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Chapter 1

Introduction

The study of turbulence either in| Newtonian| fluids or Non-Newtonian fluids is one of

the greatest unsolved and still not well understood problems in contemporary applied
sciences. For indepth coverage of the deep and fascinating investigations undertaken in
this field, the abundant wealth of results obtained and remarkable advances achieved we
refer to the monographs [48, 80, 88, 110] and references therein. It is also a commonly
accepted fact that the rigorous understanding of turbulence is one of the most challenging
task for the future development of certain fields of mathematics such as analysis and
theory of partial differential equations.

The hypothesis relating the turbulence to the “randomness of the background field” is
one of the motivations of the study of stochastic version of equations governing the motion
of fluids flows. The introduction of random external forces of noise type reflects (small)
irregularities that give birth to a new random phenomenon, makes the problem more re-
alistic. Such approach in the understanding of the turbulence phenomenon was pioneered
by Bensoussan and Temam in [10] where they studied the stochastic Navier-Stokes equa-
tions (SNSE). Since then stochastic partial differential equations and stochastic models
of fluid dynamics have been the object of intense investigations which have generated
several important results. We refer, for instance, to [2], [8], [16], [19], [37], [38], [44], [83],
[95],[98], [101], [105], [106]. Similar investigations for Non-Newtonian fluids have almost
not been undertaken except in very few work; we refer, for instance, to [59],[66], [67], [78],
[92], [118] for some computational studies of stochastic models of polymeric fluids and to

[14], [65], [68], [69] for their mathematical analysis. It is worth to note that (especially
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in the Non-Newtonian case) the study of stochastic models is relevant not only for the
analytical approach to turbulent flows but also for practical needs related to the physics
of the corresponding fluids [92]. As it is said in the preface of [3] “it is also motivated by
physical consideration, aiming at including perturbative effects, which cannot be modeled
deterministically, due too many degrees of freedom being involved, or aiming at taking
into account different time scales of the components of the underlying dynamics”. The
models considered in the papers [59],[66], [67], [78], [118], [14], [65], [68], [69], for exam-
ple, occur very naturally from the kinetic theory of polymer dynamics. Indeed they arise
from the reformulation of Fokker-Planck or diffusion equations as stochastic differential
equations ([92]).

In the present work, we initiate the mathematical analysis for the stochastic model
of incompressible second grade fluids which is a special example of a Non-Newtonian
fluid classified in the differential Rivlin-Ericksen fluids. We will give more details on this

particular fluid in the forthcoming section.

1.1 Physical background of second grade fluids

This section is devoted to the physical background of second grade fluids. Most of the
information covered here have been taken from [40], [41], [49], [89] and [97].

For a homogeneous incompressible fluid, the constitutive law satisfies
T = —p1 + T(D),

where T is the Cauchy stress tensor, p is the undetermined pressure due to incompressibil-
ity condition, 1 is the identity tensor. The argument tensor D of the symmetric-valued

function T is defined through
D=L+L" L=gradu,

where u is the velocity field of the fluid and the T superscript denotes the matrix transpose.
When T is nonlinear then the fluid is said to be Non-Newtonian.
In this work, we study a particular class of Non-Newtonian fluids in which the Cauchy

stress tensor depends only on a very short history of the deformation gradient L. More
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precisely, we will consider Non-Newtonian fluids such that, apart from the pressure p,
its stress tensor T is just a function of the velocity gradient L and its time derivatives
L® up to order n — 1; L® is the i-th time derivative of L. We call these materials
differential Rivlin-Ericksen fluids of complexity n or simply fluids of complexity n. For
an incompressible fluid of complexity n, each L™, i = 0,1, ...,n is a traceless tensor and

the defining constitutive equation is (see [89] and [97])
T = —p1 + T(L, LY, . LOY).
To each fluid, we conventionally associate with it a stored energy function 1&:
¥ = (L, LY, ... L),

A fluid of complexity n is said to be compatible with thermodynamics if throughout all
motions the following holds

ppM < T -1, (1.1)

in which p designates the constant density of the fluid. We should notice that for isother-
mal and/or isentropic processes, (1.1) is exactly the same thermodynamic setting outlined
in [40]. We refer to [41] for a detailed discussion about this equivalence. The integers
n and m may not be the same but it was shown in [41] that for a fluid of complexity n
compatible with thermodynamics m < n. Throughout we assume that 1 < m < n.

By the frame indifference principle (see [89]), there exists two isotropic functions T

and 1 such that

T=—pl+T(A4,...,A,),

Y =1(Aq, ..., A,

where the A;-s are the Rivlin-Ericksen tensors defined by

Al = 2]:)7
DA,
A, =—5 L LA+ A, Lin > 1.

The operator D /Dt denotes the material time derivative which is defined by
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It was shown in [40] that a fluid of complexity 2 is compatible with thermodynamics

if and only if

(i) the stored energy depends only on L, that is,

¥ =(L).
(ii) the reduced dissipation inequality
ppM <T-L,
holds.

As a consequence of this, the stored energy of a fluid of complexity 2 compatible with ther-
modynamics has a stationary point at equilibrium, which is fully determined by T(O, L),

~

More specifically, ¢ is twice differentiable at zero and
%(0) =0 and p%(()) (LY @ L) =T(0,LY) . L.
We will apply these results to a special subclass of a fluid of complexity 2. We consider
a second grade fluid, that is, a fluid of complexity 2 in which the function T is a polynomial
in the arguments A1, A,. The constitutive law of a second grade fluid is explicitly given
by:
T=—-pl+vA;+a1As+ agA%,

where v is the viscosity of the fluid, the constants a; and as represent the normal stress
moduli. We refer to [89] (see also [97]) for more details about this class of Non-Newtonian
fluids.

It follows from the thermodynamical conditions (i) and (ii) that a second grade fluid

is compatible with thermodynamics if and only if
(a) v>0
(b) a; = —ay

(c) the stored energy Y is a quadratic function of L.
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This result was borrowed from [40]. By using the point (c) of the preceding result, Dunn
and Fosdick [40] showed that the stored energy ¢ has a minimum at equilibrium if and
only if a3 > 0. On the basis of the analysis done in Sections 4, 6, 7, 8, and 9 of [40],
this condition ensures the unique existence and boundedness of the flow of a second grade
fluid. We also refer to [41] and [49] for more recent work concerning these conditions.

We will assume for the rest of the work that

v >0,
ap = a >0,

a1+ ag = 0.

These thermodynamical conditions imply that the stress tensor T can be written in
the following form

DA, 1 1
5 T 3A (L - L) —§(L—LT)A1),

a ('3xj i ’

divu = 0.

T:—ﬁl—i—l/Al—l—a(

where

The incompressibility requires that

The following holds

A 1
divT = —Vp + vAu + a% +a (curl(Au) X u~+ V(u.Au + Z|A1|2)) . (1.2)

For a given external force f the dynamical equation for a second grade fluid is

% + curl(u) x u + V(%‘UP) =divT + f.

Making use of the latter equation and (1.2) we obtain the system of partial differential

equations
9 (u— aAu) — vAu+ curl(u — aAu) x u+ VP = f, 13)
divu =0, |
where

1 1
P=p— a(ulu-+ Z!Aﬂ) + §]u|2
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is the modified pressure. For a given connected subset D of R? and finite time horizon

[0, T] we complete the above system with the initial condition
u(0) =ug in D. (1.4)

The interest in the investigation of problem (1.3) arises from the fact that it is an ad-
missible model of a large class of Non-Newtonian fluids. Furthermore, once the above
thermodynamical compatibility conditions are satisfied “the second grade fluid has gen-
eral and pleasant properties such as boundedness, stability, and exponential decay” (see
again [40]). It can also be taken as a generalization of the Navier-Stokes equations (NSE).
Indeed it reduces to NSE when a = 0; moreover recent work [60] shows that it is a good
approximation of the NSE. We refer to [21], [22], [57], [58], [107], [108] for interesting
discussions concerning their relationship with other models of fluids. We also should note
that second grade fluids are connected to Turbulence Theory. Indeed the discussion on
the relation between Non-Newtonian fluids, especially fluids of differential type, and Tur-
bulence Theory started with the work of Rivlin [104]. It was rediscovered recently (see,
for example, [46] and [30] ) that the flow of second grade fluids can be used as a basis for
a turbulence closure model.

Due to the above nice properties, the mathematical analysis of the second grade fluid
has attracted many prominent researchers in the deterministic case. The first relevant
analysis was done by Ouazar in his 1981 thesis; together with Cioranescu, they published
the related results in [33] and [34]. Their method was based on the Galerkin approxima-
tion scheme involving a priori estimates for the approximating solutions using a special
basis consisting of eigenfunctions corresponding to the scalar product associated with the
operator curl(u — aAu). They proved global existence and uniqueness without restriction
on the initial data for the two dimensional case. Cioranescu and Girault [32], Bernard [11]
extended this method to the three dimensional case; global existence was also obtained
with some reasonable restrictions on the initial data. For another approach to global ex-
istence using Schauder’s fixed point technics, we refer to [50], [51], [77] and some relevant

references therein.
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1.2 Overview of the thesis

As already mentioned, in this work we investigate a stochastic version of the problem
(1.3), (1.4) under various boundary conditions (Dirichlet and periodic). More precisely,
in Chapter 3 and Chapter 4 we assume that a connected and bounded open set D in R?
with boundary 9D of class C3, a finite time horizon [0, T, and a non random initial value

ug are given. We consider the problem

;

d(u — aAu) + (—vAu + curl(u — aAu) X u+ VP)dt = F(u,t)dt + G(u,t)dW
in D x (0, 7],

divu=01in D x (0,77,

w=01indD x (0,T),

u(0) = up in D,

\

(1.5)
where u = (u1,us) and P represent the random velocity and pressure, respectively. The
system is to be understood in the 1t6 sense. It is the equation of motion of an incompress-
ible second grade fluid driven by random external forces F'(u,t) and G(u,t)dW, where
W is a R™-valued standard Wiener process. In Chapter 3 we are concerned with the
establishment of an existence and uniqueness results of the strong probabilistic solution
of (1.5) under Lipschitz condition (in ) on F(u,t) and G(u,t). Here the term “strong”
must be understood in the sense of Stochastic Analysis; that is, we look for a stochastic
process u which is defined on a prescribed filtered complete probabilistic space on which
W is defined. We reformulate (1.5) as an abstract problem by introducing some abstract
operators defined on Hilbert spaces. Then, we derive crucial estimates for the solution
of the Galerkin approximation of the problem, which is defined by means of the special
basis we mentioned in the previous section. These estimates allow us to pass to the limit
in the approximated abstract problem and obtain the first result of Chapter 3. In Section
4 of the very same chapter we analyze the long time behavior of the unique strong prob-
abilistic solution of (1.5). We show that under some hypotheses on the data the solution
decays exponentially in mean square. We also prove that if the deterministic part F' of
the external forces is time independent, then the strong solution of our model converges

exponentially in mean square tothe stationary solution. Here stationary soelution is taken
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in the sense of (deterministic) partial differential equations.

In Chapter 4, we weaken the hypotheses by assuming that F'(u,t) and G(u,t) are no
longer Lipschitz in their first argument; we only suppose that they are continuous and have
linear growth. Under this new assumptions we show that a weak probabilistic solution
exists. This is achieved by proving that the law of the approximating solutions from
the Galerkin scheme is tight, so that we can apply Prokhorov’s Compactness Theorem
and Skorohod’s Embedding Theorem. The results of this chapter are the object of the
published paper [99].

For the fifth chapter of the thesis, we assume that (1.5) is subjected to the periodic
boundary condition. We investigate the behavior of the solution of (1.5) when the normal
stress modulus « tends to zero. The main result of this chapter is that a sequence of strong
probabilistic solutions of (1.5) can be constructed so that it converges in appropriate
topology to the strong probabilistic solution of the stochastic Navier-Stokes equations.
We refer to this result as the convergence theorem. The results of this chapter is the
object of the article [100].

The second chapter of the work is intended to give some necessary preliminary results
that are used throughout the thesis. We mainly recall some basic and useful results of
analytic and probabilistic nature. This chapter is not intended to be exhaustive, so for
the details we urge the reader to consult the specialized references cited therein.

As far as we know, this thesis is the first work dealing with the stochastic version of
the equations governing the motion of a second grade fluid. Consequently, we could by no
means exhaust the mathematical analysis of the problem; many questions are still opened
but we hope that this pioneering work will find its applications elsewhere. It should be
noted that solving the problem presented here is not easy, even in the deterministic case,
the nature of the nonlinearities being one of the main difficulties in addition to the com-
plex structure of the equations. Besides the obstacles encountered in the deterministic
case, the introduction of the noise term G(u,t)dW in the stochastic version induces the
appearance of expressions that are very hard to control when proving some crucial esti-
mates. Overcoming these problems will require a tour de force in the work. Nearly almost
all the results and estimates obtained in the thesis are new for stochastic second grade

fluids.



Chapter 2

Preliminary Results

We collect in this chapter the notations frequently used in the thesis. We also state without
proof some useful well-known results from Analysis, Probability Theory and Stochastic
Calculus. We do not pretend to be exhaustive so we refer the reader interested in the

details to appropriate references.

2.1 Analytical preliminaries

We start with some information about some functional spaces needed in this work. Let
D be an open and bounded subset of R? p € [1,00) and k a nonnegative integer. We
denote by LP(D) the space of p-integrable functions on D and by W*?(D) the Sobolev
space of p-integrable functions together with their derivatives up to order k. The spaces

LP(D) and W*?(D) respectively endowed with the norms

Pl (D) = </D |¢|pd$> ’ ;

9%5(x)
ozs

and

3=

P
dx

ol = | [ 3

D i¢1<k

are Banach spaces. In case p = oo,

¢l Lo (D) = esssup [@()].
zeD

We denote by WJ**(D) the closure in W*?(D) of C°(D) the space of infinitely differen-
tiable functions with compact support in D. For p = 2, W}**(D) and W*2(D) are Hilbert

9
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spaces that we denote respectively by HY(D) and H*(D). These spaces are endowed with

the scalar products

" /Oy Hllly
(u, v)Hg;(D) = Z (W’ W>L2(D)7

I¢l=k
and
" /0y Hlkly
(uvv)H%(D):: 2{: (_____7_____> )
G2\ 07007 ey
where

(. 9) 2y = /D fode

is the scalar product in L?*(D). In the particular case H} (D) we denote the scalar product
by ((.,.)) and the norm generated by this scalar product by ||.|| .

The following theorem is taken from [1].

