities

that also yields an exact solution is discussed in the next section.
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5.1.4 A conditioning approach

Section 5.1.1 described an exact approach to determine the run-length probabilities using

the pdf of the generalised multivariate beta type II distribution (2.8). In this section

another exact approach is discussed that makes use of the joint pdf of the independent

chi-squared random variables X and Wj with j = 0, 1, 2, . . . , p with degrees of freedom a

and vj with j = 0, 1, 2, . . . , p respectively (see (2.7)). Deriving the run-length distribution

can be done via the so-called "conditioning and unconditioning" approach; this involves

two steps; namely:

(i) Derive the conditional run-length distribution by conditioning on the random vari-

able X. This random variable contains all the information prior to the change in

the process variance, i.e. Pr(N = η |X ).

(ii) Obtain the unconditional run-length distribution by integrating over all possible

values of the random variable X, i.e. Pr(N = η) = EX [Pr(N = η |X )] .

The conditional probability that the run-length is one (see (5.1), (5.3) and (2.7)), is:

Pr (N = 1 |X = x)

= Pr
(
AC0 |X = x

)

= 1− Pr (A0 |X = x)

= 1− Pr (LCLκ < U0 < UCLκ |X = x)

= 1− Pr

(
LCLκ <

λW0

x
< UCLκ |X = x

)

= 1− Pr

(
xLCLκ

λ
< W0 <

xUCLκ
λ

|X = x

)

= 1−
∫ xUCLκ

λ

xLCLκ
λ

f (w0 |x) dw0. (5.12)

The unconditional probability that the run-length is one, is then from (5.12):

Pr (N = 1)

= EX [Pr(N = 1 |X )]

=

∫ ∞

0

Pr (N = 1 |X = x) f (x) dx
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=

∫ ∞

0

[

1−
∫ xUCLκ

λ

xLCLκ
λ

f (w0 |x) dw0
]

f (x) dx

= 1−
∫ ∞

0

∫ xUCLκ
λ

xLCLκ
λ

f (w0 |x) f (x) dw0dx

= 1−
∫ ∞

0

∫ xUCLκ
λ

xLCLκ
λ

f (x, w0) dw0dx.

Take note that X and W0 are independent chi-squared random variables with degrees of

freedom a and v0, respectively (see Theorem 2.2), therefore

Pr (N = 1) = 1−
∫ ∞

0

∫ xUCLκ
λ

xLCLκ
λ

f (x) f (w0) dw0dx. (5.13)

The conditional probability that the run-length is two (see (5.5)), is:

Pr (N = 2 |X = x)

= Pr
(
A0 ∩ AC1 |X = x

)

= Pr
(
AC1 |A0, X = x

)
Pr (A0 |X = x) , (5.14)

where

Pr (A0 |X = x) =

∫ xUCLκ
λ

xLCLκ
λ

f (w0 |x) dw0, (5.15)

given in (5.12). It follows from (2.7), that

Pr
(
AC1 |A0, X = x

)

= 1− Pr (A1 |A0,X = x)

= 1− Pr (LCLκ+1 < U1 < UCLκ+1 |X = x,LCLκ < U0 < UCLκ )

= 1− Pr

(
LCLκ+1 <

λW1

x+ λw0
< UCLκ+1 |X = x,W0

)

= 1− Pr

(
(x+ λw0)LCLκ+1

λ
< W1 <

(x+ λw0)UCLκ+1
λ

|X = x,W0

)

= 1−
∫ (x+λw0)UCLκ+1

λ

(x+λw0)LCLκ+1
λ

f (w1 |x, w0 ) dw1. (5.16)
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Therefore, substituting (5.15) and (5.16) into (5.14),

Pr (N = 2 |X = x)

=

[

1−
∫ (x+λw0)UCLκ+1

λ

(x+λw0)LCLκ+1
λ

f (w1 |x, w0 ) dw1
][∫ xUCLκ

λ

xLCLκ
λ

f (w0 |x) dw0
]

=

∫ xUCLκ
λ

xLCLκ
λ

f (w0 |x) dw0

−
∫ (x+λw0)UCLκ+1

λ

(x+λw0)LCLκ+1
λ

f (w1 |x, w0 ) dw1
∫ xUCLκ

λ

xLCLκ
λ

f (w0 |x) dw0.

(5.17)

Using (5.17), the unconditional probability that the run-length is two, is:

Pr (N = 2)

= EX [Pr(N = 2 |X )]

=

∫ ∞

0

Pr (N = 2 |X = x) f (x) dx

=

∫ ∞

0

[∫ xUCLκ
λ

xLCLκ
λ

f (w0 |x) dw0 −
∫ (x+λw0)UCLκ+1

λ

(x+λw0)LCLκ+1
λ

f (w1 |x,w0 ) dw1
∫ xUCLκ

λ

xLCLκ
λ

f (w0 |x) dw0
]

× f (x) dx

=

∫ ∞

0

∫ xUCLκ
λ

xLCLκ
λ

f (w0 |x) dw0f (x) dx

−
∫ ∞

0

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

f (w1 |x,w0 ) dw1
∫ xUCLκ

λ

xLCLκ
λ

f (w0 |x) dw0f (x) dx

=

∫ ∞

0

∫ xUCLκ
λ

xLCLκ
λ

f (x,w0) dw0dx

−
∫ ∞

0

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

f (w1 |x, w0 ) dw1
∫ xUCLκ

λ

xLCLκ
λ

f (x, w0) dw0dx

=

∫ ∞

0

∫ xUCLκ
λ

xLCLκ
λ

f (x, w0) dw0dx−
∫ ∞

0

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

∫ xUCLκ
λ

xLCLκ
λ

f (w1 |x, w0 ) f (x,w0) dw1dw0dx
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=

∫ ∞

0

∫ xUCLκ
λ

xLCLκ
λ

f (x, w0) dw0dx−
∫ ∞

0

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

∫ xUCLκ
λ

xLCLκ
λ

f (x, w0,w1) dw1dw0dx

=

∫ ∞

0

∫ xUCLκ
λ

xLCLκ
λ

f (x) f (w0) dw0dx

−
∫ ∞

0

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

∫ xUCLκ
λ

xLCLκ
λ

f (x) f (w0) f (w1) dw1dw0dx.

(5.18)

The conditional probability that the run-length is three, is:

Pr (N = 3 |X = x)

= Pr
(
A0 ∩A1 ∩ AC2 |X = x

)

= Pr
(
AC2 |A0 ∩ A1,X = x

)
Pr (A1 |A0, X = x) Pr (A0 |X = x) , (5.19)

and from (5.12) and ((5.16))

Pr (A0 |X = x) =

∫ xUCLκ
λ

xLCLκ
λ

f (w0 |x) dw0 (5.20)

Pr (A1 |A0, X = x) =

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

f (w1 |x, w0 ) dw1. (5.21)

Then, from (2.7),

Pr
(
AC2 |A0 ∩ A1, X = x

)

= 1− Pr (A2 |A0 ∩A1, X = x)

= 1− Pr (LCLκ+2 < U2 < UCLκ+2 |X = x, LCLκ < U0 < UCLκ, LCLκ+1 < U1 < UCLκ+1 )

= 1− Pr

(
LCLκ+2 <

λW2

x+ λw0 + λw1
< UCLκ+2 |X = x,W0,W1

)

= 1− Pr

(
(x+ λw0 + λw1)LCLκ+2

λ
< W2 <

(x+ λw0 + λw1)UCLκ+2
λ

|X=x,W0,W1

)

= 1−
∫ (x+λw0+λw1)UCLκ+2

λ

(x+λw0+λw1)LCLκ+2
λ

f (w2 |x,w0, w1 ) dw2. (5.22)
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Substituting (5.20), (5.21) and (5.22) in (5.19), the conditional probability that the run-

length is three, is

Pr (N = 3 |X = x)

=



1−
∫ (x+λw0+λw1)UCLκ+2

λ

(x+λw0+λw1)LCLκ+2
λ

f (w2 |x, w0, w1 ) dw2




[∫ (x+λw0)UCLκ+1

λ

(x+λw0)LCLκ+1
λ

f (w1 |x, w0 ) dw1
]

×
[∫ xUCLκ

λ

xLCLκ
λ

f (w0 |x) dw0
]

=

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

f (w1 |x,w0 ) dw1
∫ xUCLκ

λ

xLCLκ
λ

f (w0 |x) dw0

−




∫ (x+λw0+λw1)UCLκ+2

λ

(x+λw0+λw1)LCLκ+2
λ

f (w2 |x,w0, w1 ) dw2

×
∫ (x+λw0)UCLκ+1

λ

(x+λw0)LCLκ+1
λ

f (w1 |x, w0 ) dw1
∫ xUCLκ

λ

xLCLκ
λ

f (w0 |x) dw0
]

.

