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Notations

Throughout this thesis, we will assume the following notations:

e B(E) the Borel o-field of any set £ C R and P the predictable o-field

on § x [0,7], where R denotes the set of real numbers;
e C the space of continuous functions;

. ]LQ_Q(R)- the space of measurable functions k : [—p, 0] — R, such that
fi)g |k(t)|?dt < oo, where o > 0,.

o §? (R)- the space of bounded measurable functions y : [—0,0] — R

such that
sup [y(t)|* < oo;
te[—0,0]
e H? - the space of product measurable functions v : [—p,0] X R — R,
such that

/—Z/R|U<t’ 2P(dz)dt < oo

e L%(R)- the space of random variables £ : 2 — R, such that E[|¢|%] < oo;

e L2(Q)- the space of measurable functions v : Q +— R such that

[ 1wPriaz) <,

where v is a o-finite measure;

e S%([0,T))- the space of adapted cadlag processes Y : Q x [0,T] — R
such that
B[ sup [¥(1)]?] < oo;
t€[0,T
e H2(]0,T))- denote the space of predictable processes Z : Q x [0,T] — R
satisfying

E[/OT|ZQ(t)|dt]< 00
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e HZ (R)- the space of predictable processes T : Q x [0, 7] x R — R, such

that .
E {/ / 1T (¢, 2)|*v(dz)dt| < oo;
0o Jr

e v A\y:=min{z,y};
e AT denote the transpose of the matrix A;

e U~ is the negative part of U defined by U~ := max{—U,0} and U™ is
the positive part of U given by Ut := max{U, 0};

e (- -) is the inner product defined as follows:

(a,b) ::Zakbk, a,beR";
k=1

® Y4 is a characteristic function defined by

1, if z€ A;
Xa(z) ==

0, otherwise.



Chapter 1

Introduction

1.1 Background

A fundamental objective of a decisior] making is [to come up with an optimal

strategy in order to achieve the best expected outcome. The solution to
such a problem is the main concern of an investor who needs to allocate his
wealth over a certain or uncertain horizon. Mathematically, this problem can
be formulated as a stochastic optimal control problem, which is the main task
of this thesis. Essentially, the optimization problems are composed by three
elements: decision variables, the objective functional and the constraints.
When there is no constraint, it is called unconstrained optimization problem.

The two most common approaches that can be found in the literature,
when investigating stochastic optimal control problems are: the Dynamic
Programming Principle (DPP) and the Maximum Principle (MP). The DPP
was developed in the 50’s by R. Bellman [8]. The basic idea of its implemen-
tation is based on the following:

An optimal policy has the property that whatever the previous decision
was, the remaining decisions must constitute an optimal policy with regard
to the state resulting from the previous decisions. Bellman [8].

This approach leads to the so called Hamilton-Jacobi-Bellman (HJB)

equation, which in general is a non-linear partial differential equation (PDE),
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with its solution not generally provided. In order to overcome this drawback,
the notion of viscosity solutions was introduced by Crandall and Lions [19]
in the early 80’s. This technique made the DPP a powerful tool to solve
stochastic optimal control problems.

Otherwise, the MP approach introduced by L. Pontryagin and his team
in 1956 states that an optimal control problem can be divided into solving a
forward backward differential equation system and a maximum condition on
the Hamiltonian function. For stochastic control problems with jumps, this
approach has been widely reported in the literature, see, e.g., Framstad et.
al. [39], Oksendal and Sulem [77], An and Oksendal [1], Pamen [79], Pamen
and Momeya [80], among others.

The first results for optimal investment-consumption problem in contin-
uous time were obtained by R. Merton [65,66] via DPP. Later, an alterna-
tive Martingale approach was developed by Karatzas et al. [50], Karatzas et
al. [51], Karatzas and Shreve [52], among others. This method is based on
the change of measure techniques, where an equivalent probability measure
is derived using the well known Girsanov’s Theorem.

Concerning investments, an interesting question that may arise during the
investor’s planning is related to the protection of the investor’s dependents if
a premature death occur. This suggests the inclusion of a life insurance in an
optimal portfolio-consumption problem. Life insurance appears as an impor-
tant tool to solve the question of life uncertainty. Since the optimal portfolio,
consumption and life insurance problem by Richard [85] in 1975, many works
in this direction have been reported in the literature. For example, Pliska
and Ye [83] considered an optimal consumption and life insurance contract
for a problem described by a risk-free asset. Duarte et al. [29] considered a
problem of a wage earner who invests and buys a life insurance in a financial
market with n diffusion risky shares. Similar works include (Guambe and
Kufakunesu [41], Huang et al. [47], Liang and Guo [60], Shen and Wei [88],
among others).

In this thesis, we solve our stochastic optimal portfolios and life insurance
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problems in a jump-diffusion setup. This direction is motivated by many
reasons. First, the existence of high frequency data on the empirical studies
carried out by Cont [17], Tankov [94] and references therein, have shown
that the analysis of price evolution reveals some sudden changes that cannot
be explained by models driven by diffusion processes. Another reason is
related to the presence of volatility clustering and regime switchings in the
distribution of the risky share process, i.e., large changes in prices are often
followed by large changes and small changes tend to be followed by small

changes.

1.2 Outline of the thesis

This thesis treats various optimal portfolios and life insurance problems under
jump-diffusion setup.

In the first part (Chapter 3), we consider a jump-diffusion problem with
stochastic volatility. This problem has been solved in Mnif [68] via dynamic
programming approach. The application of this approach in a jump-diffusion
setting, results in a nonlinear parabolic partial differential equation (PPDE)
which in general the solution is not obtained. In his paper, Mnif proves the
existence of a smooth solution by reducing a nonlinear PPDE to a semi-linear
one under certain conditions. To overcome these limitations, we propose a
martingale approach developed by Karatzas et al. [50] and Karatzas and
Shreve [52] in a diffusion process to solve the unrestricted problem. Then we
solve a constrained optimization problem, where the constraint is of Amer-
ican put type. Considering a jump-diffusion model, a market is incomplete
and consequently we have many martingale measures. We obtain the op-
timal investment, consumption and life insurance strategy by the convex
optimization method. This method allow us to characterize the optimal
martingale measure for the utility functions of the power type. In the litera-
ture, this method has also been applied by Castaneda-Leyva and Hernandez-

Hernéndez [13] in a optimal investment-consumption problem. They consid-
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ered a stochastic volatility model described by diffusion processes. Similar
works include (Liang and Guo [60], Michelbrink and Le [67] and references
therein).

The optimal solution to the restricted problem is derived from the un-
restricted optimal solution, applying the option based portfolio insurance
(OBPI) method developed by El Karoui et al. [30]. The OBPI method con-
sists in taking a certain part of capital and invest in the optimal portfolio of
the unconstrained problem and the remaining part insures the position with
American put. We prove the admissibility and the optimality of the strategy.

The main contribution of this chapter is the extension and combina-
tion of the results by Kronborg and Steffensen [55], Castaneda-Leyva and
Hernédndez-Herndndez [13], among others to a jump-diffusion setting with
life insurance considerations.

In the second part (Chapter 4), we consider a similar problem as in Chap-
ter 3. We consider a wage earner buying life insurance contract from various
life insurance companies. We suppose that each company offers distinct pair-
wise contracts. This allows the wage earner to compare the premiums insur-
ance ratio of the companies and buy the amount of the life insurance from
the one offering the smallest premium payout ratio each time. We propose a
maximum principle approach to solve this stochastic volatility jump-diffusion
problem. This approach allows us to solve this problem in a more general
setting. We prove a sufficient and necessary maximum principle in a general
stochastic volatility problem. Then we apply these results to solve the wage
earner investment, consumption and life insurance problem.

The third part (Chapter 5) of the thesis discusses an optimal investment
, consumption and life insurance problem using the backward stochastic dif-
ferential equations (BSDE) with jumps approach. Unlike the dynamic pro-
gramming approach, this approach allows us to solve the problem in a more
general non-Markovian case. For more details on the theory of BSDE with
jumps, see e.g., Delong [26], Cohen and Elliott [16], and references therein.
Our results extend, for instance, the paper by Cheridito and Hu [14] to a
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jump-diffusion setup and we allow the presence of life insurance and infla-
tion risks. The inflation-linked products may be used to protect the future
cash flow of the wage earner against inflation, which occurs from time to
time in some developing economies. For more details on the inflation-linked
derivatives, see e.g., Tiong [96], Mataramvura [61] and references therein.
We consider a model described by a risk-free asset, a real zero coupon bond,
an inflation-linked real money account and a risky asset under jump-diffusion
processes. This type of processes are more appropriate for modeling the re-
sponse to some important extreme events that may occur since they allow
capturing some sudden changes in the price evolution, as well as, the con-
sumer price index which cannot be explained by models driven by Brownian
information. Such events happen due to many reasons, for instance, natural
disasters, political situations, etc.

In Chapter 6, we consider an insurer’s risk-based optimal investment
problem with noisy memory. The financial market model setup is composed
by one risk-free asset and one risky asset described by a hidden Markov
regime-switching jump-diffusion process. The jump-diffusion models rep-
resent a valuable extension of the diffusion models for modeling the asset
prices. They capture some sudden changes in the market such as the ex-
istence of high-frequency data, volatility clusters and regime switching. In
this chapter, we consider a jump diffusion model, which incorporates jumps
in the asset price as well as in the model coefficients, i.e., a Markov regime-
switching jump-diffusion model. Furthermore, we consider the Markov chain
to represent different modes of the economic environment such as, political
situations, natural catastrophes or change of law. Such kind of models have
been considered for option pricing of the contingent claim, see for example,
Elliott et. al[36], Siu [92] and references therein. For stochastic optimal con-
trol problems, we mention the works by Béauerle and Rieder [7], Meng and
Siu [64]. In these works a portfolio asset allocation and a risk-based asset al-
location of a Markov-modulated jump process model has been considered and

solved via the dynamic programming approach. We also mention a recent
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work by Pamen and Momeya [80], where a maximum principle approach has
been applied to an optimization problem described by a Markov-modulated
regime switching jump-diffusion model.

We assume that the company receives premiums at the constant rate
and pays the aggregate claims modeled by a hidden Markov-modulated pure
jump process. We assume the existence of capital inflow or outflow from the
insurer’s current wealth, where the amount of the capital is proportional to
the past performance of the insurer’s wealth. Then, the surplus process is
governed by a stochastic delay differential equation with the delay, which
may be random. Therefore we find it reasonable to consider also a delay
modeled by Brownian motion. In literature, a mean-variance problem of an
insurer was considered, but the wealth process is given by a diffusion model
with distributed delay, solved via the maximum principle approach (Shen and
Zeng [89]). Chunxiang and Li [15] extended this mean-variance problem of
an insurer to the Heston stochastic volatility case and solved using dynamic
programming approach. For thorough discussion on different types of delay,
we refer to Bafios et. al. [6], Section 2.2.

We adopt a convex risk measure first introduced by Frittelli and Gianin
[40] and Follmer and Schied [38]. This generalizes the concept of coherent
risk measure first introduced by Artzner et. al. [3], since it includes the
nonlinear dependence of the risk of the portfolio due to the liquidity risks.
Moreover, it relaxes a sub-additive and positive homogeneous properties of
the coherent risk measures and substitute these by a convex property.

To solve our optimization problem, we first transform the unobservable
Markov regime-switching problem into one with complete observation by
using the so-called filtering theory, where the optimal Markov chain is also
derived. For interested readers, we refer to Elliott et. al. [32], Elliott and
Siu [35], Cohen and Elliott [16] and Kallianpur [49]. Then we formulate a
convex risk measure described by a terminal surplus process as well as the
dynamics of the noisy memory surplus over a period [T'—p, T| of the insurer to

measure the risks. The main objective of the insurer is to select the optimal
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investment strategy so as to minimize the risk. This is a two-player zero-
sum stochastic delayed differential game problem. Using delayed backward
stochastic differential equations (BSDE) with a jump approach, we solve this
game problem by an application of a comparison principle for BSDE with
jumps. Our modeling framework follows that in Elliott and Siu [34], later
extended to the regime switching case by Peng and Hu [81].

Finally, we conclude the thesis and propose some possible directions for

future research in Chapter 7.

1.3 Published papers and preprints

This thesis resulted in four papers on optimal portfolios and life insurance

problems listed as follows:

1. C. Guambe and R. Kufakunesu, Optimal investment-consumption and

life insurance with capital constraints, Submitted.

2. C. Guambe and R. Kufakunesu, On the optimal investment-consumption
and life insurance selection problem with stochastic volatility, Submit-
ted.

3. C. Guambe and R. Kufakunesu, Optimal investment-consumption and
life insurance selection problem under inflation. A BSDE approach,
Optimization, 2018, 67(4), 457-473.

4. R. Kufakunesu, C. Guambe and L. Mabitsela, Risk-based optimal port-

folio of an insurer with regime switching and noisy memory, Submitted.



Chapter 2

Stochastic calculus and

portfolio dynamics

Throughout this thesis, we consider a complete filtered probability space
(0, F, {Fi}icom, P), where {F;}icpo,r) denotes an increasing family of o-
algebras which forms an information flow or filtration. We assume that this
filtration satisfies the usual conditions?.

A stochastic process X(t) = X(t,w),t € [0,T], w € Q is a collection
of random variables on © x [0,7]. The time parameter may be discrete or
continuous. In this thesis, we only consider the continuous case. A stochas-
tic process X (¢) defined on a probability space (2, F,P) is adapted to the
filtration i.e., {F;}icjor-adapted, if each X (t) is revealed at time ¢, that
is, X (t) is Fi-measurable. X (t) is always adapted to its history or natural
filtration, which is the o-algebra generated by X (¢). Moreover, X (t) is pro-
gressively measurable with respect to the filtration if X (t,w) : [0,7]xQ — R
is B[0, T'] x {Fi }iepo,r-measurable. Unless otherwise stated, we consider only

processes that are cadlag, i.e., right continuous with left limit.

L Fo contains all sets of P-measure zero and F; is right continuous, i.e., 7; = F;,, where

Fir = Ne>oFtte
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2.1 Brownian motion and Lévy processes

Definition 2.1.1. An {F;}icpr-adapted process W := (W(t),0 <t < T)

15 called a Brownian motion if
(i) W(0) =0 a.s.;
(17) for0 <s<t<T, W(t)—W(s) is independent of Fs;

(1ii) for 0 < s <t < T, W(t) — W(s) is a Gaussian random variable with
mean zero and variance t — s, i.e., W(t) — W(s) ~ N (0, t —s);

(1v) for any w € ), the sample paths W (t) are continuous functions.

Note that there exists a modification of a Brownian motion to the dis-
continuous case, which counts the number of occurrence of some events in a
certain interval. If the inter-arrival time between two events is exponentially
distributed, such processes are called Poisson processes. This process counts
the number of jump times in the interval. We introduce bellow the concept

of random measure

Definition 2.1.2. A function N defined on Q x [0,T] x R +— R is called a

random measure if
(i) for any w € Q, N(w,-) is a o-finite measure on B([0,T]) ® B(R);
(i1) for any A € B([0, T))@B(R), N(-, A) is a random variable on (2, F, P) .

A random measure or jumps of discontinuous process N is {F; }o r-predictable
if for any {F; }rejo,r)-predictable? process X, such that fOT Je |1 X (8, 2)|N(dt, dz)
exists, the process (f(f Jo X (s,2)N(ds,dz), 0 <t < T)is {F }iepo,r-predictable.

For any random measure N, we define a process

Ex(A) = E[/[O . La(w.t, 2)N(w,dit,d2)] . A € F @ B0.T]) © B(R)

2A predictable process is a real-valued stochastic process whose values are known, in a

sense just in advance of time. Predictable processes are also called previsible.
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Then we say that the random measure N has a compensator v if there exists
an {F; }iepp,m-predictable random measure v such that F), is o-finite measure
on P x B(R) and the measures Ex and E, are identical on P x B(R). The

compensated random measure is given by

N(w,dt,dz) == N(w,dt,dz) — v(w,dt,dz). (2.1)
As was shown in (He et. al. [45], pp 295-297), the compensator is uniquely

determined.

Definition 2.1.3. A Lévy process is an {F;}ico.r-adapted process X =
(X(t),0 <t <T) such that

(1) X(0)=0 a.s.;
(17) for0 <s<t<T, X(t)— X(s) is independent of Fj;
(131) for 0 <s<t<T, X(t)— X(s) has the same distribution as X (t — s);

(1v) the process X is continuous in probability, i.e., for any t € [0,T] and
e >0,
lim P(| X (t) — X(s)| > ¢€) = 0.

s—t

This class of stochastic processes has been widely studied in the liter-
ature. For interested readers we refer to Applebaum [2], Kyprianou [58].
Some important examples of Lévy processes used in many applications are
Brownian motions and Poisson processes. For each Lévy process, we have
a Lévy measure v which counts the expected number of jumps between the

time interval [0, 7"]. This measure is defined by

V(A) = E[#£{t € [0,T] | X(t) — X(t—) £0, X(t) € A}], A e B(R).

2.2 Jump-diffusion processes

In this thesis, we work with processes that are driven by Brownian motions

and Poisson random measures, the so-called jump-diffusion processes. Thus,
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the [to’s formula for these processes play an important role in solving many
different stochastic optimization problems.

Let W be an n-dimensional Brownian motion independent to m-dimensional
Poisson random measures N. We consider a jump-diffusion process X (t) de-
fined on a probability space (£2, F,P) of the form

dX (t) = a(t)dt + B(t)dW (t) + / v(t, z)N(dt,dz) (2.2)

R

where «, 5 and 7 are progressively measurable functions such that (2.2) is
well defined. For the existence and uniqueness solution of the SDE of the form
(2.2), we refer to Oksendal and Sulem [77], Theorem 1.19 or Applebaum [2],
Theorem 6.2.3.

The following Theorem, gives the 1t6’s formula for multidimensional pro-

cesses.

Theorem 2.2.1. Let X;(t) € R,i = 1,....D be an Ito-Lévy process of the

form

M y4
dX;(t) = a(t,w)dt + Y Bi(t,w)dWi(t) + Y /R vii (t, 2, w)N;(dt, dz;),
=1 =1

(2.3)
where o;; : [0, T]xQ = R, B;: [0, T] xQ — RM and ~; : [0,T] x R x Q — R*
are adapted processes such that the integrals exist. Here W;(t),5 =1,..., M

1s 1-dimensional Brownian motion and

Nj(dt, dZJ) = N](dt, dZ]) — 1|Zj|<ajVj(de)dt,
where N; are independent Poisson random measures with Lévy measures

v; coming from { independent (1-dimensional) Lévy processes ny,...,n; and

1).,/<q, 18 a characteristic function, for some a; € [0,00]. Let f € C*([0, T]x
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RM). Then Y (t) = f(t, X1(t), ..., Xn(t)) is also an Ité-Lévy process and

N 2
O (vt + BaW (1)) + 2 3 (8875

axl o a&fzal'j

a N
dy (t) = a—{dtJrZ
i=1 ij=1

l

+§3/}<[ﬂuxwv+¢“w%»—waﬁv>

k=1

= > XD |l

+§j/} P X ) 449 20) — £ X ()] Nuldt, dz),

k=1

where X (t) = (X1(t), ..., Xn(t)), B € RVM W (t) = (Wi(t),..., Wi (t)) and
v *) € R is the column number k of the N x  matriz .

Proof. See Applebaum [2]|, Theorem 4.4.7. ]

An immediate consequence of the 1t0’s formula is the Ito-isometry prop-

erty. It is stated as follows

Lemma 2.2.2. (It6-Lévy isometry) Let X (t) € R, X(0) = 0 be an SDE
(2.2), for a=0. Then

t t
E[X?(t)] :]E[/ ﬁg(s)ds+/ /’72<S,Z)l/(d2)d3
0 0o JR
provided that the right hand side is finite.

Another consequence mostly used in many applications is the so called

[t6’s product rule.

Lemma 2.2.3. Let X(t) and Y(t) be two jump-diffusion processes of the
form (2.2). The product of these processes is given by

AX)Y(t) = X(@t—)dY(t)+Y(t—)dX(t)+ p1(t)B2(t)dt
—i—/R'yl (t, 2)v2(t, 2)N(dt,dz) .
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Besides the SDE defined above, in this thesis, we will use another impor-
tant type of SDEs driven by jump-diffusion processes that also depend on the
past values of the solution. This type of SDEs are called stochastic delayed
differential equations (SDDE). We consider the processes of the form

AX(t) = p(t, X(t), X(t—0))dt + o(t, X (), X(t—8))dW(t) (2.4)
+/7(t,X(t),X(t —0),2)N(dt,dz),

where X (t—0) means that the coefficients may depend also on the past values
of the solution on the interval [t — d,¢], for some 6 > 0. For the existence
and uniqueness solution of the SDDE of the form (2.4), we refer to Bafos
et. al. [6]. The Itd’s formula is obtained in the similar way as in Theorem
2.2.1, however one needs to consider to notion of the directional derivative.
The corresponding formula for jump-diffusion processes is given in Banos et.
al. [6], Theorem 3.6.

2.3 Martingales for jump-diffusion processes

and the Girsanov Theorem

The concept of martingales plays an important rule in proving some of the
main results of this thesis. In fact, the results in Chapter 3 are based in du-
ality martingale techniques and those in Chapter 5 on martingale optimality
principle. Given a filtered probability space (2, F,P), a martingale is defined
as an {J }rejo,17-adapted stochastic process X (t) such that E[|X (¢)]] is finite,
for any ¢ € [0, 7] and

E[X(t) | Fs] = X(s), forall s<t, as.,

that is, X(s) is the best guess of the future value, given all the information
up to and including the present time s. If E[X(¢) | Fs] > X(s), a.s., X(s)

is a submartingale and a supermartingale if —X(s) is a submartingale.
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The fundamental examples of martingales are Brownian motions and a
compensated Poisson process.

Another important concept is a local martingale. We say that an adapted
process X () is a local martingale if there exists a sequence of stopping times?
71 <7 <...<7,— T (as.) such that each of the processes (X(t AT,), t €

[0,77) is a martingale. The sequence (7;)i—12,. ., is called a fundamental

sequence.
Very often in many applications, a stochastic process is not a martingale.
However, one can transform it into a martingale applying the changing of

measure. The Girsanov Theorem is a key result in this procedure.

Theorem 2.3.1. (Girsanov’s Theorem for It6-Lévy processes). Let W and
N be (P, {F;}icpm)-Brownian motion and (P, {F;}ico.r))-random measure
with compensator v(dz). Moreover, consider X(t) be a 1-dimensional Ito-

Lévy process of the form

X () = alt, w)dt + Bt w)dIW (t) + / (2 )N (dt, dz), 0<t<T.

Assume there exist predictable processes 0(t) = 0(t,w) € R and ¥(t,z) =
Y(t, z,w) € R such that

B + / At 2, 2)u(dz) = at),

R

for a.s. (t,w) € [0,T] x Q and such that the process

Z(t) = exp [— /te(s)dW(s) - %/t 0%(s)ds

+/Ot /Roln(l _w(s,z))ﬁ(dz,dz)

+/0 /R{ln(l—w(s,z))—i—w(s,z)}y(dz)ds L0<t<T

is well defined and satisfies E[Z(T')] = 1. Furthermore, define the probability
measure Q on Fr by dQ(w) = Z(T)dP(w). Then X (t) is a local martingale

3We say that a random time 7' : Q — [0,00] is a stopping time of the filtration
{Fi}icio,m if the event (T' < t) € {F; }icjo,r) for each t > 0.
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with respect to Q and
We() — W) +/ B(s)ds, 0<t<T,
0
NO(t,A) = N(t,A) — / /(1 + (s, 2))v(dz)ds, 0 <t <T, Ae€ B(R)
o Jr

are (Q, {F:}eepo,m)-Brownian motion and (Q, {F; }iepo,m)-compensated ran-

dom measure respectively.

Proof. See Oksendal and Sulem [77], Theorem 1.31 and Delong [26], Theorem
2.5.1. [

Furthermore, we consider the martingale representation theorem for jump-
diffusion processes. It states that any martingale M (t) € F; can be repre-
sented in terms of the sum of a Brownian motion and a compensated Poisson

random measure.

Theorem 2.3.2. (Martingale representation theorem). Any (P, {F;}icpm)-

martingale M (t) admits a representation

M(t) = M(0) + /O B(s)dW (s) + /0 /R V(s )N (s, dz) . (2.5)

where B is predictable and square integrable and ~y is predictable marked pro-

cess and square integrable with respect to v(dz).