Theorem 2.1. If D is a bounded domain with sufficiently smooth boundary 0D , then
for any k and p such that kp > 2 the embedding

Wj+k,p C Wj,q’
1s compact for any 1 < q < 0.

More Sobolev embedding theorems can be found in [1] and references therein.

We now touch upon Sobolev spaces of periodic functions needed in Chapter 5. Let L
be a nonnegative number and D = [0, L]? a periodic square of side length L. We denote
by HE (D) the space consisting of functions u that are in Hy,.(R?) and are periodic with

period L:
u(z + Lry) = u(x), i =1,2,

where {ry, 9} represents the canonical basis of R2. Here the space H (R?) is the space
of functions u such that u restricted to O is an element of the Sobolev space H*(O) for
every bounded set O C R?. Functions in H® (D) can be characterized by their Fourier

per

series expansions

HE, (D) = {uu =Y el e eCa=c. Y |2Fe) < oo} : (2.1)

2€72 2€72
and the norm |ulx (p) is equivalent to (3. 52 (1 + [2[**)[c.[*)"/?. This definition holds

true more generally for k € R. We denote by HF (D) the set of functions v € H}, (D)

per
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such that [, u(z)dz = 0, this is a Hilbert space for the norm (3, ;. [2[**[c.|*)"/2, and
k —k - -

H} (D) and H, (D) are in duality for all & € R. We refer to [117] (see also [35], [48])
for more details about these spaces.

We also need the following product formula in Chapter 5, we refer to [29] for its proof in

the case of the whole space (see for example [52] for the case of periodic condition).

Theorem 2.2. Let D be a n-dimensional periodic box and let 3,y € R such that S+~ > 0,
B<i y<i IfueH),.(D) andv € H, (D), then there exists a positive constant C

per

such that
|UU|H;:;£_%(D) S C|u|H;/8T(D)|U|ngT(D)‘
If |y < %, then
’UU|H;6§75(D) < C/|U|H36T(D)|U|H;J(D)7 (2.2)

for anyw € HY), (D), ve H (D) ande >0 .

per per

We proceed now with the definitions of additional spaces frequently used in this work.
In what follows we denote by X the space of R2-valued functions such that each component
belongs to X. A simply-connected bounded domain D with boundary of class C? is given.

We introduce the spaces

V ={u € CX(D) x C*(D) such that divu =0}
V = closure of V in H(D)
H = closure of V in L*(D).

We denote by (-,-) (resp. |-|) the scalar product (resp. the norm) induced by the
scalar product (resp. the norm) of IL?(D) in H. The inner product (resp., the norm) still
denoted by ((.,.)) (resp., ||.||) in V is induced by the inner product ((.,.)) (resp., the norm
[I-I1) in Hy(D).

We recall that for any u € V we have the inequality of Poincaré
|ul < Plful], (2.3)

where P is the so called Poincaré’s constant. On V, the norm [|.|| is equivalent to the

norm generated by the following scalar product (see for example [33])

(u,v)y = (u,v) + a(u,v)), for any vandv € V.
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Furthermore, we have
(P +a) ol < [lol[2 < (@) [vf2, for any v € V. (2.4)

Remark 2.3. For Chapter 5 we shall use the following notations since we are studying the
asymptotic behavior of the solution when the problem (1.5) is subjected to the periodic

boundary condition.

per per

Vier = {u € CxX (D) xCx (D) :divu =0 and / udx = 0}
D

Vper = closure of V., in ]H[,lnp(D)

(D),

_ . 2
Hyer = closure of Ve, in L,

Here the bounded domain D is replaced by a periodic square D = [0, L] and the space
H,,,(D) is the space of periodic functions which are in H'(D) and with zero mean. We

denote the norms and scalar products on Hy,, Ve, H';GT(D) with the same symbols we

used for the norms and scalar products for H, V and H¥(D).

We also introduce the following space
W = {u € V such that curl(u — aAu) € L*(D)} .
The following lemma tells us that the norm generated by the scalar product
(u, v)w = (u,v)y + (curl(u — aAu), curl(v — aAv)), (2.5)

is equivalent to the usual H?(D)-norm on W. Its proof can be found for example in [33]

and [32].
Lemma 2.4. The following (algebraic and topological) identity holds
W =W,

where

W = {v e H*(D) such that divv = 0 andvpp =0} .

Moreover, there exists a positive constant C' such that
[0y < C(lvfg + | cwrl(v — adw) ),

for any v € W.
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By this lemma we can endow the space W with norm |.|w which is generated by the
scalar product (2.5).
From now on, we identify the space V with its dual space V* via the Riesz represen-

tation, and we have the Gelfand chain
WcCVcws, (2.6)

where each space is dense in the next one and the inclusions are continuous.

The following inequalities will be used frequently:

Lemma 2.5. For anyu € W, v € W and w € W we have
|(curl(u — aAu) x v, w)| < Clulgs|v|v|w|w. (2.7)

We also have
|(curl(u — aAu) x u,w)| < Clul3|w|w, (2.8)

for any u € W and w € W.

Proof. We introduce the well known trilinear form b used in the study of the Navier-Stokes

equation by setting

2
b(u,v,w) = Z /Dui%wjdx.

ij=1
We state the following identity (see for instance [11] and [33]):

((curl ®) x v,w) = b(v, P, w) — b(w, P, v), (2.9)

for any smooth (solenoidal) functions ®,v and w. We derive from (2.9) that for any

ueW, veWandweW
|(curl(u — aAu) x v,w)| < Cl|z(p)|V(u — aAu)|r2py|w|L=(p) (2.10)

where Holder’s inequality was used. Theorem 2.1 and the equivalence of the norms |.|w
and |.|gs(py on W imply (2.7).

In view of (2.9) we deduce

(curl(u — aAu) X u, w) = b(u, u, w) — ab(u, Au, w) + ab(w, Au, u). (2.11)



P

é UNIVERSITEIT YAN PRETORIA
UNIVERSITY OF PRETORIA
Qe VYUNIBESITHI YA PRETORIA
CHAPTER 2. PRELIMINARY RESULTS 14
With the help of integration-by-parts and using the fact that v and w are elements of W

we have that

ou ow Ju
b(u, Au, w) = ;b( 5z ) + Z S a_:cj> (2.12)
2
ow ou
j=1 J J

We use these results to derive the following estimate. For any elements u € V and

w € L*(D), we obtain by Holder’s inequality
[b(w, u, w)| < Cluluspy||ul] [w]Lsp).
Since the spaces V and W are, respectively, continuously embedded in L*(D) and V, then
b(w, u, w)| < Clul?|wl|w. (2.14)
We also have

2

b, A, )| <[ Vawleoemy 3|2

= 8:63 L2(D)
1 RNCRT)
2 2 ou 2 2
+ |uleap
<; Ox; L‘*(D)) (; Oz M(m)
We derive from (2.15) and Theorem 2.1 that
b(u, Au, w)| < Clul|w|w. (2.16)
Similarly we have
|b(w, Au,u)| < Clw|w|ul3. (2.17)
The estimates (2.11), (2.14), (2.16) and (2.17) yield
|(curl(u — aAu) x u,w)| < Cluld|w|w, (2.18)
for any u € W and w € W. This completes the proof the lemma. O

The main objective of the third chapter of the thesis is the existence and unique-
ness of the strong probabilistic solution of (1.5). The proof is nontrivial and requires

the formulation of the problem in an abstract form. This is done by introducing some
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appropriate operators defined on Hilbert spaces. We denote by P : L?(D) — H the usual
Helmoltz-Leray projector and by A = —PA the well known Stokes operator with domain
D(A) = H*(D)N'V. We have a very important consequence of Lemma 2.5.

Corollary 2.6. There exists a bilinear operator B:W xV — W* such that

A

< B(u,v),w >= (P(curl(u — aAu) x v),w) for any (u,v,w) € Wx Vx W, (2.19)
and (2.20)
| B(u, v)|w < Clulwl|vly, (2.21)
| B(u, u)|w- < Cglul?, (2.22)
< B(u,v),v >=0, (2.23)
< B(u,v),w >= — < B(u,w),v > . (2.24)

Proof. Thanks to the equivalence of the norm |.|gs(py and the norm |.|wy on W and the fact
that P is an self-adjoint operator, inequality (2.7) induces the existence of B(u,v) € W*
which satisfies (2.19). The inequalities (2.21) and (2.22) follows from (2.7) and (2.8)
respectively. The identity (2.24) follows from (2.23), which in turn can be checked by
using (2.9) with ¢ = curl(u — aAu) and w = v. O

As mentionned in the introduction of this thesis proving some crucial estimates require
a tour de force in the work, one of the tools we frequently use is a result about the

“generalized Stokes equations”

4

v—alAv+Vqg=fin D

S dive = 0in D (2.25)

v=0on 0D.

By a solution of this system we mean a function v € V which satisfies

(v, h) + a((v, b)) = (f,h),

for any h € V.
The following theorem is very crucial for the rest of the work, its proof can be derived

from an adaptation of the results obtained by Solonnikov in [112, 113].
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b

Theorem 2.7. Let D be a connected, bounded open set of R"™(n > 2) with boundary 0D
of class C' and let f be a function in H'(D), I > 0. Then (2.25) has an unique solution
v. Moreover, v € H'2(D) NV and the following hold:

(v,h)y = (v, h) for any h €'V, (2.26)

and |vlw < C|flv, if f is an element of V. (2.27)
Now we turn our attention to the definitions of some operators needed in this work.

(OP1) The operator (I +aA)~! defines an isomorphism from H'(D) NH onto H'*?(D) NV
provided that D is of class C', I > 1 (see Theorem 2.7). Moreover for any f €
H'(D) NH and any v € V we have

(a) (I +ad)"' f,0)y = (fv),
(b) |(I +ad)" flv < CIf].
(OP2) It follows from (OP1) that the mapping
A=(+ad)'A
is linear continuous from H'(D) NV onto itself, [ > 2, and it satisfies
(Au, v}y = (Au,v) = ((u,0)),
forany u €¢ Wand v € V. If u =v € W then we have

(Au, u)y = ||ul]*. (2.28)

In view of the fact that we deal most of the time with time-dependent functions and
stochastic processes, it is necessary to give some notations about evolution spaces. For
any Banach space X with norm ||.||x, for any p > 1, L?(0,7; X) is the space of X-valued

measurable functions u defined on [0, 7] and such that

1
T D
Huumo,w:(/ Huuézdt) < o0, p € [1,00),
0

and

||ul| Lo (0,7;%) = ess sup |[u(t)[|x < oo, p= o0,
te(0,T)
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3= e 3

Chapter 4 of the present work is about the existence of weak probabilistic solutions of the
stochastic second grade fluid. The main ingredient of the proof is a compactness method
which relies on the following result known as Aubin-Lions’s compactness Theorem; its

proof can be found in [109].

Theorem 2.8. Let X,B,9) three Banach spaces such that the following embedding are
continuous

XCBC.

Moreover, assume that the embedding X C B is compact, then the set § consisting of
functions v € L10,T;9B) , 1 < ¢ < oo such that
1)
sup / [v(t + h) —v(t)|ydt — 0, ash — 0,
0<h<1Ji

for any 0 < t; <ty < T is compact in LP(0,T;B) for any p.

2.2 Some results from Probability Theory and Stochas-
tic Calculus

In this section, we give some basic definitions and classical theorems from Probability
Theory and Stochastic Analysis. We do not provide too much details since most of them
are very well-known. For the details and for further reading on Probability Theory and
Stochastic Analysis, we urge the reader to consult [4], [36], [53], [70], [71], [95], [96], [103],
[111] among many other references.

Let (2, F,P) be a probability space, where 2 is a set (it may be a topological vector
space) with elements w, F denotes the Borel o-field of subsets of €2, and P is a probability
measure. Throughout we denote by E the mathematical expectation associated to the

probability measure P.

Definition 2.9. Let (E, ) be a measurable set. Any measurable mapping X : Q@ — E
is called E-valued random variable or a random variable in E. Let "> 0 and I = [0, 7],

a stochastic process in E is any family X; = (X(¢),t & 1)) of random variables in E. It



.

¢ UNIVERSITEIT VAN PRETORIA
UNIVERSITY OF P TORIA
Qo PRETORIA

-

YUNIBESITHI YA
CHAPTER 2. PRELIMINARY RESULTS 18
is said continuous if its sample paths X;(w) or X (t,w) is a continuous function of ¢ for

almost all (almost everywhere) w € Q. A process Y, is a modification or a version of X if
Plw: Xi(w) =Y (w)) =1, Vtel.

Throughout this work we will make no difference between X; and its version. The
following theorem is a simple criterion for the existence of a continuous version of a real-

valued process X;. We refer to [71, 103] for its proof and some of its extensions.

Theorem 2.10 (Kolmogorov—éentsov). Suppose that a real-valued process X = {X;,0 <
t <TY} on a probability space (2, P) satisfies the condition

]E’Xt+h - Xt”y S Ch1+57 0 S t; h S T7

for some positive constants v, 3, and C. Then there exists a continuous modification

X ={X,,0 <t <T} of X, which is locally Hélder-continuous with exponent r € (0, %)

A filtration (F")g<;<r is an increasing o-fields F* C F, ¢t € I.

Definition 2.11. An E-valued stochastic process X; is adapted to (F")o<i<r if, for any
t € I, X, is Fl-measurable.
An Ft-adapted stochastic process X, taking its values in F is said to be a F!—martingale

or simply a martingale if it is integrable (with respect to P) such that
E(X:|F°) = X, almost surely, for any ¢ > s.

We refer to [36] (see also [95]) for the notion of integrability of a random variable and
for the construction of the conditional expectation E(X;|F*?).
An extended real-valued random variable 7 is a stopping time if (w : 7(w) < t) € F* for

any t € I.

Definition 2.12. A E-valued process X; is said to be a local martingale if there exists
an increasing sequence of stopping times 7, * oo almost surely such that X;,, is a
martingale for each n. Here a A b means min(a, b). For 1 < p < oo, a stochastic process (
and/or martingale) X; is said p-th integrable if || X;||g is measurable and E||X}||% < oc.

We denote by LP(€2, F,P) the space of p-th integrable stochastic processes.
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Now we introduce the It6 integral of a process X with respect to a standard Brownian
motion W. As we are dealing with stochastic evolution equations, then we first need to
give some notations about probabilistic evolution spaces that are frequently used in this
work. Let (Q, F, (F)o<i<7, P) be a stochastic basis and let H be a Banach space. For any
1 <r,p< oo we denote by LP(Q2,P; L"(0,7;H)) the space of processes u = u(w,t) with
values in H defined on  x [0, 7] such that:

1. u is measurable with respect to (w,t) and for each ¢, u(.,t) is Ff-measurable. We

call such a stochastic process a progressively measurable process.