(5.23)

Using (5.23), the unconditional probability that the run-length is three, is:

Pr (N = 3)

= EX [Pr(N = 3 |X )]

=

∫ ∞

0

Pr (N = 3 |X = x) f (x) dx

=

∫ ∞

0

[∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

f (w1 |x,w0 ) dw1
∫ xUCLκ

λ

xLCLκ
λ

f (w0 |x) dw0

−




∫ (x+λw0+λw1)UCLκ+2

λ

(x+λw0+λw1)LCLκ+2
λ

f (w2 |x, w0, w1 ) dw2
∫ (x+λw0)UCLκ+1

λ

(x+λw0)LCLκ+1
λ

f (w1 |x, w0 ) dw1

×
∫ xUCLκ

λ

xLCLκ
λ

f (w0 |x) dw0
)]

f (x) dx
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=

∫ ∞

0

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

f (w1 |x, w0 ) dw1
∫ xUCLκ

λ

xLCLκ
λ

f (w0 |x) dw0f (x) dx

−




∫ ∞

0

∫ (x+λw0+λw1)UCLκ+2
λ

(x+λw0+λw1)LCLκ+2
λ

f (w2 |x, w0, w1 ) dw2
∫ (x+λw0)UCLκ+1

λ

(x+λw0)LCLκ+1
λ

f (w1 |x, w0 ) dw1

×
∫ xUCLκ

λ

xLCLκ
λ

f (w0 |x) dw0f (x) dx

]

=

∫ ∞

0

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

f (w1 |x, w0 ) dw1
∫ xUCLκ

λ

xLCLκ
λ

f (x, w0) dw0dx

−




∫ ∞

0

∫ (x+λw0+λw1)UCLκ+2
λ

(x+λw0+λw1)LCLκ+2
λ

f (w2 |x, w0, w1 ) dw2
∫ (x+λw0)UCLκ+1

λ

(x+λw0)LCLκ+1
λ

f (w1 |x, w0 ) dw1

×
∫ xUCLκ

λ

xLCLκ
λ

f (x, w0) dw0dx

]

=

∫ ∞

0

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

∫ xUCLκ
λ

xLCLκ
λ

f (w1 |x, w0 ) f (x, w0) dw1dw0dx

−




∫ ∞

0

∫ (x+λw0+λw1)UCLκ+2
λ

(x+λw0+λw1)LCLκ+2
λ

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

∫ xUCLκ
λ

xLCLκ
λ

f (w2 |x,w0, w1 ) f (w1 |x, w0 )

×f (x,w0) dw2dw1dw0dx]

=

∫ ∞

0

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

∫ xUCLκ
λ

xLCLκ
λ

f (x, w0, w1) dw1dw0dx

−




∫ ∞

0

∫ (x+λw0+λw1)UCLκ+2
λ

(x+λw0+λw1)LCLκ+2
λ

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

∫ xUCLκ
λ

xLCLκ
λ

f (w2 |x,w0, w1 )

×f (x,w0, w1) dw2dw1dw0dx]

=

∫ ∞

0

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

∫ xUCLκ
λ

xLCLκ
λ

f (x, w0, w1) dw1dw0dx

−
∫ ∞

0

∫ (x+λw0+λw1)UCLκ+2
λ

(x+λw0+λw1)LCLκ+2
λ

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

∫ xUCLκ
λ

xLCLκ
λ

f (x, w0, w1, w2) dw2dw1dw0dx

=

∫ ∞

0

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

∫ xUCLκ
λ

xLCLκ
λ

f (x) f (w0) f (w1) dw1dw0dx

−
∫ ∞

0

∫ (x+λw0+λw1)UCLκ+2
λ

(x+λw0+λw1)LCLκ+2
λ

∫ (x+λw0)UCLκ+1
λ

(x+λw0)LCLκ+1
λ

∫ xUCLκ
λ

xLCLκ
λ

f (x) f (w0) f (w1) f (w2) dw2dw1dw0dx.

(5.24)
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5. ILLUSTRATIVE EXAMPLES
5.2. Run-length probabilities if the unknown process variance and known process mean

have changed

For N of higher orders, the conditional and unconditional probabilities can be determined

in a similar way.

Continuing with the example (where λ = 2, vj = 4, κ = 11, a = 40), the corresponding

approximate run-length probabilities are (see (5.13), (5.18) and (5.24)):

Pr (N = 1) = 1−
∫ ∞

0

∫ 0.5444577x
2

0.0025837x
2

f (x) f (w0) dw0dx = 0.043129,

Pr (N = 2) =

∫ ∞

0

∫ 0.5444577x
2

0.5444577x
2

f (x) f (w0) dw0dx

−
∫ ∞

0

∫ 0.5444577x
2

0.5444577x
2

∫ 0.0023536(x+2w0)
2

0.4858039(x+2w0)
2

f (x) f (w0) f (w1) dw1dw0dx

= 0.956871− 0.924702 = 0.032169,

Pr (N = 3)

=

∫ ∞

0

∫ 0.5444577x
2

0.5444577x
2

∫ 0.0023536(x+2w0)
2

0.4858039(x+2w0)

2

f (x) f (w0) f (w1) dw1dw0dx

−
∫ ∞

0

∫ 0.5444577x
2

0.5444577x
2

∫ 0.0023536(x+2w0)
2

0.4858039(x+2w0)
2

∫ 0.4384660(x+2w0+2w1)
2

0.0021612(x+2w0+2w1)
2

f (x) f (w0) f (w1) f (w2) dw2dw1dw0dx

= 0.924702− 0.899646 = 0.025056.

Take note that this method obtains exactly the same run-length probabilities as the

method using the derived pdfs discussed in Section 5.1.1.

For this method there is already a warning that the numerical integration converges too

slowly when calculating Pr (N = 3). Therefore, for both exact methods (see also Section

5.1.1) there are computational difficulties with determining the higher order integrals.

5.2 Run-length probabilities if the unknown process

variance and known process mean have changed

This section continues with the practical example (based on simulated data) mentioned

in the introduction of Section 5.1 where λ = 2, vj = n = 4, κ = 11, a = 40. It will be

assumed that the mean and variance changed simultaneously between sample number ten

and eleven, therefore δa = 0.
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The run-length probabilities can again be calculated using (5.3), (5.6) together with the

pdf of the noncentral generalised multivariate beta type II distribution given in (3.28).

The focus of this section is to determine the effect of the different parameters of the

noncentral generalised multivariate beta type II distribution on the probability to detect

the shift in the variance immediately, i.e. Pr(N = 1) = 1 −
∫ UCLκ
LCLκ

f (u0) du0 with f (u0)

given in (3.20). The software package Mathematica was used to calculate the probabilities

by using the summation form of the Humbert function (see (B.13)) in (3.20).