Finally, we introduce the notion of martingales of bounded mean oscilla-
tion (BMO-martingales) for jump-diffusion processes as in Morlais [70]. This
is an extension of the concept of continuous BMO-martingales introduced
by Kazamaki [53]. We say that a martingale M of the form (2.5) is in the
class of BMO-martingales if there exists a constant K > 0, such that, for all
F-stopping times T,

esssup E[[M|r — [M]r | Fr] < K*  and |AM7| < K?,
Q

where [M] denotes a quadratic variation of a process M. For the diffusion

case, the BM O-martingale property follows from the first condition, whilst
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in a jump-diffusion case, we need to ensure the boundedness of the jumps of
the local martingale M.

Let M be a martingale of the form (2.5). We define a stochastic expo-
nential £(M) by

en) = epf=3 [ Bds+ [ [ M40, (s, (dzdas
—l—/otﬁ(s)dW(s)+/0t/Rln(1+7(s,z))N(ds,dz)}.

Then, the following lemma, which follows from the application of the Ito’s
formula and the martingale representation theorem, relates the martingale

property of the stochastic exponential to a BMO-martingale.

Lemma 2.3.3. (Kazamaki criterion). Let M be a BMO-martingale satisfy-
ing AM; > —1 P-a.s. for allt € [0,T]. Then E(M) is a true martingale.

2.4 Backward stochastic differential equations

The theory of backward stochastic differential equation (BSDE) has become
an important tool for solving stochastic optimal control problems. The main
part of this thesis solves various stochastic optimization problems based on
the theory of BSDEs. In this section, we introduce the concept of BSDEs
and state the mein results.

Given the data (&, f), where £ : Q@ — R is an Fp-measurable random
variable and f is a P ® B(R) ® B(R)-measurable function. We consider the
following BSDE

dY (1) = —f(LY (1), Z(t), Y(t, 2))dt + Z(£)dW (t) (2.6)

—i—/T(t,z)N(dt, dz);
Y(r) = ¢,

where the processes Z and Y are called control processes as they control an

adapted process Y so that it satisfies the terminal condition &.
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Definition 2.4.1. A triple (Y, Z,T) € S*(R) x H*(R) x H%(R) is said to be
a solution to a BSDE (2.6) if

Y(t) = f—l—/t f(s,Y(s—),Z(s—),T(s—,-))ds—/t Z(s)dW (s)

T
—/ /T(S,Z)N(ds,dz),OStST.
t Jr

A pair (&, f) is said to be a standard data for BSDE (2.6), if the following

assumptions hold:
(C1) the terminal value ¢ € L*(R);

(C2) the generator f: Q x [0,7] x R x R x L3(R) — R is predictable, i.e.,
f €P xB(R)x B(L?>(R)) and Lipschitz continuous in the sense that,

|flw, t,y, 2,0) — flw, t, g, 2 V) < K(ly—y]P+]z— 2

+ [ 1) = v Priaz)).

a.s., (w,t) € 2 x[0,T] a.e. for all (y,z,v), (v,2,v') € Rx R x L3(R);
(C3)
T
B[ 1£(0.0.0)Pd < o0
0

The following theorem is a classical result for the existence and uniqueness
of the solution to the Lipschitz BSDE (2.6). For the proof we refer to Delong
[26] or Cohen and Elliott [16]. However a quadratic-exponential BSDE with
jumps will also play an important role in solving our optimization problem
in Chapter 4. The existence and uniqueness result for this type of BSDE’s
is established in Morlais [70, 71].

Theorem 2.4.1. Let (&, f) be a standard data. Then the BSDE (2.6) has a
unique solution (Y, Z,T) € S*(R) x H*(R) x HA (R).

The key result of the BSDE approach for stochastic optimal control prob-
lems is the so called comparison principle for BSDEs. As the name suggest,

it compare the solution of two BSDEs It is stated as follows:
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Theorem 2.4.2. (The Comparison Principle). Let (£,£') and (f, f') be two
standard data for two BSDEs of the form (2.6), with solutions

(Y, Z,7), (Y, Z, 1) € S*(R) x H*(R) x HA(R) respectively. Moreover, sup-
pose that

e (> ¢ P-as.
o f(w,t,y,z,v)> flw,t,y, 2 v), dt x dP-a.s.

L f(wv ta Y, z, U)_f(w7 ta Y, z, U/) S I]R gO(t, Z)(U(Z)_UI(Z))V(dZ)7 a.s. (Cd, t) S
QO x1[0,T] a.e. forall (y,z,v), (y,z,v) € RxRx L2(R), where ¢ : Q x
[0, T]XR — (—1,00) is a predictable process such that [, |p(t, z)|*v(dz)

ia uniformly bounded.

Then Y (t) > Y'(t), t € [0,T]. In addition, if for some A € {Fi}icior we
also have (Y (t) = Y'(t))xa =0, then Y =Y on A x [t,T], i.e., if Y and Y’

meet, they remain the same from then onwards.

Proof. For the proof, see Delong [26], Theorem 3.2.1 or Cohen and Elliott
[16], Theorem 19.3.4. O

2.5 Portfolio dynamics under jump-diffusion

processes

Consider a complete probability space (€2, F,P) on which is given an M-
dimensional Brownian motion W (¢) = (Wi (t),..., Wy (t)) and an ¢-dimensional
Poisson random measure N (t, A) = (Ny(t, A), ..., Ny(t, A)) with a Lévy mea-
sure ¥(A) = (11 (A),...,v(A)), such that W and N are independent. Here,
W(0) = 0 and N(0,-) = 0 almost surely. This section is adopted from
(Karatzas and Sreve [52], Section 1.1).

We suppose the existence of a risk-free share (money market) with price
So(t), 0 <t < T strictly positive, {F; }ejo,r-adapted and continuous defined
by

dSo(t) = r(t)Se(t)dt, Sp(0) =1, Vte [0,T7], (2.7)
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where a random and time-dependent, {F; };c(o,7j-measurable (t) > 0 is called
the risk-free interest rate at time ¢ € [0, 7).
We introduce D stocks with price per share Si(t);...;Sp(t) which are

continuous, strictly positive and satisfy the following jump-diffusion SDE

dS, (1) :swﬂ%@ﬁ+2ﬁm@wm@ (2.8)

m=1

V4
+Z/%Mﬂmmmw}w€mm
k=1 R
Sn(0) = s, >0,

where a, 1 [0, T]xQ — R, B, : [0,T] xQ — RM and 7, : [0, T] xR xQ — R’
are adapted processes, for n = 1,..., D, such that (2.8) is well defined.

Definition 2.5.1. A financial market, hereafter denoted by M, consists of

(¢) a probability space (Q2, F,P);

(17) a positive constant T  called the terminal time;

(i13) an M-dimensional Brownian motion {W(t), {F:};0 <t < T} and an
(-dimensional Poisson random measure {N(t,-), {F:};0 <t < T} de-

fined on (Q, F,P), where {F;}icpr s a filtration, with W independent
of N;

(iv) a progressively measurable risk-free rate process r(-) satisfying
T
/ Ir(t)|dt < o0, a.s.;
0

(v) a progressively measurable D-dimensional mean-rate of return process

a(t) satisfying
T
/ la(t)||dt < 0o, a.s.;
0

(vi) a progressively measurable, D x M -matriz-valued volatility process [5(t)

satisfying

D M T
SN [ Gl <oo, as
0

n=1 m=1
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(vii) a progressively measurable, D x ¢-matriz-valued jump-coefficients pro-
cess y(t,-) satisfying
¢

D T
ZZ/ V2t 2w (dzg)dt < 0o, a.s.;
0

n=1 k=1

(viti) a vector of positive constant initial stock prices S(0) = (sy1,...,sp).

We consider a financial market M consisting of a risk-free asset given by
(2.7) and D risky shares given by (2.8). The main objective of this section
is to derive the dynamics of the value of a so-called self-financing portfolio
in continuous time. For more details see e.g., (Bjork [10], Chapter 6 and
Karatzas and Sreve [52], Section 1.2), where a diffusion framework has been
considered.

Let 0 =ty <ty < --- <t =T be a partition of the interval [0, T.
Assumption 2.1.
hn(t,,) = the number of shares of stock n held during the period [t,,, tm11),
form=1,...,Dandm=0,...,k—1;

ho(t,) = the number of shares held in the risk-free asset;

¢(t,,) = the amount spent on consumption during the period [t,,, t;ymi1)-

We also assume that for n = 0,1,..., D, the random variable h,(t,,) is

{Ft., }repo,r-measurable, i.e., anticipation of the future is not permitted.

Let us define the value of the portfolios V' by the stochastic difference

equation
V(0) = 0;
V(tmer) = V(tm) = > a(tm) [Sultmi1) = Sultm)]; m=0,... . k—1.

Then V(t,,) is the amount of the portfolios during the period [0, t,,]. On
the other hand, the value of the portfolios at today’s price is given by

D
V(tm) = b)) Saltm): m=0,.... M,
n=0
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if and only if there is no exogenous infusion or withdrawal of funds on the
interval [0, 7. In this case, the trading is called self-financing.

Suppose that h(:) = (ho(-), ..., hp(:))" is an {F;}epo,r-adapted process
defined on the interval [0, 7], not just on the partition points to, ..., t;. The

associated value process is now defined by the initial condition V(0) = 0 and

the SDE ’
dV(t) = ha(t)dS,(t); Vte[0,T]. (2.9)

If we consider that the cost for the consumption rate c(t,,) is given by

c(tm)(tm+1 — tm), the value process in continuous time becomes

dV(t) =Y ha(t)dS,(t) — c(t)dt; vt € [0,T]. (2.10)

n=0

We then give a mathematical definition of the main concepts.

Definition 2.5.2. Let Sy(t) be a risk-free price process given by (2.7) and
(Sp(t), t € [0,T7]) be the risky price process given by (2.8), n=1,...,D.

(1) A portfolio strategy (ho(-), h(:)) for the financial market M consists of
an {Fi }iepo,r)-progressively measurable real valued process ho(-) and an

{Fi }reo.m-progressively measurable, RP -valued process

h() = (hl()’ R hN('))T;

(2) the portfolio h(-) is said to be Markovian if it is of the form h(t,S(t)),
for some function h : [0,T] x RP+1 — RP+L that is, the value of the

portfolio depends on the current value of the share S(t);

(3) the value process V' corresponding to the portfolio h is given by

(4) a consumption process is an Fi-adapted one-dimensional process {c(t); t €

[0, 71}
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(5) a portfolio-consumption pair (h,c) is called self-financing if the value
process V' satisfies the condition

dV(t) = ha(t)dS,(t) — c(t)dt; Vt e [0,T].

n=0

For computational purposes, it is often convenient to describe a portfolio
in relative terms, i.e., we specify the relative proportion of the total portfolio

value which is invested in the stock.

Define (S (1
T (t) ::%; 1,....D
and 7(-) = (m(-),...,7p(+))T, where
mo(t) =1 =) ma(t).

From (2.7) and (2.8), the value process (2.10) becomes
dv(t) = [ ( + 5 malt)( r(t)))—c(t)}dt

VD Y () B (£)dWon (t) (2.11)
7Tn /’Ynk(t Zk)Nk(dt de) 0 < t < T

where

/waT(m alt) — r(t)1)|dt < oo /Hﬂ O2dt <oo  (2.12)

and

/0 /R r () (t, 2) [2v(dz)dt < oo (2.13)

hold almost surely, where 1 represents a D-dimensional vector of units 1 =
(1,...,1) and o € RP, 8 € RP*M and v € RP*E.



2.6. Life insurance contract 2

Remark. The definition of the value process in (2.11) does not take into
account any cost for trading. A market in which there are no transaction
costs is called frictionless.

The Conditions (2.12)-(2.13) are imposed in order to ensure the existence of
the integrals in (2.11).

mo(+) < 0, means that the investor is borrowing money from the money
market. The position m,(-); n =1,..., D in stock n may be negative, which

corresponds to the short-selling of the stocks.

2.6 Life insurance contract

Our main focus is to incorporate a life insurance contract on our stochastic
optimization problems in order to protect the investors dependent in a case
of a premature death. This section introduces the concept of life insurance
contract and the hazard function. For more details see e.g. Pliska and Ye [83],
Rotar [86], Chapter 7 and Melnikov [63], Chapter 3.

Definition 2.6.1. A general life insurance contract is a vector ((£(t), 0(t))ecio,r)
of t-portfolios, where for any t € [0,T], the portfolio £(t) is interpreted as a
payment of the insurer to the insurant (benefit) and 6(t) as a payment of the

insurant to the insurer (premium), respectively taking place at time t.

Let 7 be the random lifetime or age-at-death of an individual. Set F'(t) =
P(r < t), the distribution function of 7. We assume that an individual is
alive at time ¢ = 0, that is, once has been born, his/her lifetime is not equal
to zero (F(0) = 0). We define the survival function F(t), by

Ft)=P(r>t|F)=1-F(t),

where {F; }icjo,7) is the filtration at time ¢. Clearly, £'(0) = 1 because F'(0) =
0.

Hereafter, we assume that the distribution function F'(¢) is continuous,
thus the distribution has density f(t) = F'(¢). For an infinitesimal ¢ > 0, we
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have that
Pit<1<t+e)=f(t)- €. (2.14)

Consider P(t < 7 < t+¢€ | 7 > t), the probability that an individual
under consideration will die within the interval [t,¢ + €|, given that he/she
has survived ¢ years, i.e., 7 > t. From (2.14), the force of mortality or a

hazard function of T is defined by

P < >
W) = lim t<T<t+e|T>1)
e—0 €
. Pt<t<t+e)
= lim
e—0  eP(r > 1)
1 .. F(t+e) —F(t)

=~ ((F(®)). (2.15)

provided that F(t) # 0, Vt. If F(t) = 0, the force of mortality pu(t) = oo by
definition. The larger p(t) is equivalent to the larger the probability that an
individual of age ¢ will die soon, i.e., within a small time interval [t, ¢ + €].

From (2.15), the survival function of an individual is given by

F(t) = exp (— /Ot,u(s)ds) (2.16)

and consequently, the conditional probability density of death of the individ-

ual under consideration at time ¢, by

0 =0 = utye (- [ t uls)ds). (217)

Remark. The filtration {F;}.cjo,r) is defined in such a way that it includes
the information from the market as well as the information of lifetime of an

individual.
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2.7 Utility functions

As this thesis is devoted to solving stochastic optimal control problems, util-
ity functions are of crucial importance in these problems as they measure a
relative satisfaction of an investor. we introduce and give the properties of
the utility functions to be considered. For more details see e.g. Karatzas et.
al. [51] or Karatzas and Shreve [52], Chapter 3.

Definition 2.7.1. A utility function is a concave, non-decreasing, upper

semi-continuous function U : (0,00) — R satisfying the following conditions:
(i) the half-line dom(U) := {x € (0,00) : U(x) > —o0} is a nonempty subset
Of [07 (X));

(1) the derivative U’ is continuous, positive and strictly decreasing on the

interior of dom(U) and

U'(0):=limU'(x) =00, U'(x):= lim U'(z)=0. (2.18)

x—0 T—00

Given a function A : R — R defined by

. U”(x)
U'(x)

Az) ==
A utility function U is said to be of Constant Relative Risk Aversion (CRRA)

type if A is a constant.

Example 2.7.1.

We consider some common examples of utility functions.

x5/5, ifx >0,
UO(z) :={ lime,o€e® /s, ifz=0, (2.19)
—00, it z < o0,

for 0 € (—o0, 1)\ {0}.
For § =0, set

lnz, ifz>0
UO(z) :_{ neh s (2.20)

—o00, ifr<oco.
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We also define a utility function of the exponential type as follows:
Ulx)=e", k>0.

Definition 2.7.2. Let U be a utility function. We define a strictly decreasing,
continuous inverse function I : (0,00) — (0,00) by I(y) := (U'(y))~*. By
analogous with (2.18), I satisfies

I(0) :==1lim I(y) =00, I(c0):= lim I(y) =0. (2.21)

y—0 Y—00

Define a function

U(y) :=max[U(z) —zy] = U(I(y)) —yl(y), 0<y<oo, (2.22)

x>0

which is the convex dual of —U(—z), with U extended to be —oo on the

negative real axis. The function U is strictly decreasing, strictly convex and

satisfies
Uy) = —I(y), 0<y<oo
U(z) = min[U(y) +zy] = UU' (z)) + 2U'(z), 0<z<oo. (2.23)

y>0

Then from (2.22) and (2.23), we have the following useful inequalities:

Ull(y)) > U(x)+yll(y)—z], VYr>0,y>0, (2.24)

UU'(z)) < Uly)—z[U'(x)—y], VYe>0,y>0. (2.25)



Chapter 3

On optimal
investment-consumption and
life insurance with capital

constraints.

3.1 Introduction

Optimal consumption-investment problem by Merton [66] ushered a lot of
extensions. In 1975, Richard [85] extended for the first time this prob-
lem to include life insurance decisions. Other references include Huang et
al. [47], Pliska and Ye [83], Liang and Guo [60]. Recently, Kronborg and
Steffensen [55] extended this problem to include capital constraints, previ-
ously introduced by Tepla [95] and El Karoui et. al. [30]. Most of the
references mentioned above solved the problem under a diffusion framework.

As was pointed out by Merton and many empirical data, the analysis of
the price evolution reveals some sudden and rare breaks (jumps) caused by
external information flow. These behaviours constitute a very real concern of
most investors. They can be modeled by a Poisson process, which has jumps

occurring at rare and unpredictable time. For detailed information see e.g.,

27
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Jeanblanc-Picque and Pontier [48], Runggaldier [87], Daglish [21], Qksendal
and Sulem [77], Hanson [43] and references therein.

In this chapter, we consider a jump-diffusion problem with stochastic
volatility as in Mnif [68]. In his paper, Mnif [68] solved the portfolio opti-
mization problem using the dynamic programming approach. Applying this
technique in a jump-diffusion model, the Hamilton-Jacobi-Bellman (HJB)
equation associated to the problem is nonlinear, which in general the ex-
plicit solution is not provided. To prove the existence of a smooth solution,
he reduced the nonlinearity of the HJB equation to a semi-linear equation
under certain conditions. Here, we use a martingale approach developed
by Karatzas et al. [50] and Karatzas and Shreve [52] in a diffusion process
to solve the unrestricted problem. Then we solve a constrained optimiza-
tion problem, where the constraint is of American put type. Considering
a jump-diffusion model, a market is incomplete and consequently we have
many martingale measures. We obtain the optimal investment, consump-
tion and life insurance strategy by the convex optimization method. This
method allow us to characterize the optimal martingale measure for the util-
ity functions of the power type. In the literature, this method has also
been applied by Castaneda-Leyva and Herndandez-Hernandez [13] in a opti-
mal investment-consumption problem. They considered a stochastic volatil-
ity model described by diffusion processes. Similar works include (Liang and
Guo [60], Michelbrink and Le [67] and references therein).

The optimal solution to the restricted problem is derived from the un-
restricted optimal solution, applying the option based portfolio insurance
(OBPI) method developed by El Karoui et al. [30]. The OBPI method con-
sists in taking a certain part of capital and invest in the optimal portfolio of
the unconstrained problem and the remaining part insures the position with
American put. We prove the admissibility and the optimality of the strategy.

The structure of this chapter is organized as follows. In Section 3.2,
we introduce the model and problem formulation of the Financial and the

Insurance markets. In Section 3.3, we solve the unconstrained problem and a
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power utility function is considered. In Section 3.4, we solve the constrained

problem and prove the admissibility of our strategy.

3.2 The Financial Model

We consider two dimensional Brownian motion W' = {W;(¢); W(t), 0 <t <
T} associated to the complete filtered probability space (W, FWV {FV}, PWV)
such that {W;(t), W5(t)} are correlated with the correlation coefficient |g| <
1, that is, dWy(t) - dW5(t) = pdt. Moreover, we consider a Poisson process
N = {N(t),{FN},0 < t < T} associated to the complete filtered prob-
ability space (QY, FN {FN},PY) with intensity A(t) and a PY-martingale

compensated poisson process

We assume that the intensity A(¢) is Lebesgue integrable on [0, 7).

We consider the product space:
(QF {Fiosisr, B) := (@7 x Q¥ FV 0 FVAF @ F'}, PV @ PY)

where {F }1ej0,17 is a filtration satisfying the usual conditions. On this space,
we assume that W and N are independent processes.

We consider a financial market consisting of a risk-free asset
B = (B(t)io,r), a non-tradable index Z := (Z(t)icjo,r)) which can be
thought as an external economic factor, such as a temperature, a loss index
or a volatility driving factor and a risky asset S := (S(t))scjo,r] correlated

with Z(t). This market is defined by the following jump-diffusion model:

dB(t) = r(t)B(t)dt, B(0) =1, (3.1)
dZ(t) = (Z(t))dt+dW1() (3.2)
dS(t) = S(t)|alt, Z(t))dt + B(t, Z(t))dWi(t) + o(t, Z(t))dWs (3.3)

+(t, Z(t))dN(t)|, S(0)=s>0,
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where r : [0,7] = R; o, 8,0,7 : [0,7] x R = R are measurable {F;};c1-
adapted bounded processes and (¢, R(t)) > —1. With the latter condition
and the continuity of Z, we guarantee that (4.12) is well defined.

To ensure the existence and uniqueness of the solution to (3.2), we assume

a Lipschitz condition on the R-valued function 7:
(A1) There exists a positive constant C' such that

In(y) —n(w)| < Cly —wl, yweR.

Under the above assumption, the solution to the SDE (3.2) is given by

2(8) = 2 + /O n(Z(s))ds + /O AW, (s) (3.4)

Let us consider a policyholder whose lifetime is a nonnegative random
variable 7 defined on the probability space (2, F,P) and independent of the
filtration {F;}sc0,77. Moreover, suppose that c(t) is the consumption rate of
the policyholder, 7(¢) the amount of the policyholder’s wealth invested in the
risky asset S and p(t) the sum insured to be paid out at time ¢ € [0, 7] for
the life insurance upon the wage earner’s death before time 7. We assume
that the strategy (c(t), m(t), p(t)) satisfies the following definition:

Definition 3.2.1. The consumption rate ¢ is measurable, {F;}icpor-adapted

process, nonnegative and

T
/c(t)dt<oo, a.s.
0

The allocation process m is an Fy-predictable process with

¢
/ 2 (t)dt < oo, a.s.
0

The insurance process p is measurable, Fi-adapted process, nonnegative and

T
/ p(t)dt < oo, a.s.
0
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Suppose that the policyholder receives a deterministic labor income of
rate £(t) > 0, Vt € [0, 7AT] and that the shares are divisible and can be traded
continuously. Furthermore, we assume that there are no transaction costs,
taxes or short-selling constraints in the trading, then after some calculations,
the wealth process X (t), t € [0,7 A T] is defined by the following SDE:

dX(t) = [(r(t) + p(@)X (@) + 7(t)(a(t, Z(t) = r@) + 1) (3.5)
() = p)p(B)]dt + w () 5(¢, Z(t))dWi(t)

+m(t)a(t, Z(8)dWa(t) + m(t)y(t, Z(t))dN(t)

X(0) = x>0,

where Z(t) is given by (3.4) and 7 AT := min{7,T'}.

The expression u(t)(p(t) — X (t))dt from the wealth process (3.5), cor-
responds to the risk premium rate to pay for the life insurance p at time t.
Notice that choosing p > X corresponds to buying a life insurance and p < X
corresponds to selling a life insurance, that is buying an annuity (Kronborg
and Steffensen [55]).

From Definition 3.2.1 and the conditions of r, «, £, 0,7, we see that the

wealth process (3.5) is well defined and has a unique solution given by

X(t) = melstronnas | /Otef:(rm)w(u))du[W(S)(Q(S, 2(5)) — r(s))
£4(5) = ls) = ulslp(s) s+ [ w(6)30s, 2O o

+ /0 tw(s)a(s,Z(s)) St du gy, (5)

+ [ wns, Z)eF O N ). (3.

We define a new probability measure Q equivalent to P in which S is a
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local martingale. The Radom-Nikodym derivative is given by:
M) = exn{ [ (1= 0DAE) — 585, Z(5),6(5) = 507, wl)lds
0
s [ vl 205),0NdWis) + [ 05, 205), 005 das)
0 0
1 dN . 3.7
+ [ v (37)
By Girsanov’s Theorem, under QQ, we have that:

dle,w(t) =dWi(t) — v(t, Z(t),(t))dt,
AWV (#) = dWs(t) — 0(t, Z(¢), ¥ (t))dt
ANQ(t) = dN(t) — Y(t)A(t)dt

are Brownian motions and compensated poisson random measure respec-

tively, where (See Runggaldier [87], Section 4.)