2. u(t,w) € H for almost all (w,t) and

T N
[l zo(.pier 0.0 = (E (/ ||U||§;dt> ) -
0

where E denotes the mathematical expectation with respect to the probability mea-

sure P.

When r = oo, we write

P
|w|| e (@,psoe (0,1:20)) = (IE ess sup ||u||§{) < 0.
0<t<T

Assume that H is a Hilbert space and let X be a H-valued process such that
(a) X; is F'-measurable for each t,
T
(b) E [y [[X(0)][3dt < oo,

that is X; € L*(Q,P; L?(0,T;H)). For such process we can define the integral

[(T)X = / "X,

where W is a standard one dimensional Wiener process, as the limit in probability of the

sums

Z th (Wtk+1 - Wtk)’
k=1

as |A"| — 0. Here |A™| = maxj <<y, [tx — tg—1| is the mesh (or modulus) of the partition

A"={0=1ty<t; <..<t,=T}of I =][0,T]. This idea was initially developed by It6
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[63] and extended by several authors to stochastic integral with respect to a wide class
of stochastic processes (see for examples [4], [13], [36], [53], [64], [70], [71], [82], [95], [96],
[103]).

We state an important property of the stochastic integral. See, for example, [53] and [103]

for its proof.

Theorem 2.13. For process X, satisfying (a) and (b) the stochastic process fg X (s)dW(s)

is an H-valued continuous martingale. Moreover, we have
E/ X(s)dW(s) =0. (2.29)
0
We note that for those Ff-adapted stochastic process X; such that

T
/ |1 X (., 1)|[3,dt < oo almost surely,
0

I(t)X is no longer a martingale but a continuous local martingale.
Now let Z; be a R-valued Itd’s integral with respect to a standard Brownian motion

in R™ defined by
m t
Zi=Y_ / g;(s)dW(s),
j=1"0

where (g;(s))1<j<m are F'-adapted process such that
T
/ g?(s)ds < oo almost surely,
0

for 1 < j < m. The corresponding It6 integrals exist and they are local martingales. We

have the following result known as It6’s formula (see for example [53], [103]):

Theorem 2.14. Let X; be a stochastic process given by

X, = /Ot b(s)ds + é /Ot g;(s)dW3(s),

where b(s) is an adapted integrable process over [0,T] in R.
Suppose that ¢ : R x [0,T] = R is a continuous function such that ¢(x,t) is continu-

ously differentiable twice in x and once in t. Then, the following holds

80X0t) = 6(X0,0) + [ 00X 8) g / 00X )as

oy e (s)aw )

1<~ [10%0(X,,5)
+§Z/O ng(s)ds.

j=1
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In what follows we quote the famous Burkholder-Davis-Gundy inequality (cf. e.g [95],
[103]).

Theorem 2.15. If Z; is the Ito’s integral in H given by

Z = /OtX(s)dW(s),

then for any p > 0 there exists a constant K, (Ky = 3) such that

P T g
< K,E ( / ||X<s>||zds) |
H 0

E(/OT||X(3)||3dds>g < .

Now we turn our attention to the weak convergence topology in the space of Borel

/0 X ()W (s)

E sup
0<t<T

provided that

probability measures on topological spaces (see [70]). For a topological space X we denote
by P(X) the space of Borel probability measures on (X, B(X)), B(X) is the Borel o-field
of X.

Definition 2.16. Let X be a topological space.

(i) A family B of probability measures on (X,5(X)) is relatively compact if every
sequence of elements of B, contains a subsequence %, which converges weakly to

a probability measure 3, that is, for any ¢ bounded and continuous function on X,

lim /f o(e) B, (dr) = /x 6(0)P(dr).

k}]‘ — 00

(ii) The family 9y is said to be tight if for any ¢ > 0, there exists a compact set K. C X
such that P(K.) > 1 — ¢, for every P € ;.

For a Polish space X (that is, a separable and complete metric space), the following
theorem due to Prokhorov gives a sufficient and necessary condition for a sequence of
probability measures on X to be weakly (or relatively) compact. We refer to [36] (see also

[70]) for its proof.

Theorem 2.17 (Prokhorov). The family By, is relatively compact if and only if it is tight.
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Next we present the relationship between convergence in distribution and convergence

almost surely of random variables (see [36], [70]).

Theorem 2.18 (Skorokhod). For any sequence of probability measures Py on 0 which
converges to a probability measure B3, there exist a probability space (', F',P’) and random
variables Xy, X with values in Q such that the probability law of Xy, (resp., X ) is Py (resp.,
B) and lim,__, o, Xy, = X P'-almost surely

To close this section we present a result relating the convergence in measure (or almost

surely) of random variable to the convergence in mean of order 1.

Definition 2.19. A family of random variables (X,,),en is said to be uniformly integrable
if and only if

lim | X, |dP = 0
A= Jix,|>A
uniformly in n € N.

The following result gives a sufficient and necessary condition for a family (X, ),en to

be uniform integrable.

Theorem 2.20. (see [45]) Let (X,)nen be a bounded subset of L'Y(Q, F,P). That is
f | X, |dP is bounded. Then, the following propositions are equivalent

1. (Xp)nen is uniformly integrable.

2. there ezists an increasing function ¢ : R — [0,00) such that ¢(z)/|z] — oo as

|z| = oo and sup,, [ ¢(X,,)dP < oco.

We quote Vitali’s Convergence Theorem which is a generalization of Lebesgue’s Dom-

inated Convergence for finite measure. For its proof we refer to [45].

Theorem 2.21. Let 0 < r < oo, X,, € L*(Q, F,P) and X,, — X in probability. Then,

the following three propositions are equivalent
1. (|Xn|)n is uniformly integrable,
2. X, — X in LYQ, F,P),

3. E|X,| — E|X].



Chapter 3

Existence, uniqueness and long time
behavior of the strong probabilistic

solution

3.1 Introduction

The study of stochastic partial differential equations (SPDEs) in a Hilbert space goes
back to Backlan [5] but the existence and uniqueness of strong probabilistic solution were
first established by Bensoussan and Temam in [9], [10] for some classes of stochastic
nonlinear evolution equations including stochastic Navier-Stokes equations. These results
were further extended for more general SPDEs by Pardoux [94], Krylov and Rozovskii
[73] among many others.

Unlike most of work dealing with strong probabilistic solution of SPDEs (see for ex-
amples [73], [81], [94],...), we prove in the first section of this chapter an existence the-
orem of strong probabilistic solution for the stochastic model of the bidimensional sec-
ond grade fluids without using the monotonicity method. The idea of the proof is to
show that the Galerkin approximating solutions of problem (1.5) converges strongly in
L*(Q,P; L?(0, 7ar; V), where (7ar)a>0 is an increasing sequence of stopping times which
converges to 7" as M — oo. The original idea goes back to Pardoux [94], and it was
extensively used in [15], [28], and [39].

In Section 2 we prove the pathwise uniqueness of the solution. The proof follows from

23
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the 1to’s formula for the square of the norm in V of the difference of two solutions defined

on the same filtered probability space and starting with the same initial condition.

As the long time behavior of the flow is very interesting and very important in the
theory of fluid dynamics (see for example [76] and [116] ...), we will study the time
asymptotic stability and the decay of the solution in the last section of the current chapter.

For more details and indepth coverage on the long time behavior of the solutions of some

examples of SPDEs we refer to [26], [27], [31] and relevant references therein.

3.2 Existence of the strong probabilistic solution

In this part we investigate the existence of the strong probabilistic solution of problem
(1.5). This section contains two subsections. The first one is devoted to the formulation
of the hypotheses and the statement of the existence theorem while the second consists

of the full proof of the result.

3.2.1 Hypotheses and statement of the existence theorem

We start by stating some hypotheses relevant for most part of the chapter. First we shall
assume throughout that we endow the prescribed complete probability space (2, F,P)
with the filtration F*, 0 < ¢t < T, which is the o-field generated by the random variables
{W(s),0 < s <t} and the null sets of F. The functions F' and G introduced in (1.5)

induce the following mappings denoted by the same symbols.
(F) The mapping
F:Vx[0,T] =V
is measurable in the second variable and

(a) for any ¢ € [0, 77,
F(0,t) =0, (3.1)

(b) for any ¢t € [0,T] and any (uy,us) € V x V, we have

|F(U1,t) — F(Ug,t)‘w S C|U1 — U2|V. (32)
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From now on we set

XM =X x---x X,
————
m times

for any Banach space X.

(G) The mapping
G:Vx[0,T] — Vo™

is measurable in the second variable and

(a) for any t € [0, 7]
G(0,1) =0,

(b) for any ¢t € [0,7] and any uy,us € V

‘G(Ul,t) — G(UQ,t)|V®m S C|U1 — Uglv.

25

(3.4)

We can define on V x [0, 7] two operators F' and G taking values in W and W&,

respectively, by setting
F(u,t) = (I +aA)" F(u,t),

and

G(u,t) = (I +aA)'G(u,t).

Thanks to the features of (I +aA)~! properties such as measurability in ¢ of ' and

G are verified by F and G. In particular we have

~ ~

‘F(ulat) - F(u2>t)|V S OF|U1 - u2’V7

G (1, t) — Glus, t)|yem < Celur — usly.

(3.5)
(3.6)

Remark 3.1. The condition (3.1) is required without loss of generality in order to simplify

the computations. We can assume that F'(0,¢) # 0, but then

T
/ |F(0,1)|3dt < oo,
0

should hold. The same remark applies to the operator G.
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Alongside (1.5), we consider the abstract evolution stochastic problem

du(t) + vAu(t)dt + Bu(t),u(t))dt = F(u(t), t)dt + G(u(t), t)dW (t), .
Ug = U(O),

which holds in W*. With the properties of the operators involved we can prove that the
stochastic process u satisfies (3.7) if and only if it verifies (1.5) in the weak sense of PDEs.

Now we introduce the concept of solution of problem (1.5) relevant here.

Definition 3.2. By a strong probabilistic solution of the system (1.5), we mean a stochas-

tic process u such that
1. ue LP(Q,P; L2(0,T; W)) with 1 < p < oo,
2. For all ¢, u(t) is F'-measurable,

3. P-almost surely the following integral identity holds
t
(u(t) —u(0),v)y + / [v((u,v)) + (curl(u(s) — aAu(s)) X u,v)]ds
0

= [ .50+ [ (Gluts). ) 0aws),

for any t € [0, 7] and v € W. Or equivalently, the following equation

~

u(t) —|—/0 (VA\U(S) + E(u(s), u(s)))ds = ug —i—/o F(u(s),s)ds —I—/O @(u(s), s)dW (s),
holds in W* P-almost surely for any ¢ € [0, 7.

Remark 3.3. In the above definition the quantity fg(G(u(s), s),v)dW (s) should be un-

derstood as
t m t
[ (Gt 9.0aw(s) =3 [ (Gutuls). ) 0pais)
0 v J0
where G and W), denote the k-th component of G and W respectively.

Now we are ready to formulate the main result of this section.

Theorem 3.4. Assume that ug € W is non-random and that all the assumptions, namely
(3.1)- (3.4), on the operators F' and G are satisfied, then the problem (1.5) has a solution
i the sense of Definition 3.2. Moreover, almost surely the stochastic process u has W

(resp., V )-valued weak (resp., strong) continuous paths..
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Remark 3.5. The theorem still holds if we assume that 1 is F°-measurable and satisfies
P{w : |up(w)|lw < oo} = 1.

This result remains also valid if one considers measurable Lipschitz mappings F' : € X

Vx[0,7] = Vand G: Q xV x[0,T] — V&,

3.2.2 Proof of the existence result

This subsection is devoted to the proof of the existence result stated in the preceding

subsection. We split the proof into two parts.

Part I: The approximate solution and its a priori estimates

In this part we introduce the Galerkin approximation scheme for problem (1.5) and es-
tablish crucial a priori estimates for the corresponding approximating solution. They will
serve as a toolkit for the proof of Theorem 3.4.

The following statement is a consequence of a spectral theorem for self-adjoint compact
operator stated in [102]: The injection of W into V is compact. Let I be the isomorphism
of W* onto W, then the restriction of I to V is a continuous compact operator into itself.
Thus, there exists a sequence (e;) of elements of W which forms an orthonormal basis in

W, and an orthogonal basis in V. This sequence verifies:
for any v € W (v,e;)yy = Ni(v,€i)y, (3.8)

where )\i+1 >\ > 0, 1=1, 2,
We have the following important result established in [32] concerning the regularity

of the eigenfunctions e;.

Lemma 3.6. Let D be a bounded, simply-connected open set of R? with a boundary of
class C?, then the functions e; belong to H*(D).

We now introduce the Galerkin approximation scheme for the problem (1.5). We
consider the subset Wy = Span(ey,...,eny) C W and look for a finite-dimensional ap-
proximation of a solution of our problem as a vector u” € Wy that can be written as a
Fourier series:

N

u ) (E) =t (eud): (3.9)

g 1
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We require u to satisfy the following system

du,e;)y + (W, e))dt + b(u™, u”, e;)dt — ab(u’, Au®, e;)dt + ab(e;, Au™, u™)dt
= (F(uM,t),e)dt + (Gu™ 1), e,)dW,i € {1,..., N},
(3.10)

or equivalently

d(uN, e;)y + (AN e))vdi+ < BN, uN),e; > dt = (F(uV, 1), e;)vdt + (G(u, 1), e;)ydW,

(3.11)
for any ¢ € {1,.., N}. The function u{)’ is the orthogonal projection of u(0) onto the space
Wy, and

ud (or u™ (0)) — u(0) strongly in V as N — oo.

The Fourier coefficients ¢;y in (3.9) are solutions of a system of stochastic ordinary dif-
ferential equations (SODEs) with locally Lipschitz coefficients. By well known existence
and uniqueness theorem on SODEs (see for example [71], [111]), a sequence of continuous

functions uv

exists at least on a short interval [0, Ty|. Global existence will follow from
a priori estimates for u'.
From now on, we denote by C' any constant depending only on the data, and which

may change from one line to the next. We start by proving the following result.