Table 5.1 summarises the effect of the different parameters on the probability to detect

the shift in the variance immediately with reference case λ = 2, vj = n = 4, κ = 11,

a = 40, δa = 0 and δ0 = 5.

Table 5.1 Run-length probabilities for different parameter values

Role of δa δ0 n κ λ Pr (N = 1) Comment / Interpretation

λ =
σ21
σ2

0 5 4 11 0.5 0.015217 The larger the step shift,

1 0.053953 the greater the probability.

2 0.330066

κ 0 5 4 3 2 0.092279 The more historical samples

5 0.203600 available before the shift took

11 0.330066 place, the greater the probability.

n 0 5 1 11 2 0.260396 The larger the sample size, the

4 0.330066 greater the probability.

10 0.382749

δ0 0 0 4 11 2 0.043129 The larger δ0, (i.e. the relative

2 0.140078 change in the mean), the greater

5 0.330066 the probability.

5.3 Run-length probabilities in the matrix environ-

ment

This section proposes a method to address the calculation of run-length probabilities in

the matrix set-up. Percentage points are calculated as an illustration for the probability

to detect the shift immediately (i.e. run-length of one).

The probability of detecting a shift immediately, in other words, the probability of a

run-length of one, is the probability that the charting statistic will plot on or outside

the control limits upon collecting the first sample after the change in the variance (see

(5.2)). In the matrix environment |U0| is of interest as a test statistic for testing the null
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hypothesis at time κ that the covariance matrix structure did not change, i.e. the process

is in-control. Therefore, if the statistic |U0| exceeds a critical value (say c0) it will be an

indication that the covariance matrix structure changed and that the process is declared

out-of-control. Note that this proposed method deviates from the univariate case where a

two sided hypothesis is considered (see (5.2)). Thus, once the covariance matrix structure

changes, the probability to detect this change immediately, in other words, the probability

of a run-length of one is

Pr(N = 1) ≡ P [|U0| ≥ c0] . (5.25)

Take note that c0 indicates an upper critical value and not a control limit as before (see

(5.2)). If q = 1 then c0 is comparable to the UCL of a one-sided hypothesis in the

univariate case. Also, like before, this is essentially a conditional probability.

In a similar way the run-length of two implies that even though the covariance matrix

changed, this change is not detected using the control chart at time κ, but that the chart

only signals that the process out-of-control at time κ+ 1. Therefore

Pr(N = 2) ≡ Pr [|U0| < c0, |U1| ≥ c1]

= Pr [|U0| < c0]− Pr [|U0| < c0, |U1| < c1] .

(5.26)

From (5.26) it is evident that the joint pdf of (|U0| , |U1|) is needed to calculate the
probability of a run-length of two. This joint pdf was derived in Theorem 4.9, but a closed

form expression could not be obtained. Another possibility is to assume independence

of the statistics |U0| and |U1| (see discussion in Section 5.1.3), then the approximate
run-length probability is

Pr(N = 2) ≈ Pr [|U0| < c0]− Pr [|U0| < c0] Pr [|U1| < c1] .

Even in the case of the above approximation one still encounters computational challenges,

since the pdf of |U1| (see (4.31), (4.77)) contains a zonal polynomial. This computational
aspect needs further investigation and is not in the scope of this study.

In the example that follows percentage points will be calculated for a run-length of one for

the scenario where the covariance matrix changes with a scale factor from Σ to λΣ. Only

the simplest two cases with q = 1, 2 (i.e. a univariate and bimatrix process) is considered.

From (5.25)

Pr(N = 1) = 1− F|U0|(c0),
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5. ILLUSTRATIVE EXAMPLES
5.3. Run-length probabilities in the matrix environment

where F|U0|(·) is the CDF of |U0| given in (4.30).

From (4.30) for q = 1 follows

F|U0| (c0) =
1

Γ
(
1
2
v1
)
Γ
(
1
2
v2
)G1,2

2,2

(
λ−1c0|1,−

1
2
v1+1

1
2
v2,0

)
. (5.27)

Using (4.30) and (C.35) for q = 2, follows

F|U0| (c0) =
1

Γ
(
1
2
v1
)
Γ
(
1
2
v1 − 1

2

)
Γ
(
1
2
v2
)
Γ
(
1
2
v2 − 1

2

)G2,3
3,3

(
λ−2c0|1,−

1
2
v1+1,−

1
2
v1+

3
2

1
2
v2,

1
2
v2−

1
2
,0

)
.

The percentage points c0 of |U0| are obtained numerically by solving the equation

F|U0|(c0) =

c0∫

0

f(|U0|)d |U0| = 1− γ. (5.28)

Evidently, this involves computation of the Meijer’s G-function and routines are widely

available. The built-in routines of the package Mathematica was used.

Table 5.2 provides the numerical values of c0 for different values of λ and γ for the case

if q = 1 (univariate) and q = 2 (bimatrix). In this example samples of equal size of four

is collected at each point in time, i.e. v2 = n = 4. It is assumed that the covariance

matrix changes with a scale factor λ, between samples κ− 1 and κ where κ = 3, therefore

v1 = (κ− 1)×n = 8. The value of κ is different from the value used in the other examples,

due to compuational resources.

Table 5.2 The upper percentage points c0

λ q γ = 0.01 γ = 0.025 γ = 0.05 γ = 0.1

2 1 7.00608 5.05263 3.83785 2.80643

1 1 3.50304 2.52632 1.91893 1.40321

0.5 1 1.75152 1.26316 0.95946 0.70161

2 2 7.29343 4.50351 2.97902 1.80558

1 2 3.64671 2.25176 1.48951 0.91746

0.5 2 1.82336 1.12588 0.74475 0.46006

Similar tabulations can be obtained for other values of the parameters, as well as the

lower percentiles.
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5. ILLUSTRATIVE EXAMPLES
5.4. Conclusion

Remark 5.3 The upper percentage points c0 in the simple case when q = 1 can be related

to the contol limits (see (5.4)). In the above example a one-sided test was considered,

i.e. the chart would signal that the process is out-of-control if |U0| > c0. Remark 5.2

mentioned that the desirable FAR of a two-sided control chart is 0.0027. Substituting

γ = 0.0027
2

= 0.00135 in (5.28) with q = 1 and λ = 1, gives c0 = 6.58684. This value

corresponds to the UCL in (5.4) when i.e.

UCLκ=3 =
F−1

nκ,Σ
κ−1
i=1 ni

[Φ (3)]
∑κ−1

i=1
ni

nκ

=
F−1
4,8 [Φ (3)]

8
4

= 6.58684.

5.4 Conclusion

The computational aspect of the run-length (i.e. evaluating multiple integral expressions)

was illustrated for the scenario when monitoring the variance when the underlying process

distribution is normal. The use of the exact expressions for the pdf (2.8) was illustrated.

Further the effect of the parameters on the probability to detect the shift in the variance

immediately for the scenario when the known process mean has changed as well was

demonstrated. The chapter was concluded with proposing a method to address the

run-length concept and some percentage points were calculated.

162

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



Chapter 6

Conclusions

In this thesis a generalised multivariate beta type II distribution as well as the noncentral

and bimatrix variate counterparts with positive domain were developed; these distribu-

tions emanated from a sequential process with the normal distribution and multivariate

normal distribution as the underlying process distributions.

Figure 6.1 provides a visual representation of the framework of this thesis. The green

panel shows the process distribution from which the samples are collected and the para-

meter being monitored. The red panel indicates the change in the process parameters.