VIt 2000 = S0 ot 7 -t Z) =26 ZEO)OAD).
(3.8)

01t 2000 010)) = 705 2oy ()=, Z0) = (8 ZO)OAD)
(3.9)

for any {F;}iep r-adapted bounded ¢ > 0. We assume that (¢, Z(t)) +
o?(t,Z(t)) # 0. Thus we have infinitely many martingale measures and
consequently incomplete market.

Note that, from the boundedness of the associated parameters, the pre-
dictable processes v, , are bounded. Then, one can prove that the stochastic

exponential (3.7) is a positive martingale (see Delong [26], Proposition 2.5.1.).

From (3.8) and (3.9), we have that:

[r(@)(alt, Z(t) —r(t) + m()B(t, Z(t))v(t, Z(t), (1))
+m(t)a(t, Z()0(t, Z(t),¢(t) + m(t)y(L, Z(1))p(E)A®)] = 0,
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then under Q, the dynamics of the wealth process is given by

dX(t) = [(r(t) + p(@) X (@) + (1) — c(t) — p(t)p(t)] dt
+(t)B(¢, Z(0) AW, (1) + m(t)o(t, Z(t)dWy (1) (3.10)
+r(t)y(t, Z () AN (),

which gives the following representation:
X(t) = el | / el [g(5) () — p(s)pl(s)] s
[ w6050 20020 o
+ [ ws)at, 2000 o
[ wns, 260N ). (3.11)

The following definition introduces the concept of admissible strategy.

Definition 3.2.2. Define the set of admissible strategies {A} as the con-
sumption, investment and life insurance strategies for which the correspond-

ing wealth process given by (3.11) is well defined and
X(t)+g(t) =0, Vtel0,T], (3.12)

where g is the time t actuarial value of the future labor income defined by

g(t) :=E { / ’ e~ Jotrtrrthduy () ds | 1| (3.13)
:
Since
EQ¥ [/Otw(s)ﬁ(s,Z(s))ef;(T(“)+“(“))d“dW1Q’¢(3)_ - 0, (3.14)
EQY [ /O t m(s)o(s, Z(s))efst(’"(“)+“(“))d“dW2Q’¢(s)_ = 0, (3.15)
890 | [[n(on (s, 2elowmemmagen] — o, (o)
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we see that the last three terms in (3.11) are Q local martingales and from
(3.12), a supermartingale (see e.g., Karatzas et al. [51]). Then, the strategy
(¢, m,p) is admissible if and only if X (7') > 0 and Vt € [0, T7,

X0 ) = B9 [ HOs) 4 ool 317

t

e I )b x () | |

At time zero (¢t = 0), this means that the strategies have to fulfill the following

budget constraint:

X000 +a(0) = B9 [ B e 315

yem Jo Cn@)du x ()]

Note that the condition (3.12) allows the wealth to become negative, as
long as it does not exceed in absolute value the actuarial value of future labor
income ¢(t) in (3.13) so that it prevent the family from borrowing against
the future labor income.

As in Kronborg and Steffensen [55], the following remark is useful for the

rest of the chapter.

Remark. Define for any t € [0, 7]
Y (1) (3.19)
= /0 —Jotrlw+ntw)dule () 4 y(s)p(s) — €(s)]ds + X (t)e — [ () +p(w))du

By (3.11) we have that the Conditions (3.14), (3.15) and (3.16) are fulfilled
if and only if Y is a martingale under Q. The natural interpretation is that,
under Q, the discounted wealth plus discounted pension contributions should
be martingales. It is useful to note that if Y is a martingale under Q, the

dynamics of X can be represented in the following form:

dX(t) = [(r(t) + p() X (E) + £(t) — c(t) — p(t)p(t)]dt + ¢1(t)dWSY (2)
o (£) AW LY () + () ANDP (1) (3.20)
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for some {F}" }ep,r-adapted processes ¢1, ¢o and {F}Y }ieo.r7-adapted pro-
cess (, satisfying ¢ (), p2(t), p(t) € L?, for any ¢ € [0, 7], then under Q, YV’

is a martingale.

3.3 The Unrestricted problem

In this section, we solve our main optimization problem using the martin-
gale duality method. Consider the concave, non-decreasing, upper semi-
continuous and differentiable w.r.t. the second variable utility functions
Uy [0,T| xRy - Ry, k=1,2,3.

Let p(t) be a deterministic function representing the policyholder’s time
preferences. The policyholder chooses his strategy (c(t), 7(t), p(t)) in order
to optimize the expected utility from consumption, legacy upon death and

terminal pension. His strategy, therefore, fulfils the following:

J(x,c,m,p)

TAT
= sup E{/ e~ o PN (5, ¢(s5))ds + eI PN (7 p(T)) X rary
0

(mcp)EA’

T
+e= o PN (X (T)) X (o1 | - (3.21)

Here x4 is an indicator function of set A. A’ is the subset of the admissible

strategies (feasible strategies) given by:

TNAT R
A= {<c,w,p>e«4IE[/ e i PO i (0, Uy (s, ¢(s))) ds
0

e Jo PO min(0, Us (7, p(7))) X fr<1y
e I PR min (0, Uy (X (T)))xgromy | > —00 (3.22)

The feasible strategy (3.22) means that it is allowed to draw an infinite
utility from the strategy (m,c,p) € A, but only if the expectation over
the negative parts of the utility function is finite. It is clear that for a

positive utility function, the sets A and A" are equal ( see eg., Kronborg and
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Steffensen [55]). In order to solve the unrestricted control problem (3.21) one
can use the Hamilton-Jacobi-Bellman (HJB) equation (e.g., Mnif [68]) or the
combination of HJB equation with backward stochastic differential equation
(BSDE) with jumps (Guambe and Kufakunesu [41]). In this Chapter, we use
the duality martingale approach applied in (Karatzas et al. [51], Castaneda-
Leyva and Hernandez-Hernéndez [13], Kronborg and Steffensen [55]). This
is due to the incompleteness of the market and the restricted problem in the
next section, where its terms are derived from the martingale method in the
unrestricted problem.

From (2.16) and (2.17), we can rewrite the policyholder’s optimization

problem (3.21) as (See, for example, Kronborg and Steffensen [55]):

(](x7 C*7 7T*7p*>
T s _
= sup E[/ e~ o P (s)Uy (s, c(5)) + f(5)Ua(s, p(s))]ds
(e,m,p)e A’ 0

+e~ Js p(u)duF(T>U3(X(T))] :

Hence,

J(%,C*,ﬂ'*,p*)
T

— s E / e~ I I, (5, ¢(s)) + u(s) Ua(s, p(s))|ds
(e,m,p)eA’ 0

e Ji o)y X(T))] _ (3.23)

We now solve the main problem using the duality method. This ap-
proach allow us construct an auxiliary market M@ related to the original
one, by searching over a family of martingale measures, the inf-sup martin-
gale measure 1@ and so the hedging portfolio process in the auxiliary market,
satisfies the portfolio constraints in the original market M, and replicates
exactly the contingent claim almost surely. This approach has been applied

under diffusion in a number of papers, see, for instance, He and Pearson [44],
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Karatzas and Shreve [52], Section 5.8, Castaneda-Leyva and Hernandez-
Hernandez [13], Liang and Guo [60]. Otherwise, one can complete the market
by adding factitious risky assets in order to obtain a complete market, then
apply the martingale approach to solve the optimal portfolio problem. For
the market completion, we refer to Karatzas et. al. [51], Runggaldier [87],
Section 4., Corcuera et. al. [18].

Thus, we define the associated dual functional ¥((, ) to the primal prob-
lem (3.23), where ( is the Lagrangian multiplier, by:

w(, )
= sw {E| / e Jo e[ (s ¢(s)) + pu(s)Us(s, p(s)))ds

¢>0;9>0
feJo (P +uw)dugy, (X(T))}+C(m+g(0))
T

0
Lo Jo ) tpu(w)du X(;p)} }}

The dual problem that corresponds to the primal problem (3.23), consists of

it WG W) (3.24)

Note that (see Cuoco [20] or Karatzas et al [52], for more details)
T )
EQ¥ [/ e~ Jo (r(w)+u(w))du [e(t) + u(t)p(t)]dt + e~ Jo (r(u)+u(u))duX(T)
0

= B[ O leh) + p(Op(0

e Jo (rwutu)dupy ) X<T)] 7
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where we have defined the adjusted state price deflator I' by:
TY(t) = A(t)elolels)=r()ds
' 1o 1,
= e [ 10(s) = 1(5) = 5805, 2(9), 065)) = 595, Z(5),4(9))

t

+/0 0(s, Z(s),v(s))dWs(s) + ln(w(s))dN(s)}, (3.25)

which can be written in the SDE form by:

0

aré(t) = rw(t)[(p(t)—r(t))dHy<t,Z(s),¢(t))dW1(t) (3.26)
HO(E, R(L), (0)dWa(t) + ((t) — AN (1)].

Then, from the definition of the Legendre-Transform (2.22), the dual

functional U in (3.24) can be written as

W(C.w) = B[ RO (5 c(s)) + (o) Dol pls) s
e o (e tu)anfr x (T))| +¢(z + g(0)) (3.27)

The following theorem shows, under suitable conditions the relationship
between the primal problem (3.23) and the dual problem (3.24).

Theorem 3.3.1. Suppose that ) > 0 and ¢ > 0. The strategy (c*(¢), p*(t)) €
A" and X*(T) > 0 defined by

() = Li(t,CTP(1); p(t) = L(t,{TP(1); X*(T) = L(CTY(T)),

such that (3.18) is fulfilled, where X*(T') € {Fr} is measurable, is the optimal
solution to the primal problem (3.23), while (1&, é) is the optimal solution to
the dual problem (3.24).

Proof. By the concavity of the utility functions Uy, k =1,2,3, (see Karatzas
et al [52]), we know that

U(t, ) < Ut Ikt 7)) = y(Li(t,y) — @)



3.3. The Unrestricted problem 39
Then it can be easily shown that
J(te(t) p(t), X(B) < inf W(C,v). (3.28)

¢>0,9>0

Hence, to finish the proof, we need to show that

inf  W((, ) > J(t,c(t),p(t), X(t)).

¢>0,9>0

From (3.27), we know that

inf W((,v)

¢>0,>0

— it (] / e~ ST, (5. ¢(5)) + () Ta(s, p(s))]ds

¢>0,>0

e B GG ()] 4 + 9(0)) )

IA

o B o), (X(T))]+é(a:+g(0))

= E[/o e~ JolnAn (T, (5, ¢*(5)) + p(s)Uz(s, p*(s))]ds

e Iy Gy (o0 (7))

~

e I “(“)*“(“’MUFWTM*(T)} fC( 4 9(0))

_ E[/o —Jo el tnlu)dulrr (5. c*(5)) + p(s)Us(s, p*(s))]ds

e Iy Pt (o (7))

IN

(e,p,m)eA’

e Jo oy ru)dug (X (T ))} }
= J(t,c(t),p(t), X(1)).

E[/o e~ S0t tntd (T, (s, c(s)) + pu(s)Ua(s, p(s))]ds

[ e B e o) + o @l

sup {E| / e~ i e[, (5, ¢(s)) + pu(s) Ua(s, p(s))|ds

Then, using (3.28), we conclude the proof, i.e., (¢*(t), p*(t), X*(T")) is the op-
timal solution to the primal problem (3.23) and (1&, ¢ ) is the optimal solution

to the dual problem (3.24).

]
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Remark. Note that the optimal (7,2,6) is not necessarily unique, thus for
different choice of the initial wealth, one might obtain different ¢ and (.

3.3.1 Results on the power utility case

In this section, we intend to derive the explicit solutions for the utility func-

tions of the CRRA type given by:

E;Ntx‘;, if >0,
Uit,2) = Us(t, ) = Us(t,a) = { lima o 55208, if 2 =0,  (3.20)
—00, if © <0,

for some 0 € (—o0,1) \ {0} and ¢ € [0,7]. Thus the inverse function I} is
given by
L(t,x)=e Ty 5, k=1,23 (3.30)

and the corresponding Legendre-Transform Uk by

Up(t, z) = Up(t, Iy(t, 2)) — xlp(t, x) =

We define a function N (¢)) by

T
NY) = E[/ e Io )t S5 DY (175 [1 4 p(t)]dt (3.31)
0
+6*foT(p(U)Jru(u)Jrﬁu)du[P¢<T)],% '

Then the dual functional (3.27) is given by

V(G 4) = TS0 TEN) + o+ 9(0). 3.32)

Fixing ¢ > 0 and taking the minimum on (3.32), we obtain the optimal é ,
given by
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-l

Inserting this optimal f to the above equation, we obtain

W) = 5+ 9(0) N ().

Now, solving the dual problem (3.24) is equivalent to solving the following

value function problem

V(£ 2(0) = mf N(©), §>0 (3.33)
V(t,Z(t)) = iup/\/(w) , 0<0. (3.34)

Note that from (3.26) and the It6’s formula (Theorem 2.2.1), yields

J

FT T () — 14 %(W) — 1)))\(t)]dt = 7506 2(), & () dWa(t)

(1, 20, 6(0) AW () + (7T () = 1) dN () |

which gives the following representation

E{ )]}
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Then the function N () can be written as

T
N@) = E[ / o= I3 (O Z0) W) ) 5mdury L lar (3.35)
0

Lo Jo (FlunZ () () )+ g5 u)du

)

where

(¢, Z(1), ¥(1)) (3.36)
= )+ et e 200,00

0200, 200, 0(0) + (6755 (0) — 1 =2 (1)~ 1)) A).

Proceeding as in (3.7), we define a new probability measure @ equivalent
to P, by
dQ = AT dP .
By this change of measure, the external economic factor (3.2) can be written

as

vt Z(t),v(t))| dt + AWV (). (3.37)

1-9
Now, the problem (3.33) with A/ (¢)) given by (3.35) can be solved using
the dynamic programming approach. It is easy to see that the associated
Hamilton-Jacobi-Bellman (HJB) equation satisfying V (¢, Z(t)) is given by
(see, Oksendal and Sulem [77], Theorem 3.1. for more details)

L lt) + Vilt, 2) + Vaslt, 2) 4 [ (6r(8) — p — 6A(H) + )

S(r(t) — alt, 2))?
OO = ez + o z)]]v(“)
381, 2)(r() ~ a1, 2) sy 0
) - s g ot )]]V(t,z) gf{(@b + s 5¢>A()
L0020, 20— 2(r(t) — o, z>>v<t7z>x<t>w>v<t7z>

21 =302+ o)
53(t, 2 (t, A1)
T B 1o ) - )
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Hence, by the first order conditions of optimality, the optimal @/A) is the solution

of the following equation

<
|
‘H
)
o
—
— |~

AVt 2) g [(7“() aft, 2))y(t DAV (E, 2)
2(t,2) + o2(t, 2)] (1-0)[p t

LUDHCDN

where V(t, z) is the solution of the above second order partial differential

equation. The problem (3.34) can be solved similarly.

Since we obtained the optimal ¢ and 1), from Theorem 3.3.1 and (3.30),

we obtain the following expressions

cO=rt) = Txm (3.38)
o XM Aglt) e, (TT)) T
= TN@ S (F(t)) ’ (3.39)

where

T .
N(t) = E[ / o G20 (0 + 125 (a0l | Y] ds
t

e ff(fw,zw),@w(u)ﬂ—z;<u—t>)du] _

From (3.26), by Ito’s formula we know that

(%)
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Then we have:

1—
+ (47T~ 1) (X () + 9N @), (340)

where O = O(t, X*(t),g(t)). Comparing (3.40) with (3.5), we obtain the

optimal allocation:

(X*(t) +9(t)) (3.41)

(X7(t) +9(1)) -
(3.42)
Inserting (3.38) and (3.41) into (3.10) we obtain the following geometric
SDE which can be solved applying the Ito formula.
d(X*(t) +9(t))
X*(t) +9(t)

= [ro+u - 1%(;)]0“ (1, Z(0), D)W 1)

—%_59(@ Z(t),0)dW (1) + (@ffﬁ(t) —~ 1) ANOY(t) . (3.43)

We conclude this section, summarizing our results in the following Lemma:

Lemma 3.3.2. For the power utility functions (3.29), the optimal investment-
consumption-insurance strategy (c*(t), 7j(t), 75(t), p*(t)), Vt € [0,T] is given
by

) = p7(0) = e
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e ) L5t 2(0).5) = 560, 2).1)

)) ( Z(0) + 1, Z(1)) (X*(t) +9(1)) -

3.4 The restricted control problem

In this section, we solve the optimal investment, consumption and life insur-
ance problem for the constrained case. We obtain an optimal strategy for the
case of continuous constraints (American put options) by using a so-called
option based portfolio insurance (OBPI) strategy. The OBPI method consists
in taking a certain part of capital and invest it in the optimal portfolio of the
unconstrained problem and the remaining part insures the position with an
American put. We prove the admissibility and the optimality of the strategy.
For more details see e.g., El Karoui et. al. [30], Kronborg and Steffensen [55].

Consider the following problem

sup E| / e BT (o 5)) + ()T (p(5))]ds

(e,m,p)e A’

_|_€—foT(p(U)+u(U))duU(X(T)) 7 (3.44)
under the capital guarantee restriction
X(t) > k(t,D(t)), Vt € [0,T7, (3.45)
where .
D(t) := / h(s, X(s))ds,
0

for k and h deterministic functions of time. The guarantee (3.45) is covered
by
k(t,() =0 (3.46)

and
k(t,C) = xoefg(r(g)(s)-l—u(s))ds + Cefg(r(y)(s)+u(s))ds’ (3.47)
with
h(s, x) = e~ Jo 0PI (5) — (s, ) — p(s)p(s, 7)),



3.4. The restricted control problem 46

where 7(9) < r is the minimum rate of return guarantee excess of the objective

mortality . Then

1t 2) = a0 [0 (5) ) o)l
’ (3.48)
We still denote by X*, c¢*, 7* and p* the optimal wealth, optimal con-
sumption, investment and life insurance for the unrestricted problem (3.21),
respectively. The optimal wealth for the unrestricted problem Y*(¢) :=
X*(t) + g(t) has the dynamics

') = o o+ - - Tt 20, a0

Lot 20 DR + (75 1) 1) aN )} (3.49)

vVt € [0,T], Y*(0) = yo, where yg := x¢ + ¢(0). Under Q, the economic
factor Z is given by

dZ(t) = [9(Z(t) + v(t, Z(2), @(t))] dt + dw%(1). (3.50)

Let P;C(t,T, k 4+ g) denote the time-t value of an American put option
with strike price k(s, D(s)) + g(s), Vs € [t,T], where D(t) = ( and maturity
T written on a portfolio Y, where Y (s), s € [¢,T] is the solution to (3.49),
with Y (t) = y. By definition, the price of such put option is given by

Piclt. Tkt g) = sup BE[en i C0mdk(r, D(r)) + g(r,

Ts 67;,,T

—Y (@)Y (®) = v, D(t) = ¢].

where 7;r is the set of stopping times 7, € [t, 7.
As in Kronborg and Steffensen [55], we introduce the American put

option-based portfolio insurance

XO(t) == o(t, D(t))Y*(t) + P p(t, T,k +g) —g(t), t€[0,T], (3.51)
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for 0: [0, 7] x R — (0,1) defined by

o(t,D(t)) = 0o V sup (’?(;_%?)) : (3.52)

where b(t, D(t)) is the exercise boundary of the American put option given

by
b(t,¢) :=sup{y: Pc(t, T,k +g) = (k(t,¢) +g(t) —y)" } (3.53)
and oo := 0(0, D(0)) is determined by the budget constraint
0(0, D(0)Y*(0) + Pl p(0, T,k +g) — g(0) = . (3.54)

By definition of an American put option, ng* D (t, T, k+g) > (k(t,d) +
g(t) — o(t, D(t))Y*(t))*", Vt € [0,T]. Hence

XO(t) = ot, Dt)Y*(t) + Py p(t, T,k + g) — g(t)
> o(t, D()Y*(t) + (k(t.) + g(t) — olt, D(t))Y™(£))" — g(t)
> k(t,Q),Vt €[0,T],

i.e., X© fulfils the American capital guarantee (3.45).
Under the optimal martingale measure 1&, we recall some basic properties
of American put options in a Black-Scholes market (Karatzas and Shreve,

[52], Section 2.8. or Musiela and Rutkowski [73], pp. 219-221)

Pyt Tk +g) = k(t,¢) + 9(t) — v, v(t,y,¢) ece
%P;((taT7k+g) = _17 v(tvyvg) €Ce
AP (T k+g) = (r(t) + u(®)) By (4T, k +g), Yt y,¢) €C,

where from (3.49), the generator operator A is given by (see e.g. Oksendal
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and Sulem [77], Theorem 1.22. Li et. al. [59])

(A¢)(y, 2)

- S )
g [0 20.6) + (1. 200), @M T
+[¢(t,y¢—ﬁ,z)—¢(t,y,2) ( )a_(q

and

Co={(t.y,Q): Ppc(t, T,k +g) > (k(t.C) + g(t) —y)"}
defines the continuation region. C¢ is the stopping region, that is, the com-
plementary of the continuation region C. From the exercise boundary given

n (3.53), we can write the continuation region by
C={{t,y,Q) :y >0, )}
Define a function H by
H(t,y,0) ==y + Py(t, T,k +g) — g(t),

then we have
X@(t) = H(t, o(t, D(t))Y*(t), D(t)).
From the properties of Py .(t,T,k + g), we deduce that

H(t,y,¢) = k(t,¢), Y(ty, () ecC,
%H(t,y,() _ 0, Yty o) ece (3.55)

AH(t3,0) = ob(60) + bt O k(L) ¥it.y.0) € € (3.56)
AH(.Q) = ((6) + BB T,k +.6) + £06) = () + )

S CORNTORE Y
(P, (6T +0) = BT+ )X
= (1) + ) H (1) + 00) — (’zgt)y + [t .0

1

~H(ty. Q) —y(¢ 0 - 1) a0, vy Qec. (357)
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Proposition 3.4.1. Consider the strategy (oc*, or*, op*), where ¢ is defined
by (3.52). Then, the strategy (oc*, or*, op*) is admissible.

Proof. For g constant and linearity of Y*(¢),Vt € [0,T], we have that
o(t, D(t))Y*(t) and Y*(¢) have the same dynamics. Then, using [t6’s formula,

(3.56)-(3.57), (¢*(t), p*(t)) in Theorem 3.3.1 and the fact that o increases only

9

5. means differentiating with respect to the
Y

at the boundary, we obtain (here

second variable)

dH(t, o(t, D())Y"(t), D(1))
= [dH(t, Y™ (1), D(1))] + Y*(t)gH(t, o(t, D(#)Y™(t), D(#))do(t, D(t))

Ay
= AR 0= 5l 2 (t)7¢)@Y*(t)§yH (t, 0Y*(£), D(1)) AW (1)
.20, @@Y*(t)a%H (t, 0™ (1), D(D)AWS (1)

+[H (b0 (09773 (1), D) = H (1, 0¥ (1), D(0)| AN (1)

+Y*<t>a%H<t, o(t. D(£))Y* (), D(t))da(t, D(t))

= {0 @) + pe)H(E, 07" (1), D) + €(t) = 06" (1) = op(t)p" (1
+[H(t oY ()57 (1), D(8) — H{t, 0V (2), D(2))

1

—oY™ (1) (@‘m(t) - 1) }A(t) L (o(t,D(8))y*(t)>b(t,D(2))) At

[gk(t, D(t)) + h(t, D(t))

P k(t, D(t))} L(o(t,D(t))v* (t)<b(t, D (1))t

e O .
+Y*(t) - H(t, o(t, D(t))Y™(t), D(t))1 (o, 00ty t)=b(t, Dty do(t, D(t))

dy
1 i V(L Z(1), @)@Y*(t)a%fl(t, oY* (1), D)) AW ¥ (1)
L 9

-1 2(), D)oY (1) S H(E oY (1), D(£)dW 2P (1)

o+ [H(t, oy (00775 (1), D(1) = H(t, 0" (1), D) dN* (1)

From (3.55), we know that (%H(t, o(t, D(t))Y™*(t), D(t)) = 0 on the set
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{(t,w) : o(t, D(t))Y™*(t) = b(t, D(t))}, then

AH(t, olt, D(£))Y" (¢), D(1)
= {0 @)+ p)H(E, 07" (1), D) + €(8) = 06" (1) = op(t)p" (1
+[H(t oY (/5775 (2), D(8)) — H{t, 0V (1), D(1))

—ov*(t) (4777 (1) — 1) | t)}
{2 M D) + h(t, D) k(6 D) — [(7(6) + p(0)k(t, D) + €00

—o(t, D(t))c*(t) — o(t, D(t))u(t)p*(t )]] L (o2, D(8))y = ())<b(t,D(2))) A

s, 200, D)V (1)

a% H(t, oY *(t), D(t))dW2¥ (1)

9
—me(t Z(t), )oY (t)a—y

+ |H(t, 0" ()75 (1), D)) — H(t, oY (8), D(1)) | N ().