Lemma 3.7. For any N > 1 we have

T
E sup |[u™(t)[3 + E/ [u™ () [3dt < +o0. (3.12)
0<t<T 0
We also have
T
E sup [u) ()]’ + E / [ () o2t < +o. (3.13)
0<t<T 0

Proof. From now we denote by |v|, the quantity | curl(v — aAv)| for any v € W. For any
integer M > 1 we introduce the stopping times
inf {0 < &; [ ()|v + [uN ()|, > M}

T™M =

Tif {0<t;|N(@)|v+uNE).>M} =0

We shall use a modification of the argument used in [2].
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For any 0 < s <t A7y, t € [0,T], we may apply 1to’s formula (see Theorem 2.14)
with ¢((u™(s), e;)v) = (u¥(s),€;)% to equation (3.10) and obtain

(u™(5), &)y + 2 /OS(UN(T), exv [p((u™ (r), e0)) + b(u™ (r),u” (r) — alu™(r), e;)] dr
= /OS(uN(r), ei)v [—ab(e;, AN (), u (r) + (F(r,u™), e;)] dr + /OS(G(T, u™), e;)dW
+ /Os(uN(r),ei)V(G(r, u™), e;)2dr

We note that [u]3 = Zf\il Ni(u?, e;)3. Multiplying the above equation by ); and sum-

ming over ¢ from 1 to N give us

S S N S
|uN(s)|%,—f—2V/0 [N [dr = [ud |V+2/ (F(r,uN),uN)dr+Z/\i/0 (G(r,u™), e;)dr
i=1

2 / (G(r, ™), u™)dW,
0
(3.14)
N N N

where we have used the fact that b(u”,u",u") = 0. In view of Remark 3.3 here and in

the sequel we make the convention

(Gr(u™, 1), ).

NE

(G(uNa t), ei)z =

=
Il

1

We obtain from (3.14) that

R+ 2 [ (@ a0 < o +ZA | c@ o)
+2 /O ((F(u™ (r), r),u (7)) |dr (3.15)

+ ‘2/08 (G(uN(r),r),uN(r))dW‘ ,

Poincaré’s inequality (2.3) implies that

for any 0 < s <t A7y, t €[0,T].

|(F(u(s), 8), )] < P2{lu™]] |IF (™ (s), )]l

From this estimate and (2.4) we find that

[(F(u(s), 5),u”(5))] < 20%2(1 + [u™(s)[)- (3.16)
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Finding uniform estimate for the corrector term Zf;l Ai (G(u™(s), ei))2 is not straight-
forward; this is one of the difficulties already mentioned in the introduction. Since the
corrector term is explicitly written as a function depending on the scalar product (in
L?(D)) (.,.) and the e;-s form an orthonormal basis (resp. orthogonal basis) of W (resp.

V), then the usual Bessel’s inequality (see for example [8]) does not apply anymore. To

circumvent this difficulty we consider the following generalized Stokes problem
(

G — aAG +Vq=GuM(s),s) in D

q{divG=0in D (3.17)

G =0on 0D,

\

for any s € [0,7]. By Theorem 2.7 the equation (3.17) has a solution G' in W™ when
dD is of class C* and G(u"(s),s) € V¥™. Moreover, there exists a positive constant Cj
such that

|Glsoyem < ColG(uM(s), 8)|vem,

and (G, &)y = (Gr(uN(s), s), e;) for any i > 1.
Since the norms |.|gspy and |.|w are equivalent on W, then there exists another positive
constant C, such that

|Glwem < C,Co|G(uN(s),8)|yem. (3.18)

The equation (3.18) implies that G depends continuously on the data G (uM(s), s). There-
fore, we denote the above G as G(u®(s), s). We find from (2.26) and (3.8) that

We deduce from this that
N
D X(GW(s),5),e) < )
i=1

By (3.18) and the assumption on G, we have

Z Mi(G(u™(s),5),e)* < C(1+ [u™(s)]). (3.19)
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Collecting these information, we obtain from (3.15) that

(o) 20 [ )| Par
0

< C’—I—C/ |u™ (r) 3 dr + 2
0

/OS(G(UN(T), r),u (r))dW|.

31

(3.20)

Taking the sup over 0 < s < t A 7y in both sides of this inequality and passing to the

mathematical expectation in the resulting relation and finally applying the Burkholder-

Davis-Gundy’s inequality (cf. Theorem 2.15) to the stochastic term, we get

tATM
E sup \uN(s)\% + QVE/ HuN(s)szs
0

0<s<tATpr

tATA
<C+ C’E/ [ (s)|3ds
0

+20,E ( /0 G (), s),uN(s))%zs) By

Now we are interested in estimating

=g ([ @606 )

Using the same argument as in the estimate of |(F(u™N(s), s), u™ (s))|, we have

sup [0 (s)]y ( / o |G<uN<s>,s>|%,ds) 5] .

0<s<tATnm

7 < CE

By e-Young’s inequality

tATM
v < CeE sup |u(s)]3 + CE]E/ G (u™(s), 5)[5ds.
0<s<tATpr 0
Using the assumption on G one has
tATM
vy < CeE sup |u(s)|3 + CEE/ (1+ [u™(s)3).
0

0<s<tATpm

A convenient choice of ¢ with the estimates (3.21) and (3.22) gives us

tATM

tATM
E sup [|[uN(s)] + 41/IE/ [ (s)|[ds < C + C]E/ [u™ (s)[3ds.
0 0

0<s<tATpr

We derive from this last inequality and Gronwall’s inequality that

iy
E su uM (P ——
OSSStI/D\TM ™ (s) P2+«

t/\TM
E / W (s)ds < C.
0

(3.21)

(3.22)

(3.23)
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We recall the following relation which is very important in the sequel
M (GWN(s),8),e) = (GuN(s), ), e)w,i > 1, (3.24)

where G(u”(s), s) is the solution in W of (3.17). For sake of simplicity we only write u

when we mean u™ (.). Let us set
p(u™) = —vAuY 4 curl(v” — aAuN) x oV — F(ut).
By Lemma 3.6, ¢(u”) € H'(D) and we have
d(u®, e))v + (p(u™), e;)dt = (G(u® 1), e;)dW.

By Theorem 2.7, a solution v € W of the following system

(

oV — aAvN + Vg = ¢(u”) in D,

§ dive"y =0in D,

vN =0 on 0D,

exists. Moreover,

for any 4. Thus,

d(u,e))v + (p(u™), e;)dt = d(u”, e;)y + (v, e;)vdt

= (G(uN,t),e;)dW.
Multiplying the latter equation by A; and by making use of the relationship (3.8), we have
du, e)w + (0N, e))wdt = N(G (U, 1), e;)dW.
Recalling (3.24), we obtain
A, e)w + (0N, e)wdt = (G(uN, 1), e;)wdW.

We argue as before by considering the stopping times 7),. By applying 1t6’s formula to

N

o((u, e)w) = (u, e;)%, we have

d(u®, e)% + 2™, e)w(vY, e wdt = (G(u™, 1), )% dt + 2(u™, &)w(G(uN, 1), &) wdW.
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Summing both sides of the last equation from 1 to N yields

N
dlu™ 3, + 2(u™, v wdt = Z(@(UN, t), es)eydt + Q(G(uN, t), u™ )wdW.

i=1
Using the definition of |.|w and the scalar product (.,.)w, we can rewrite the above equa-

tion in the form
d|u™ 3 4 |u™ 2] + 2[(0N, u™ )y + (curl(v” — aAvY), curl(u” — aAu))]dt

= 2(Curl(@(uN, t) — ozA@(uN, 1)), curl(u™ — aAu™))dW

N
+ Y NG, 1), e)3dt + 2(G(u™ ), u )y dW.
=1

In view of the Remark 3.3, we agree that in the sequel

de

(curl(G(u, 1)), curl(u — aAu™)) W _ Z (curl(Gy(u, 1)), curl(u — aAu™))—= T

dt
k=1
Using the definition of vV and G , we obtain
d|[u™ 2 4 |u™ 2] + 2[(p(u™), u™) + (curl(p(u™)), curl(u — aAu))]dt

u™ 1), ei)2dt + 2(G(u, 1), ™) dW

HMZ

+ 2(curl(G(uN, t), curl(u” — aAu™))dW.
With the help of (3.14) the latter equation can be rewritten in the following way
dlu™|? + 2(curl p(u™), curl(u® — aAu™))dt = 2(curl(G(u, ), curl(u’ — aAu™))dW
+ i(Ai + A (G(uN, 1), e;)2dt.
i=1
(3.25)
We infer from the definition of ¢(u”) that
curl p(u) = —v cwrl(Au + F(u,t)) + curl (curl(u" — aAu™) x u™).
Using the two-dimensional nature of our problem, we have

curl (curl(uw — aAu™) x u) = (uV.V)(curl(u" — aAu)).
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This yields
(. V) (curl(w — aAu™)) — veurl(Au” + F(u® 1)), curl(u? — aAu®))
= (curl p(u™), curl(u — aAu™)).
Owing to Lemma 3.6 we can check that
(™. V)B,8) =0,
where 3 = curl(u’Y — aAu®). Thus

Z|uN]* - Z(curl uV 2 curl(F(u™ 1)), curl(u” — aAu™))
a a v

(3.26)
= (curl p(u™), curl(u” — aAu™)).
We derive from (3.25) and (3.26) that
%|UN|3 + %|UN|,% — %(Curl u® %curl(F(uN, 1)), curl(u” — aAu™))
N W (3.27)
= Z(/\’ + A (G 1), e;)* + 2 (curl(G(u™, 1)), curl(u” — aAu™)) .
i=1

We infer from (3.27) that
s N
W)+ [ (%sz =D ), >> i
0 i=1

= /OS L [(curl(uN(T)) - cwrl(F(u™(r),r)), curl(u® (r) — OCAUN(T))H dr

« 14

+2 /Os(curl(G(uN(r), 7)), curl(u (r) — aAu (r)))dW.

Hence,
S N S
WNGE+ [ 2 )= S0 [ (G ),
0 i1 0

S

< Jup |2 +/OS%lcuﬂwfv(r)nmwr)l* + / 2| curl(F(u™ (r),r))|[u ()] dr  (328)

+2 /05 (cwrl(G(u™ (r), 7)), curl(u™ (r) — aAu™ (1)) dW‘ .

Taking the supremum over 0 < s < ¢t A 7y in (3.28), and passing to the mathematical

expectation yield

t/\T]\/[ 21/ N t/\TA{
E sup [u"(s)?+E / 21N (s)2ds — 3 (s + XE / (G (s), 5), e5)2ds
0<s<tATMm 0 Q i1 0

t/\’TM2 tATM
<l E+E [ e @)@+ B [ 2P ). )l ().ds

+2E  sup

0<s<tATM

/OS " (curl(G(u" (s), 5)), curl(u™ (s) — aAu™(s))) dW’ .
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For any €; > 0 and €5 > 0, we have

tATM 9, N AT
E sup |uN(3)|i + E/ —|uN(s)|zds — Z()\Z + )\?)E/ (G(uN(s), 8), ei)QdS
0 «a 0

OSSSt/\T]W i=1

N2 it [ 9u N 5, 2 N 2
<lup [ +E —[curl(u” ()" + —| curl(F(u" (s),s))|" ) ds
0 gy €2

+2E sup

0<s<tATpr

2V€ tATM
+ (Tl + 2¢e9) / |uN(s)|ids.
0

/05 v (curl(G(uM(s), 5)), curl(u™ (s) — aAu(s))) dW’

We choose €1 = 1/4, e5 = v/4a and we deduce from the last inequality the following

estimate,
t/\T]\/[V N tATM
B s [MEE4E [t o)Rds = Y00+ MIE [ (G (s),0) s
0<s<tATnr 0 o i—1 0

N2 7 N 2, 20 N 2
<|uyls +E i a—gl|curl(u (s))] +7|curl(F(u (s),8)|° | ds

SATM
+2E sup / (curl(G(u™ (s), 8)), curl(u’ (s) — aAu™(s))) dW’ .
0<s<tATapr |JO
(3.29)
Thanks to (3.19), (3.24) and (3.18) we see that
N tATM SAT)Nf
Z()‘i + )\ZQ)IE/ (G(u™(s),5),e)?ds < C + C’E/ [u™ (s) |3 ds. (3.30)
0 0

i=1

Now let us estimate

v=2E sup

0<s<tATp

/0 o (curl(G(u™(s), 5)), curl(u" (s) — aAuN(s))) dW' .

By Fubini’s Theorem and Burkholder-Davis-Gundy’s inequality (see Theorem 2.15) we
obtain

1
2

v < 6E ( /0 T (G (5), ), curl(@ (s) — adu¥ (s)))? ds) ,

gaE( sup  [u(s)], ( /OWM|cur1<G<uN<s>,s>>|2ds)é>.

0<s<tATp1
By making use of Young’s inequality, the following holds

tATM
VSOE swp [V IE [ [ewl(Glu¥(s), )P
0

0<s<tATM
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Choosing € = 1/12, we have
1 tATM
y<-E sup |uN(s)]?+ 72E/ | curl(G(u” (s), 5))|*ds.
2 o<s<trry 0

Gathering (3.29), (3.30) and (3.31), we obtain

tATNM v

E sup [uN(s)2 +E / Y1 (s) ds
o

0<s<tATp1 0

tATM tATM
< CIE/ | curl(F(uN(s), 3))\2 + C’E/ |curl(G(uN(s), s))|2ds
’ tATM ’ tATM
C+ ul |2 + C’E/ [u™ (s)[3ds + CIE/ | curl(u (s))[*ds.
0 0
Since
2
Junl(@)]” < 2Jof for any o € V.

the assumptions on F' and G, and the relations (3.32), (3.23) imply that

tATM
E sup |u¥(s)]> + E/ Z|uN(s)|ids < C.
a

0<s<tATp 0

36

(3.31)

(3.32)

(3.33)

Now we need to show that Ty = T almost surely. This is equivalent to prove that

limy; oo 7oy = T almost surely. We argue exactly as in [2]. For any t € [0,7] we have

Elu™ (t ATarliy = Ellw (6 A man) Loy <e] + E[u (EA 7ar) [y lry>e]

= Elu™ (7a0) iy Loy <e] + Ellu” (0) iy 17>

N

Since u" is continuous on the finite dimensional space W,,, then we have

[ (ran)ls + [ (man)lv > M,

which implies that

M2
o (man) By = [ a2+ [ () 2 55

Notice that El(;,, <,y = P(1as < t), therefore
Efu™ (t A mar) iy = Elw® (man) [y Lras <] + E[Ju () [y 1y 2]

M2
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Hence, for all M > 1

2
P(ry <t) < WE\uN(t A Tar) By
2C
< —.
Since (' is independent of N and M, we infer that

lim P(ry <t)=0, Vt €10,T].