The new distributions that were derived in this thesis is given in the yellow panel. Re-

lations between the distributions are indicated in the blue panel. At the bottom of the

figure the chapter is indicated where each situation was addressed.

To summarise:

• In Chapter 2 the generalised multivariate beta type II distribution was derived; this
distribution stems from the scenario where the variance of a normal random variable

is monitored assuming that the mean remains unchanged.

• Chapter 3 generalised the ideas of Chapter 2. The focus of Chapter 3 was on

the scenario where the variance of a normal random variable is monitored and it

is assumed that the mean also encounters a sustained shift. This introduces the

noncentral generalised multivariate beta type II distribution. It was shown that by

setting the noncentrality parameters equal to zero this distribution will reduce to

the generalised multivariate beta type II distribution of Chapter 2.

• In Chapter 4 the generalised bimatrix variate beta type II distribution was pro-
posed. Two cases were considered: (i) the special case where the covariance struc-

ture changes with a scale factor, i.e. from Σ to λΣ and, (ii) the more general case
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6. CONCLUSIONS

where the complete covariance structure change from Σ to Σ1. This was achieved

using newly derived results based on the principles of Muirhead (1982) [32], p.248

and Davis (1979) [7]. The latter case simplifies to the generalised multivariate beta

type II distribution of Chapter 2 for q = 1.

• In Chapter 5 an example demonstrated the use of the exact expressions of the pdfs
in calculating the probabilities of run-lengths, the measure to gain insight into the

performance of a Shewhart-type Q-chart.

monitor σ2

Nμ0,σ2

Generalised 

multivariate 

beta type II

Noncentral

generalised 

multivariate 

beta type II

δa = δi = 0

MVN μ
0
,Σ

monitor Σ

MVN μ
0
,λΣ MVN μ

0
,Σ1

Bimatrix variate

generalised 

beta type II

Σ1 = λΣ

Nμ0,λσ2 Nμ1,λσ2

Chapter 2 Chapter 4Chapter 3

In-control

Out-of-

control

Distribution

Relation

q = 1

Figure 6.1. Summary of the framework of this thesis

The following concluding remarks prevail:

The generalised multivariate beta type II distribution and the marginal distributions, as

well as the noncentral and the bimatrix variate cases contribute two-fold, namely: (i)

as new developments in the distribution theory field and (ii) for the first time the exact

probabilities of Q-charting statistics plotting inside or outside the control limits can be

calculated, and it is not restricted to the existing methods known in the statistical process

environment, e.g simulation.

Areas for further research include, but are not limited to:

• An extension of the scenario in Chapter 2 where the process variance is monitored
but instead of the single shift in the process variance between samples κ− 1 and κ,

multiple shifts will occur from sample κ− 1 onwards.
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6. CONCLUSIONS

• Studying the distributions of the Q-charting statistics when monitoring a process
for mean shifts when the observations are sampled from a normal distribution.

• Further exploring the statistical properties of the newly derived distributions and
their contribution in distribution theory field.

• Supposing that the covariance structure of q attributes of the items of a single
process are monitored simultaneously where the samples are independent, having

been collected from a multivariate normal distribution with known mean vector (µ
0
)

and unknown covariance matrix (Σ :q × q), denoted as MVN
(
µ
0
,Σ
)
:

(i) The reader may be interested in more than two successive time periods imme-

diately after the change in the covariance structure occurred, which will lead

to new matrix variate Dirichlet type II distributions;

(ii) There may be a change in the known mean vector, similarly as in Chapter

3 with the normal process distribution. This will result in the noncentral

bimatrix variate beta type II distribution.

In conclusion, with a sequential process monitoring scheme as the genesis, this study

contributed to the distribution field by proposing new generalised multivariate / univariate

/ bivariate / bimatrix variate beta type II distributions that may serve as alternative to

the existing models.
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APPENDICES

APPENDICES

A. Abbreviations and notation

CDF Cumulative distribution function

CL Centerline

CUSUM Cumulative sum chart

EWMA Exponentially weighted moving average chart

FAR False alarm rate

LCL Lower control limit

pdf Probability density function

SPC Statistical Process Control

UCL Upper control limit

d
= Equal in distribution

Yik Observation k from sample i

ni Size of sample i

κ The first time period following the shift in the process variance

λ Unknown size of the shift in the variance

d The first time period following the shift in the known process mean

µ0 Known process mean

µ1 Known process mean after the shift in the mean

σ2 Unknown process variance before the variance encountered a shift

σ21 Unknown process variance after the variance encountered a shift

S2i The variance of the ith sample

S
2pooled
r The pooled sample variance of all measurements up to and including sample r

N Run-length random variable

Y
(i) Matrix of observations for time period i

µ
0

Known mean vector

Σ Unknown process covariance matrix before the covariance encountered a shift

Σ1 Unknown process covariance matrix after the covariance encountered a shift

Si Sample covariance matrix at time i
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APPENDICES

A > 0 A is a positive definite symmetric matrix

A
1
2 Unique positive definite square root of A

|A| Determinant of the square matrix A

||A|| The maximum of the absolute values of the characteristic roots

of A

A
−1 Inverse of a square matrix A

A
′ Transpose of matrix A

tr(A) Trace of the square matrix A

etr(A) exp(tr(A)) if A is a square matrix

J (X→ f (X)) The Jacobian of the matrix transformation f

Γ (·) Gamma function

Γq (·) Multivariate gamma function

Γq (·, τ ) Generalised gamma function of weight τ

(α)t Pochhammer coefficient

(α)τ Generalised hypergeometric coefficient

B (α, β) Beta function

βq (α, β) Multivariate beta function

βq (α1, . . . , αr; β) Multivariate Dirichlet function

rFs (·) Hypergeometric series with r upper parameters and s lower

parameters

Gm,nr,s (·) Meijer’s G-function

Hm,n
r,s (·) Fox’s H-function

Ψ Confluent hypergeometric function

Ψ
(s)
2 [α; β1, . . . , βs; ·] Confluent hypergeometric function in s variables

Ψ2 [α; β; ·] Humbert’s confluent hypergeometric function

Cτ (·) Zonal polynomial

Mf (·) Mellin transform

N (µ, σ2) Normal distribution with mean µ and variance σ2

Φ(·) CDF of standard normal distribution

Φ−1 (·) Inverse of the CDF of standard normal distribution

F (v1, v2) F distribution with v1 and v2 degrees of freedom

Fv1,v2 (·) CDF of F (v1, v2) distribution

F−1
v1,v2

(·) Inverse of the CDF of F (v1, v2) distribution

χ2 (v) Chi-squared distribution with v degrees of freedom

χ′2δv (v) Noncentral chi-squared distribution with v degrees of freedom

and noncentrality parameter δv
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APPENDICES

BetaII(α, β) Beta type II distribution with parameters α and β

MV N
(
µ,Σ

)
Multivariate normal distribution with mean vector µ and covariance

matrix Σ

Wq (v,Σ) Wishart distribution with parameters v and Σ

BIIq (α, β) Matrix variate beta type II distribution with parameters α and β

B. Scalar special functions and theory

Result 1 (Gradshteyn and Ryzhik, 2007 [11], p.892; p.897)

The gamma function, denoted Γ (α) , is defined as

Γ (α) =

∞∫

0

e−ttα−1dt, (B.1)

where Re (α) > 0.

Result 2 (Gradshteyn and Ryzhik, 2007 [11], p.908; p.909)

The beta function, denoted B (α, β) , is defined as

B (α, β) =

∞∫

0

xα−1(1 + x)−(α+β)dx (B.2)

B (α, β) =
Γ(α)Γ(β)

Γ(α+ β)
, (B.3)

where Re (α) > 0, Re (β) > 0 and Γ (·) is the gamma function.