H{(t, oY (t), D(£))dW5 (1)

Hence, since

{(t.) = ot, DY (1) < blt, Dt} = { () = o(t. D(t)) = "FE | has a

zero dt ® dP-measure, we conclude that

dH(t, oft, D< »Y (t), D(t))
_ {( H(t, oY *(t), D(t)) + £(t) — oc*(t) — ou(t)p*(t)
+[H<t, oY (1)~ T (1), D(1)) — H(t, 0Y* (), D(t))

o v 0= o

i(;V(t, Z(t), )oY (t )ayH(t oY*(1), D(1))dW e (¢)
g 20, ¢>@Y*<t>a%H<t, oY (), D(£) AW (1)

[ H(t oY (00775 (1), D(1) = H(t, 0" (1), D(1) | aN®¥(2),

i.e. by (3.20), the strategy (oc*, om*, op*) is admissible. O

We then state the main result of this section.
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Theorem 3.4.2. Consider the strategy (¢,7,p), Vt € [0,T] given by

¢ = Q(t’D}([?t)) ) = o(t, D(t))c"(t), (3.58)
7 — oft, D)7 (1), (3.59)
p = LB = s (3.60

where the strategy (c*,7*,p*) is defined in Lemma 3.3.2 combined with a
position in an American put option written on the portfolio (o(s, D(s))Y*(s))
with strike price k(s, D(s)) + g(s), Vs € [t,T] and maturity T', where

o(s,D(s)),s € [t,T] is a function defined by (3.52). Then, the strategy is

optimal for the American capital guarantee control problem given by (3.44)-

(3.45).

Proof. The proof follows similarly as Kronborg and Steffensen [55], Theorem

4.1. We omit the details.
O]



Chapter 4

On the optimal
investment-consumption and
life insurance selection problem

with stochastic volatility

4.1 Introduction

The problem of a wage earner who wants to invest and protect his dependent
for a possible premature death has gained much concern in recent times.
Since the research paper on portfolio optimization and life insurance purchase
by Richard [85] appeared, a number of works in this direction have been
reported in the literature. For instance, Pliska and Ye [83] studied an optimal
consumption and life insurance contract for a problem described by a risk-free
asset. Duarte et al. [29] considered a problem of a wage earner who invests
and buys a life insurance in a financial market with n diffusion risky shares.
Similar works include (Guambe and Kufakunesu [41], Huang et al. [47], Liang
and Guo [60], Shen and Wei [88], among others). In all the above-mentioned
papers, a single life insurance contract was considered.

Recently, Mousa et al. [72], extended Duarte et al. [29] to consider a

52
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wage earner who buys life insurance contracts from M > 1 life insurance
companies. Each insurance company offers pairwise distinct contract. This
allows the wage earner to compare the premiums insurance ratio of the com-
panies and buy the amount of life insurance from the one offering the small-
est premium-payout ratio at each time. Using a dynamic programming ap-
proach, they solved the optimal investment, consumption and life insurance
contracts in a financial market comprised by one risk-free asset and n risky
shares driven by diffusion processes. In this chapter, we extend their work to
a jump-diffusion setup with stochastic volatility. This extension is motivated
by the following reasons: First, the existence of high frequency data on the
empirical studies carried out by Cont [17], Tankov [94] and references therein,
have shown that the analysis of price evolution reveals some sudden changes
that cannot be explained by models driven by diffusion processes. Another
reason is related to the presence of volatility clustering in the distribution
of the risky share process, i.e., large changes in prices are often followed by
large changes and small changes tend to be followed by small changes.

To enable a full capture of these and other aspects, we consider a jump
diffusion model with stochastic volatility similar to that in Mnif [68]. Us-
ing Dynamic programming approach, Mnif [68] proved the existence of a
smooth solution of a semi-linear integro-Hamilton-Jacobi-Bellman (HJB) for
the exponential utility function. Zeghal and Mnif [100] considered the same
problem for power utility case. Under some particular assumptions, they also
derived the backward stochastic differential equation (BSDE) associated with
the semi-linear HJB. The drawback of the dynamic programming approach
is that it requires the system to be Markovian. To overcome this limitation,
we propose a maximum principle approach to solve this stochastic volatility
jump-diffusion problem. This approach allows us to solve this problem in a
more general setting. We prove a sufficient and necessary maximum princi-
ple in a general stochastic volatility problem. Then we apply these results
to solve the wage earner investment, consumption and life insurance prob-

lem described earlier. In the literature, the maximum principle approach
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has been widely reported, see, for instance, Framstad et. al. [39], @Oksendal
and Sulem [77], An and Qksendal [1], Pamen [79], Pamen and Momeya [80],
among others.

The rest of the chapter is organized as follows: in Section 4.2, we introduce
our control problem and proof the sufficient and necessary maximum princi-
ple for a stochastic control problem with stochastic volatility. In Section 4.3,
we give the characterization of the optimal strategies for an investment, con-
sumption and life insurance problem applying the results of Theorem 4.2.1.
Finally, we consider an example of a linear pure jump stochastic volatility
model of Ornstein-Uhlenbeck type and an explicit optimal portfolio is de-

rived.

4.2 Maximum principle for stochastic opti-
mal control problem with stochastic volatil-
ity

As in the previous Chapter, let 7' < oo be a finite time horizon investment
period, which can be viewed as a retirement time of an investor. Consider two
independent Brownian motions {W;(t); Wa(t), 0 <t < T'} associated to the
complete filtered probability space (QW, FV {FV},PV). Furthermore, we
consider a Poisson process N independent of W7 and W, associated with the
complete filtered probability space (Y, FN {FN} PY) with the intensity
measure dt X dv(z), where v is the o-finite Borel measure on R\ {0}. A

PY_martingale compensated Poisson random measure is given by:

N(dt,dz) := N(dt,dz) — v(dz)dt.
We define the product space:
(. F, {F}ozier, P) = (@ x @V, FV @ F¥ {FY @ F¥},PY @ PY)

where {F;}icpr is a filtration satisfying the usual conditions.
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Suppose that the dynamics of the state process is given by the following
stochastic differential equation (SDE)

AX(t) = b(t, X(2),Y (), 7(t))dt + o(t, X(£), Y (t), 7(t))dWy(t) (4.1)
+6(t, X (1), Y (1), m(t))dWs(t)
+/R’y(t,X(t),Y(t),7r(t),z)N(dt,dz);

X(0) = zeR,

where the external economic factor Y is given by
dY (t) = (Y (t))dt + (Y (t))dWs(t) . (4.2)

We assume that the functions b,0,5 : [0,T] x Rx R x A = R; 7 :
0, T xRxRxAXR—=R; p,¢: R — R are given predictable processes,
such that (4.1) and (4.2) are well defined and (4.1) has a unique solution for
each m € A. Here, A is a given closed set in R.

Let f:[0,T]xRxRx.A — R be a continuous function and g : RxR — R

a concave function. We define the performance criterion by

I =E[[ 5¢.XO. V0.5 +o(XD.YD)]. @)

We say that m € A is an admissible strategy if (4.1) has a unique strong

solution and

T
B[ 15X YO, mle)lat + lo(X (D). V()] < .
The main problem is to find 7* € A such that

J () =sup J ().

TeA

The control 7* is called an optimal control if it exists.
In order to solve this stochastic optimal control problem with stochastic
volatility, we use the so called maximum principle approach. The beauty of

this method is that it solves a stochastic control problem in a more general
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situation, that is, for both Markovian and non-Markovian cases. For the
Markovian case, this problem has been solved using dynamic programming
approach by Mnif [68]. Our approach may be considered as an extension of
the maximum approach in Framstad et. al. [39] to the stochastic volatility
case.

We define the Hamiltonian H : [0, T| X RXxRXAXRXRXRXxRxR — R
by:

H(t, X(1),Y (1), 7(t), Au(t), Az(t), Bi(t), B(t), Di(t,-)) (4.4)
S X @), Y (), m(t)) +b(t, X(2), Y (), 7(2)) Ax(t) + (Y (£)) Az (?)

+o(t, X(2),Y(1), (1)) By(t) + B(t, X (1), Y (1), w(t)) Ba(t) + ¢(Y (1)) Bs(t)

+/R (t, X(t),Y(t),n(t),z)Di(t, z)v(dz),

provided that the integral in (4.4) converges. From now on, we assume that
the Hamiltonian H is continuously differentiable w.r.t. x and y. Then, the
adjoint equations corresponding to the admissible strategy m € A are given

by the following backward stochastic differential equations (BSDEs)

dA, (1) = —%(t,X(t),Y(t),w(t),Al(t),AQ(t>,Bl(t),Bz(t),D1(t,-))dt
+By (t)dWy(t) + Ba(t)dWs(t) + / Dy(t,2)N(dt,dz),  (4.5)
Ar) = Poxr) ) (4.6
and
OH
dAy(t) = —8—y<t,x<t>7y<> 7(8), Av(8), Aa(t), Br(t), Ba(t), Dy(t,))dt
4(T) = %(X(T),Y(T)» (45)

The verification theorem associated to our problem is stated as follows:
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Theorem 4.2.1. (Sufficient maximum principle) Let 7* € A with the corre-
sponding wealth process X*. Suppose that the pairs (A3 (t), Bi(t), B3(t), Di(t, z))
and (A3(t), B5(t), Bi(t), Di(t, z)) are the solutions of the adjoint equations
(4.5) and (4.7), respectively. Moreover, suppose that the following assump-
tions hold:

(i) The function (x,y) — g(x,y) is concave;

(i) The function

H(t) = Sggﬂ(t,X(t% Y(t),m, Ai(t), A3(t), By (1), B5(t), Di(t, 2))

1s concave and

H*(t, X,Y, 7", A%, A3, By, By, D})
= sup H(,X,Y,m A}, A3, By, By, DY)

(me,p)eA

Furthermore, we assume the following:

s [ ocw(@or+ @

R

(D5 (t, z))ZV(dz)) dt] < 00;

B[ 0oy (B0 + B0 + [ 036, it < o

E| / {4102 (0t X (0, Y (0,7 () + (81, X (1), Y (1), 7°(1)))?
+ [ X0.Y 0.7 0.2+ AP O)F]d] < .

Then, 7™ € A is an optimal strategy with the corresponding optimal state

process X*.

Proof. Let m € A be an admissible strategy and X(¢) the corresponding

wealth process. Then, following Framstad et. al. [39], Theorem 2.1., we

have:
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J(@) = J(r) = ]E[/O (F(& X7(), Y7 (1), 7 () — f(t, X (8), Y (), n(t)))dt
+Hg(XH(T), YH(T)) — g(X(T),Y(T)))

= h+.

By condition (¢) and the integration by parts rule (Oksendal and Sulem [77],

Lemma 3.6.), we have
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Jo
= E[g(X"(T),Y*(T)) - g(X(T),Y(T))]

> E :(X*(T) = X(1)AUT) + (YH(T) = Y(T))A5(T)

- B[ (v -Xmaaio + [ Aex e - ax)
[ o=y + [ aouyo- i)

+/0 [(o(t, X*() Y1), 7 (1) — o(t, X(1), Y (8), 7(£)) B (2)
), Y2 (1), 7 () — o(t, X (1), Y (1), 7(t))) By (t)]dt

// (t, X ( (1), 2)

(X (0), Y1), 7 (1), 2) Dy 1. 2 )
+ [ o) - o) B ]

- B[- [ (0 -x) G- 0d - [ 00 - vy G0
+/0 (AT(E)b(t, X*(t), Y™ (t), 7" (t)) — b(t, X (t), Y (t), m(t)))dt
+ [ et — o) s+ [ o0 o) - oy ) B0

+/0 [(o(t, X7(1), Y*(2), (1)) — o(t, X(1), Y (1), w(1))) Bi (1)
X5(1), Y (1), 7 (1)) — o(t, X (1), Y (), (1)) By (1)]dt

//tx w(0).2)

—y(t, X*(t),Y*(t), 7*(t), 2)) Di(t, z)v(dz)dt| ,
where we have used the notation
H(t) = H(t, X7(1), Y™ (1), 7" (1), AL(t), A3(¢), Bi(t), B3 (1), B3(t), Di(t,-)) .

On the other hand, by definition of H in (4.4), we see that
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J1

~ / (£t X0, Y*(0),7°(8)) — £(t, X (8), Y (1), w(2)))de

~ g / [, X7 (), Y7 (), (1), Af (1), A3(t), B (£), By(t), By(t), Di(t, )
CH(E X8, Y1), 7 (), A5 (1), A3(1), BL(t), Bi(t), Bi(t), Di(t, )t
- / A8 (ALt X7 (), Y™ (£), 7 (8)) — b(t, X (1), Y (£), m(8)) )t

- / (D(Y*(1)) — (¥ (£))) A3(t)dt + / (GO (1)) — SV (1)) By ()dt
- / (ot X7 (1), Y*(t), 7 (1)) — o (t, X (), Y (£), 7())) B (8)

(), Y1), 7 (1) — o (4, X (), Y (2), 7 (1)) By ()]dt

// (1, X7 (6), Y (1), 7 (1), 2)

—y(t, X7(8), Y7 (1), w"(t), 2)) D (L, z)v(dz)dt | .
Then, summing the above two expressions, we obtain

Ji+ T2

= ]E[/O [H(t, X*(t), Y*(t), 7*(¢), A (t), A5(t), Bi(t), B3 (t), B3(t), Di(t,-))
—H(t, X(t),Y(t),n(t), A1 (t), A5(t), By (t), B5(t), B;(t), Di(t,-))]dt

OH* OH"

- [ -xo) G0 [ o0 -vGma

By the concavity of H, i.e., conditions (i) and (iz), we have

E[/O [H(E, X7 (), Y7 (2), 7" (t), Ai(1), A3(t), Bi(t), B3 (1), B5 (1), Di(t, -))

—H(t, X (1), Y (1), m(t), Ai(1), A5(t), Bi (), B3 (1), B3 (1), Di(t, -))]dt

> B[ [ 0w -xe) G+ [0 - ve) G- o

0 dy
+ [ - oG]
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Then, by the maximality of the strategy 7* € A and the concavity of the

Hamiltonian H,

E[/O [H(E, X7 (), Y7 (2), 7" (t), Ai(1), A3(t), Bi(t), B (1), B5 (1), Di(t, -))

—H(t, X (1), Y (1), w(t), AL(1), A5(t), By (1), B3 (1), Bs(t), Di(t, '))]dt}

> B[ [ oo - xR w000 - ven D o).

Hence J(1*) — J (7)) = J1 + Jo > 0. Therefore, J(7*) > J(m), that is, the
strategy 7* € A is optimal. m

Note that the sufficient maximum principle presented in Theorem 4.2.1 is
based on the concavity of the Hamiltonian, however, this condition does not
hold in many concrete situations. Below, we relax this condition and state
the necessary maximum principle (also called equivalent maximum principle)

for our control problem. Thus, we further consider the following assumptions.

e For all s € [0,7] and all bounded {F}cp,r-measurable random vari-
able a(w), the control £(t) := x5 (t)(w) belongs to the admissible
strategy A.

e For all 7,( € A, with ¢ bounded, there exists ¢ > 0 such that the
control 7(t) + ¢((t) € A, for all £ € (—¢;¢€).

e We define the derivative processes
d d
— X7 Yy .
ar ®) =0 and  ya(t) d/ (®) (=0
Then, for all 7, ( € A, with { bounded, the above derivatives exist and

belong to L*([0,T] x ), and (4.1) and (4.2),

x1(t) =

dl‘l(t) =

ra(8) [ 500t + 5% (AW (1) + gﬁ Ot + [ 522N de)]

+y1(t) [SZ( )dt + Z—Z( YAW, (t) + = (t)dWs(t / 8—7 N(dt dz)}
ob do

+C() [ S (dt+ S (AW () + - (O)dWa(t) / N(dt, dz)} ,
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where we have used the notation 2%(t) = 2(¢, X (), Y (t), (t)),
99(t) = 22(t, X (1), Y (t),m(t)), etc. Moreover,

oz
dyi(t) = y1 (D[ (Y(8))dt + ¢'(Y(£))dWa(t)] -

Theorem 4.2.2. (Necessary maximum principle) Let ©m* € A with corre-
sponding solutions

(1), (A5(8), Bi(t), B3 (1), Di(t, ), (A5(8), B3(0), Bi(t), Di(t.)) of (4.1), (4.5)
and (4.7) respectively, and the derivative processes x1(t) and y,(t) given

above. Morcover, assume the following integrability conditions:
s [ oo ((Ge0) (L)' [ (Fea) ) wo
Ao ((5o0) +(5,0) + [ (G0.2) va)
c0((520) +(520) + [ (50.9) i) Ja

i / (A3 (O (08 (Y (1))t}

< o0

and

5[ somro+@o - [

R(D{)?(t, z)y(dz)} dt

/O 0 (B3 t) + (BA(®) + /R (Dy)*(t, 2)(d=) | dt} < oo,
Then the following are equivalent

1. L9 (r+ EC)’Z%): 0 for all bounded ¢ € A;
2. GR(, X*(t),Y (1), 7(t), A;(t), A3(t), Bi(t), B3(t), Di(t,z)) = 0 for all

te0,7].
Proof. From (4.3), we have that

sawr| = B[ (Eomo+ Lono+ L)

+@(X(T), Y(T))xy(T) + %(X(T)’ Y(T))yl(T)}

ox =0
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Let 5 5
1) 1= B[ 51 (X(T),Y (D)au(T) + G2 (X (D), ¥ (T)n(T)]
By Itos formula, the dynamics of z; and y; and (4.9), we get
1) = B[ZHC00LY (D)) + G D), Y @)D
= E[4(T)a:(T) + Ax(T)yi(T)] (4.10)
= B[ [ a0 (050 + By 0 + Bale) g0

N / Ot Dt 2ld) — (1)

—I—/O y1(t) (Al(t)g—Z(t) + A ()@ (Y (1)) + By (t )gZ( )+32(t)a_y(t)

Qz(@z)Dlﬁ z)(dz)—ézg()>dt

B (0) + i

r OY

+ [ o5+ Bloghn + oo

+/R?(tv Z)Dl(@z)V(dZ)(t))dt} '

™

On the other hand, by definition of the Hamiltonian (4.4), we have

9p

Oo

)

Vo M) = GeBma(0) + G Omlt) + 5O
= nO[FE0 A0 (1) + B9 (1) + Bot) 2o (1)
s St D, 2ta)]
@50+ an >§y< )+ As(O)5 (Y (1) + Bl 5 ()
+&U%(+& /8tzmtz

of ob o i

+C(0)| 50 + A1) 5 (1) + Byt 5= () + Ba(t) 5 (1)

(e

+ /R%(t, Dt 2)v(dz)]
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Combining this and (4.10), we get
oH

G+ 0| _~E[[ Frocwe].

=0
Then, we conclude that

G =0,

al =0
for all bounded ¢ € A implies that the same holds in particular for € A of

the form
() == X (t)e(w), ¢ €0, T]
for a fixed s € [0,T), where o(w) is a bounded {Fy, }4,c[0,r)-measurable ran-

dom variable. Therefore,

E[/STE[%—Z@) | F]a(tyit]=0
Differentiating with respect to s, we have

E[g—?(s) | ]:t}: 0, aa se€l0,7).
This proves that 1 = 2.

Conversely, using the fact that every bounded { € A can be approximated
by a linear combination of the form 7 (t) + ¢((t) € A, The above arguments
can be reversed to show that 2 = 1 as in Pamen and Momeya [80], Theorem
3.5.

]

4.3 Application to optimal investment- con-
sumption and life insurance selection prob-

lem

We consider a financial market consisting of one risk-free asset (B(t))o<t<r

and one risky asset (S(t))o<t<r. Their respective prices are given by the
following SDE:
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dB(t) = r(t)Bt)dt, B(0)=1, (4.11)
ds(t) = S(t) [a(t,Y(t))dt+B(t,Y(t))dW1(t)+o(t,Y(t))dW2(t)

—i—/*y(t,Y(t),z)ﬁ(dt,dz) , S(0)=s>0, (4.12)
R
where Y is a continuous time economic external factor governed by

dY (t) = g(Y(t))dt + dW(t) . (4.13)

Here, the associated parameters in the model satisfy the following as-

sumptions:

(A1) The interest rate r(t) is positive, deterministic and integrable for all
t € [0,7]. The mean rate of return «, the volatilities 5,0 and the
dispersion rate v > —1, are R-valued functions are assumed to be
continuously differentiable functions (€ C!) and bounded. Note that,
by the continuity of Y, the process S in (4.12) is well defined on [0, 7).

We also assume the following integrability condition:
T
B [ i sotas [ pesaPrdd] <o
0 R\{0}

Suppose that g € C}(R) with the first derivative bounded, i.e., |¢'(y)| < K

and satisfy a Lipschitz condition on the R-valued function g:
(A2) There exists a positive constant C' such that:

lg(y) — g(w)| < Cly —w], y,wER.

Consider a wage earner whose life time is a nonnegative random variable 7
defined on the probability space (2, F, {F; }iepo,r), P). As in Mousa et al. [72],
we suppose the existence of an insurance market composed of M insurance
companies, with each insurance company continuously offering life insurance

contracts. We assume that the wage earner is paying premium insurance rate
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pn(t), at time t for each company n = 1,2,..., M. If the wage earner dies,
the insurance companies will pay p,(7)/n,(7) to his/her beneficiary. Here,
Nn > 01s the nth insurance company premium-payout ratio. Additionally, we
assume that the M insurance companies under consideration offer pairwise
distinct contracts in the sense that 7, () # 1, (t), for every ny # no, a.e.

When he/she dies, the total legacy is given by:

Tor) = X(1) + 3 Pul7) (4.14)

where X (7) is the wealth process of the wage earner at time 7 € [0, 7.
Let ¢(t) denote the consumption rate of the wage earner and 7(t) the
fraction of the wage earner’s wealth invested in the risky share at time ¢,

satisfying the following integrability condition.

/ () + (O]t < 00, as (4.15)

Moreover, we assume that the shares are divisible, continuously traded
and there are no transaction costs, taxes or short-selling constraints in the

trading. Then the wealth process X (t) is defined by the following SDE:

dX(t) = [X(t)(r(t)+7r( Yult, Y (1) Z dt  (4.16)

+r()B(L, Y (£)) X (£)dWi(t) + () X (o (t, Y (t))dWa(t)
+r(t)X(¢) / v(t,Y(t),z)N(dt,dz), te (0,7 AT],
X(0) = >0,

where p(t,Y(t)) := a(t,Y(t)) — r(t) is the appreciation rate and 7 AT :=
min{7,T'}. We assume that pu(t,Y (t)) > 0, i.e., the expected return of the
risk share is higher than the interest rate.

Let p(t) > 0 be deterministic process denoting the discount rate process.
We define the utility functions U; : [0, 7] xR, — Ry, i =1,2,3 as the con-

cave, non-decreasing, continuous and differentiable functions with respect to
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the second variable, and the strictly decreasing continuous inverse functions
Ii:[O,T]XR+—>R+, Z:1,273,by

—1
Li(t,z) = (%) . i=1,2,3 and. (4.17)

Let p(t) := (p1(t),...,pm(t)) be the vector of the insurance rates paid
at the insurance companies. The wage earner faces the problem of choosing
the optimal strategy A := {(m,c,p) = (7(t),c(t), p(t))icpo,r} which maxi-
mizes the discounted expected utilities from the consumption during his/her
lifetime [0, 7 A T, from the wealth if he/she is alive until the terminal time
T and from the legacy if he/she dies before time 7. This problem can be
defined by the following performance functional (for more details see, e.g.,
Pliska and Ye [83], Oksendal|and Sulem| [77], Azevedo et. al. [4], Guambe
and Kufakunesu [41]).

J(0,x,m, ¢, p)
TNT s
= ]E[/ e~ Jo Py (5 ¢(s))ds (4.18)
0

. T
el PN, (7 T (7)) X rery + € 0 PN U(X(T)) X oy |

where 4 is a characteristic function of the set A.