M—o0

That is, 7,y — T in probability. Thus, we can extract from 73, a subsequence 7y, such
that 7, — T almost surely. We deduce from the monotonity of (7as)as (this sequence is
increasing) that 1), T almost surely. This yields that Ty = T" almost surely.

Since the constant C' is independent of IV, the estimates (3.23), (3.33) and the Domi-

nated Lebesgue’s Convergence Theorem complete the proof of the lemma. O

Lemma 3.8. For any 4 < p < oo we have

[N]4S)

E sup (lu"(s)lv)" +E (/OT |UN(5)|V2> <9 (3.34)

0<s<T

and

SIS

s (o + 2 ([ W) <o (3.35)

0<s<T
Proof. We recall that
dlu™ () + 2v|[u ()| [*dt — 2(F (u™ (t), 1), u™ () dt
N
= > NG (t), 1), e)%dt + 2(G(uN (t), 1), uM (£))dW.
i=1
For a fixed p > 4 It6’s formula to the function ¢(|u (¢)[3) = |uN(1E)|§,g (cf. Theorem 2.14)

yields

N1 = [ 5+ 5 [ @R =il @I+ (F(s),5), 0V (5))

P GN(s),5). )2 + LA E |<;}V7(58>>’é .

ds

+§ W (8) |52 (G (), 5), u (5))dW,
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for any ¢ € [0,7]. By squaring both sides of the last equation and by making use of some

elementary inequalities we obtain

W@l < Cludty+ / 0¥ ()15 [ =l ()P + (P (5), ), (5))

1 & p—4(Gu"(s),8),u™(s)*7, 2
+§Z )i+ N () Js)

()15 G(UN(S),S),uN(s))dW).

We deduce from this inequality along with (3.16) and (3.19) that

t
E sup [u(s)[ < Clug'[y + C]E/ [ ()" (1 + [u (s)]v) ds
0<s<t 0

TR </o ’“N(”‘\VH(G@N(@,r>,uN<r>>dw)2. (330

0<s<t
This estimate together with arguments similar to those used in the proof of Lemma 3.7

lead to
E sup |[u™(s)ff < oo. (3.37)

0<s<T
We now proceed to the proof of an important estimate concerning |uV|f,. We rewrite the
equation (3.27) in the form

N

dju (s)]? = Z()‘Z + AD(G(u™(s),5),e:)* + %/ (curlu™(s), curl(u™ (s) — aAu (s))) )ds
+ < — %|UN(S)|3 + 2(curl(F(u (s), 5)), curl(u™ (s) — aAu™(s)))
+ 2(curl(G(u (s), 5)), curl(u™ (s) — aAu™ (s)))dW.

Applying 1t6’s formula to the function o(|u(s)|?) = \uN(s)\ig we have

dlu™ (s)|2 — 12-’|uN(s)|§*2(z(cuﬂ(p(uN(s), 5)), curl(u (s) — aAu? (s)))

_! Z(/\Z + AD(G(uM(s),5),e:)* + e (curl u® (s), curl(u® (s) — aAuN(s)))
2 4 o}

p— 4 (carl(G(u™ (s), 5)), curl(u (s) — aAuN(s>>)2> o
o 4 [u (s)2

+ p uN(s)|§_2 (curl(G(uN(s), s)), curl(u® (s) — aAuN(s))) dW.
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Hence,

+ % Z()‘Z + MG (s),8),€)* + Ey (curlu™ (s), curl(u™ (s) — aAu™ (s)))
2 N, e p—4 (curl(G(u(s), s)), curl(uN(s) — aAuN(s)))2
- E|U (s)[x + 1 [N (s)2 )ds

12) |uN(s)]g_2 (carl(G(uM(s), s)), curl(u™ (s) — aAu™(s))) AW,
0
for any t € [0, T]. By squaring both sides of the last inequality, we obtain

WMl < Ol 2 +C| / 0 () £ (2Acurl(F(¥ (5), ), el (6 (5) — 0 b (s)))

+ % Z (i + A)(G(uN(s),8),€)* + % (curlu™ (s), curl(u™ (s) — aAu (s)))
B 2_1/| N(s)? p — 4 (curl(G(u™(s), 5)), curl(u (s) — aAu®(s))) >ds] 2

4 |l (s)[2

(3.38)

We note that

|(curlu® (s), curl(u™ (s) — aAu™ (s)))] < C(1 + [u® (s)][v)(1 + [u® (s)|w), Vs € [0,T].

We also check that
|(curl(F (u™(s), 5)), curl(u® (s) — aAu™(s)))| < O+ [ (s)[v) (1 + [u” (s)|w), (3.39)

and

(curl(G(u(s), ), curl(u™(s) — @AUN(S)))2
[u?(s)[3

Thanks to the continuous injection of W into V| all the above estimates still hold with

< C(1 4+ [uN(s)|v)2

|u™ (.)]v replaced by |u™(.)|w. Hence we can derive from (3.38) that

t v 2
B s (62 < [+ CE ([Nl (s

0<s<t
2
+ CE sup (/ [ (r)]2~ - (curl(G(u™,r), curl(u™ — aAu™)) dW) :
0<s<t
(3.40)
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Applying the Martingale inequality (see Theorem 2.15) and Holder’s inequality in the last
estimate we obtain

t
E sup |u™(s)[2 < Iuév\i’JrCE/ [ () (1 + [u™ (s)lw) ds
0

+ C’IE/O [u™(s)]7* (curl(G(u™(s), s), curl(u™ (s) — ozAuN(s)))2 ds.
(3.41)

We can use the same idea as that used to find (3.39) to get an upper-bound of the form
C(1+ |uN(s)|w)* for |(curl(G(uN(s), s)), curl(u™N (s) — aAu(s)))?|. Then, we derive from
(3.41) that

B s WY < Clu2+C [ (1 6. (3.42)

0<s<t

We obviously have

[ (s)[fy < O™ (s)[5 + [u™ (s)[2).

Finally, using (3.37), (3.42) and Gronwall’s inequality we obtain

E sup |[u™(s)P < oc. (3.43)
0<s<T

It is not hard to see that Lemma 3.8 follows by using the estimates (3.20), (3.28) along
with (3.37) and (3.43). O

Remark 3.9. Lemmas 3.7 and 3.8 imply in particular that
T 5
E sup |[uV(s)|y" +E (/ |uN(s)\V2) < 00,
0<s<T 0

and

T 5
E sup |[u(s)|w” +E (/ \uN(s)\W2) < 0.
0

0<s<T
for any 1 < p < o0.
Part II: Passage to the limit and proof of the continuity of the paths of u

To complete the proof of Theorem 3.4 we need to pass to the limit in the Galerkin

approximation.
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Thanks to Lemma 3.7 and Lemma 3.8 (see also Remark 3.9) we can extract by a
diagonal process a subsequence u™+ such that
u™t — u weakly star in L*(Q,P, L=(0,T,V)) (3.44)
u™r — u weakly star in L*(Q, P, L>(0,T, W))
uMr — u weakly in L*(Q,P, L*(0,T,V))
uMr — u weakly in L*(Q,P, L*(0, T, W)), (3.45)
as N, — oo. Owing to the properties of the operators A, E, F and G together with
Lemma 3.7 and Lemma 3.8 there exist three operators é*(s), F*(s) and G*(s) such that
Aul —~ Au weakly in L*(Q,P, L*(0,T,V)),
B(uNe uNe) — B*(s) weakly in L2(Q,P, L*(0, T, W*)),
F(uMr, s) — F*(s) weakly in L*(Q,P, L*(0,T,V)),
G(uMr, s) — G*(s) weakly in L*(Q,P, L*(0, T, VE™)).
It follows from the properties of the linear operator (I + aA)~! that
AuMNe — Ay weakly in L*(Q, P, L*(0, T, V)) (3.46)
F(uMe, s) — F*(s) weakly in L*(Q, P, L*(0,T,V)),
G(uNe,s) — G*(s) weakly in L2(Q,P, L*(0, T, VE™)), (3.47)

where F* (resp., G*) denotes (I+aA) " F*(resp., (I+aA)~'G*). With these convergences
at hand we see from (3.11) that the following holds

~

(u(t), e;)v + / (v(Au(s), e;)y+ < B*(s),e; >)ds = (uo, &)y + / (F*(s), e;)yds
0 0 (3.48)

¢
+/ (G*(S), €i)VdW(S),

0
for any t € [0,T], ¢ € {1,.., N}, and for almost all w € Q.
Arguing as in [94] (see Chapitre 2, Page 42) we deduce from the latter equation that

almost all paths of u are V-valued continuous functions. Since
u e L*(Q,P; L2(0,T;V)),

(see for example (3.44) ), then we can use the argument in [115] (Chap. 3, Section 1) to
assert that almost all paths of u are weakly continuous as functions taking values in W.

To complete the proof of Theorem 3.4 we need the following result.
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Lemma 3.10. We have the following identities

B*(s) = B(u,u) in L*(Q, P, L*(0, T, W*)), (3.49)
F*(s) = F(u, s) in L*(Q, P, L*(0,T,V)), (3.50)
G*(s) = G(u, s) in L*(Q,P, L*(0, T, V™). (3.51)

The proof of this lemma requires the following result.

Lemma 3.11. For any M > 1 we have that
Lo,y (u™ — ) — 0 strongly in L*(Q,P; L*(0,T;V)), (3.52)
as N, — oo. Here T is defined by

inf {0 <t <T; [u™(t)|v + (1) > M}

™ —
Tif {0<t<T;[u™®)y+ [u¥@t). > M} =0.

Proof. We follow some arguments used in [15]. From now on we set NV := N, ﬁ(v, t) =
F(v), and G(v,t) := G(v) for any v € V and t € [0,7]. Let PN : W — Wy be the

orthogonal projection defined by

N N
PNy = Z(v, ei)we; = Z Ai(v, ei)vei, v e W.
i=1 i=0

For any v € L*(Q,P; L*(0,T; W)) we have
PNo(w,t) = v(w,t) strongly in W for almost all (w,t) € Q x [0, 77,

and

|PYuffy < Cloliy.
Therefore, by the Dominated Convergence Theorem we see that
PNy — v strongly in L*(Q,P; L*(0, T; W)). (3.53)

Thanks to the continuous embedding L?(Q2,P; L*(0,T;W)) — L?(Q,P; L*(0,T;V)), we
also have

PNy — v strongly in L*(Q,P; L*(0,T;V)). (3.54)
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We can show through some calculations that
(PNva 6i)V = (U, ei)V7
for any v € W. It follows from this and (3.48) that
t ~ ~
(PNu(t), e)v +/ (v(Au(s), e;)v+ < B*(s),e; >)ds — (ud), e;)v
0
t t
— [(F©reonds+ [ (@ (s). V(o)
0 0

for any ¢t € [0,T], 7 € {1,.., N}. This equation with (3.11) imply that

t

(PMu(t) —u™(t), ei)v + / v(Alu(s) = uN(s)), i)y

= [ < B 9) = B(shoes > dst [ (F(s) = Flu¥).euis

t
+/ (G*(s) — G(u™), e;)ydW (s).
0
We apply Itd’s formula (see again Theorem 2.14) to the function (PNu(t) — u™(t), )%,

then we multiply the resulting equation by \; and sum over ¢ from 1 to N to obtain

t
|PNu—uN]%,+21//(A(u—uN),PNu—uN)V
0
t t
:2/ < B, u™) — B*(s), PYu—u" >ds+2 | (F*(s) — F(u™), PNu—u")yds
0

S—

N t t
+ Z i / (G*(s5) — G(u), e;)3ds + 2/ (G*(s5) — G(u™), PNu — u™)ydW(s).
i=1 0 0
Here we have set u(s) = u, u™(s) = u’; s € [0,T]. Now let

o(t) = exp(—mt — / u(s) ),

where n; and 7, are two positive constants to be defined later. We obtain by application
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of 1to’s formula to the process o (t)|PNu — u™¥ |3 that
t
o(t)|PNu —uMN|3 + 21// o(s)(A(u — u™), PNu — u™)y
0
N t R R t R R
= Z )\i/ a(s)(G*(s) — G(u™), e;)3ds + 2/ o(s)(G*(s) — G(u™), PNu — u™)ydW (s)
i=1 0 0
t t
o [ oIPYu s — e [ o(oPY e~V Blu(s) s
0 0
t
+ 2/ o(s) < B(u™,u™) — B*(s), PMu —u" > ds
0

+2 /0 o(s)(F*(s) — F(u"), PNu — u")vyds.
(3.55)

Let us analyze each term of (3.55). Firstly we have that
(A —u), PYu— o)y = (Au — u™),u — uN)y — (A(u — u),u — PNu)y.  (3.56)
By the definition of PY we have PNu" = u" and
[P (u = uM)ly < Ju—uly.

Then we deduce from (2.28), (2.4) together with the above properties of PV that

1
P +a

1PNy — uN2 < (A —u®),u—uM)y. (3.57)

Secondly, by the properties of F (.,t) the following holds

< 4P*Cr

2(F*(s) — F(u™), PNu —u) N _pnye  2PPCE oy
7 V= |u uly + ———|P"u — uly

a a (3.58)

~

+2(F*(s) — F(u), PNu— uM)y.

Thirdly, let us set

We have that
G = |PV[G(uN) - G*(s)]]3.
We derive from this relation that
G = |PN[G(u) — Gu™)]en — [PN[G(u) — G*(5)] on
+2(PV[G*(s) — G(uM)], PN[G*(s) — G(u)))y.
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It follows from the properties of G that

G < 2C6| PN — uf +2Ca| PYu — ™[5 — [PV[G(u) = G*(5)][fom

R R R R (3.59)
+2(PY[G*(s) — G(u™)], PY[G*(s) — G(u)])v.
Fourthly, we have that
<E(uN,uN),PNu—uN>:<§(PNu—uN,PNu—uN),PNu> (3.60)
3.60
+ < B(PNu, PMu), PNy —u® > .
Indeed, the property (2.23) implies that
< B(PNu—uY, PYu—u), PNu>
. ~ (3.61)
=< B, u"), PYu—u" > — < B(PNu,u™), PNu >,
and
— < B(PYu,u"), PYu >=< B(PNu, PNu—u), PNu > | (3.62)

Gathering (3.61) and (3.62), and applying (2.24) yield (3.60). We deduce from (3.60)
along with property (2.8) that

~

2 < Bu™,u), PNu —u ><205|PYu — u™N |3 | PN ulw
+2 < B(PYu, PNu), PNu — u > .
Therefore
2 < BN, uM) — B*(s), PNu—u ><C3|PNu —u™ S PN ulgy + |u — PNul3

+2 < B(PNu, PNu) — B*(s), PNu—u" > .