Result 3 (Mathai, 1993 [29], p.96)

The Pochhammer coefficient is defined as

(α)j = α (α+ 1) . . . (α+ j − 1) =
Γ (α+ j)

Γ (α)
, (B.4)

where j = 1, 2, . . ., (α)0 = 1, α �= 0, Re (α) > 0, Re (α+ j) > 0 and Γ (·) is the gamma
function.

Result 4 (Mathai, 1993 [29], p.96)

The hypergeometric series with r upper parameters and s lower parameters is defined as

rFs(α1, . . . , αr;β1, . . . , βs; x) =
∞∑

j=0

(α1)j . . . (αr)j
(β1)j . . . (βs)j

xj

j!
, (B.5)

where (α)j is the Pochhammer symbol.
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The following holds for the series:

(i) if any αi, i = 1, . . . r, is a negative integer or zero the series terminates and rFs
becomes a polynomial in x provided none of βk, k = 1, . . . , s, is zero or a negative
integer;

(ii) if any βk, k = 1, . . . s, is zero or a negative integer then the series is not defined
unless there is an αi, i = 1, . . . r, such that (αi)j becomes zero first. That is, suppose
αi and βk are two negative integers such that (αi)/ = 0 for E ≥ j and (βk)/ = 0 for
E ≥ n. Then in order for rFs to be defined j must be less than n;

(iii) the series converges for all x if r ≤ s and for |x| < 1 if r = s+ 1;

(iv) the series diverges for all x, x �= 0 for r > s+ 1;

(v) if r = s + 1 and |x| = 1, the series is absolutely convergent if Re (γ) < 0 where

γ =
r∑

j=1

αj −
s∑

j=1

βj; divergent if Re (γ) ≥ 1; and if r = s+1 and |x| = 1, x �= 1, the

series is conditionally convergent if 0 ≤ Re (γ) < 1.

Some special cases of the hypergeometric series:

•
0F0 (;x) =

∞∑

j=0

xj

j!
= ex (B.6)

• The binomial series

1F0(α; x) =
∞∑

j=0

(α)j
xj

j!
= (1− x)−α , |x| < 1 (B.7)

•
0F1 (β; x) =

∞∑

j=0

xj

(β)j j!
(B.8)

• The confluent hypergeometric series or Kummer’s hypergeometric series

1F1(α;β; x) =
∞∑

j=0

(α)j
(β)j

xj

j!
(B.9)

• The Gauss hypergeometric function

2F1 (α, β; ς; x) =
∞∑

j=0

(α)j (β)j
(ς)j

xj

j!
, |x| < 1. (B.10)
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Result 5 (Sánchez et al., 2006 [43] p.1681)

The confluent hypergeometric function Ψ
(s)
2 in s variables x1, . . . , xs is defined as

Ψ
(s)
2 [α;β1, . . . , βs; x1, . . . , xs] =

∞∑

j1,...,js=0

(α)j1+...+js x
j1
1 . . . xjss

(β1)j1 . . . (βs)js j1! . . . js!
, (B.11)

where the series expansion is valid for all xi ∈ R.
An alternative representation of Ψ

(s)
2 is given by

Ψ
(s)
2 [α;β1, . . . , βs; x1, . . . , xs] =

1

Γ (α)

∫ ∞

0

e−ttα−1
s∏

i=1

0F1 (βi; txi) dt. (B.12)

For s = 2, Ψ
(s)
2 = Ψ2 is the Humbert’s confluent hypergeometric function of two variables:

Ψ2 [α;β1, β2; x1, x2] =
∞∑

j1=0

∞∑

j2=0

(α)j1+j2 x
j1
1 x

j2
2

(β1)j1 (β2)j2 j1!j2!
. (B.13)

Result 6 (Mathai, 1993 [29], p.23)

If f (x) is a real function which is single valued almost everywhere for x ≥ 0 and if the
integral

∞∫

0

xk−1 |f (x)| dx,

converges for some value of k then the Mellin transform of f (x) is defined as follows:

Mf (h) ≡
∞∫

0

xh−1f (x) dx, (B.14)

where Mf (h) is the Mellin transform of f with respect to the parameter h and h is a
complex number. The inverse Mellin transform is given by the inverse integral

f (x) = 1
2πi

ω+i∞∫

ω−i∞

Mf (h)x
−hdh, (B.15)

where i =
√
−1 and ω is a real number in the strip of analyticity of Mf (h) .

Result 7 (Mathai, 1993 [29], p.60)

Meijer’s G-function with the parameters α1, . . . , αr and β1, . . . , βs is defined as

Gm,nr,s

(
x|α1,...,αrβ1,...,βs

)
= 1

2πi

∫

L

g (h)x−hdh, (B.16)

where i =
√
−1, L is a suitable contour, x �= 0,

g (h) =

∏m

j=1
Γ(βj+h)

∏n

j=1
Γ(1−αj−h)∏s

j=m+1
Γ(1−βj−h)

∏r

j=n+1
Γ(αj+h)

,
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where m, n, r and s are integers with 0 ≤ n ≤ r and 0 ≤ m ≤ s.
The parameters α1, . . . , αr and β1, . . . , βs are complex numbers such that no pole of
Γ
(
βj + h

)
, j = 1, . . . ,m coincides with any pole of Γ (1− αk − h) , k = 1, . . . , n.

The empty product is interpreted as 0.

Result 8 (Mathai, 1993 [29], p.140)

Fox’s H-function is defined as

Hm,n
r,s

(
x|(a1,α1),...,(ar,αr)(b1,β1),...,(bs,βs)

)
= 1

2πi

∫

C

g (h)x−hdh, (B.17)

where

g (h) =

∏m

j=1
Γ(bj+βjh)

∏n

j=1
Γ(1−aj−αjh)∏s

j=m+1
Γ(1−bj−βjh)

∏r

j=n+1
Γ(aj+αjh)

,

and where 0 ≤ m ≤ s, 0 ≤ n ≤ r, αj > 0 for j = 1, 2, . . . , r, βj > 0 for j = 1, 2, . . . , s,
and aj (j = 1, 2, . . . , r) and bj (j = 1, 2, . . . , s) are complex numbers such that no pole
of Γ

(
bj + βjh

)
for j = 1, 2, . . . ,m coincides with any pole of Γ (1− aj − αjh) for j =

1, 2, . . . , n. Furthermore, C is a contour in the complex h-plane running from ω − i∞ to
ω + i∞ for some real number ω.

Result 9 (Gradshteyn and Ryzhik, 2007 [11], p.337)

∞∫

0

xβ−1e−
x
α=αβΓ(β), (B.18)

for α, β > 0.

Result 10 (Gradshteyn and Ryzhik, 2007 [11], p.315)

∞∫

0

xα−1

(1 + γx)β
dx = γ−αB(α, β − α), (B.19)

for |arg γ| < π,Re (β) > Re (α) > 0 where B(·, ·) is the beta function.

Result 11 (Gradshteyn and Ryzhik, 2007 [11], p.317)

∞∫

0

xα−1(1 + x)β(1 + γx)cdx = B(α,−c− β − α)2F1(−c, α;−c− β; 1− γ), (B.20)

for |arg γ| < π,−Re(c + β) > Re (α) > 0 where B(·, ·) is the beta function and 2F1 (·) is
the Gauss hypergeometric function.
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Result 12 (Gradshteyn and Ryzhik, 2007 [11], p.347)

∫ c

0

xβ−1 (c− x)α−1 eγxdx = B (α, β) cα+β−1 1F1 (β;α+ β; γc) , (B.21)

for Re (α) > 0 and Re (β) > 0 where B(·, ·) is the beta function and 1F1 (·) is the confluent
hypergeometric series.