The set of strategies A := {(m,¢,p) := (7(t),c(t), p(t))icpo,n} is said to
be admissible if, in addition to the integrability condition (4.15), the SDE
(4.16) has a unique strong solution such that X (¢) > 0, P-a.s. and

TNT
E [ / e~ o Pt (s, o(s))ds + e Jo PN, (7, T (7)) X<y
0

T
e o PN (X (T)) X rory | < 00

Note that from the conditional survival probability of the wage earner

(2.16) and the conditional survival probability density of death of the wage
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earner (2.17), we can write the dynamic version of the functional (4.18) by:

Htamen) = Bl [ € HIOROIR (5 c(5)) 4 A5Vl T (5) s

te S e A @)dugy, (X(T))] (4.19)

Thus, the problem of the wage earner is to maximize the above dynamic
performance functional under the admissible strategy A. Therefore, the value
function V (¢, z,y) can be restated in the following form:

V(t,z,y) = sup J(t,z,m cp). (4.20)

(m,e,p)EA

Applying the results in the previous section to solve the above problem, we
define the Hamiltonian H : [0, T]x RxRxRx (0, 1) x RM x RxRxRxRxR —
R by:

H(t, X(1),Y (1), c(t), w(t), p(t), Av(t), Ao(t), Ba(t), Ba(t), Bs(t), Di(1))
= e RS (¢, o(t)) + A1)Ua(t, T (1))]

X + mOp Y (@ )= D pal)| As(t) + gV (1) Aa(2)
()X (B8, Y (1) Bi(t) + o (.Y (1) Bo(t)) + Ba(t)
+7r(t)X(t)/Rv(t,Y(t),z)Dl(t, 2)v(dz). (4.21)

The adjoint equations corresponding to the admissible strategy (m, ¢, p) €
A are given by the following BSDEs

dA(t) =
O X0, Y (0,0, (01,0, Ar(8), Ax(0), Br(8), Ba). Balt). Dy (1)
+ By (t)dWy(t) + Ba(t)dWs(t / Dy (t, 2)N(dt,dz) ; (4.22)

A(T) = e o P&TA@)dsyr (7))



4.3. Application to optimal investment- consumption and life insurance
selection problem 69

where U’ := U, and

dAs(t) =
%7;( X(0), Y1), ct), m(t), p(t), Ax(t), A2(t), Bi(t), Ba(t), Bs(t), Di(t))dt

Ay(T) =0.

To solve our optimization problem, we consider the power utility functions
of the CRRA type defined as follows U;(t,z) = U;(z) = /{i%‘s, i=1,2,3,

where § € (—o0,1)\ {0} and x; > 0 are constants. Thus, the inverse function
1

(4.17) is given by I(t,z) = I;(z) = <£>—m .

Ki

The following theorem gives the characterization of the optimal strategy.

Theorem 4.3.1. Suppose that the assumptions (A1) — (A2) and the inte-
grability condition (4.15) hold. Then the optimal strategy (c*,p*,7*) € A for
the problem (4.20) is given by:

(i) the optimal consumption process is given by

Ax(t '
(tey) = 6 (t, 1()(t)efo<P<s>+A<s>>ds)

R1
A1) 1
-1 4 .
— et A4 es—1 Jo (p(s)+A(s))ds ; (4_24)
R1
(17) for each n € {1,2,..., M}, the optimal premium insurance p,(t,z,y)
s given by
Pty = max{O, {12 < s hz)\(tt))A (t)efﬂ(p( S)+A(s))ds ) — z} }, if m=n*(t)
0, otherwise ,
1
(AT () =T 5Lg [§(p(s)+A(s))ds ) N
_ max{O, Nn (1) |:( ! ,E;AA(%) ¢ ) -1 51 Jo (p()+x(s))ds z:| }, if n=n (t)<4.25>
0, otherwise ,

where n*(t) = argminpeq o, a3 {0 (t) }



4.3. Application to optimal investment- consumption and life insurance
selection problem 70

(i4i) and, the optimal allocation ©*(t,z,y) € (0,1) is the solution of the

following equation

Bt y)hy(t,y) — {u(t, y) = (1=0) (B°(t,y) +o*(t,y)) =
- [ 1= w2 ]t ) ) = o,
where h € CY2([0,T] x R) to be specified later in the proof.

Proof. From the Hamiltonian function (4.21) and the definition of the utility

functions Uy, Us, we can deduce the following conditions:

t 0*U
Hcc = e_fo(l)(s)-l-/\(S))dsWQl(t,C)<O

. A(t) 0%, 2o
%pnlpng — ¢ Jolp(s)+A(s))ds (t) 2 <t7x+z np(t)) <0
n=1 "

Ny My OT?

Thus, it is sufficient to obtain the optimal consumption and insurance (c¢*, p*)
by applying the first order conditions of optimality. Then from (4.21) we have
the following:

(¢) The optimal consumption ¢*(¢, z,y) is obtained from the following
SOU
——(t,c) =0.

c
From (4.17), the optimal consumption can explicitly be obtained by

AX(t)
Cltay) = I (t, A, 1 (,)(sw))ds)

R1

1
— (Al_(t)) T S () As)ds

R1

— Ay (t) 4 e o (b FAE)

I

(77) the optimal premium insurance pf(t, z,y) is obtained using the Kuhn-
Tucker conditions of optimality. As in Mousa et al. [72], we are looking
for the solutions (p1(t, z,y);...;pm(t,x,v); &1 (E z,y); .. Em(t, z,y)) in

the following system

_Al( ) 71' p(s)+A(s) )dsaUQ ( T+ Zn 1 77n ) == _gn(twrﬂ y)

pa(t, x,y) Z 07 Enlt, 2, y) > 0;
Pn(t,%y)fn(t,l",y) :O, Vn = 1,2,M
(4.26)
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(iid)

First, suppose that n; # no. If we have &, (¢t,z,y) = &,,(t, x,y), for
some (t,z,y) € [0,7] x R x R, one must have n,,(t) = n,,(t). Thus,
from the assumption that all the insurance companies offer distinct
contracts, we obtain that for every ny,ny € {1,2,..., M}, such that
ny # ng, then &, (t,x,y) # &, (6, x,y); (t,z,y) € [0,T] x R x R, a.e.
Therefore, there is at most one n € {1,2,..., M} such that p,(t, z,y) #
0.

Then from the first equation in the system (4.26),

Tiny (Al (t) —&m (tv €, y)) = Tiny (Al (t) - fnz (tv T, y)) .

Hence, we can conclude that if &,, (¢, z,y) > &,,(t,x,y), then n,, (t) >
Ny (). Moreover, if &, (t,z,y) = 0 for some t € [0, T, 7, (t) < My (1),
Vny € {1,2,..., M} such that n; # ny. From this point, let n*(t) =
arg minyeq1 2, my{7n(t)}, then either p,(t,z,y) = 0 or pu-(t,z,y) > 0

is the solution to the equation

At) o U, P
A1)+ o= S (o) +A(s))ds 92 (t’x n —0,
1) N (t) Ox N (t)

which gives the required solution

" 0, otherwise ,
* [ T
B max {0’ N (1) [(%) 5—T1 5—1 J5(p(s)+X(s))ds I] } T
0, otherwise ;

Since the expression involving 7 in the Hamiltonian H (4.21) is linear,

for the maximum investment 7*, we have the following relation

u(t,y)AT(tHB(t,y)Bi‘(tHO(t,y)Bé‘(tH/Rv(t,y,Z)DI(t, 2)v(dz) = 0.
(4.27)

To obtain the optimal portfolio, we first solve the adjoint BSDE equations
(4.22) and (4.23). From the terminal condition of the adjoint equation (4.22),
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we try the solution of the first adjoint equation Aj(t) of the form
T
Aj() = X ()"0 W(T,Y(T) = / (p(u) +A(u))du.  (4.28)
0

On the other hand, for the optimal strategy (c¢*, pf, 7*), we have

QAL (1) = —me AL (D)t + B (AW, (1) + B()dWa(t / D3t )N (dt, d=)
(4.29)
Applying the It6’s product rule in (4.28) and from (4.16), (4.24) and (4.25),

we obtain

1

ZHO
= a0 huft0) + g0)hy(69) + Shuy(t.) — 5 (t0))?

50 = D (6 )by (1) — (6= DI+ plt, ) (1) + e (0]

500 = 10 = 2 (W) (B(1.0) + 0*(1,9))
+ 047 Ot 2)™ = 1= 6= 1) (01 (t.9.2)) ()]

1

1 t e (T 51
(1= §)em DB NN ] () ( ZZA(( t))) Vat

+H((6 = DT (0)B(t,y) — hy(t, )z ()’ e " EDdW (1)
+(6 = Da*(t)x () Lo(t, y)e "D dW, (t)

+a(t) ety /R[(l + 7 () (t, y, 2)° ]N(dt dz) .

Comparing with the adjoint equation (4.29), we get:

Bi(t) = ((6 =17 ()B(t,y) — hy(t,y)z(t)’ e " (4.30)
By(t) = (6 1)m*(t)o(t,y)a(t)’ e "0, (4.31)
Di(t) = z(t)’ e Mty [(L+ 7 (t)v(t,y, 2))° " —1]. (4.32)
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Furthermore, h is a solution of the following backward partial differential
equation (PDE)

ha(t, y) + (g(y) + %(5 — (1) B(t,y))hy(t,y) + %hyy(t, y) — %(hy(t, ) (433)
+K<t> + (1 — 5) - fo (s)+A(s))ds [1 ¥ 1 ( ) (Z:;\((tt))>1} y ..

with a terminal condition h(T,Y (T)) = e~ Jo (t+Mw)du where
K(t) = —(@= D)+t )7 () + om- (1)
506 =10 = 2 (0 (5t 9) + o (1,1)
+ [ [0+ 7 O(t.9.2) — 1= 0= 1 (Ot )] v(d2).

Under the assumptions (A1) and (A2), there exists a unique solution h €
CH2([0,T] x R) of the above PDE. (Pham [82], Theorem 4.1).
Substituting (4.28), (4.30), (4.31), (4.32) into (4.27), we obtain

Bt y)y(t,y) = {ult 1)+ (0= D" (OB, y) + (2, )
+ /R Yy, ) [A+ 7 O3ty 2) " = 1w(dz) } = 0.
Following the similar idea in Benth ef. al. [9], define a function f, by
[®) = Bltphyty) = {plty) + (6 = D" ((B(Ly) + o*(L,y))
+ [t Ot )~ 1u(d)}.

For m =0, f(m) = B(t,y)hy(t,y) —pu(t,y) > 0 implies pu(t, y) < Bt y)hy(t,y).
Since

f(m) = —(1-9) [62(t7y)+02(t7y)+/(1+ﬁ(t)7(t7y, Z))‘S‘QWQ(t,y,Z)V(dZ)} <0.

R

Then, there exists a unique solution 7*(¢) € (0,1) if f(1) > 0, i.e.,

u(t, y) + (6 — 1) (B(t, y) +0*(t,y))
. / Aty )[4y, ) = 1)u(dz) < Bt y)hy(ty),
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For the second adjoint equation, note that from (4.27), we obtain the

following relation

St A+ 0B O+ T B0+ [ S Di i) -

(4.34)
Then, for optimal strategy, the second adjoint equation (4.23), can be

written as
dA3(t) = —g'(y) As(t)dt + B (t)dW(t) + By (t)dWi (¢ / D3(t, 2)N(dt,dz) .
(4.35)

Which is a linear BSDE with jumps. Since the terminal condition is A*(7") =
0, by applying the techniques for solving linear BSDE with jumps (Delong
[26], Propositions 3.3.1 and 3.4.1), we obtain Aj(t) = Bji(t) = Bj(t) =
Dj(t,z) = 0.

The corresponding wealth process equation (4.16) for the optimal solu-

tions becomes

dX* (1) = X(1) [G(t)dt+7r*(t)[6(t,y)dW1(t) 4 o(t,y)dWa(t)]

+w(0) [ At )Nt a)]
where

G(t) = r(t)+ 7 (O)pt,y) + 0 (t)

(¢ 57 Moe(t) \o=1 1 e A(s))d
_rshty) [,ﬁ Ty ( ) o551 Jo (P()FA(s) ] ,
/€2>\<t>

which gives the following solution

X = wexn [ [G(s)—%w*(s))?(ﬁ?(s,w+<r?<s,y>>]ds
/ / (1 4+ 7*(s)v(s,y,2)) — 7 (s)v(s,y, 2)|v(dz)ds
[ 5 ) + o))

+/0t/Rln(1 + 7 (s)7(s,y, Z))mds’dz)}'
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Finally, the value function of the problem (4.20) can be characterized as
the solution of the following BSDE

dv(t,z,y) = —H(t a oy, pt AL AS,BIUBS, Dy)dt + By (t)dWi(t)
(t)dWs(t /D (t,z)N(dt,dz);

V(T,z,y) = rgehl ()]dtT

Example 4.3.1. The following example specifies the results in Theorem
4.3.1 to a well known stochastic volatility model of Ornstein-Uhlenbeck type
and an explicit portfolio strategy is derived. Let N be the Poisson process,

with intensity v > 0. We consider the following model dynamics

B(t) = 1;
dS(t) = St)[(ag+ anY (t))dt +vdN(t)];
dY (t) = —bY (t)dt +dW (1),

where ag, a1,y € R and b > 0. Suppose that we have a constant mortality
rate A > 0, constant insurance premium rates n, > 0, n = 1,2,..., M,

discount rate p > 0 and k; = kK1 = k3 = 1. Then the Hamiltonian is given
by

7_[<t7 X(t>7 Y(t)v A1<t)7 A2(t)> B(t)> Dl@))

M

L oo (1
= 56 (p+X) (C(t))6+)\(X+nZ:;]9n—i))5
+[X ()7 (t) (o0 + Y (2) sz;it

=Y (1) As(t) + B(t) + m() X ()7 D(t)v .

Then, following Theorem 4.3.1, we can easily see that the optimal portfolio

is given by

(8 = H(W — g — ocly)ah_l} ‘

W
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where y is given by Y (t) = e %y, + f(f e =) dW ().
Moreover, the optimal consumption and insurance are given by

¢ (1) = T A ) ) = [(BRain) e —a]

Where Aj(t) is part of a solution of the following linear BSDE
dA;(t) = =0 AL()dt + B*(t)dW (t) + D*(t)dN(t).

Hence, Aj(t) = e *TE [e”"* (T=(X(T))°~' | F;|. B* and D* can be derived
by the martingale representation theorem. See Delong [26], Propositions 3.3.1
and 3.4.1. Thus, for this pure jump Poisson process of Ornstein-Uhlenbeck

type, we have derived an explicit optimal portfolio strategy.



Chapter 5

Optimal
investment-consumption and
life insurance selection problem

under inflation

5.1 Introduction

The problem of asset allocation with life insurance consideration is of great
interest to the investor because it protects their dependents if a premature
death occurs. Since the optimal portfolio, consumption and life insurance
problem by Richard [85] in 1975, many works in this direction have been
reported in the literature. (See, e.g., Pliska and Ye [83], Guambe and Ku-
fakunesu [41], Han and Hu [42], among others).

In this chapter, we discuss an optimal investment, consumption and
life insurance problem using the backward stochastic differential equations
(BSDE) with jumps approach. Unlike the dynamic programming approach
applied, for instance, in Han and Hu [42], this approach allows us to solve
the problem in a more general non-Markovian case. For more details on the
theory of BSDE with jumps, see e.g., Delong [26], Cohen and Elliott [16],

77
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Morlais [71], and references therein. Our results extend, for instance, the
paper by Cheridito and Hu [14] to a jump diffusion setup and we allow
the presence of life insurance and inflation risks. Inflation is described as
a percentage change of a particular reference index. The inflation-linked
products may be used to protect the future cash flow of the wage earner
against inflation, due to its rapid escalation in some developing economies.
Therefore, it make sense to model the inflation-linked products using jump-
diffusion processes. For more details on the inflation-linked derivatives, see
e.g., Tiong [96], Mataramvura [61] and references therein. We consider a
model described by a risk-free asset, a real zero coupon bond, an inflation-
linked real money account and a risky asset under jump-diffusion processes.
These type of processes are more appropriate for modeling the response to
some important extreme events that may occur since they allow capturing
some sudden changes in the price evolution, as well as, the consumer price
index that cannot be explained by models driven by Brownian information.
Such events happen due to many reasons, for instance, natural disasters,
political situations, etc.

The corresponding quadratic-exponential BSDE with jumps relies on the
results by Morlais [71], Morlais [70], where the existence and uniqueness
properties of the quadratic-exponential BSDE with jumps have been proved.
Thus, we are also extending the utility maximization problem in Morlais [70]
by including consumption and life insurance. Similar works include Hu et.
al. [46], Xing [98], Siu [91], @ksendal and Sulem [78], among others.

This chapter is organized as follows: in Section 5.2, we introduce the in-
flation risks and the related assets: the real zero coupon bond, the inflation-
linked real money account, and the risky asset. We also introduce the insur-
ance market and we state the main problem under study. Section 5.3 is the
main section of this paper, we present the general techniques of the BSDE
approach and we prove the main results in the exponential and power utility

function. Finally, in Section 5.4, we give some concluding remarks.
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5.2 Model formulation

Suppose we have a wage earner investing in a finite investment period T < oo,
which can be interpreted as a retirement time. Consider a complete filtered
probability space (2, F, {F;}o<i<r,P), where {F;}ico.r) is a filtration satis-
fying the usual conditions. Denote by W, and W, the Brownian motions
underlying the risks driven by the real and nominal term structures. We
also define the Brownian motions W; and Wy, the drivers in the inflation
rate and the risky asset. We assume that W,, W,,, W; and Wy are indepen-
dent processes. Note that if we allow the correlations among W,., W,,, Wy
and Wg, i.e., dWi(t)dW(t) = prrdt; dWi(t)dWs(t) = prsdt for k € {r,n}
and dW;(t)dWs(t) = prsdt, where p;; are the correlation coefficients, the
optimization problem may result in a highly nonlinear BSDE with jumps
which the existence and uniqueness of its solution has not yet been estab-
lished and it is out of the scope of this Chapter. Moreover, we consider a
Poisson process N independent of W,., W,,, W; and Wy, associated with the
complete filtered probability space (2, F, {F;},P) with the intensity measure
dt x dv(z), where v is the o-finite Borel measure on R\ {0}. A P-martingale

compensated Poisson random measure is given by:

N(dt,dz) := N(dt,dz) — v(dz)dt .

Let r denote the real and n the nominal forward rates, defined for k &
{T7 n}7 by:

fu(t,T) = fk(O,T)—i—/Ot ak(s,T)ds+/0t O'k(S,T)de(S)—I—/Ot ve(s, T, 2)N(ds, dz)

where the coefficients ay (¢, T'), ok (t,T) and v (t, T, 2) are {F; }sc(0,r)-predictable

bounded processes, satisfying the following condition:

/OT {\%(LT)\ +0§(t7T)+/Rvi(t,T, z)u(dz)] dt < 0o, as.

We denote by ri(t) = fr(t,t) the corresponding spot rate at time ¢.

It is well known that the price of the real (nominal) bond is given by
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Pt T) = exp{—/tT fk(t,s)ds} |

See Bjork [10], Chapter 22, for more details in the diffusion case. An appli-

cation of Ito’s formula yields:

dPy(t,T) = Py(t, T) {ak(t,T)dt+bk(t,T)de(t) +/Rck(t,T, Z)N(dt,dz)} ,
where
be(t,T) = —/tTak(t, Ods: et T,2) = —/tT%(t,s,z)ds
and
aﬁtT%:rdﬂ—:li%@ﬁﬂs+%wﬂaTm2—A&Amﬂzwwd.

We suppose the existence of an inflation index I(t), i.e., the consumer

price index (CPI) governed by the following SDE
A1) = 1(0) [ (t)dt + o, ()W (1) + / (e, 2) V(e d2)]
R

where the expected inflation rate p(t), the volatility o;(¢) and the disper-
sion rate 7;(t,z) > —1 are F;-predictable bounded processes, satisfying the

following integrability condition

AmmmHﬁ@+AﬁwWM4ﬁ<m’&&

The financial market consists of four assets, namely a real (nominal)

money account By(t) defined by

Ba(t) = exp {/Ot rk(s)ds} |

A real zero coupon bond price Pf(t,T") defined as

P (t,T) = I(t)P(t, T).
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Applying the It6’s product rule, we have the following dynamics

AP (t,T) = I(t
= pP*

T

+/ (. T, 2)N dtdz)}
R

JAP.(t,T) + P(t,T)dI(t) + d[I(t), P (t,T)]
(t, ){ (t, T)dt + b, (t, T)AW,(t) + o1 (t)dW; ()

where

A, T) = a,(t,T) + pr(t) + /Rcr(t, T, 2)v(t, 2)v(dz)

and
Ct,T,2) == c,(t, T, 2) +v(t,2) + e (t, T, 2) (L, 2) .

We also define the inflation-linked real money account B} (t) by
B(t) := I(t) B, (t).

Then, by Ito’s formula, we can easily see that B is governed by the following
SDE:

dB*(t) = B(t) [(n(t) + (1) dt + o (H)dWy () + /R vi(t, 2)N(dt, dz)] .

Finally, we define the risky asset price by the following geometric jump-

diffusion process
aS(t) = S(t) |ps(t)dt + os(t)AWs(t) + / Ys(t, 2)N(dt, d2)]

where the mean rate of return pg(t), the volatility og(¢) and the dispersion
rate vg(t,z) > —1 are {F;}eo,m)-predictable bounded processes, satisfying

the following integrability condition

/OT [|Ms(t)| + o2(t) + /Rvg(t, z)l/(dz)] dt < oo, a.s.

For later use, we define the following processes (also called market price

of risks) ¢ := A;’"T, P9 1= ’“ and @3 1= “S = provided that b,., 07,05 # 0.
As in the previous two Chapters7 we cons1der a wage earner whose life-

time is a nonnegative random variable 7 defined on the probability space
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(Q, F,P). We suppose the existence of an insurance market, where the term
life insurance is continuously traded. We assume that the wage earner is
paying premiums at the rate p(t), at time ¢ for the life insurance contract
and the insurance company will pay p(t)/n(t) to the beneficiary for his death,
where the {F;}cjo,r1-adapted process n(t) > 0 is the premium insurance ra-
tio. When the wage earner dies, the total legacy to his beneficiary is given
" ()
p(t

0t) = X(t) + @)’
where X () is the wealth process of the wage earner at time t and p(t)/n(t)
the insurance benefit paid by the insurance company to the beneficiary if
death occurs at time t.

Let ¢(t) be the consumption rate of the wage earner and

O(t) := (01(t),04(t), 05(t)) be the vector of the amounts of the wage earner’s
wealth invested in the real zero coupon bond P}, the inflation-linked real
money account B and the risky asset S respectively, satisfying the following

integrability condition.

/OT [c(t) +p(t) + zj: Qf(t)] dt < oo, a.s. (5.1)

Furthermore, we assume that the shares are divisible, continuously traded
and there are no transaction costs, taxes or short-selling constraints in the
trading. Then the wealth process X (t) is defined by the following (SDE):

dX(t) = [r()X(t) + (0(t), a(t)) — c(t) — p(t)|dt + O1(t)b. (¢, T)dW,.(¢)
+(01(t) + 02(t))or (£)dW (L) 4 O5(t)os(t)dW (1)
+/<9() ST, )N dz), te0,r AT, (5.2)
X(0) = x>RO,

where fu(t) := (A(t, T) — 1 (t), ur(t), ps(t) = 1(t)) and
Yt T, 2) = (C(t, T, 2), 71t ), 75(t, 2))-
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The wage earner faces the problem of choosing the optimal strategy A :=
{(0,¢,p) :== (0(), c(t), p(t))co,r]} which maximizes the discounted expected
utilities from the consumption during his/her lifetime [0,7 A T, from the
wealth if he/she is alive until the terminal time 7" and from the legacy if
he/she dies before time T. Suppose that the discount process rate o(t) is
positive and {F;}scjo,r1-adapted process. This problem can be defined by
the following performance functional (for more details see, e.g., Pliska and
Ye [83], @ksendal and Sulem [77], Guambe and Kufakunesu [41]).

AT
J0.20:0.c.5) = E| / e~ I3 eI T (o(s))ds (5.3)
0
e I Y (U(r)) X grery + e MU (X (T)) oy |,

where x4 is a characteristic function defined on a set A and U is the utility
function for the consumption, legacy and terminal wealth.