(3.63)
Using (3.56) and (3.57) in (3.55) one gets
N N (1)]2 2v ' N N2
o®)|[P u(t) —u™ ()G + 55— [ o(s)|P u—u"[5ds
PEtady (3.64)

t
< Right Hand Side of (3.55) + 21// o(s)(A(u — u),u — PVu)yds.
0

Now we can choose

4Py

«

+2Cq + 1,

m

2 = C%?
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and we can infer from (3.64), (3.63), (3.59) and (3.58) that

2v
P2+«

o0 ult) - ) + | a<s>( |PNu—uNr%/+|PN[@<u>—é*<s>1|%,®m) s

<o ta(s)@(u —u"),u — PNu)yds + C /Ot o ()| PNu — ul%ds
o(s) < B(PNu, PNu) — B*(s), PNu — u" > ds
o (s)(F*(s) = F(u), PNu —u™)yds
o (s)(PV[G" () = G(u™)], PNG"(s) = G(u)])vds
o(s)(G*(s) — G(u™), PNu — u™)ydW.
(3.65)

Replacing t by 7j; in the estimate (3.65), and taking the mathematical expectation yield
™
Eo (127)|PYu(tar) — u (1ar) |3 + C’E/ o(s) (\PNu — U™ — |PNu— u|%,) ds
TM e e 0 TM .~
< - E/ o (8)|PY[G(u) — G*(8)][3amds + 2V]E/ o(s)(Au —u™),u — PNu)yds
0 0

= Y () (PG (s) — G, PG (s) — G(u)]uds

- Lo Culu®)lw | P u(t) — u(t)lw

+ 10,7y Clu(t) [w| P u(t) — u(t)]v,

’1[0,TM}a(t)[§(PNu(t), PNu(t)) — Blu(t), u(t))]‘W* 0 almost all (w,t) € 2 x [0, 7],
(3.66)

as N — oo. Furthermore

1o (BPu(t), PYu(t) - Blu(), u®)l|, < 2MCpC*lu(t)y € I*(@x [0,T],R),

(3.67)

W



P

UNIVERSITEIT YAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

CHAPTER 3. STRONG PROBABILISTIC SOLUTION OF THE MODEL 47

where C* is the constant in the continuous embedding W — V. By the convergences

(3.45), (3.53) we have
PNy —u™N — 0 weakly in L*(Q,P; L*(0,T; W)).
We derive from this, (3.66) and (3.67) that
]E/OTM o(s) < B(PYu, PNu) — B(u,u), PNu—u" > ds — 0

as N — oo. Hence

T™ ~ ~
lim E / o(s) < B(PYu, PNu) — B*(s), PNu —u" > ds
0

N—o0
TM e e
= lim E/ o(s) < B(PYu, PMu) — B(u,u), PNu —u” > ds
N=eo o » (3.68)
+ lim E/ o(s) < B(u,u) — B*(s), PNu—u™ > ds
N—ro0 0
=0
Owing to (3.46) the sequence A(u — u") is bounded in L2(€, P; L2(0,T: V)), thus
TM e
IE/ o(s)(A(u —u™), PNu —u)yds — 0 as N — oo. (3.69)
0
We can also show that
™ N N
E/ o(s)(F*(s) — F(u), PYu —u")yds — 0 as N — oc.
0
The convergence (3.54) implies that
™
lim E/ o(s)|PYu — ul(ds = 0. (3.70)
N—0 0
Since
Lomno(s) (G*(s) = Glw)) € LA P L2(0, T3 V)
then we can derive from (3.47) that
™ R R ~ ~
li_>m E/ o(s)(PN[G*(s) — G(u™)], PN[G*(s) — G(u)])vds = 0. (3.71)
n—oo 0
The convergences (3.68)-(3.71) imply that
T™
Eo (127)|PYu(tar) — u (1ar) |3 + C’E/ o(s)|PYu— w3 ds+
0 (3.72)

e /OTM ()| PN () = G (5)] B = 0.

as N — oo. The proof of the temma folews from*(3.54) and (3.72). ]
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Let us now prove Lemma 3.10.

Proof of Lemma 3.10. Now we are going to complete the proof of the identities (3.49)-
(3.51). First note that for any w € W

S =< B, uN) = Bu,u),w >

N

=< B(UN—U,UN),M>+<§(U,U —u),w > .

We also have

<§(uN—u,uN),w >=< E(uN,uN),w> - < é(u,uN),w >,

and
< B, u—u"),w>=< BN, u),w>— < BuN,uN),w> .
Therefore
S =< Bu,u—u"),w > — < BN, u—u™),w > + < B, u),w> — < Blu,u"),w > .
(3.73)

Thanks to (2.22) the operator

is linear continuous for any fixed a € W. Hence, if u¥ — w in L*(Q,P; L?(0,T;V)), then

we have

B(u, u) — E(u, u) weakly in L*(,P; L*(0,T; W*)). (3.74)
By a similar argument, we have
B(u",u) — B(u,u) weakly in L2(Q,P; L*(0,T; W*)). (3.75)

Now let w be an element of L(Q, P; L>(0, T; W)). We deduce from the properties of B
that

T
']E/ Lo < Blu,u —u),w(s) > — < B(u™,u—u™),w(s) > ds
0

T™

™
< C]E/ |ulw|u™ — ulyds + C’E/ ™ |y |u® — ulvds.
0 0
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We derive from (3.52) that
N—o0

T
lim IE/ Lo < Blusu—u™),w(s) > — < Bu",u —u™),w(s) >ds =0 (3.76)
0

As 7y 2 T almost surely, L>(Q,P; L°°(0,T; W)) is dense in L*(Q,P; L?(0,T; W)), then
we deduce from (3.73)-(3.76) that

B(u(.),u(.)) = B* in L*(Q,P; L*(0, T; W*)). (3.77)

Next, thanks to the property of [ [we see that

™

™ R
E / F(u) — F(u)2ds < CrE / ™ — ulds.
0 0
Thanks to (3.52) and the fact that 7py T almost surely as M — oo, we obtain that
F(u) = F(u) strongly in L*(Q,P; L*(0, T; V)). (3.78)

And from (3.72) we see that

~

G*()) = G(u(.)) (3.79)
as an element of L(Q, P; L?(0, T; V®™)). And this completes the proof of Lemma 3.10. [

It follows from (3.77), (3.78), (3.79), and (3.48) that u is a solution of the stochastic
model for the second grade fluid. And this ends the proof of Theorem 3.4.

3.3 On the uniqueness of the strong probabilistic so-

lution

As already mentioned in the introduction we also discuss the pathwise uniqueness of

solution. More precisely we prove the following result.

Theorem 3.12. Let uy and ug be two strong solutions defined on the filtered probability
space (2, F,Ft, P) of the problem (1.5). If we set v = u; — ug, then we have v =0 almost

surely.

Proof. Let u; and us be two solutions with the same initial condition uy and let v = u; —us.

It can be shown that the process v satisfies the equation
d(v(t) + aAv(t)) + vAv(t)dt — F(uy(t),t) — F(ua(t), t)dt + G(ui(t),t) — G(us(t), t)dW

= —P(curl(u(t) — aAuy(t)) x uy(t) — curl(ug(t) — alAug(t)) x us(t))dt,
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and v(0) = 0. We obtain by multiplying this equation by (I + aA)~! and by applying
It0’s formula to |v|?% (see [73] or [94] for the infinite dimensional version of Theorem 2.14)

that

We recall that the operator (I + aA)™! is linear and bijective from H into H?*(D) N'V.

Moreover for any f € H we have
(I +ad)™ flv < Clf]. (3.80)

For ¢t € [0, 7] let us consider the real process o(t) = exp(— fo [ug(s)|3yds). We apply Itd’s
formula to the o (¢)|v(t)|? and find that

a(t) () + 2/0 (U(S)(V||U(8)||2 — (curl(v(s) — aAuv(s)) x 'U(S),u2(8))) ds

~

~ [ ()Pl 5) = Flunts).5). 009 + 1Gun(s):5) = Gle(s).5) o ) ds

Using the assumptions on F' and G together with (2.22) and (3.80), we derive from the

last estimate that

t

(Ol + v / o(s)|[o(s)]2ds < C / o(s)[o(s)ds + 20 / () 0(8) |zl ) fwdls
—1—2/0 0(8)(@@1(8),3) — a(u2(s),s),v(s))VdW

- / o) [ua(s) B o(s) .
(3.81)

For any € > 0, we have

Clo(s)[5|uz(s)lw < Celo(s)Iy + Celvo(s) 5 ]uz(s) [,
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for 0 < s <t. We infer from this inequality and (3.81) that

dwwm@+vﬂfﬂ@wwm%ssOK]ﬂﬂw@@m+adﬂ[}ﬂwmw@mx$@w

Choosing € = 2/C?, we obtain

o))y < C/O o(s)v(s)lyds + 2/0 o (5)(Glur(s), s) = Glus(s), ), v(s))vdV.

We get rid of the stochastic term by taking the mathematical expectation (see equation

(2.29)). This enables us to write

l%www@SCAEdﬂMﬂW&

and the proof of Theorem 3.12 follows from the application of Gronwall’s inequality. [J

3.4 Analysis of the asymptotic behavior of the solu-
tions

In this last section we establish some results on the long time behavior of the strong
solutions of the stochastic model for the second grade fluids. We consider two subsections.
In the first, we study the exponential decay in mean square of the strong solution. In
the second, we strengthen the assumption on the external force F' and investigate the

exponential stability in mean square of the non-trivial stationary solution.

3.4.1 The exponential decay of the strong probabilistic solution

We require that uy (resp., F' and G) satisfies the assumptions in Remark 3.5 (resp.,
Remark 3.1). We suppose furthermore that there exist 6 > 0, Mg > 0 such that

0 < |F(0,t)]y < Mge™®, ¥t >0,

and

|F(u,t) — F(v,t)|y < (Cp + B(t))|u—v|y, ¥t>0,(u,v) €V xV.
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Here 3(t) is an integrable function such that 8(t) = O(e~%). We also assume that
0 < |G(0,1)|yem < Mse™™, VWt >0,

and

|G(u,t) — G(v,t)|yem < (n+0(t))|u—vly, Vt>0,(u,v)eVxV.

Here §(t) is an integrable function such that §(t) = O(e™%). Before we formulate and
prove the main result of this subsection we introduce the following definition which is

borrowed from [31].

Definition 3.13. The strong probabilistic solution u of (3.7) is said to decay exponentially

in mean square if there exist positive constants a and b such that
Elu(t)f; < be™™,
for t large enough.
We have

Theorem 3.14. Assume that

2 2PC 2Pt
v P<Cr X P n +1,
P2+« a a?
then there ezists a € (0,6) such that

4042M5 + 2P4M5
a?(0 — a)

Elu(t)[y < (E|u0|%, + ) e " Vit > 0.

Proof. Since

2v 2P2Cp N 2Py

1
P?+a a a2

we can choose a € (0,6) such that

2 2P2C 2P
> F+ Ui

1.
732+oz_a « a? +

Thanks to 1to’s formula, the following holds
t t N t R
elu(t)[F = |uold — 2/ e vl|ul|* + 2/ e (F(u,s),u)yds +/ e |G (u, 8)|yemds
0 0 0

t t
ta / e [u(s) s + 2 / (Cu, s), u)ydIV.
0 0
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Taking the mathematical expectation and using the property (2.29) of the stochastic

integral and Cauchy-Schwarz’s inequality we get

2v
P? 4+«

t t
+ / “E|G(u, 8)jyends + a / e Eu(s) |2 ds.
0 0

t t
e“tE|u(t)]%, < E\uoﬁ, — / easE\u(s)]%ds + 2/ eE|F (u, s)|v|ulvds
0 0

Invoking the estimate (3.86) and making use of the assumptions on F' and G yield
2v P2 P b 9
=T + 2; + 25 + 1)/0 eElu(s)|yds
t 2 4
P P
+ / (27 5(5) + 223 6(5))e" Elu(s) s
0

t 7)4
+ / (4MB + 2—2M5) " 0ds.
0 (0%

Application of Gronwall’s inequality to this estimate implies

e"Elu(t)[; < Eluoly + (a

4 t
e“Elu(t)|3 < exp {(1 +a+ 2%2 + 2P— 2 )t} exp {/0 (2%26(3) + 22—;5(5))%}

@ P’ta
40’ My + 2P M, (.
x (E|u0|%v + oﬂﬁ(a 5 (ela=0)t _ 1)) .

With the choice of a and the assumptions on (s) and §(s) we obtain that

402 Mj + 2P My,
€ Y
a?(f — a)

Elu(t)|? < Elug|3e™™ + vt > 0.

This completes the proof of the Theorem. n

3.4.2 The stability of the stationary solution
In this subsection we strengthen the assumptions on F' by requiring that F'(u,t) = F(u)

for any ¢t € [0,7] and

F(0) #0,
|F(u) = F(v)|| < Crllu— ],

We associate to (3.7) the deterministic equation

~

u(t) + /Ot(uﬁu + B(u))ds = ug + /Ot F(u)ds. (3.82)
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Definition 3.15. The function u, is said to be a stationary solution of (3.82) if it satisfies

the time-independent problem

(

— VAU + curl(tg — @AUs) X Us + VP = F(us) in D,
divus = 0in D, (3.83)

Uso = 0 on OD.

\

Or equivalently, it verifies the following
v AU, + E(uoo,uoo) = F\(uoo)
as an equation in W+,

The analysis of (3.83) was done in [12] for the 3-dimensional case. The method in
[12], which is a combination of the Galerkin method and the Brouwer fixed point method

yields the following existence result for the stationary problem (3.83).

Theorem 3.16. For given aw > 0, v > 0 such that v — PCp > 0 there exists a solution
Uso Of (3.83). This function u, verifies

P2

< -
el < =5

I E(O)]],

and

’uoolw S K(Oé, v, F)7

where K(a, v, F) is equal to

V2||F(0))| L_?;CF (O‘SF + 1) + 1} .

Furthermore, this solution is unique provided that v — CpK (o, v, F) — P?*Cy > 0.

Definition 3.17. The stationary solution u., of (3.82) is said to be exponentialy stable

in mean square if there exist positive constants a and b such that
Elu(t) — usclyy < be™™,

for any ¢t > 0.
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In this definition, which is from [31], u(t) is the strong solution of (3.7) and the term
strong solution should be understood in the sense of Definition 3.2.