Result 13 (Gradshteyn and Ryzhik, 2007 [11], p.815)

∫∞
0

xc−1e−γx rFs (α1, . . . , αr; β1, . . . , βs; Hx) dx

= Γ (c) γ−c r+1Fs

(
α1, . . . , αr, c; β1, . . . , βs;

1
γ

)
,

(B.22)

for r ≤ s, where Re (c) > 0 and Re (γ) > 0 if r < s; and Re (γ) > Re (H) if r = s.

Result 14 (Gradshteyn and Ryzhik, 2007 [11], p.1008)

2F1 (α, β; c; x) = (1− x)−β 2F1

(
β, c− α; c;

x

x− 1

)
(B.23)

2F1 (α, β; c; x) = (1− x)−α 2F1

(
α, c− β; c;

x

x− 1

)
. (B.24)

Result 15 (Mathai, 1993 [29], p.69)

xαGm,nr,s
(
x|a1,...,arb1,...,bs

)
= Gm,nr,s

(
x|a1+α,...,ar+αb1+α,...,bs+α

)
. (B.25)

Result 16 (Mathai, 1993 [29], p.130)

G1,1
1,1

(
cxα|1−γ+β/αβ/α

)
=

cβ/αΓ (γ)xβ

(1 + cxα)γ
, |cxα| < 1. (B.26)

Result 17 (Mathai, 1993 [29], p.142)

Gm,nr,s
(
x|a1,...,arb1,...,bs

)
= Hm,n

r,s

(
x|(a1,1),...,(ar ,1)(b1,1),...,(bs,1)

)
. (B.27)

Result 18 (Mathai et al., 2009 [30], p59)

∫ c

0

xρ−1 (c− x)σ−1Hm,n
r,s

(
bxk|(ar ,αr)(bs,βs)

)
dx = cρ+σ−1Γ (σ)Hm,n+1

r+1,s+1

(
bck|(1−ρ,k),(ar ,αr)(bs,βs),(1−ρ−σ,k)

)
,

(B.28)

for Re (ρ) > 0,Re (b) > 0 and Re (σ) > 0, k > 0.
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Result 19 (Johnson et al., 1995 [22], p.248)

The beta type II distribution, denoted X ∼ BetaII(α, β), has pdf:

f(x) =
Γ(α+ β)

Γ(α)Γ(β)
xα−1(1 + x)−(α+β), (B.29)

where x > 0 and α, β > 0 and Γ (·) is the gamma function.

Result 20 (Johnson et al., 1995 [22], p.325)

The F distribution denoted X ∼ F (v1, v2) has pdf:

f(x) =
Γ(1

2
(v1 + v2))

Γ(1
2
v1)Γ(

1
2
v2)

(
v1
v2

) v1
2

x
v1
2
−1

(
1 +

v1
v2

x

)− 1
2
(v1+v2)

, (B.30)

where x > 0 and v1, v2 > 0.

Result 21 (Johnson et al., 1994 [21], p.416)

The χ2 distribution denoted X ∼ χ2 (v) has pdf:

f(x) =
1

2
v
2Γ(1

2
v)

x
v
2
−1e−

x
2 , (B.31)

where x > 0 and v > 0.

Result 22 (Johnson et al., 1995 [22], p.438)

The noncentral χ2 distribution denoted X ∼ χ′2δ (v) has pdf:

f(x) =
e−

δ
2

2
v
2 Γ(v

2
)
0F1

(
v

2
;
δx

4

)
x

v
2−1e

−
x
2 , (B.32)

where x > 0 and v, δ > 0.

C. Matrix special functions and theory

Result 23 (Gupta and Nagar, 2000 [13], p.7)

IfA is a positive definite q×q matrix then there exists a positive definite matrix B (q × q)
such that A = B2. Furthermore, the square root of A is then defined as

A
1
2 = B. (C.33)

174

 
 
 

 

©©  UUnniivveerrssiittyy  ooff  PPrreettoorriiaa  

 



APPENDICES

Result 24 (Gupta and Nagar, 2000 [13], p.18; p.19 )

The multivariate gamma function, denoted Γq (α) , is defined as

Γq (α) =

∫

S>0

etr (−S) |S|α−
1
2
(q+1) dS (C.34)

Γq (α) = π
1
4
q(q−1)

q∏

i=1

Γ
[
α− 1

2
(i− 1)

]
, (C.35)

where Re (α) > 1
2
(q − 1), and the integral is over the space of q× q symmetric positive

definite matrices.

For q = 1 it simplifies to the gamma function.

Result 25 (Gupta and Nagar, 2000 [13], p.20)

The multivariate beta function, denoted by βq (α, b), is defined as

βq (α, β) =

∫

0<S<Iq

|S|α−
1
2
(q+1) |Iq − S|β−

1
2
(q+1) dS

βq (α, β) =
Γq (α) Γq (β)

Γq (α+ β)
, (C.36)

where Re (α) > 1
2
(q − 1), Re (β) > 1

2
(q − 1) and Γq (·) is the multivariate gamma

function.

For q = 1 it simplifies to the beta function.

Result 26 (Gupta and Nagar, 2000 [13], p.21)

The multivariate Dirichlet function is defined as

βq (α1, . . . , αr; β) =
Γq (β)

∏r
i=1 Γq (αi)

Γq (α+ β)
, (C.37)

where Re (αi) >
1
2
(q − 1) , i = 1, . . . , r, Re (β) > 1

2
(q − 1) and α =

r∑

i=1

αi.

Result 27 (Gupta and Nagar, 2000 [13], p.30)

Let τ = (t1, . . . , tq), t1 ≥ · · · ≥ tq ≥ 0, t1 + · · ·+ tq = t. The generalised hypergeometric
coefficient (α)τ , also known as the generalised Pochhammer symbol of weight τ , is defined
as

(α)τ =
q∏

i=1

(
α− 1

2
(i− 1)

)
ti

(C.38)

(α)τ =
π
1
4
q(q−1)

∏q
j=1 Γ

[
α+ tj − 1

2
(j − 1)

]

Γq (α)
,
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where Re (α) > 1
2
(q − 1)− tq, Γ (·) is the gamma function and Γq (·) is the multivariate

gamma function.

For q = 1 it simplifies to the Pochhammer coefficient.

Result 28 (Gupta and Nagar, 2000 [13], p.30)

Let τ = (t1, . . . , tq), t1 ≥ · · · ≥ tq ≥ 0, t1+ · · ·+ tq = t. The generalised gamma function
of weight τ is defined as

Γq (α, τ) = π
1
4
q(q−1)

q∏

j=1

Γ
[
α+ tj − 1

2
(j − 1)

]
(C.39)

Γq (α, τ) = (α)τ Γq (α) , (C.40)

where the integral is over the space of q×q symmetric positive definite matrices, (α)τ is
the generalised hypergeometric coefficient, Re (α) ≥ 1

2
(q − 1)−tq and Γq (α, 0) = Γq (α) .

Result 29 (Gupta and Nagar, 2000 [13], p.12)

For matrix transformations Y = F (X) and Z = G (W) is

J (X,W→ Y,Z) = J (X→ Y)J (W→ Z) . (C.41)

If Y (q × q) and X (q × q) are symmetric matrices, A (q × q) and Y = AXA′, then

J (Y → X) = |A|q+1 . (C.42)

A brief description of zonal polynomials and results involving zonal polynomials are given
next. For a more detailed discussion see James (1960 [18], 1961 [19], 1964 [20]), Con-
stantine (1963) [6] and Khatri (1966) [24].