Note that from the conditional survival probability of the wage earner
(2.16) and the conditional survival probability density of death of the wage

earner (2.17), we can write a dynamic version of the functional (5.3) by:

T
Hwb.ep) = By [ o FEINIR e(s)) 4 AU (K(s))ds
t
e~ i @Ay X (TY) | F . (5.4)

Thus, the problem of the wage earner is to maximize the above dynamic
performance functional under the admissible strategy A. Therefore, the value
function V (¢, ) can be restated in the following form:
V(t,x,r) =ess sup J(t,z,0,¢c,p). (5.5)
(0,c,p)eA
The set of strategies A := {(0,c,p) := (0(t), c(t),p(t))co,r)} is said to be
admissible if the SDE (5.2) has a unique strong solution such that X (t) > 0,

P-a.s. and
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T
By / e JLTRDIIT (e(5)) + AU (U(s))ds
t
ye K@ x (1)) | F] < 0.

The nonnegative condition of the wealth process contains a non-borrowing
constraints that prevents the family from borrowing for consumption and life
insurance at any time ¢ € [0, 7.

In order to solve our optimization problem using the quadratic-exponential
BSDE’s with jumps and to make the proofs easier, we introduce, in addition
to the integrability condition (5.1), the constraints in the admissible strategy
A as follows: let C C P and D C P, where P denotes the set of real valued
predictable processes (c(t))o<i<r, (p(t))o<i<r, and Q C P*3 where P*3
represents the set of all predictable processes (6, (), 02(t), 03(t))o<t<r. In the
exponential case, we assume that the admissible strategy (c(t), p(t),0(t)) €
C x D x Q. For the power utility case, the consumption, investment and life
insurance strategies will be denoted by their fractions of the total wealth,
that is, ¢ = £€X, 0 = X, and p = (X. We assume that (£{(t),((t),n(t)) €
CxDx Q.

We assume that C, D and Q are closed and compact sets.

5.3 The BSDE approach to optimal invest-

ment, consumption and insurance

In this section, we solve the optimal investment, consumption and life in-
surance problem under inflation using the BSDE with jumps approach. For
more details on the theory of BSDEs with jumps see, e.g., Delong [26]. We
then consider two utility functions, namely, the exponential utility and the
power utility. The techniques we use are similar to Morlais [70], Cheridito
and Hu [14], Xing [98].
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Define the following BSDE with jumps:
dY (t) = —h(t,r(t),Y(t), Z1(t), Za(t), Zs(t), T (£, -), 0(¢), c(t), p(t))dt  (5.6)
+Z,(t)dW,.(t) + Zo(t)dW (t) + Z3(t)dWs(t) + / Y(t, 2)N(dt,dz);
Y(T) = 0.

The aforementioned approach is based on the martingale optimality prin-

ciple as follows: Consider the process

R(#) = / e B3 AT (o)) 4 A(s)U (£(5))]ds
0
e I RN (X (1) — Y7 (1)),
with the initial condition R(0) = U(z — Y7 (0)). Here, X () represents the

wealth process (5.2) and Y7 (t) part of the solution (Y, Z;, Zy, Z3,T) of the
BSDE with jumps (5.6). Applying the generalized It6’s formula, we have

dR(t)

= ¢ hle@E )ds{[A(t Y, 21, 29, 23, 0,0, ¢,p) + h(t,r,y, 21, 22, 23, V)] dt
U'(X(t) = YT (@) [(01()br(t, T) + 20)dW,.(t)
+((6:(2) + 92(t)) ( ) + 22)dWi(t) + (03(t)os(t) + 23)dWs(1)]

+ [ [U(X(¢ +(0(1),4(t, T, 2)) +v(t, 2))

.

—U(X(t) =Y (1) N (dt,d2)
where

A(t,y, 21, 22, 23,0,0, ¢, p)

= —{[U(C(t)) ABOUER)) = (e(t) + A1) UX () = Y"(1))]
+U'(X (1) = Y7 (@) [r () X (2) +(0(2), (1)) — () — p(*)]
+1U”(X( t) =Y () [(02(0)br (8, T) + 20)* + ((01(2) + 02(t)) 01 (2) + 22)°

+(05(t)os(t) + 23)%] + R +(0(t),5(t, T, 2)) +v(t, 2))

—U(X(5) = Y7 (£) - U'(X() — Y™ (0)(08), (¢, T, ) + v(t, 2))]w(d2) }.
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Note that we can write R as

t
R(t) - R(O) + / e f;(g(U)+>\(U))du[A(S7 Y, z1,22,23,0, 07 ¢, p)
0

+h(s,1,y, 21, 22, 23, 0)]|ds + {a local martingale} .(5.7)
We define the generator h by

h(S,T,y,Zl,Zg,Zg,U) = inf A(37y7217227z3a1}79767p)'
(0.c;p)EA

Then we can see that (5.7) is a decreasing process, hence R is a local super-
martingale and we can choose a strategy (6%, ¢*, p*) such that the drift process
in (5.7) is equal to zero, therefore, R is a local martingale and prove that
(6%, c*, p*) is the optimal strategy.

We will establish the existence and uniqueness properties of the solution
(Y™, Z1, Zy, Z3,T) € S(R) x H*(R) x H*(R) x H*(R) x H2(R) of the BSDE
with jumps (5.6), as well as the characterization of the optimal strategy

(6%, c*, p*), for the specific utilities in the following subsections.

5.3.1 The exponential utility
We consider the exponential utility function of the form
Ulz) = —e §>0. (5.8)

The functional (5.4), is then given by

T
I = —Em[ / e 7 el A du g —dels) 4 ) (9)¢=06)] g

t

e WL | o=8Xu(T) | ;t] _ (5.9)
We then state the main result of this subsection.

Theorem 5.3.1. Suppose that the utility function is given by (5.8). Then

the optimal value function of the optimization problem (5.5) is given by

V(t,z,r) = —exp(—d(x — Y (1)), (5.10)
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where Y7 (t) is part of the solution (Y7, Z1,Zy, Z3,T) € S(R) x H?*(R) x
H2(R) x H*(R) x H2(R) of the BSDE with jumps (5.6), with terminal con-
dition Y"(T) = 0 and the generator h given by

h(t,r,y, 21,22, 23,0 ()) (5.11)
— (1=t (1 £) = A(t) + 8 + () In(
ot
(66 + e ( b S| o5~ (o + 250
#5 [[lexpl@v(t,2) = (00,367, 2)) = 1= 6v(t. )
{00042 } (o1 (121 + alt)za + 2(0)2)
o= (20 + B30 + )

Furthermore, the optimal admissible strategy (0*(t), c*(t), p*(t)

(1+ y—|— nf{ i

5[
)-

15 given by

t )
() = XO I () YT () + % o, p () = n(t) [1 1n<5)\—(t)> —Yf(t)}

6 \n(t)
and
o (1) (5.12)
- inf{ @t 1) = (=1 +(p15(t)>
+‘ (01(t) +02)01(t) — (2 9025(t> +‘€3 _(Zﬁ%T(t))‘z}
= [ fexp(0(v(t,2) = (0(0), 44, T, 2))) = 1 = 3(0(t, 2

(00, 4t T, ) w(d2) }

Note that for the optimal investment strategy 6*(¢) = (0;(t),05(t), 05(t)),
the solution (5.12) is not explicit. We then obtain an explicit solution for
a special case where there is no jumps, that is ¥ = 0. Applying the first
order condition of optimality in (5.12), we prove that the optimal strategy
0*(t) = (05(¢),05(t),05(t)) is given by the following corollary.
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Corollary 5.3.2. Assume that v = 0, then the optimal portfolio strategy
(05(¢),05(t),05(t)), for allt € [0,T] is given by

A(t»T) —ri(t) = (t) + Z (1)

0i(t) = S02(t, T) be(t,T)

) 1 1 1 A, T) —ro(t)  Zo(t)  Zi(1)
fa(t) = Ko—%(t) b2(t,T)>“ 0= T o1(t) _br(t’T)]
o (t) —r,(t)  Zs(t)

MO T T

where (Z1(t), Za(t), Z3(t)) is part of the solution (Y, Zy, Za, Z3) of the fol-
lowing BSDE.

AY'(t) = —h(t,r,Y"(t), Zy(t), Zo(t), Zs(t), 07(t), (), p*(t))dt + Zy(£)dW,.(t)
+25(t)dW (t) + Zs(t)dWs(1);
Y'(T) = 0.

Before we prove the main theorem of this subsection, we establish the as-
sumptions for the existence and uniqueness solution of a BSDE with quadratic
growth. Suppose we are given a BSDE (5.6), with terminal condition Y"(T") =
0 and a generator h given by (5.11). From the boundedness of the associated

parameters, there exists a constant /' > 0 such that

|h(t, 7y, 21, 29, 23, V)|
< K (1 Jyl+ 2l + 2l 4 J2)° (5.13)
5 [Iesp3(0(0,2) = 00, 1D) = 1= 3(0(0,2) = 0(0) Dv(d)).
Moreover,
|A(t, 7y, 21, 22, 23,0) = Aty 21,25, 25, 0)] < K (ly = | + ié(l + 1zl + 1= Dl — =) (5.14)

and

|h(t, 7.y, 21, 20, 23,0) — h(t, 1y, 21, 22, 23,V")| < / O (v,v") (v — v )(dz),
R
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where
2) = s [ oo = 0.9+ (0 =507 = 0.5 s
it [ msto = 0,40+ (0= 907 = 04D s o

for the function m defined by m(x) = w.
Then, it follows from Morlais [70], [71], Theorems 1-2, that the BSDE with
jumps (5.6), with terminal condition Y"(T") = 0 and a generator (5.11) has a

unique solution (Y7, Zy, Zy, Z3,T) € S(R) x H?(R) x H?(R) x H?(R) x H?(R).

Remark. Note that the terminal condition of the BSDE (5.6) need not to be
zero, for instance, if one consider an investor receiving a lump sum payment
E at the terminal time 7', then Y7 (T') = E(r(T)).

Proof of Theorem 5.5.1.

Define a family of processes

t
RUP() = / e Jo @U@ duf=0cls) 4 )(5)e0)|ds  (5.15)
0

o Jitetwaw)du | —~5(X O @)=y (1)

We aim to construct the process Rg""”’p ) such that for each strategy (0, c,p) €
A, it is a super-martingale and there exists a strategy (6%, c*,p*) € A such
that R is a martingale.

Applying the 1t6’s formula for the process (5.15), we have
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de() (5.16)
— e Jolew+A(w)du e,g(x(t),yr(t)){[_65(X(t),yr()) (€750 4 A()e50)]

+§<g<t> A + DX () + (00, (1)) = e(t) = p(E) + hlt, 21, 25, 20, 0())

[ = BB (T2 + (o — (02(8) + 0a(0)01 (1)) + (25— (D)5 (1))
5/1— ST, 2)) — v(t, 2))

—exp(—3((0(t),4(t, T, 2)) — v(t,z)))]u(dz)] dt — (21 — O1(£)by(t, T))dW,(¢)

(22 = (O0(1) + 02(£)) 1 (AW (1) — (25 — O5(D)os(£)) AW (1)

+ / [1 = exp(=8({0(), 4(t, T, 2)) = v(t, =)V (d, d=) }

with the initial condition R (0) = —exp(—d(z — Y7"(0))).
Note that the drift process of the family R, is given by

A(t) (5.17)
— S Jole)+Aw))du efé(X(t)fYT(t)){_eé(X(t)fYT(t)) [0 4 A(t)e 0]

+%( () + A1) + ()X (&) + (0(1), 4(t)) — c(t) = p(t) + h(t, 7, 21, 22, 23, 0())
—5—2[(21 — 016, (1, T))* + (22 — (02(1) + 02(1)) 01 (t))* + (23 — O5(t)os(t))’]
5/1— ST, 2) - v(t, 2))

—exp(=0((0(2),7(t, T, 2)) — U(ﬂz)))]’/(dz)}-

Therefore, the process R is a local super-martingale if the drift process A(t)

is non-positive. This holds true if the generator h is defined as follows
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h(t,r,y, 21, 22, 23, V) (5.18)
= mf {e X@)=Y"(1)) . p—oelt } + mf {)\ )X DY) | =) —|—p(t)}

1

_S(g(t)_'_)‘(t))_Tr(t>X<t>+i%f{ [\91 W(tT) = (2 +901T(t))|2

OO +6:0)01(0) — (22 + D) Prlogt1ostt) (=5 + L))
+5 [ emp(3(0(t,2) = (000,30 T 20) =1 = 8(0(t.2)
—(000), 30 T, D) }~(ea(t)an + ealt)n + 9a(0)2)

o (A0 + 20+ 0) |

provided that 3 [5[exp(d(v(t, ) —(0(t),))) —1—06(v(t, z) —(0(t),))]v(dz) is
finite, for any 6 € A. Due to the boundedness of the associated parameters,
for any z1, 29,23 € R, the generator h(t, z1, 29, z3,v) is almost surely finite.
Solving the three minimization problems in (5.18), leads to

fima 0 =] 2m(B) oy
o J n(t)

and 6*(t) in (5.12), where X" is the wealth process associated to
(0%, c*,p*) and Y7 is part of the solution (Y", 7, Zy, Z3,T) of the BSDE
with jumps (5.6), with terminal condition Y"(7) = 0 and the generator h
given by (5.11).

To prove the super-martingale property of Rg""”p ), we consider a function

()= X0 P — YT (1)

U(t) = e 9X®_ Applying the generalized It6’s formula and the dynamics of
X(t) in (5.2), we have
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U (1)
= W] [Slr (X0 + (B(2). D)  e(t) — p(0)]
2 [BORLT) + (02(6) + 0:(0)03(0) + 63(0)03 ()]

+/R[6Xp(—5<9(t)ﬁ(t,T, 2))) = 1+0(0(t),3(t, T, 2))]v(dz)] dt
— 601 (4)by (£, T)AW,(t) — 8(01(t) + Oo(£))o1 () AW; (£) — 805(t)os(t)dWi(t)

+ /ﬂ@[e;@(—d(ﬂﬂ,’?(i,ﬂ Z))) o HN(dt’ dz)} )

Therefore,
(1)

= v (- / 56, (1)b, (1. T)dW, (1) — / 5(0:(1) + Bo(D)or (AWi()  (5.19)
/593 os(t)dW(t //exp tTZ)))—l]N(dt,dz))eK(t)

where £(M) denotes the stochastic exponential of M and
K(t) = / [0l (5)X (5) + {005), A5)) — els) — p(9)]
2 [s)205.1) + (Bh(5) + 0a() %03 (5) + B3()03()]
T / [exp(—0(8(s),4(s5.1,2))) — 1+ 8(6(s). 4(s. 1. 2))w(dz)] ds .

Hence, K(t) is a bounded process due to the boundedness of the associated
parameters and that the strategy (c¢(t),p(t),6(t)) € C x D x Q. Furthermore,
thanks to the boundedness of the associated parameters and

exp(—6(A(t),4(t, T, z))) — 1 > —1, the local martingale process

/591 (4, )W, (t /591 )+ 0 () (1) AWV (1)

_/0 56,(1) //exp ST, 2))) — 1N (dt, d2)



5.3. The BSDE approach to optimal investment, consumption and
insurance 93

satisfies the BM O-martingale property. Then, by Kazamaki’s criterion (Lemma
2.3.3), the stochastic exponential £ in (5.19), is a true martingale. Hence

U is uniformly integrable. Then we can conclude that R?W ) is a super-
martingale, i.e.,

Ry (0) 2 E[RY“P(T)].

On the other hand, A(t) = 0, for the strategy (6%, c*, p*), hence RgG*vc*yp*) s
a true martingale. Therefore, (5.10) hold, which completes the proof.

5.3.2 The power utility case

Let m(t) = (mi(t), ma(t), m3(t)), t € [0,7] be the vector of the portfolio
weights invested in P*(t,T), Bj(t) and S(t) respectively. Define the rela-
tive consumption rate £(t) and the relative premium insurance rate ((¢) by
their fraction of the total wealth, i.e., £(¢) := % and ((t) := %. We sup-
pose that the strategy (m(t),£(t),((t)) satisfies the integrability condition
similar to (5.1) for (6(t),c(t,p(t))). Define A® as the admissible strategy for

(m(t),&(t),¢(t)). Then, the wealth process X (t) becomes

dx(t) = X(t){[rr(t) + (m (), (1)) — &(t) — C(B)]dt + m1(8)b, (¢, T)dW,.(¢)
+(7T1 (t) = o (t))O'[(t)dW[(t) + 3 (t)Us(t)dWS(t)
+/<7r(t),fy(t,T, 2)) N (dt, dz)} . X(0)=x >0, (5.20)

which, by [to’s formula, gives the following solution
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X(1)
= wexp{ [ [0+ (0.0 = £(0) = () = 3l OB T)
() + ma(0)?03(0) + 7 (0)% (1)
(

# 1+ (70,3720 — (700 30,7 Nl
[ = obame<wy/< {(6)+ 7ot ()W 1)

+/OT Wt / /1n (1+ {(r(t), 4, T, ) N (dt,d2) )

Consider the following utility function

Ulx)=—, K€ (—o00,1)\{0}. (5.21)

The functional (5.4) can be written as

Jt) = ]Em[l /t e Frle {(g(s))wx(s) <1+@ﬂ (X (s))"ds

K n(s)
o Ity ran (X(T))" | ft] , (5.22)

K

Define a function B(t) as

BO) = [ [rs)+ (r(e). ) = 09) = Cls) = 5l
+(m1(s) + 7ma(5))?07 (5) + 73 (s5)05(5)]
—i—/R[ln(l + (m(s),5(s,t,2))) — <7T(S),§(S,t,z)>]u(dz)] ds

-|-/0 1(8)be(s,8)dW,.(s) + /( 1(8) 4+ m2(s))or(s)dWi(s)

+/0t s)dWs(s / /m (1+¢( (s,t,2)))N(ds,dz).

Then the wealth process can be written as X (t) = zeB®.

The main result of this subsection is given by the following theorem.



5.3. The BSDE approach to optimal investment, consumption and
insurance 95

Theorem 5.3.3. Suppose that the utility function is given by (5.21). Then,

the optimal value function is given by

V(t,z,r) = P GO : (5.23)

K
where YT is part of the solution (Y™, Z1, Zy, Z3, ) € S(R) x H*(R) x H*(R) x
H2(R) x H2(R) of the following BSDE with jumps
dY (t) = —hi(t,r,Y"(t), Z1(t), Za(t), Z3(t), Y(t,-))dt + Z1(t)dW,.(t)
+2Z5(t)dWi(t) + Z5(t)dWs(t) + / Y(t,z)N(dt,dz);  (5.24)
R
Y'(T) = 0

with the generator

Bty 2z, zm () = { (a0 (F) )= (14 (t)("it;)’%ﬂ)}e’ﬁy (5.25)

21+ ¢1(t) 2
k=1 |
23 +<P3(t)‘2}

k—1

=2 (e(®) + M)+ rr(0) + int{ T [Jm (0o, T) +

2+<P2()‘2

+[ (w1 (t) + 72(t))or(t) + +|73(t)os(t) +

L1+ (A T ) e <1 (1), 48 T 2) = vt 2)lw(d) }

1 1
ol t e1(0)% + (22 + 92()” + (25 + w3 () ]+ (2] + 25 +25) -

Moreover, the optimal strategy (7*(t),£*(t), (*(t)) is given by

S
£ ==, ) = (B8) e 0 -
and

21 + p1(t)
-1
22 +<P2(t

() = ir%f{ r ; ! [‘wl(t)br(t,T) + 2

23 + @3(t) |2}
K

+|(r1(t) + 72 (t))o (t) + —

|2 4|75 (t)os (t) + (5.26)

+/ [(1 4 (1), 5(8, T, 2))" e 05 1 — o (m(6), 48, T, 2)) = w(t, 2)]w(d2) }

Note that the generator h; in (5.25) has an exponential growth in Y.
However, due to the boundedness of the associated parameters, it satisfies
the monotonicity condition, i.e., there exists a constant K > 0 such that

y(hi(t, 7y, 21, 22, 23, V() — by (¢, 7,0, 21, 29, 23, 0(-)) < K|y|?. Moreover, it can
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be seen that the conditions (5.13)-(5.14) are satisfied. Then, by (Briand and
Hu [11] and Morlais [70]), the BSDE with jumps (5.24) has a unique solution
(Y™, Z1,Zy, 75, T) € S(R) x H*(R) x H*(R) x H*(R) x H2(R).

Similar to Corollary 5.3.2, the optimal investment strategy
7 (t) = (w5 (t), m5(t), 75(t)) for the special case of not having jumps (v = 0),

is given by the following corollary.

Corollary 5.3.4. Assume that v = 0, then the optimal portfolio strategy
(w5 (t), m5(t), 5 (L)), for all t € [0,T] is given by

. L TAWT) —re(t) —u(t) | Zi(t)
m = =1 2, T) N br(t,T)}
| 1 1 A, T) —r(t)  Zo(t)  Zi(t)
m(t) = 1—k _<a%(t) + b,%(t,T))/”(t) a b2(t,T) or(t) N b(t,T)
. 1 rps(t) —r(t)  Zs(t)
mll) = 1—rkl : o%(t) * O’S(t)] ’

where (Z1(t), Za(t), Z3(t)) is part of the solution (Y, Zy,Zy, Z3) of the fol-
lowing BSDE.

dY"(t) = —hi(t,Y"(t), Z1(t), Za(t), Zs(t), 7" (1), € (1), C*(t))dt + Zy(t)dW,.(t)
+2Z5(t)dW(t) + Zs(t)dWs(t);
Y'(T) = 0.

Proof of Theorem 5.3.3.

Consider the process

Ralt) = é /0 e Jy el E A (f(s))”+)\(s)(1+%)m} (X (s))"ds
Lo ey XO)" vy

with initial condition R5(0) = Z-e¥" (. Applying the generalized Itd’s for-

mula, we obtain
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— [t o(u)+A(u))du & 1 _yr C(t)
dRa(1) = e RTAEND @t OL[LTTO (@) + A (14 2 7)")
2 (@(®) + (D) + e (8) + (1D, A(0) — €(1) — (1) — b1 (67, 21,22, 25,0)

+é<n — D[xF()b2(, T) + (1 () + m2(£)) %05 () + 73 ()03 (8)]
+i<zi + 25+ 23) + T (Dbr(t, T)z1 + (71 (t) + m2(1)or (B 22 + m3(t)os(t)zs

1 ;
+= / (14 (m(8), (¢, Ty 2)) e (5 — 1 = (m(8), 4(¢, T, 2)) — v(t, 2)]w(d2)] dt

K JR
%[(a + k1 (£)by (8, T) AWy (8) + (22 + w(w1 (8) + 72(8))or () dW, (t)

1 ~ Kk _kv(t,z)

(2 + Ky ()0 (D)W ()] + - _/R[u +(m(0), 3(t, T, 2))) e -1

+rIn(l 4+ (x(t),5(t, T, 2))) — v(t, z)]N(dz, dt)} . (5.27)

Note that similar to the exponential case, we can easily see that the process

R, is a local super-martingale if the generator h; is given by

- —Y7"(t) cerl R O) ¢(®)
Rty 22, 2, 0) = mf{ De@n® e primt{oameT O (14 20) e}
+int{ L | (1) + Lj‘”l(t)lz
@ + ma@or @) + 22202 gy 4 220 2]

+ [0+ 0.3 T ) O 1= (1), 5(6, T, 2) = ol () }
—ﬁ [(1 + 015 + (22 + 02(8)% + (23 + w3 ()]

1 1
+—[ef + 25 + Sl — (e + A®) + e (1)

Solving the three minimization problems, provided that the associated pa-
rameters are bounded {F;};cpom-predictable, we obtain the candidate opti-
mal strategy

e =m0 () =) R%)ll”e‘ﬁny’"(“ ~1

and 7*(t) in (5.26). Where Y is part of the solution (Y, 7y, Zs, Z3,T) €
S(R) x H*(R) x H?(R) x H?*(R) x H2(R) of the BSDE with jumps (5.24),
with terminal condition Y"(7') = 0 and the generator hy given by (5.25).

To prove the super-martingale property, we consider the following func-
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tion (X (¢))". Applying the generalized 1t6’s formula, we have

A(X (1)

= (XY [0 + (x(@), 1)) = &0 =€) + S0 = VIR T)
+(mi(t) + ma(t)) 0} (1) + TH(1)o3 (1)
+/R[1 —rkIn(1+ (m(),5(t, T, 2))) — (14 (w(t),¥(t, T, z)))_”]u(dz)}dt
+rm1(t)b, (t T)dW,.(t) + k(w1 (t) + m2(t))or(t)dWi(t)
i (B)os ()W +,<;/Rl L+ (n(0). (.7, 2)) N (dt. d2) )

Hence
(X ()"
— (X(0)E (mrl ()b, (8, TYAW, (1) + r(m1 (£) + 72 (t)) o () AWy (£)
+rm3(t)os(t)dWs(t) + /Rln(l + (m(t),4(t, T, z)))N(dt,dz))eQ(t)
where

Q) = [ (o) + (7). pls)) = €05) =€) + 5 = DKL)
+(mi(s) + ma(s)) 07 (s) + 73 (s)05(s)]
—I—/R[l — rIn(1+ (7(s),7(s,t,2))) — (1 4 (w(s),¥(s, t, z)>)_”]u(dz)] ds .