We prove the following
Theorem 3.18. For any 6 > 0, assume that G satisfies
|G (ttoo, ) < me™,
and
|G (u,t) — G(v, 1) [Fem < 0(t)|u — 0|3, Y(u,v) €V xV,

where §(t) is a positive integrable function such that 6(t) < Cse=%, Cs > 0.
Assume also that

2
v > 2CB|uoo|W + E

Then there ezists a constant a € (0,6) such that the following holds

Elu(t) — us|d < <E|u0 — Ugo | + @ i a)) e ™, vt > 0.

Proof. Thanks to Itd’s formula, we have

~

t
[u(t) — Uso|t = U0 — Uso|¥ — 2/ (VAU U — Uoo)+ < B(u,u), u — Uoo >]ds
t ‘ t
+ 2/ (F(u),u — ts)ds +/ |G (u, s)|yomds
0 0

t
+ 2/ (G(u,8), U — Uoo )ydWV.
0
Similarly

~

t
e u(t) — Uso|d = |t — Use|d — 2/ e (AU, U — Uoo)+ < B(u,u), 4 — Us >|ds
0
t t
| 2/ e (F(u),u — ux)ds + a/ €™ |u — Uno | ds
0 0

t t
[ B s)vonds +2 [ (G, s)u = v
0 0
for a > 0. Taking the mathematical expectation in both sides of this equation, and using

the property of stochastic integral (2.29) we obtain

~

¢
e Elu(t) — too|d = Elug — tso|y — 2/ eE[(vAu, u — o)+ < B(u,u), u — oo >|ds
0
¢ ¢ N
+ 2/ ePE(F(u),u — us)ds + / eE|G(u, s)|yemds
0 0

t
+ a/ e“Elu — o |3 ds.
0



P

UNIVERSITEIT YAN PRETORIA
UNIVERSITY OF PRETORIA
YUNIBESITHI YA PRETORIA

CHAPTER 3. STRONG PROBABILISTIC SOLUTION OF THE MODEL 56

Since uy is a solution of (3.83), then we have

~

¢ ¢
/ EVE[(V AU, U — Uno )+ < BUoos Uno ), U — Use >|ds = / e“E(F (too), u — Uso)ds.
0 0
We deduce from the last two equations that
¢ ¢
e"Elu(t) — tso|y = Elug — tso|t + a/ e E|u — oo |3ds — 2V/ e E||u — us||*ds
0 0

t t
—2/ e® < B(u, ) — B(Uoo, Uso ), U — Uno > dS +/ e“E|G(u, s)|yemds
0 0

t
+ 2/ eYE(F(u) — F(us), 4 — Uso)ds.
0
By Cauchy-Schwarz’s inequality we find from this relation that

t t
e"Elu(t) — ts |y < Elug — toolt + a/ e Elu — oo |[vds — 2V/ eE||u — uso|[*ds
0 0
t - . t N
—2/ e < B(u,u) — B(Uoo, Uoo), U — Uno > dS +/ eE|G(u, s)|yemds
0 0

t
+ 2/ B F(u) — F (|1t — 1oy [|ds.
0
(3.84)
But

~ ~

< B, u) — B(tso, Uso ), U — Uy >=< f?(u — Upo, U), U — Upo >,

and

< Bt 1) — B(too, o), Ut — Usg >= — < Bt — U, U — Uso), Uso >,
then we can infer from (3.84) that
t t
e"Elu(t) — uso|y < Elug — toolt + a/ e Elu — Uno|vds — 2V/ eE||u — uso|[*ds
0 0
t N t N
+2/ e < B(U — Uso, U — Ung ), Uoo > dS +/ eE|G(u, s)|yemds
0 0
¢
+ 2/ eVE[|F(u) — F (oo ||t — tusol]ds.
0

By (2.22) and the assumption on F' we see from the previous estimate that

2 t
P : / e Elu — oo |5ds
@ Jo

¢
Elu(t) — too |y < Elug — usolt + a/ e E|u — oo |3ds —
0

t t
- 203/ e E[|U — Uoo | [Uoo|w]ds + / e”E|G(u, s)|yemds
0 0

P2Cr

«

+2

t
/ e“Elu — us|Tds.
0

(3.85)
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It is not hard to show that

7)2 7)4
-1 .12 2 2
(I +ad) vy < ;\U\ < §!U|V7 (3.86)

for any v € V. We plug (3.86) in (3.85) and obtain

P2Cr

¢
e"Elu(t) — uoo|%, < Elug — uoo|%, + (a 4+ 2CB|us|w + — 2v) / e“Elu — uoo|%,ds
0

734 t )
+ E/o eE|G(u, s)|yds.
The assumptions on G gives

2
PCr _ 20)eElu — U |vds

t
e Elu(t) — uoo|%, < Eluy — uoo|%, + / (a + 2CB|us|w + -
0

7)4 t
+ 2§ /0 §(5))e"Elu — us |3 ds

4 gt
+2P—277/ ela=0s (s,
o 0
(3.87)

Using Gronwall’s inequality in (3.87), we obtain

2 4 pt
e"Elu(t) — uso |3 < exp {(a + 205 |tus|w + PaCF - 21/)25} exp {2%/ §(s)ds}
0

X (E]uo — Uso| + - 2 0(6(“*9)’5 — 1)ds> :

for any ¢t > 0. Since

2C | tse |w + PCr _ 2,
then we may choose a € (0,0) such that
a+ 2CB|Us |w + PiCr < 2v.
With this choice and the assumption on § we have
Elu(t) — usld < <E|u0 — Uso|? + ﬁ) e ™, Vt > 0.
And this completes the proof of the theorem. n

To close this chapter we notice that the results we have in this part of the thesis are

also valid for the case of periodic boundazry conditions.



Chapter 4

Existence of weak probabilistic

solutions

4.1 Introduction

In many cases of interest the Lipschitz condition on the forcing terms F'(v,t) and G(v,t)
no longer holds. In this chapter we consider such situation. More specifically, we suppose
that F(v,t) ang G(v,t) are only continuous with respect to the variable v. The appro-
priate notion solution in this case is that of weak probabilistic solutions known as well as
martingale solutions. Here we prove the existence of such solutions. To do so we mainly
use a compactness method which seems to have been initially introduced by Bensoussn
[8], [7]. In contrast to most work dealing with martingale solutions of SPDEs (]20], [17],
[25], [43], [44], [72]...), we do not use the martingale representation. The current chapter
is organized as follows. Section 2 is devoted to the formulation of the hypotheses and the
main result. We introduce a Galerkin approximation of the problem and derive crucial
a priori estimates for its solutions in Section 3; a compactness result is also derived. We

prove the main result in Section 4.

4.2 Hypotheses and the main result

We impose on our problem the following assumptions.

28
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4.2.1 Hypotheses

1. We assume that
F:Vx[0,T] >V

is continuous in the first variable, and mesurable for the second. We also assume

that there exists a constant C' > 0 such that for any ¢ € [0,7] and any v € V

(v, t)[v < C(1+ [v]v). (4.1)

2. We also assume that G(v,t) is continuous in its first argument, and measurable in
the second variable. We suppose that there exists a constant C' > 0 such that for

any t € [0,7T], G(v,t) satisfies

G (v, 8)|yem < C(1+ |v]y). (4.2)

4.2.2 Statement of the existence theorem of weak probabilistic

solutions
We introduce the concept of solution of problem (1.5) that is of interest to us.

Definition 4.1. By a weak probabilistic solution of the problem (1.5), we mean a system
(Q, F,P,F" W, u),
where
1. (9, F,P) is a complete probability space, F! is a filtration on (Q, F,P),
2. W(t) is a m-dimensional F'-standard Wiener process,
3. u e LP(Q,P; L0, T;W)), 2<p< o0,
4. For all ¢, u(t) is F'-measurable,

5. P-almost surely the following integral equation of Ito6 type holds
t
(u(t) —u(0),v)y + / v((u,v)) + (curl(u(s) — aAu(s)) x u,v)] ds
0
t t
— [P o). 0ds + [ (Glus). 9. 0w (s
0 0

for any ¢t € [0, 7] and v € W.

(4.3)
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Remark 4.2. In the above definition the quantity fOt(G(u(s), s),v)dW (s) should be un-

derstood as t
| (Gute).s Z / Gi(u(s), 5), v)AWi(s),

where G and W), denote the k-th component of G and W, respectively.
Now we state our main result.

Theorem 4.3. Assume that ug € W, assume also that the assumptions in Subsection
4.2.1 on the operators F,G are satisfied, then the problem (1.5) has a solution in the
sense of Definition 4.1. Moreover, almost surely the paths of the process u are W-valued

weakly continuous.

4.3 Awuxiliary results

In this part we introduce the Galerkin approximation scheme for problem (1.5) and es-

tablish crucial a priori estimates for the corresponding approximating solution.

4.3.1 The approximate solution

We make use of the Galerkin basis {¢; € W, i € N} introduced in Chapter 3. We consider
the subset Wy = Span(ey,...,ex) C W and look for a finite-dimensional approximation

of a solution of our problem as a vector u”Y € Wy that can be written as:

= Z cin(t)ei(z). (4.4)

Let us consider a complete probability space system (€2, F,P) on which a m-dimensional
standard Wiener process W taking values in R™ is defined and an increasing filtration F*

is generated by W. We require u” to satisfy the following system
d(u®,e))v +v((u, e))dt +b(u®, u e;)dt — ab(u, Au, e;)dt + ab(e;, Au” , u)dt
= (F(t,u™),e;)dt + (G(t,uN), e))dW i€ {1,2,....N},
(4.5)
N

where u as the orthogonal projection of u(0) on the space Wy, and

up (or u™¥(0)) — u(0) strongly in V as N — oo.
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The Fourier coefficients ¢;y in (4.4) are solutions of a system of stochastic ordinary dif-
ferential equations which satisfies the conditions of the existence theorem of Skorokhod
(see, for instance, page 59 of [111] or Theorem 4.22 of [71]). Therefore the sequence of

N

functions u" exists at least on a short interval [0,Tx]. Global existence will follow from

a priori estimates for u'.

4.3.2 A priori estimates

The following lemmas are proved exactly as in Chapter 3 (see Lemma 3.7 and Lemma
3.8).
Lemma 4.4. For any N > 1 we have
E sup |[u™(#)[F < +oo.
0<t<T

We also have

E sup |[u (1) < +oc.
0<t<T

Lemma 4.5. For any 4 < p < oo we have
E sup |[u™(s)fF < oo
0<s<T
and

E sup [uM(s)[E < oo.
0<s<T

Throughout E denotes the mathematical expectation with respect to the probability

measure P.

Remark 4.6. Lemmas 4.4 and 4.5 imply in particular that
E sup |u"(t)[f < oo,
0<t<T

E sup [u" (1)} < oo,
0<t<T

for any 1 < p < o0.

The following result is central in the proof of the forthcoming crucial estimates of the

finite difference of our approximating solution.
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Lemma 4.7. Let s,t € [0,T] such that s <t. For a fized t € [0,T], let

Z )\ e’L vEi

be an element of Wy which satisfies Lemma 4.4 and Lemma 4.5. The following holds

™ (1) = v (s)[f — [u™ (s) — UN(S)|%/+2/:V [ ()[1* = (@ (r), 0™ (r)))] dr
- /St (G (), ), u (r) — o™ (s)) dIV + ix /: (G (), 1)) dr

42 /:b(vN(s), A (), 0 (7)) + 2 /: (F(u™(r), ), 0 (r) — oV (s)) dr

o / b (), w (), 0 (5))dr — 2 / B (), A (), 0V (5))dr

Proof. For vV, for any s,t such that 0 < s <t < T, we have

dit (u™N () — v (s), €i)y +v ((u™N(t),e:)) + b(u™ (1), u™(t), e;)

— ab(u (t), AuN(t), ;) + able;, AuN (t),u™ (1))
= (F@"(t),1),e) + (G (t),1), &) %, 1<i<N.
This relation can be rewritten as an Itd equation of the form
d (u™(t) — o™ (s), €), + v (UM (1), e)) dt + b(u™ (1), u™ (), e;)dt
—ab(u™ (1), Au™(t), e;)dt + ab(e;, Au™ (t), u™ (t))dt
= (F(uM(t),1),e) dt + (G(uN(t),1),e;) dW.

Applying 1t6’s formula to the function (u¥(t),vV(s), e;)?3, multiplying the result by \;,

and then summing over ¢ from 1 to N yield
dlw|? 4 2v((u™ (1), w))dt + 2b(u™ (t), u™ (t), w)dt — 2ab(u™ (t), Au™ (t), w)dt
+ 2ab(w, Au (t), u (t))dt — 2(F(u™ (t),t), w)dt

_ZA e)? + 2(G™N (t),t), w)dW,

where w = u(t) — vV(s). Using the trilinearity of b and the well-known identity
b(u,u,u) =0, u € V, we find that

b (1), u™ (), w) — ab(u (£), A (1), w) + ab(uw, A (£), ™ (1)

= 0(u™ (1), u™(t), v (5)) — ab(u™ (t), Au™ (1), 0" (s)) + ab(v™ (s), Au™ (), u™ (¢))
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The lemma follows by combining this relation with (4.6), and integrating the resulting

equation between s and t. O

The following result can be proved by a similar argument used in [44], but to be

self-contained we prefer to give our own proof which is interesting in itself.

Lemma 4.8. There exists a positive constant C > 0 such that for all 0 < 6 < 1 and
N € N, the following inequality holds
- T—6 )
Esup/ [N (s 4 0) — u™ (s)[3y.ds < C§2.
[0]<s Jo

Proof. Since u(s) € Wy, s € (0,T) and it satisfies the Lemma 4.4 and lemma 4.5 the
we can take vVV(s) = uN(s) and t = s+ 6,0 < 0 < § <1 and apply Lemma 4.7. We

obtain
[ (s 4 0) — u™ (s)[3 + 2/8 v [||UN(T)||2 - ((uN(r),uN(r)))} dr
s+6 - N s+6 )
= / (G(uN(r), ), uN(r) — uN(s)) dw + Z Ai / (G(uN(r), ), ei) dr
s+0 s+0
+ 2/ b(uN (s), Au® (1), u” (r))dr + 2/ (F(uN(r), r), u® (r) — uN(s)) dr
s+0 s+6
9 / b (1), u (1), u (s))dr — 2 / b (), A (), u (s))dr
We derive that
T-§
]E/ Os<t;1<>6|uN(s+9) —uNSE <L+ L+ I3+ 1+ Is + g + I,

where

T8
I, =2E / sup
0

0<0<6

/ G 0 ) - ) ]|

I, = I_E/O ) Os<1;1<)5 Z/\ / (G(uN(r),r),ei)Qdfr
I3 = I_E/OT 6OS<1;I<)6 2/:+0V e ()] + (W™ (r),w™(r)))] dr
I =9 /0 o s / T (), A () ¥ () dr
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I, = 9F /0 T / B (), A (1) (5))dr

Iy = 9 /0 T / " N (), (), Y (5))dr

T—6 s+60
I; = QE/O sup / (F™(r),r),u™ (r) —u"(s)) dr|.