Result 30 (Gupta and Nagar, 2000 [13], p.29)

Let S be a (q × q) symmetric matrix and let Vt be the vector space of homogeneous
polynomials ϕ (S) of degree t in the 1

2
q (q + 1) distinct elements of S. The space Vt can be

decomposes into a direct sum of irreducible invariant subspaces Vτ where τ = (t1, . . . , tq) ,
t1 ≥ · · · ≥ tq ≥ 0, t1+· · ·+tq = t. The polynomial (trS)t ∈ Vt has a unique decomposition

(trS)t =
∑

τ

Cτ (S) , (C.43)

into polynomials, Cτ (S) ∈ Vτ , belonging to the respective invariant subspaces.

The zonal polynomial Cτ (S) is defined as the component of (trS)t in the subspace
Vτ . It is a symmetric homogeneous polynomial of degree t in the latent roots of S and
holds for all q. If the partition τ has more than q parts, the corresponding zonal
polynomial will be identically zero.
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Result 31 (Ehlers, 2011 [9], p.9; Muirhead, 1982 [32], p.243; Gupta and Nagar, 2000
[13], p.30)

If S (q × q) is a symmetric matrix, R (q × q) > 0 and T (q × q) > 0, then

∫

O(q)

Cτ

(
R

1
2TR

1
2HSH

′
)
dH =

∫

O(q)

Cτ

(
T

1
2RT

1
2HSH

′
)
dH, (C.44)

where O (q) = {H (q × q) |HH′ = H′
H = Iq} and dH denotes the normalised Haar

invariant measure on the orthogonal group O (q) (see Muirhead, 1982 [32], p.72).

Proof. From Muirhead, 1982 [32], Theorem 7.2.5 and Gupta and Nagar, 2000 [13],
Equation 1.5.3 it follows that

∫

O(q)

Cτ

(
R

1
2TR

1
2HSH

′
)
dH =

Cτ

(
R

1
2TR

1
2

)
Cτ (S)

Cτ (Iq)

=
Cτ

(
T

1
2RT

1
2

)
Cτ (S)

Cτ (Iq)

=

∫

O(q)

Cτ

(
T

1
2RT

1
2HSH

′
)
dH.

Result 32

If S (q × q) is a symmetric matrix, V (q × q) > 0, W (q × q) > 0 and A (q × q) > 0,
then

∫

O(q)

Cτ

(
V

1
2A

1
2WA

1
2V

1
2HSH

′
)
dH =

∫

O(q)

Cτ

(
W

1
2A

1
2VA

1
2W

1
2HSH

′
)
dH. (C.45)

Proof. From Muirhead, 1982 [32], Theorem 7.2.5 and Gupta and Nagar, 2000 [13],
Equation 1.5.3 it follows that

∫

O(q)

Cτ

(
V

1
2A

1
2WA

1
2V

1
2HSH

′
)
dH =

Cτ

(
V

1
2A

1
2WA

1
2V

1
2

)
Cτ (S)

Cτ (Iq)

=
Cτ

(
W

1
2A

1
2VA

1
2W

1
2

)
Cτ (S)

Cτ (Iq)

=

∫

O(q)

Cτ

(
W

1
2A

1
2VA

1
2W

1
2HSH

′
)
dH.
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Result 33

If S (q × q) is a symmetric matrix, R (q × q) > 0 , T (q × q) > 0, V (q × q) > 0 and
W (q × q) > 0, then

∫

O(q)

Cς

(
R

1
2TR

1
2HSH

′
)
Cτ

(
V

1
2WV

1
2HSH

′
)
dH

(a) =

∫

O(q)

Cς

(
R

1
2TR

1
2HSH

′
)
Cτ

(
W

1
2VW

1
2HSH

′
)
dH (C.46)

(b) =

∫

O(q)

Cς
(
T

1
2RT

1
2HSH

′
)
Cτ
(
W

1
2VW

1
2HSH

′
)
dH. (C.47)

Proof. (b) From Davis (1979) [7] follows that

∫

O(q)

Cς

(
R

1
2TR

1
2HSH

′
)
Cτ

(
V

1
2WV

1
2HSH

′
)
dH

=
∑
φ∈ς,τ

Cς,τφ

(
R

1
2TR

1
2 ,V

1
2WV

1
2

)
Cς,τφ (S,S)

Cφ (Iq)

=
∑
φ∈ς,τ

Cς,τφ

(
T

1
2RT

1
2 ,W

1
2VW

1
2

)
Cς,τφ (S,S)

Cφ (Iq)

=

∫

O(q)

Cς
(
T

1
2RT

1
2HSH

′
)
Cτ
(
W

1
2VW

1
2HSH

′
)
dH.

The proof for (a) is similar.

Result 34

If S (q × q) is a symmetric matrix, R (q × q) > 0 , T (q × q) > 0, V (q × q) > 0,
W (q × q) > 0 and A (q × q) > 0, then

∫

O(q)

Cς
(
R

1
2TR

1
2HSH

′
)
Cτ
(
V

1
2A

1
2WA

1
2V

1
2HSH

′
)
dH

=

∫

O(q)

Cς

(
T

1
2RT

1
2HSH

′
)
Cτ

(
W

1
2A

1
2VA

1
2W

1
2HSH

′
)
dH. (C.48)

Proof. From Davis (1979) [7]

∫

O(q)

Cς

(
R

1
2TR

1
2HSH

′
)
Cτ

(
V

1
2A

1
2WA

1
2V

1
2HSH

′
)
dH

=
∑
φ∈ς,τ

Cς,τφ

(
R

1
2TR

1
2 ,V

1
2A

1
2WA

1
2V

1
2

)
Cς,τφ (S,S)

Cφ (Iq)
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=
∑
φ∈ς,τ

Cς,τφ

(
T

1
2RT

1
2 ,W

1
2A

1
2VA

1
2W

1
2

)
Cς,τφ (S,S)

Cφ (Iq)

=

∫

O(q)

Cς

(
T

1
2RT

1
2HSH

′
)
Cτ

(
W

1
2A

1
2VA

1
2W

1
2HSH

′
)
dH.

Result 35 (Constantine, 1963 [6]; Gupta and Nagar, 2000 [13], p.34)

The hypergeometric function of matrix argument is defined by

rFs (α1, . . . , αr; β1, . . . , βs;S) =
∞∑

t=0

∑

τ

(α1)τ ···(αr)τ
(β1)τ ···(βs)τ

1
t!
Cτ (S) , (C.49)

where αi, i = 1, . . . , r; βj, j = 1, . . . , s are arbitrary numbers, S (q × q) is a real symmetric
matrix,

∑
τ denotes summation over all partitions τ , Cτ (S) is the zonal polynomial of S,

(α)τ is the generalised hypergeometric coefficient.

Conditions for the convergence of the series

(i) the series converges for all S (q × q) if r < s + 1, otherwise the series may only
converge for S = 0;

(ii) for r = s+1 the series converges for ||S|| < 1 (where ||S|| denotes the maximum
of the absolute values of the characteristic roots of S);

(iii) for r ≤ s the series converges for all S;

(iv) for r > s+ 1 the series diverges for all S �= 0 unless the series terminates;

(v) none of the βj is zero, an integer or half integer ≤ 1
2
(q − 1) (otherwise some of the

denominators in (C.49) will vanish);

(vi) if αi is a negative integer, say −w, then for t ≥ qw + 1, all coefficients in (C.49)
vanish and the function reduces to a finite polynomial of degree qw.

Result 36 (Constantine, 1963 [6])

0F0 (S) =
∞∑

t=0

∑

τ

Cτ (S)

t!
= etr (S) . (C.50)
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Result 37 (Herz, 1955 [16])

If X (q × q) is a symmetric matrix where ‖X‖ < 1, then

1F0 (α;X) =
1

Γq (α)

∫

S>0

etr [−S (Iq −X)] |S|α− 1
2
(q+1) dS = |Iq −X|−α , (C.51)

where Re (α) > 1
2
(q − 1) .