Hence, Q(t) is a bounded process due to the boundedness of the associated
parameters and the fact that the strategy (£(¢),((¢),n(t)) € C x D x Q.
Moreover, using similar arguments of a BM O-martingale property as in the
proof of Theorem 5.3.1, we can easily see that (X (¢))" is uniformly integrable.

Then R;e’c’p )is a super-martingale, i.e.,

Ry“7(0) > E[RY“"(T)].

On the other hand, the drift process in (5.27) is equal to zero for the strategy
(6%, ¢*, p*), hence R\""?) is a true martingale. Therefore, (5.23) hold.
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Remark. We point out that, when there is no inflation and jumps in the
model, the results obtained in Theorems 5.3.1 and 5.3.3 relate on the results
in Cheridito and Hu [14]. Similar results have been obtained by Xing [98§]
for the Espein-Zin utility type. Moreover, when there is no consumption and
life insurance rates, these results are similar to those in Hu et. al. [46] for

the diffusion case and Morlais [70] in the jump-diffusion case.

5.4 Conclusion

In this Chapter, we solved an optimal investment, consumption and life in-
surance problem using the BSDE techniques. We considered the presence
of inflation-linked asset, which normally helps the investors to manage the
inflation risks that in general are not completely observable. Under jump dif-
fusion market, we derived the optimal strategy for the exponential and power
utility functions. This work extends, for instance, the paper by Cheridito and
Hu [14], by allowing the presence of inflation risks, life insurance and jumps
in the related assets. Furthermore, it appears as an alternative approach
to the dynamic programming approach applied in Han and Hung [42], were
a similar problem was considered under a stochastic differential utility. We
noted that the generator of the associated BSDE is of quadratic growth in the
controls 21, ze, z3 and exponential in v(-), the similar BSDEs with jumps that
the existence and uniqueness results have been proved by Morlais [70], [71].
Furthermore, we derived the explicit solutions for the optimal portfolio for a

special case without jumps.



Chapter 6

Risk-based optimal portfolio of
an insurer with regime

switching and noisy memory

6.1 Introduction

Stochastic delay equations are equations whose coefficients depend also on
past history of the solution. They appear naturally in economics, life science,
finance, engineering, biology, etc. In Mathematics of Finance, the basic as-
sumption of the evolution price process is that they are Markovian. In reality,
these processes possess some memory which cannot be neglected. Stochastic
delay control problems have received much interest in recent times and these
are solved by different methods. For instance, when the state process depends
on the discrete and average delay, Elsanosi et. al. [37] studied an optimal
harvesting problem using the dynamic programming approach. On the other
hand, a maximum principle approach was used to solve optimal stochastic
control systems with delay. See e.g., @ksendal and Sulem [76], Pamen [79].
When the problem allows a noisy memory, i.e., a delay modeled by a Brow-
nian motion, Dahl et. al [22] proposed a maximum principle approach with

Malliavin derivatives to solve their problem. For detailed information on the

100
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theory of stochastic delay differential equations (SDDE) and their applica-
tions to stochastic control problems, see, e.g., Banos et. al. [6], Kuang [56],
Mohammed [69] and references therein.

In this chapter, we consider an insurer’s risk-based optimal investment
problem with noisy memory. The financial market model setup is composed
by one risk-free asset and one risky asset described by a hidden Markov
regime-switching jump-diffusion process. The jump-diffusion models repre-
sent a valuable extension of the diffusion models for modeling the asset prices.
They capture some sudden changes in the market such as the existence of
high-frequency data, volatility clusters and regime switching. It is impor-
tant to note that in the Markov regime-switching diffusion models, we can
have random coefficients possibly with jumps, even if the return process is
a diffusion one. In this chapter, we consider a jump diffusion model, which
incorporates jumps in the asset price as well as in the model coefficients, i.e.,
a Markov regime-switching jump-diffusion model. Furthermore, we consider
the Markov chain to represent different modes of the economic environment
such as, political situations, natural catastrophes or change of law. Such
kind of models have been considered for option pricing of the contingent
claim, see for example, Elliott et. al [36], Siu [92] and references therein.
For stochastic optimal control problems, we mention the works by Bauerle
and Rieder [7], Meng and Siu [64]. In these works a portfolio asset allocation
and a risk-based asset allocation of a Markov-modulated jump process model
has been considered and solved via the dynamic programming approach. We
also mention a recent work by Pamen and Momeya [80], where a maximum
principle approach has been applied to an optimization problem described
by a Markov-modulated regime switching jump-diffusion model.

In this chapter, we assume that the company receives premiums at the
constant rate and pays the aggregate claims modeled by a hidden Markov-
modulated pure jump process. We assume the existence of capital inflow or
outflow from the insurer’s current wealth, where the amount of the capital

is proportional to the past performance of the insurer’s wealth. Then, the
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surplus process is governed by a stochastic delay differential equation with
the delay, which may be random. Therefore we find it reasonable to consider
also a delay modeled by Brownian motion. In literature, a mean-variance
problem of an insurer was considered, but the wealth process is given by
a diffusion model with distributed delay, solved via the maximum principle
approach (Shen and Zeng [89]). Chunxiang and Li [15] extended this mean-
variance problem of an insurer to the Heston stochastic volatility case and
solved using dynamic programming approach. For thorough discussion on
different types of delay, we refer to Banos et. al. [6], Section 2.2.

We adopt a convex risk measure first introduced by Frittelli and Gianin
[40] and Follmer and Schied [38]. This generalizes the concept of coherent
risk measure first introduced by Artzner et. al. [3], since it includes the
nonlinear dependence of the risk of the portfolio due to the liquidity risks.
Moreover, it relaxes a sub-additive and positive homogeneous properties of
the coherent risk measures and substitute these by a convex property.

When the risky share price is described by a diffusion process and with-
out delay, such kind of risk-based optimization problems of an insurer have
been widely studied and reported in literature, see e.g., Elliott and Siu
[34,35], Siu [90-92], Peng and Hu [81]. For a jump-diffusion case, we re-
fer to Mataramvura and Oksendal [62].

To solve our optimization problem, we first transform the unobservable
Markov regime-switching problem into one with complete observation by
using the so-called filtering theory, where the optimal Markov chain is also
derived. For interested readers, we refer to Elliott et. al. [32], Elliott and
Siu [35], Cohen and Elliott [16] and Kallianpur [49]. Then we formulate a
convex risk measure described by a terminal surplus process as well as the
dynamics of the noisy memory surplus over a period [T'— g, T| of the insurer to
measure the risks. The main objective of the insurer is to select the optimal
investment strategy so as to minimize the risk. This is a two-player zero-
sum stochastic delayed differential game problem. Using delayed backward

stochastic differential equations (BSDE) with a jump approach, we solve this
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game problem by an application of a comparison principle for BSDE with
jumps. Our modeling framework follows that in Elliott and Siu [34], later
extended to the regime switching case by Peng and Hu [81].

The rest of the chapter is organized as follows: In Section 6.2, we intro-
duce the dynamic of state process described by SDDE in the Hidden Markov
regime switching jump-diffusion market. In Section 6.3, we use the filtering
theory to turn the model into one with complete observation. We also derive
the optimal Markov chain. Section 6.4, is devoted to the formulation of our
risk-base optimization problem as a zero-sum stochastic delayed differential
game problem, which is then solved in Section 6.5. Finally, in Section 6.6,
we derive the explicit solutions for a particular case of a quadratic penalty
function and we give an example to show how one can apply these results in

a concrete situation.

6.2 Model formulation

Suppose we have an insurer investing in a finite investment period 7' < co.
Consider a complete filtered probability space (2, F, {F:}o<i<r, P), where
{Fi}icp,m is a filtration satisfying the usual conditions. Let A(t) be a con-
tinuous time finite state hidden Markov chain defined on (2, F,P), with a
finite state space & = {eq,ea,...,ep} C Rp, e; = (0,...,1,0,...,0) € RP,
where D € N is the number of states of the chain, and the jth component of
e, is the Kronecker delta d,;, for each n,j =1,2,...,D. A(t) describes the
evolution of the unobserved state of the model parameters in the financial
market over time, i.e., a process which collects factors that are relevant for
the model, such as, political situations, laws or natural catastrophes (see,
e.g. Bauerle and Rieder [7], Elliott and Siu [35]). The main property of the
Markov chain A with the canonical state space S is that, any nonlinear func-
tion of A, is linear in A, i.e., p(A) = (p,A). For detailed information, see,
for instance, Elliott et. al. [32]. When D = 2, the state space S = {ey, e},

where e; can be considered as a state with the economy in expansion and e,
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the state with the economy in recession.

To describe the probability law of the chain A, we define a family of
intensity matrix A(t) := {a;;(t); t € [0,T]}, where aj;(t) is the instantaneous
transition intensity of the chain A from state e; to state e; at time ¢t € [0, 7.
Then it was proved in Elliott et. al. [32], that A admits the following semi-

martingale dynamics:

A(t) = A(0) + / t A(s)A(s)ds + D(t) ,

where ® is an RP-valued martingale with respect to the natural filtration
generated by A.

To describe the dynamics of the financial market, we consider a Brownian
motion W (t) and a compensated Markov regime-switching Poisson random
measure Nx(dt,dz) := N(dt,dz) — va(dz)dt, with the dual predictable pro-
jection v, defined by

D

va(dt,dz) = (A(t=), e;)e;(t)v;(dz)dt,
j=1
where v; is the conditional Levy measure of the random jump size and ¢; is
the intensity rate when the Markov chain A is in state e; . We suppose that
the processes W and N are independent.
We consider a financial market consisting of one risk-free asset (B(t))o<i<r
and one risky asset (S(t))o<t<r. Their respective prices are given by the

following regime-switching SDE:

dB(t) = r(t)B(t)dt, B(0)=1,
ds(t) = 5()[ (t)dt + B(t) +/ ¢ —1 N(dt dz)}

- +Z / = 1) (A=), )50y (d2) )
+B(t)dW (¢) /( 1) Aldt, dz) } : (6.1)
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with initial value S(0) = s > 0. We suppose that the instantaneous interest
rate r(t) is a deterministic function, the appreciation rate «(t) is modulated
by the Markov chain A, as follows:

D

aM(t) = (alt), M) =D ay()(A(t),e;).

j=1
a; represents the appreciation rate, when the Markov chain is in state e; of
the economy. We suppose that «(t) is RP-valued {F;}tejor-predictable and
uniformly bounded processes on the probability space (€2, F,P). Otherwise,
the volatility rate 3(t) is an {F;}icpo,11-adapted uniformly bounded process.
Note that we may consider a Markov modulated volatility process, however
it would lead in a complicated, if not possible filtering issue in the following
section. As was pointed out by Siu [92] and references therein, the other
reason is that, the volatility can be determined from a price path of the risky
share, i.e., the volatility is observable. For Markov modulated volatility
models, see Elliott et. al. [33].

We now model the insurance risk by a Markov regime-switching pure
jump process on the probability space (2, F,P). We follow the modeling
framework of Elliott and Siu [35], Siu [91], Pamen and Momeya [80].

Consider a real valued pure jump process Z := {Z(t); t € [0, T]} defined
on a probability space (€2, F,P), where Z denotes the aggregate amount of
the claims up to time ¢. Then, we can write Z as

Z(t)= > AZ(s); Z(0)=0, P—as, t€[0,T],
0<s<t
where AZ(s) := Z(s) — Z(s—), for each s € [0,T], represents the jump size
of Z at time s.

Suppose that the state space of the claim size Z is (0,00). Consider a
random measure N°(-,-) defined on a product space [0, 7] x Z, which selects
the random claim arrivals and size z := Z(s) — Z(s—), at time s. The

aggregate insurance claim process Z can be written as

t [e8)
7 = / / #NO(ds dz): te[0,T].
Jo Jo
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Define, for each t € [0, 7],

:/Ot/OOONO(ds,dz); te0,T].

M (t) counts the number of claim arrivals up to time ¢t. Suppose that under
P, M = {M(t),t € [0,T]} is a conditional Poisson process on (2, F,P),
given the information about the realized path of the chain, with intensity

AA(t) modulated by the Markov chain given by

D

M) == (M), A®) = D A(AR),e5)
j=1
where ); is the jth entry of the vector A and represents the intensity rate of
M when the Markov chain is in the state space e;.
Let f;(2), 5 = 1,..., D be the probability density function of the chain
size z = Z(s)—Z(s—), when A(t—) = e;. Then the Markov regime-switching

compensator of the random measure N°(-,-) under P, is given by

2 (ds, dz) i(s)fi(dz)ds

Mu

J=1

Therefore, a compensated version of the random measure is given by
N{(ds,dz) = N°(ds, dz) — 18 (ds, dz) .

We suppose that NX is independent of W and Ny.

Let p(t) be the premium rate at time t. We suppose that the pre-
mium rate process {p(t), t € [0,T]} is {F;}ico,m-progressively measurable
and uniformly bounded process on (2, F,P), taking values on (0,00). Let
R = {R(t),t € [0,T]} be the insurance risk process of the insurance com-

pany without investment. Then, R(t) is given by
t
R(t) = 1o +/ p(s)ds — Z(t)
0

t t o0
= 7 —|—/ p(s)ds —/ / 2N°(ds,dz).
0 0 Jo



6.2. Model formulation 107

Let m(t) be the amount of the money invested in the risky asset at time ¢.
We denote the surplus process by X (t), then we formulate the surplus process
with delay, which is caused by the capital inflow/outflow function from the
insurer’s current wealth. We suppose that the capital inflow /outflow function

is given by

p(t, X (1), Y (1), U#) = (9(t) + &)X (t) — ()Y (t) — €U (1),

where 9¥(t) > 0 is uniformly bounded function of ¢, £ > 0 is a constant and

Y(t) = /t eCTIX (s)dWi(s);  Y(t) = ; Ut) =X(t-o).
t—p

Here, Y, Y, U represent respectively the integrated, average and point-
wise delayed information of the wealth process in the interval [t —o,t]. ( >0
is the average parameter and o > 0 the delay parameter. W, is an indepen-
dent Brownian motion.

The parameters ¢ and & represent the weights proportional to the past
performance of X —Y and X — U, respectively. A good performance (¢ > 0),
may bring to the insurer more wealth, so that he can pay part of the wealth
to the policyholders. Otherwise, a bad performance (¢ < 0) may force the
insurer to use the reserve or look for further capital in the market to cover

the losses in order to achieve the final performance.

Remark. According to the definition of our capital inflow /outflow function,
we take a noisy memory into account, thus generalizing the inflow/outflow
function considered in Shen and Zeng [89]. To the best of our knowledge,
this kind of noisy delay has just been applied in a stochastic control problem
recently by Dahl et. al. [22] using a maximum principle techniques with
Malliavin derivatives. Unlike in Dahl et. al. [22], we suppose that the noisy
delay is derived by an independent Brownian motion. We believe that this
assumption is more realistic since the delay of the information may not be

caused by the same source of randomness as the one driving the stock price.
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Furthermore, when the delay is driven by the same noisy with the asset
price, the filtering theory we apply in the next section, fails to turn the
model into one with complete observations, as the dynamics of Y'(t) would
still be dependent on some hidden parameters. Under derivative pricing,
such kind of delays have been applied to consider some stochastic volatility

models, but with the delay driven by independent Poisson process, see, e.g.,
Swishchuk [93].

Note that we can write the noisy memory information Y in a differential

form by

dY (t) = —CY(t)dt + X (#)dWy(t) — e eX(t — o)dW,(t — o)  (6.2)
— Yt + X(B)(1 - e yorg)dWi(t) € [0,T],
where y 4 denotes the characteristic function defined in a set A.

Then, the surplus process of the insurer is given by the following stochastic

delay differential equation (SDDE) with regime-switching

dX (t) (6.3)
= [p(t) + r(OX (1) + m(t)(0 (1) = (1) = (1, X (1), Y (1), U ()]l
()W (t) + 7 (t) / <ez - 1>N(dt, dz) — / ZNO(dt, dz)
= [p(t) + () = 9(t) — X

~€U() + (4= () [ (= 1)es(0(a2)

— /Ooo Aj (t)zfj(dz)>] dt + (1) 5(t)dW (t)

+7(t) / (ez — 1>NA(dt,dz) - /OO 2NS(dt,dz), tel0,T],
X(t) = 29>0, te[-p0].

(t) + m(t)(a”(t) — (1)) +I(O)Y(2)

The portfolio process 7(t) is said to be admissible if it satisfies the fol-

lowing;:
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1. 7(t) is {F; }reo,m-progressively measurable and fOT |7 (t)]2dt < oo, P-a.s.
2. The SDDE (6.3) admits a unique strong solution;

3.

S{ [ 19t0)+ (150 = 90 = X(0) + (0050 = 1)

2

()Y (8) — €U (1) dt + /0 ' [ /R (r()2(0)(e" = 1) &5(0)w(d2)
+/OOO 20(8)f;(d2) +7r2(t)62(t)]dt} < 0.

We denote the space of admissible investment strategy by A.

We end this section, clarifying the information structure of our main
problem. We define F := {F; | ¢ € [0,T]} be the P-augmentation of the
natural filtration generated by the risky asset S(¢) and the insurance risk
process R(t). This denotes the observable filtration in the market model.
Let G, := FAV F. G := {G; | t € [0,T]} represents the full information
structure of the model, where F* is the filtration generated by the market
chain A.

6.3 Reduction by the filtering theory

As we are working with an unobservable Markov regime-switching model,
one needs to reduce the model into one with complete observations. We
adopt the filtering theory for this reduction. This is a classical approach and
it has been widely applied in stochastic control problems. See, for example,
Béuerle and Rieder [7], Elliott et. al. [32], Elliott and Siu [35], Siu [90], and
references therein. We proceed as in Siu [92].

Consider the following {G, }+c[0,r-adapted process W= {W(),telo,T]}
defined by
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where @& is the optional projection® of o under IP, with respect to the filtration
{G}, ie., &Mt) = Ela?(t) | G, P-a.s. Then it was shown that W is a
Brownian motion. See e.g., Elliott and Siu [35] or Kallianpur [49], Lemma
11.3.1.

Let A be the optional projection of the Markov chain A. For the jump

part of the risk share NV and the insurance risk N°, we consider the following:

(A(t=), e;)e;(t)v;(dz)dt and

NE

D(dt,dz) ==

1

<.
Il

O(dt, dz) i A (dz)dt .

J=1

Define the compensated random measures N(dt, dz) and N°(dt,dz) by

N(dt,dz) = N(dt,dz)— p(dt,dz)
NO(dt,dz) = NO°(dt,dz) — 0°(dt,dz) .

Then, it can be shown that the following processes are martingales with

respect to the filtration G. (See Elliott [31]):

—~ t o~

M = //(ez—l)N(dt,dz)
0o JR
t o)

M° = // ZN°(dt,dz) .
0o Jo

Therefore, the surplus process X (t) for any t € [0, T], can be written, under
P, as:

ax(t) = [P(t) + (1) — 9(t) — )X (t) + w(t) (& (8) — (1) + (DY (¢) — EU (L) (6.4)
D N o e o]
+I7§<A(t7),ej)(7r(t) /R(ez — 1) (t); (dz) 7/0 X ()25 (d2))] dt

()BT (£) + w(t)/R(ez — 1) Na(dt, dz) /DOO =89 (dt, dz) ,

X(t) = x>0, te[-e0].

'Let X be a measurable bounded process. An optional projection is defined as a process
Y such that E[X(T)17<oo | F7r| = Y(T)1l7<co a.s., for every stopping time 7. See Cohen
and Elliott [16], Chapter 7 or Nikeghbali [74], Chapter 4.
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Note that the dynamics (6.2) remains, since it is driven by an independent
Brownian motion.

We then use the reference probability approach to derive a filtered esti-
mate A of the Markov chain A following the discussions in Siu [92], Section
8.3.2.

Let (t) € RP, such that ¢;(t) = o;(t) — 214%(t), = 1,2,..., D. Define,
for any t € [0, T, the following functions

(0 = [ el A+ [ B s)

Uo(t) = // & — 1) N(ds. d2):
Uy(t) = /0 /0 ANO(ds, d2)

Write P*, for a probability measure on (€2, G), on which the observation pro-
cess does not depend on the Markov chain A. Define, foreach j =1,2,..., D

Y

Rt = BB, g g, .= 2040,

Consider the following G;-adapted processes I'1, I's and I's defined by putting

D) = exp / 52 A(s)) W (s) — = / 574(5) (). A(s))’ds ) :
o(t) = exp[—/o Z(A(s—),ej)</R(5j(s,z)—1)V(dz)>ds

/ / s=), €5) In(€(s, 2)) ) N(ds, d2) | ;
o = el | Z<A(S_>’€j></ooo(ﬂ(s,z)—1)f(dz)>ds

/ / o) n(Fy (s, 2)) ) N(ds, dz)

Consider the {Qt}te[oyT]—adapted process I' := {I'(¢), t € [0, 7]} defined by

T(t) == Ty (t) - To(t) - Ta(t).
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Note that the process I' is a local martingale and E[I'(7")] = 1. Under some
strong assumptions (predictability and boundedness), it can be shown that
[ is a true martingale. See, for instance, Proposition 2.5.1 in Delong [26] or
Elliott et. al. [36], Section 3.

The main goal of the filtering process is to evaluate the {G; };c[0,77-optional
projection of the Markov chain A under P. To that end, let, for each t € [0, T,

q(t) = E*[L@OA®) [ Gil,

where [E* is an expectation under the reference probability measure P*. The
process q(t) is called an unnormalized filter of A(%).

Define, for each j = 1,2,..., D the scalar valued process v; := {v;(t), t €
[0, T} by

75 (1)

= exp(/ot ©;(s)B72(5)dWy(s) — %/Ot 03 ()3 (s)ds + /Dt(l —¢gj(s))ds
+ / (1— f;(s))ds + /0 t In(&;(s))dN (s) + /O t ln(Fj(s))dNU(s)) .

¢

0
Consider a diagonal matrix L(t) := diag(yi(t),72(t),...,7p(t)), for each
t € [0,T]. Define the transformed unnormalized filter {q(¢), t € [0,7]} by

q(t) =L (t)a(t).

Note that the existence of the inverse L™!(¢) is guaranteed by the definition
of L(t) and the positivity of v;(t), j =1,2,...,D.

Then, it has been shown (see Elliott and Siu [35], Theorem 4.2.), that
the transformed unnormalized filter q satisfies the following linear order dif-

ferential equation

#gLZLA@A@L@Wﬂa a(0) = a(0) = E[A(0)).

Hence, by a version of the Bayes rule, the optimal estimate A(t) of the Markov
chain A(t) is given by
EXC@A[M) [ G] _  alt)

A=EMO 19 = "5rm Tl ~ oD




6.4. Risk-based optimal investment problem 113

6.4 Risk-based optimal investment problem

In this section, we introduce the optimal investment problem of an insurer
with regime-switching and delay. We consider a problem where the objective
is to minimize the risk described by the convex risk measure, with the insurer
not only concerned with the terminal wealth, but also with the integrated
noisy memory surplus over the period [T" — p,7T]. This problem is then
described as follows: Find the investment strategy 7 (¢) € A which minimizes
the risks of the terminal surplus and the integrated surplus, i.e., X(T') +
KY(T), where k > 0 denotes the weight between X (7') and Y (7'). This
allow us to incorporate the terminal wealth as well as the delayed wealth at
the terminal time 7" in the performance functional.

Since we are dealing with a measure of risk, we will use the concept
of convex risk measures introduced in Follmer and Schied [38] and Frittelli
and Rosazza [40], which is the generalization of the concept of coherent risk

measures proposed by Artzner et. al. [3].

Definition 6.4.1. Let KC be a space of all lower bounded {G, }+c[0,m-measurable
random variables. A convex risk measure on KC is a map p : K — R such

that:

1. (translation) If e € R and X € IC, then p(X +¢€) = p(X) — ¢

2. (monotonicity) For any X1, Xy € I, if X1(w) < Xo(w); w € Q, then

p(X1) = p(X2);
3. (convexity) For any X1, X5 € K and ¢ € (0,1),
p(e X1+ (1 =) X2) < cp(X1) + (1 —<)p(X2).

Following the general representation of the convex risk measures (see

e.g., Theorem 3, Frittelli and Rasozza [40]), also applied by Mataramvura

and Oksendal [62], Elliott and Siu [34], Meng and Siu [64], among others, we

assume that the risk measure p under consideration is as follows:

p(X) = sup {E%[-X] —n(Q)},
QeEM,
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where E® is the expectation under Q, for the family M, of probability mea-
sures and for some penalty function n : M, — R.

In order to specify the penalty function, we first describe a family M, of
all measures () of Girsanov type. We consider a robust modeling setup, given
by a probability measure Q := Q%%:% with the Radon-Nikodym derivative

given by
@ — G90791,92 (t)
dP | 7,

The Radon-Nikodym G%%1:9%2(t) =~ t € [0, T + o], is given by

L 0<t<T.

dGP00 (1) — Geo,el,ez(t—)[go(t)df/[?(t)+91(t)dW1(t)

+/ WWWW@@+/%@W%W@@,@@
0 R

Gh0l2(0) = 1,

GPM2(t) = 0, te[-p0).

The set © := {6y, 01,05} is considered as a set of scenario control. We say
that © is admissible if 05(¢, z) > —1 and

]E[/OT{eg(t)+9$(t)+/Reg(t, Z)UA(dz)}dt]<oo.

Then, the family M, of probability measures is given by
M, = M(O) = {Q%"% : (6,6,,0,) € O}.

Let us now specify the penalty function 7. Suppose that for each
(7, 00,01,02) € AxO© and t € [0,T], n(t) € Uy and 0(t) = (0p(t), 0:(¢),62(¢,-)) €
U,, where U; and U, are compact metric spaces in R and R3.

Let £ : [0,T] x RxRXxRxU; xUy; - Rand h : RxR — R be
two bounded measurable convex functions in 6(t) € Uy and (X(T),Y(T)) €
R x R, respectively. Then, for each (7,0) € A x ©,

E[/O 00t X (), Y (£), Z(8),7(£), 80(t), 6:(1), a2, -)) |dt+ [ h(X (T), Y (T))] | < 00



6.4. Risk-based optimal investment problem 115

As in Mataramvura and ksendal [62], we consider, for each (m,0) €

A x O, a penalty function 1 of the form

7T 90,91,92)
/ £t X(0), Y (1), Z(0), 7(0). 60(6). 04(0). 02(t, )t + h(X(T), Y(T))]

Then, we define a convex risk measure for the terminal wealth and the
integrated wealth of an insurer, i.e., X(T) + kY (T), for k > 0, given the
information {G;}ico,77 associated with the family of probability measures

M, and the penalty function 7, as follows:

p(X(T),Y(T)) = sup {EQ[—(X“(THKY“(T))]—n(ﬂ,90,91,92)}-
(60,01,02)€0

As in Elliott and Siu [34], the main objective of the insurer is to select the
optimal investment process 7(t) € A so as to minimizes the risks described

by p(X(T),Y(T)). That is, the optimal problem of an insurer is:

JI(z) = inf{( sup {EQ[—(X“(T)+/<:Y”(T))]—77(7r,90,91,92)}}. (6.6)

TEA L (09,61,00)€0

Note that EQ[—(X™(T) + kY™(T))] = E[—(X™(T) + sY™(T))G%%(T)]
(See Cuoco [20] or Karatzas et. al. [51], Lemma 3.5.3 for more details). Then

from the form of the penalty function,

J(x)
— inf sup ]E[—(X”(T) + kY™ (T)) GO0 02 (T)

TEA (89,01,02)€0©

- /OT 0t X(1),Y (1), Z(t), m(t),00(1), 01(¢), O2(1, -))dt — h(X(T), Y (1))
= J(z), say.

For each (m,0) € A x O, suppose that
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V”’H(x)
— E [—(X“(T) 4 RYT(T)) G000 (T)

—/0 (X (1), Y (), Z(t), 7 (t), 00(t), 01(t), Oo(t, -))di — h(X(T)ﬂY(T))] :

Then,

J(x)=inf sup V™(z)=V""(z),
TEA (90,01,02)€0

that is, the insurer selects an optimal investment strategy 7 so as to minimize
the maximal risks, whilst the market reacts by selecting a probability measure
indexed by ((6p,61,02)) € © corresponding to the worst-case scenario, where
the risk is maximized. To solve this game problem, one must select the
optimal strategy (7, 05, 05, 05) from the insurer and the market, respectively,

as well as the optimal value function J(z).

6.5 The BSDE approach to a game problem

In this section, we solve the risk-based optimal investment problem of an
insurer using delayed BSDE with jumps. Delayed BSDEs may arise in in-
surance and finance, when one wants to find an investment strategy which
should replicate a liability or meet a purpose depending on the past values
of the portfolio. For instance, under participating contracts in life insurance
endowment contracts, we have a so called performance-linked payoff, that is,
the payoff from the policy is related to the performance of the portfolio held
by the insurer. Thus, the current portfolio and the past values of the port-
folio have an impact on the final value of the liability. For more discussions
on this and more applications of delayed BSDEs see Delong [25].
Define the following delayed BSDE with jumps:

AVE) = —WlEa().00)d:+ K (DI () + KaldWi(t)  (67)

+/T( Adt, dz) /OOTQtzNAdtdz)
Y(T) = h(X(T),Y(T)),
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where

W(tv W(t)v e(t)) = W(t>y<t)7y(t - Q)a Kl(t)v Kl(t - Q)? K2(t)a KQ(t - Q)a
Tl(t’ ')7 Tl(t -0 ')7 T2(757 ')7 T2(t -0 ')a ﬂ—(t)v O(t)) :

We assume that the generator W : Q x [0,T] x §*(R) x §? ,(R) x H*(R) x
H? (R) x HZ(R) x H? , ,(R) — R satisfy the following Lipschtz continuous

—o,V
condition, i.e., there exists a constant C' > 0 and a probability measure 1 on
([_Q7 0]7 B([_Qa O])) such that
- 0 - 2 0 z 2
Wit w(,0(0) = Wt n(0),00) < ([ lu+ 0 = 3+ OPn@e) + [ k(e + Q) = kit +On(dc)
—e —-e
- T
[0 ka0 ka4 @0 + [ ) - o) Par
—0 0
0 - 2 T - 2
w0 L6 — ot e alPranno + [ Ik — k(o)
[ [eatet 60 = 02+ ¢ ) Putasmiac)

T r - 2 T . 2
+/O /R\vl(tvz)—m(t,z)\ v(dz)dt+/0 /R\vz(t,z)—v2(t,z)| l/(dz)dt).

Then, if h € L? and the above Lipschitz condition is satisfied, one can
prove the existence and uniqueness solution (Y, K1, Ky, T1,T3) € S*(R) x
H?(R) x H?(R) x H2(R) x H2(R) of a delayed BSDE with jumps (6.7). See
Delong and Imkeller [27] and Delong [26] for more details. In practice, )
denotes a replicating portfolio, K7, K5, T1, T, represent the replicating strat-
egy, h(X(T),Y(T)) is a terminal liability and W models the stream liability
during the contract life-time.

The key result for solving our delayed stochastic differential game problem

is based on the following theorem.

Theorem 6.5.1. Suppose that there exists a strategy (7(t),0(t)) € Uy x U,
such that

W(t,y,kl,kg,v(-),ﬁ(t),é(t)) = inf sup W<t7y> k1>k2>v(')77r76(ﬁ'8)
TCA (90,01,02)€0

= sup inf W(t,y, ki, ke, v(:),m,0),
(60,01,02)c0 TEA

that is, W satisfy the Isaac’s condition. Furthermore, suppose that there ex-
ists a unique solution (Y™ (t), KT (t), K3?(t), YT(t,-), Y3%(t,-)) € S*(R) x
H?(R) x H*(R) x H2(R) x H2(R) of the BSDE (6.7), for all (w,0) € Ax ©.



6.5. The BSDE approach to a game problem 118

Then, the value function J(z) is given by Y*O(t). Moreover, the optimal
strategy of the problem (6.6) is given by

{ m () = R (Y (1), K (8), Ka(t), Yalt, ), Ta(t,)) 69)

0 (t) = é(t? Y(t)> Kl (t)a KZ(t)v Tl(tv ')7 TQ(t> )) :

Proof. The proof is based on the comparison principle for BSDEs with jumps
as follows, (see Theorem 2.4.2). Define three generators ¢1, ¢, and ¢3 by

¢1(t7y7k1ak2av(')) = W(t7y’ klakQaUl(')?UQ(')’ﬁ-(t)"g(t))
¢2(t7y7k17k2ﬂv(')) = W(t7y7 kl?k27Ul(')vv2(')7ﬁ-(t)7é(t))
G3(t,y, k1, ko, v(+)) = W(t,y, kl,]@,Ul(-),vz(~),7r(t),é(t))

and the corresponding BSDEs

dVi(t) = —¢1(t,y, b, ke, 0(0))dt + Kl(t)d/W(t) + Ko (t)dWi(t)

+ / Ti(t, 2)Na(dt, dz) + / N To(t, 2)NO(dt, dz)
Yi(T) = WX(T),Y(T)).

AVs(t) = —da(t,y, kn, ke, v(-))dt + K (£)dW (£) + Ko (t)dW, (t)
+ / Ti(t, 2)Na(dt, dz) + / N To(t, 2)NO(dt, dz)
W(T) = WX(T),Y(T)).

and

AVs(t) = —os(t,y, ku, ko, v())dt + K ()dW (£) + Ko()dWy ()

+ / Ti(t, 2)Na(dt, dz) + / N To(t, 2)N(dt, dz) ,
Y3(T) = WX(T),Y(T)).

From (6.8), we have

¢1(t7y7k17k27v(')) < ¢2(t>ya k17k2av(')) < ¢3(t?y7 k17k27v('))'
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Then, by comparison principle, YV (t) < Wo(t) = J(x) < Vs(t), for all t €
[0,T]. By uniqueness, we get Vy(t) = V™ ", Hence, the optimal strategy is
given by (6.9). O

In order to solve our main problem, note that from the dynamics of
the processes X (t), Y (t) and G%%1:%2 in (6.3), (6.2) and (6.5), respectively
and applying the 1t6’s differentiation rule for delayed SDEs with jumps (See
Banos et. al. [6], Theorem 3.6), we have:

(X () + rY (£)G%0 0102 (1))
= GOl @) [p(t) + (r(t) — 9(H) — OX () + ()& (B) — r(1)

H@() — ROV (1) — EU(D) + 7 (D00 (1) + 01 (DRX (D1 — e Oxpo 1))
D

+ 2 (A=) e (x() [ (% = 1)62(t. 2)e; (1w (a2)
j=1

- /Ow 2j(0)2(1+ 60(8) f5(d2)) |dt + G712 (1) [(x(£)B(2) + X (£)00 (£)dW (1)
F(01 (1) + X () (1 — e~ Cx (g 1 o)) dW1 (8)]
+GP0:0192(0) [ (14 02(t, ) m() (¢ — 1)+ X (1)02(t, )| VA (dt, dz)

JR

—6%00102) [ T[4 600z — X(D60(OINR (at, d) .
JO
Thus, for each (m, 0y, 61, 05),

J ()
= ]E{— /0 |:G90,91,92 (t) [p(t) + (T(t) — Qg(t) — g)X(t) + W(ﬁ)(d/\(t) . T(t))
+(O(t) — kQO)Y (t) — EU () + () B(£)0o(t) + 01(8) kX (£)(1 — e CXjo7—g))

+Z<A(t—),ej>(7r(t) /R (ez - 1)92(15, 2)es (), (d2)

FOEX(E), Y (1), U(1), 7(t), 0(2), 01 (1), Oa(t, ->>} dt — h(X(T), Y(T))} .

We now define, for each (¢, X, Y, U, m, 0y, 01,603) € [0,T] x RxRXxRxU; x Uy,
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a function

Ut X (), Y (£), U (), m(2), 60(t), 62(2), 6a(, )
= GO [p(t) + (r(8) - 9() — X () + 7(D)(@N1) - (1))

H(I(t) = ROY (t) — EU (1) + m()B()0o(t) + O1()x X (1) (1 — X [0.7])
+Z<[\(t ( /R<e )92 (t, 2)e;(t)v;(d2)

J=1
[e.e]

= | 2=+ 80 02) )]
+0(t, X (2), Y (2), U(t), 7(t), 00(t), 01(2), a(t, -)) -
Then,
T@ = —eo+B[= [ H6 X0, Y (0, U0, 7(2),00(0),01 (1), 0a(t, Dt — h(X(T), Y (T)]
Define, for each (7, 60) € A x O, a functional

- T _
T () = E[—/O (e, X (), Y (£), U(t), 7(£), 80(t), 01.(), 05(t, -))dt — h(X(T), Y (T))] .

Then, the stochastic differential delay game problem discussed in the previ-
ous section is equivalent to the following problem:

V(t,z)=inf sup J(z).

TEA (69,61,02)€0

We now define the Hamiltonian of the aforementioned game problem H :
0,T] X RxRxRXxRxXxRxRxU; x Uy — R as follows:

H(t, X(t), Y (t),U(t), K1(t), K2(t), T1(t,-), T2(t, ), m(t), 00(t), 01(t), O2(¢, )
= —(t, X (1), Y (£), U(t), w(t), 00(t), 01(t), B2 (2, -)) -

In order for the Hamiltonian H to satisfy the Issac’s condition, we require
that H is convex in 7 and concave in (0, 61, 602). Moreover, for the existence
and uniqueness solution of the corresponding delayed BSDE with jumps, the
Hamiltonian should satisfy the Lipschitz condition. From the boundedness

of the associate parameters, we prove that H is indeed Lipschitz.

Lemma 6.5.2. The Hamiltonian H s Lipschitz continuous in X, Y and U.
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Proof. Since (, (6y,01,6)) € Uy x Uy and ¢ is bounded, ¢ is bounded. Then
‘H is uniformly bounded with respect to

(t, X(1),Y(t),U(t), n(t),0(t),0:(t),02(t,-)). To prove the Lipschitz condi-
tion, we suppose that H is not Lipschitz continuous in

(K1(t), Ka(t), T1(t, ), To(t,-)), uniformly in (¢, X (¢), Y (¢), U(t)). Then, there
exist two points (K (t), Ko(t), T1(t, ), Tao(t,-)),

(K1 (t), Ks(t), T1(t,-), To(t,-)) such that

|H(tv X(t)7 Y(t)’ U(t)v Kl(t)7 KQ(t)’ Tl(tv ')7 TQ(t’ ')7 ﬂ-(t)a 60<t)7 91(t>’ 92(t’ ))
_H(tv X(t)v Y<t>> U<t)7 f(l (t)7 f(2(t>7 T1<t> ')7 T2<t7 ')7 ﬂ-(t)7 Qo(t), 61(t>? 92<t7 ))|

is unbounded. However, since H is uniformly bounded with respect to
(t7 X(t)7 Y(t)v U(t)a 7-(-(75)7 QO(t)v 81(t>’ 02<t7 ))7 we have

[H(t, X (2), Y (2), U(t), K1 (t), K2(t), Y1 (¢, ), Ta(t, ), w(t), 00 (2), 01(t), 02(¢, -))
—H(t, X(1),Y (1), U(t), K1(t), K2(t), T1(¢, ), Ta(t, ), 7(2), 00 (), 01 (¢), 02(t, )
[H(t, X (), Y (£), U(t), K1(t), K2(t), T1(t, ), Ya(t, ), 7(t), 00 (¢), 01(¢), 02(2, )]
HIH(E, X (1), Y (1), U(t), K1 (), K2(t), T1(t, ), T2 (¢, ), w(2), 00(2), 01(8), 02(¢,-))] < oo,

IN

which contradicts the assumption. Then H is Lipschitz continuous. O

Then, following Theorem 6.5.1, we establish the relationship between the
value function of the game problem and the solution of a delayed BSDE

with jumps. Thus, the value function J (t,x) is given by the following noisy
memory BSDE:

dJ(t) = —H(EX(1),Y(#),U(t), K1(t), Ka(t), T1(t,-), Talt, ), 7" (t), 05 (£), 67 (), 65 (¢, -))dt

+K1(t)dW(t)+K2(t)dW1(t)+/RTl(taz)ﬁA(dt»dZ)+/[RT2(t7Z)ﬁR(dt,d2)7

with the terminal condition J (7)) = h(X(T),Y (T)).

In fact, the existence and uniqueness of the solution to the above de-
layed BSDE with jumps is guaranteed from the Lipschitz condition proved
in Lemma 6.5.2. Then, The solution of the delayed BSDE is given by

JW) = E[AX(D),Y(D))

_/t g(sﬂX(S)’Y(S)vU(S)’W*(3)768($)>9T(5)79;<37'))ds ’ gt
= V(W*>9Ta9;’9§)a

which is the optimal value function from Theorem 6.5.1.
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6.6 A quadratic penalty function case

In this section, we consider a convex risk measure with quadratic penalty. We
derive explicit solutions when ¢ is quadratic in 0y, 61, 65 and identical zero
in h. The penalty function under consideration here, may be related to the
entropic penalty function considered, for instance, by Delbaen et. al. [24]. Tt
has also been adopted by Elliott and Siu [34], Siu [90] and Meng and Siu [64].
We obtain the explicit optimal investment strategy and the optimal risks for
this case of a risk-based optimization problem with jumps, regime switching
and noisy delay. Finally, we consider some particular cases and we see using
some numerical parameters, how an insurer can allocate his portfolio.

Suppose that the penalty function is given by

0(t, X (1), Y (t), Z(t), w(t), 00(t), 01(t), 0a(t, -))
= ﬁ(eg(ﬂ+9%(t)+/Reg(t>Z)VA(dZ)>G9°’91’92(t),

where 1 — § is a measure of an insurer’s relative risk aversion and § < 1.

Then, the Hamiltonian H becomes:

H(t, X(t),Y(t),U(t), Ki(t), Kao(t), T1(t, ), Tolt,-), m(t),00(t), 01(t), 0a(t,-))
= =GN0 (t) [p(t> + (r(t) = 9(t) — X () + m(t)(a" (1) — r(t))
+(O(t) = KQ)Y (1) — EU(t) + m (1) B(t)0o(t) + 01 (1) X (£)(1 — e Cx[o,r—g))

+§D:<A(t—),ej>(7r(t) /R (= = 1)0a(t, 2)2,()5(d2)

- [ B0+ to)s)]
5= (B0 + 0 + [ B2 (a)em o).

Applying the first order condition for maximizing the Hamiltonian with re-
spect to 6y, 81 and A, and minimizing with respect to 7, we obtain the

following
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GN) = () + (1 - ><>(z§11<A<t—>,ej>fo°°zAj<t>fj<dz>)
=~ 0)(820) + T24AA-) e5) fu (5 = 1) 5 (1wya))

h(t) = [i e [ A @td:)

QM) = r(t) + (1 - ><>(2J VA=), ) [ =) (0(d2)

) B2(¢) +Z] 1 ) € fR(e _1> gt )Vj(dz>>
01(t) = (6— 1) X (1)(1—e” CQX[OT Q])

<.

ol

dA(t)—r<t>+<1—5>ﬁ<t>(zf1<A e Jy A (1) £5(d2))
(1= 050 4 SRAAGE) ) fo (e 1) es(owid))

Then, the value function of the game problem is given by the following

BSDE:

05(t,z) = (6—1)z

dJ(t)
= GBI () |p(t) + (r(t) — 9(t) — )X (t) + m*(t) (& (t) — r(t))
+(9(t) — KOY (t) — EU(t) + 7 (1) B(t)05(t) + 07 ()X (t)(1 — e X [0.7—g))

+Z<A(t—),ej><7r*(t) /R (ez— 1)9;(t, 2)e; (v (dz)

5 (GO + @0+

R

(03)2(t, z)yﬁ(dz))] dt + K, (t)dW (t)

+ K (t)dWA () + / Ti(t, 2)Na(dt, dz) + / To(t, 2)NO(dt, dz) .

Example 6.6.1. Suppose that the the driving processes N and N° are Pois-
son processes N and N, with the jump intensities A and A\°. Under noisy

delay modeling, we consider the following cases:
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Case 1.

Case 2.

We suppose that there is no regime switching in the model, then the

optimal investment strategy is given by

e
mO= T @0 N

To be concrete, we assume that the interest rate r = 4.5%, the appre-
ciation rate o = 11%, the volatility 3 = 20%, the insurer’s relative risk
aversion § = 0.5 and the jump intensity given by A\ = 0.5. Then the

optimal portfolio invested in the risky asset is given by 7* = 0.24074,
i.e., 24.074% of the wealth should be invested in the risky share.

We suppose existence of two state Markov chain & = {ey, e2}, where
the states e; and es represent the expansion and recession of the econ-

omy respectively. By definition, (A(t),e;) = P(X(t) = e; | F;) and
(A(t),e2) = 1 —P(X(t) = e | F). Let oy, 75, \i; A? be the associate
parameters when the economy is in state e;, 2 = 1, 2. Then the optimal
portfolio is given by

[ (t) = 71 () — (a2(t) — r2() + (1 — H)BEYA (1) — AJ(ENIP(X (t) = e1 | Ft)
(1 = §)[B2(t) + A2(t) + (A1(t) = A2(t)P(X(t) = e | Ft)]
N az(t) — ra(t) + (1 — 8)BE)AY
(1= 8)[B2(t) + A2 (t) + (M1 () — A2 (A)P(X(t) = e1 | Fr)]

() =

In this case, we consider the following parameters: a; = 13%, ap =
9%, r1 = t%, 1o = 9%, B = 20%, A2 = X\; = 0.5, Ay = A = 0.7, 0 =
0.5 and P(X = e;) = 70%. Then n* = 0.28, i.e., 28% of the wealth

should be invested in the risky share.



Chapter 7
Conclusion and future research

In this thesis, we focused in the theoretical aspects of the stochastic optimal
portfolio theory and its applications in a jump-diffusion portfolio optimiza-
tion problems.

In the first part, we solved a stochastic volatility optimization problem
with American capital constraints. We first solved the unconstrained problem
via the martingale duality method, where explicit solutions were derived for
the power utility case. Similar results can be obtained for the exponential and
logarithmic utility functions. Then the constrained problem was solved from
the unconstrained optimal solution by the application of the so-called option
based portfolio insurance approach. The results in this chapter generalize
the existing ones in the literature to the jump-diffusion case.

In the second part, a maximum principle method was applied to solve
the stochastic volatility optimization problem. We proved the necessary and
sufficient maximum principle theorems. These results allow us to generalize
the maximum principle theorems to the stochastic volatility case. Then we
applied the results to solve an optimal investment, consumption and life
insurance problem, generalizing the results in Mousa et. al. [72].

In the third part, we considered the BSDE techniques to solve the stochas-
tic optimization problem. We assumed the presence of inflation linked assets,

namely, a consume price index and a zero coupon bond price. The inclusion
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of inflation linked products it is important since it helps the investors to
manage the inflation risks that are in general not completely observable. We
assumed independence of the noises driving the associated processes. Using
the theory of quadratic-exponential BSDEs, we derived the optimal strate-
gies for the exponential and power utility functions. In the literature, these
results extend, for instance, the paper by Cheridito and Hu [14] by allowing
the presence of inflation risks, life insurance and jumps. Note that if there are
correlations between the driving processes, the optimization problem results
in a highly non-linear BSDE with jumps which the existence and unique-
ness of its solution has not yet been established. Therefore, the existence
and uniqueness of such BSDEs with jumps represents an interesting research
problem.

Finally, we turned our attention to a risk-based optimization problem of
an insurer in a regime-switching model with noisy memory.Using a robust
optimization modelling, we formulated the problem as a zero-sum stochastic
differential delay game problem between the insurer and the market with a
convex risk measure of the terminal surplus and delay. This type of risk mea-
sure allows that a diversification of investments does not increase the risks.
To turn the model from partial observation to complete observation setup, we
used the filtering theory techniques, then, by the BSDE approach, we solved
the game problem. The model in this chapter combined and generalized

several components:

e an asset market where prices follow a regime-switching jump-diffusions

with unobservable states;
e capital inflows/outflows which are subject to delays of different forms;

e premium and claim processes which are close to standard actuarial

settings.

Then, we considered an example to show the applicability of the model for

the quadratic penalty case.
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Overall, this thesis presents results on the linkage of the classical stochas-
tic optimal portfolio problems with life insurance considerations. These re-
sults are generally based on the theory of BSDEs with jumps, which are in
general hard to solve. Therefore, the need to apply Malliavin Calculus as
to enhance solvability of some stochastic optimal control and risk allocation
problems is of potential interest. It would be interesting to look as well at
what happens in an maximization problem using this FBSDE approach when
the investment affects prices as well as in a more general utility functions (law

invariant)
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