Result 38 (Gupta and Nagar, 2000 [13], p.36)

If X (q × q) is a symmetric matrix where ‖X‖ < 1, then

2F1 (α, β; c;X)

=
Γq (c)

Γq (α) Γq (c− α)

∫

0<S<Iq

|S|α−1
2
(q+1) |Iq − S|c−α−

1
2
(q+1) |Iq −XS|−β dS,

(C.52)

where Re (c) > 1
2
(q − 1) and Re (c− α) > 1

2
(q − 1) . This is known as the Gauss

hypergeometric function of matrix argument.

Result 39 (Gupta and Nagar, 2000 [13], p.51)

∫

S>0

|S|α−
1
2
(q+1) |Iq + S|−β |Iq +BS|−c dS (C.53)

=βq (α, β + c− α) |B|−c 2F1 (β + c− α, c;β + c; Iq −B−1) ,

where ‖Iq −B−1‖ < 1, Re (β + c− α) > 1
2
(q − 1), and Re (α) > 1

2
(q − 1) , βq (·) is the

multivariate beta function and 2F1 (·) is the Gauss hypergeometric function of matrix
argument.

Result 40 (Herz, 1955 [16])

For Re (X) > 0 and Re (α) > 1
2
(q − 1) , then

∫

S>0

etr (−SX) |S|α−
1
2
(q+1) dS = Γq (α) |X|−α , (C.54)

where Γq (·) is the multivariate gamma function.

Result 41 (Gupta and Nagar, 2000 [13], p.37; Muirhead, 1982 [32], p.265)

2F1 (α, β; c;X) = |Iq −X|−β 2F1
(
c− α, β; c;−X (Iq −X)−1

)
. (C.55)
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Result 42 (Gupta and Nagar, 2000 [13], p.38 and p.52)

The confluent hypergeometric function Ψ of symmetric matrix R (q × q) is defined by

Ψ(α, c,R) =
1

Γq (α)

∫

S>0

etr (−RS) |S|α−
1
2
(q+1) |Iq + S|c−α−

1
2
(q+1) dS (C.56)

where R > 0 and Re (α) > 1
2
(q − 1) .

Then

∫

Y>0

|Y|β− 1
2
(q+1) etr (−XY)Ψ (α, c,Y) dY (C.57)

=
Γq (β) Γq

(
β − c+ 1

2
(q + 1)

)

Γq
(
α+ β − c+ 1

2
(q + 1)

)

× 2F1
(
β − c+ 1

2
(q + 1) , β;α+ β − c + 1

2
(q + 1) ; Iq −X

)

where ‖Iq −X‖ < 1 and Re (α) > 1
2
(q − 1) , Re (β − c) > −1.

Proof.
∫

Y>0

|Y|β− 1
2
(q+1) etr (−XY)Ψ (α, c,Y) dY

=

∫

Y>0

|Y|β− 1
2
(q+1) etr (−XY)

1

Γq (α)

∫

S>0

etr (−YS) |S|α− 1
2
(q+1) |Iq + S|c−α−

1
2
(q+1) dSdY

=
1

Γq (α)

∫

S>0

|S|α− 1
2
(q+1) |Iq + S|c−α−

1
2
(q+1)

∫

Y>0

|Y|β− 1
2
(q+1) etr (− (X+ S)Y) dYdS

=
1

Γq (α)

∫

S>0

|S|α− 1
2
(q+1) |Iq + S|c−α−

1
2
(q+1) Γq (β) |X+ S|−β dS using (C.54)

=
Γq (β)

Γq (α)

∫

S>0

|S|α−
1
2
(q+1) |Iq + S|c−α−

1
2
(q+1)

∣∣∣X
1
2

(
Iq +X

− 1
2SX

−1
2

)
X

1
2

∣∣∣
−β

dS

=
Γq (β)

Γq (α)
|X|−β

∫

S>0

|S|α−1
2
(q+1) |Iq + S|−(α−c+

1
2
(q+1)) ∣∣Iq +X−1

S
∣∣−β dS

=
Γq (β)

Γq (α)
|X|−β βq

(
α, β − c+ 1

2
(q + 1)

)
|X−1|−β

× 2F1
(
β − c+ 1

2
(q + 1) , β;

(
α+ β − c+ 1

2
(q + 1)

)
; Iq −X

)
using (C.53)

=
Γq (β) Γq

(
β − c+ 1

2
(q + 1)

)

Γq
(
α+ β − c+ 1

2
(q + 1)

)

× 2F1
(
β − c+ 1

2
(q + 1) , β;

(
α+ β − c+ 1

2
(q + 1)

)
; Iq −X

)
.
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Furthermore, let B > 0

∫

Y>0

|Y|β−
1
2
(q+1) etr (−XY)Ψ

(
α, c,B

1
2YB

1
2

)
dY (C.58)

= |B|−β Γq (β) Γq
(
β − c+ 1

2
(q + 1)

)

Γq
(
α+ β − c+ 1

2
(q + 1)

)

× 2F1
(
β − c+ 1

2
(q + 1) , β;

(
α+ β − c+ 1

2
(q + 1)

)
; Iq −B−

1
2XB

− 1
2

)

where
∥∥∥Iq −B−

1
2XB

−1
2

∥∥∥ < 1.

Proof. Let Z = B
1
2YB

1
2 , thenY = B−

1
2ZB

− 1
2 with Jacobian J (Y → Z) = |B|− 1

2
(q+1) .

Then
∫

Z>0

∣∣∣B−
1
2ZB

− 1
2

∣∣∣
β− 1

2
(q+1)

etr
(
−XB− 1

2ZB
−1
2

)
Ψ(α, c,Z) |B|−1

2
(q+1) dZ

= |B|−β
∫
Z>0

|Z|β− 1
2
(q+1)etr

(
−B− 1

2XB
− 1
2Z

)
Ψ(α, c,Z) dZ

= |B|−β Γq (β) Γq
(
β − c+ 1

2
(q + 1)

)

Γq
(
α+ β − c+ 1

2
(q + 1)

) using (C.57)

× 2F1

(
β − c + 1

2
(q + 1) , β;

(
α+ β − c + 1

2
(q + 1)

)
; Iq −B−

1
2XB

− 1
2

)
.

Result 43 (Gupta and Nagar, 2000 [13], p.87)

A q × q random symmetric positive definite matrix S is said to have a Wishart
distribution with parameters q, v, and Σ (q × q) > 0, written as S ∼ Wq (v,Σ), if its
pdf is given by

{
2
1
2
vqΓq

(
v
2

)
|Σ|

1
2
v
}−1

|S|
1
2
(v−q−1) etr

(
−1
2
Σ
−1
S
)
, S > 0, v ≥ q, (C.59)

where Γq (·) is the multivariate gamma function.

Result 44 (Muirhead, 1982 [32], p.101)

The hth moment of X where X ∼Wq (v,Σ) is

E
(
|X|h

)
= |Σ|h 2qhΓq

(
1
2
v + h

)

Γq
(
1
2
v
) . (C.60)
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Result 45 (Gupta and Nagar (2000) [13], p.166)

A q × q random symmetric positive definite matrix S is said to have a matrix variate
beta type II distribution with parameters (α, β), denoted as S ∼ BIIq (α, β), if its pdf is
given by

[
βq (α, β)

]−1 |S|α−
1
2
(q+1) |Iq + S|−(α+β) , (C.61)

S > 0 where α > 1
2
(q − 1) , β > 1

2
(q − 1) and βq (·) is the multivariate beta function.
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