0<0<6

The proof of the lemma will consist of the following five steps.

Step 1: Estimate of [3. Owing to the equivalence of the two norms ||.|| and |.|y we

see that I3 is dominated by

3 T—6 3 s+9
ZC’E/ sup |u (s 4 0) — u”(s)|y (E/ |uN(r)|Vd7“) ds.
0 0<0<s s
We find from this and by a successive application of Cauchy-Schwarz’s inequality that
TS 3/ T8 3
I; < C6 (E/ sup [u (s +0) — uN(s)|%,ds) <E/ sup |uN(T)|§,dr)
0 0<0<6 0 0<r<T

Since s + 60 € [0,T] for any s € [0,7 — d] and any 0 < 6 < §, we get using the triangle

inequality and Lemma 4.4 that
I3 < (. (4.7)

Step 2: Estimates for Iy, I5 and Is. The estimate (2.8) and a successive applica-

tion of Cauchy-Schwarz’s inequality yield

L TS Y/ (T—6 psts 3
I, < C62 <IE/ |uN(s)|%st) (E/ / |uN(r)|%,drds) :
0 0 s

By Cauchy’s inequality, we have

L/ T8 T pstd
Iy < Coz (E/ [u ()3 ds +IE/ / ]uN(T)\%,drds) .
0 0 s

Thanks to Lemmas 4.4 and 4.5, we derive from the latter estimate that
I, < C63.

Similar estimates hold for I5 and Ig.

Step 3: Estimate for [7. Thanks to the idea used in the proof of the estimate (4.7),

<IE /0 o / " ), r)|§,cz7~ds)é |

we have that the quantity

N|=

T—6
Cs2 <E / sup |uN(s+9)—uN(s)|%yds)
0

0<6<6
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dominates I;. By the assumption on F' and the argument used in deriving (4.7) we have
I; < .

Step 4: Estimate for [I;. We use the same argument as used in the proof of Lemma
4.4 to get an estimate of the form

N

D MG (r)r) e) < CL+ [ ().

i=1

We derive from the definition of I, the latter estimate and Lemma 4.4 that
I, < C6.

Step 5: Estimate for [;. Thanks to Fubini’'s Theorem and the Burkholder-Davis-

Gundy inequality (see Theorem 2.15) we have

1
2

L <6 /0 g ( / " G (r), ) () uN(s))2dr) ds

By a sequence of Cauchy-Schwarz’s inequality we find that [; is bounded from above by

TS 75 3
C (E/ sup |u (s +0) — u” Vds) ( / / )|Vdrds) :
0 0<6<s

By the assumption on G and by Lemma 4.4 we get from the latter equation that
I < C63.
Combining all the estimates in Step 1-Step 5 we get

T-6
E/ sup [u (s +0) — u(s)|3ds < Céz.
0

0<6<6

Since V is continuously embedded in W*

T=6 T—6
I_E/ sup |u™ (s +60) — u” (s |§>V ds < C]E/ sup [u" (s + 0) — u™ (s)|3ds
0 0

0<0<6 0<0<6

wh—‘

< 0oz,

The lemma follows readily from this last inequality and noting that a similar argument

can be carried out to find a similar estimate for negative values of 6. O
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4.3.3 Tightness property and application of Prokhorov’s and
Skorokhod’s theorems

We denote by 3 the following subset of L*(0,T;V):

T—pnr
3= {Z € L0, T;W)n L>(0,T;V); sup / ' |z(t+60) — 2(t)
0

101 <penr

2
W*SCVM}a

for any sequences vy, pps such that vy, ppr — 0 as M — oo. The following result is a

version of Theorem 2.8 due to Bensoussan [7].
Lemma 4.9. The set 3 is compact in L*(0,T;V).

Next we consider the space & = C(0,T;R™) x L*(0,7T;V) endowed with its Borel
o-algebra B(&) and the family of probability measures 8 on &, which is the probability

measure induced by the following mapping;:
¢:wer (W(w,.),u" (w,.)),

that is, for any A € B(S), BV (A) = P(¢~1(A)).

We have the following lemma.
Lemma 4.10. The family (BY)n>1 is tight.

Proof. For any € > 0 and M > 1, we claim that there exists a compact subset K. of &

such that PV (KR.) > 1 — . To prove our claim we define the sets

W, =L W: sup 2% |W(t)—W(s)| < J., VM
t,s€[0,T]
|t—s|< 31

and

3. = {mowp (O < Ko, supla(t)f, < Lo,
t<T t<T

T—pm
sup / |2(t+0) — 2(t) 5 < RauM}
0

101 <pnr
where the sequences vy, and ) are chosen so that they are independent of €, vy, pias — 0

as M — oo and ) _,, VEM o« 0. Tt is clear by Ascoli-Arzela’s Theorem that 20, is a

Vm
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compact subset of C'(0,7;R™), and by Lemma 4.9 3. is a compact subset of L?(0,7T;V).
We have to show that 2. = BV (W, u") ¢ Q. x 3.) < e. Indeed, we have

2.<P|J (sup W(t) = W(s)| > J2iM> +P (sup NG K5>

M=1;j=1 t,s€l; t<T

(LA% {wﬁfM /oT_MM [ (¢ +0) — u™ () > REVM})

+ B (suple“ O > L.)
where {I; : 1 < j < 2M} is a family of intervals of length 21M which forms a partition of

+
=l

t<T

the interval [0, 7. It is well known that for any Wiener process B
E|B(t) — B(s)|*™ = Cy,|t — s|™ for any m > 1,
where (), is a constant depending only on m. From this and the Markov’s Inequality
_ 1 i
Pw: ((w) 2 a) = S E(((w)["),
where ((w) is a random variable on (2, F, P) and k and « are positive numbers , we obtain

S u\2m 1 T\ 1 - 1 -
223500 (2%)" 5 () + o Bsuple O + - Eswpla (0,

Ke t<T e t<T

2
W -

1 - T—pm
+Z E sup / |u™ (t + ) — u™(t)
0
Owing to Lemma 4.4, Lemma 4.8 and by choosing m = 2, we have

2 (o]
MDA PSP S S N/EM)

- L K. L. R4 wy
02T2 1 1 1 M
< 24 V) +C(— 4+ —+— Y,
< J§(+f)+ <K€+L€+RE VM)

A convenient choice of J., K., L., R. completes the proof of the claim, and hence the

proof of the lemma. O

It follows by Prokhorov’s Theorem (Theorem 2.17) that the family (BY)y>; is rela-
tively compact in the set of probability measures (equipped with the weak convergence

topology) on &. Then, we cairextract agsubsequence B that weakly converges to a
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probability measure 3. By Skorokhod’s Theorem (Theorem 2.18), there exists a probabil-
ity space (€, F,P) and random variables (W« u™+) and (W, u) on (Q, F,P) with values

in G such that

Whe W in C(0,T;R™) P — a.s, (4.8)
™ — win L2(0,T;V) P — a.s. (4.9)

Moreover,
the probability law of (W™* ™) is 8™ and that of (W, u) is B. (4.10)

For the filtration F*, it is enough to choose F* = o(W (s),u(s) : 0 < s <t),t € (0,T].

It remains to prove that the limit process W is a Wiener process. To fix this, it is
sufficient to show that for any 0 < t; < t5 < ... < t,, = T, the increments process
W(t;) — W (t;—1)) are independent with respect to F-1, distributed normally with mean

0 and variance t; — t;_;. That is, to show that for any \; € R™ and * = —1

E exp (z > M) - W(@-Q)) =L ew (—%Ag@ - tj1)> | (4.11)

The equation (4.11) will follow if we have

G2

E [exp (iAW (t + 0) — W (¢)))/ F'] = exp (—7) . (4.12)

We rely on the fact that for any random variables X and Y on any probability space
(Q, F,P) such that X is F-measurable and E|Y| < oo, E|XY| < 00, we have

E(XY/F)=XE(Y/F), EE(Y/F)=E®Y),
that is,
E(XY) = E(XE(Y/F)). (4.13)

Now, let us consider an arbitrary bounded continuous functional ¥,(WW, v) on & depending
only on the values of W and v on (0,T). Owing to the independence of W (t) to J,(W,v)

and the fact that W is a Wiener process, we have

E [exp (iAW (t 4+ 60) — W (1)) (W, v)]
=E [exp (iAX(W(t +6) — W(¢)))] E [9,(W,v)]

~ exp (_%"2> E [9,(7,v)]
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In view of (4.10), this implies that

E [exp (iA(WNe(t + 0) — WNe (1)) 9, (W v)]
=E [exp (iAWNe(t +0) — WNe(1)))] E [0,(WNe, v)]

2

= exp (—%) E [0,(W"k, v)] .

Now, the convergences (4.8) and (4.9) and the continuity of ¢ allow us to pass to the limit

in this latter equation and obtain
26?2
E [exp (AW (¢ + 8) — W(1))) 95 (W, )] = exp (—7> E [9:(1V, v)]

which, in view of (4.13), implies (4.12). The choice of the above filtration implies then

that W is a F'-standard m-dimensional Wiener process.

Theorem 4.11. The pair (u™+, W) satisfies the equation
t t
(u™Ne(s), e;)v + u/ (uMe(s), e;))ds —|—/ (curl(u™(s) — aAu™(s)) x u™*(s), e;)ds
0 0

— (% ey + / (F(u™(s), ), e:)ds + / (G (5), 5), e)aW ™.
(4.14)

for anyi > 1.

Proof. Let i > 1 be an arbitrary fixed integer. Following [8], we set
T t t
= [y = @evty [ (@) eds - [ (F(s)),eds
0 0 0
t t 2
+/ (curl(u™ (s) — aAu(s)) x u¥(s), e;)ds —/ (G(uN(s),s),ei)dW‘ dt.
0 0

Obviously
XN=0P-a.s,
which implies in particular that
_ XN
=0.
1+ XY

Now we let
D). /OT ‘(UNM(S),@)V + V/Ot((uNu(s),ei))ds — /Ot(F(uNu(s),s),ei)dS
— (up*, &)y + /Ot(curl(uN”(s) — aAu™(s)) x u¥(s),e;)ds

4 /0 (G (s), 5), e)dv e | .
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We shall prove that
PN
F—*
1+ YNe

The difficulty we encounter is that X" is not a deterministic functional of u” and W

— 0. (4.15)

because of the stochastic term. To overcome this obstacle we introduce

€

Gt =1 6 (-122) s oyt (1.16)

where ¢ is a mollifier. It is clear that

I_E/T\Gs(u(t),t)Ith g]E/T]G(u(t),t)]2dt. (4.17)

Moreover,

G (u(.),) = Glu(.),.) in L@, B; L2(0, T5 V),
which implies in particular that
(G=(u(.),.), &) — (G(u(.),.),e;) in L*(Q,P; L*(0,T)) for any i > 1.

Let us denote by XV and 9)V#¢ the analog of XV and 2"+ with G replaced by G¢.

Introduce the mapping

one :C(0,T;R™) x L*(0,T;V) — (2, F,P)

_ :{N,z—:
NUAA e —
SON, ( v ) 1 ‘I—xN’E

Now, it is seen that ¢y, is a bounded continuous functional on &. Next, let us define

_ xNu,s
13 W’ N = T -
(W) = =i
We have
2)NM78
B e = Bom (W, u™) (4.18)

Since @n,, (W™, uM#) is a bounded functional on & and since the law of W« uMe is

PV (see (4.10)), then
Ny,e
El —?Q)Nu,e B /GSO(w,v)d;BNu.
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Ny,e
_g_*
1+ XNue
That is,
Ny.e B Nye
g9 _p X
1 +@Nu,a 1 _’_xNu,a
Note that
N N N Ny Nye B Nye
¥ g *r g( P 3 +E-2 g
1+ YN 14 XN 1+ YNe 1+ YNuse 1+ YNue 1+ XNue
B xNu,s %Nu
+E —
14 XNwe 14 XN

We can check that

E @Nu @NM,E
1+§DNM o 1"'@]\[‘“8

& ' @NM _ mNH,E
(1+YN) (1 + Yhes)

)

and it implies that

=

E ;%jNu @Nu,a
1—|—@N# o 1+@N#,€

<C (E /OT (GE(u™e (t), 1) — G(uN”(t),t),ei)Pdt) y

We also have

XN XN
L4+ XNe 14 XDwe

<C (/|G5 Ni(t )—G(uN“(t),t),ei)\th>é.

The above estimates and (4.18) yield

g

=

2

Ny
B2
1+ YNe

_ :{Nu
_wE1+%ML

<c (E /0 G (). 1) G(uN”(t),t),ei)th)

Passing to limit to the above relation imply (4.15) and hence (4.14).

4.4 Proof of the main result

4.4.1 Passage to the limit

From the tightness property we have

71

™ — win L*(0,T;V) P-as. (4.19)
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Since N+ satisfies the two equivalent equations (4.14), then it verifies the same estimates
as u™.
Let us consider the positive nondecreasing function ¢(x) = 2P, p > 4 defined on R,. We

have

lim () = 00. (4.20)

r—o0 X

Thanks to the estimate Esup;cjo 7 [u™*|v < C, we have

E(o(|u™|120.7:3)) < 0. (4.21)

Thanks to the uniform integrability criterion in Theorem 2.20 we see that |uN“ ] £2(0,7:v) 18
uniform integrable with respect to the probability measure.

We can deduce from Vitali’s Convergence Theorem 2.21 that
™ — win L*(Q,P, L*(0,T;V)). (4.22)

This implies in particular that

™ —u in L2(Q,P, L*(0,T; L*(D))), (4.23)
N,

ag O G L2, B, 120, T LA(D))), i = 1,2. (4.24)
€T; €X;

Thanks to (4.22), we can still extract a new subsequence from u™» denoted again by u¥»
so that

u™* — w in V dt x dP — almost everywhere. (4.25)

It is readily seen that
(™, e;)) = ((u,e;)) strongly in L*(Q,P; L*(0,T)).

Let x be an element of L>(2 x [0, 7], dP ® dt).
Since e; € H*(D) C L>®(D), then ye; € L>(Q2 x [0,T] x D, dP @ dt ® dx). Thanks to
(4.23), (4.24) we have that

Ny
uj 85’“ (xei)r — u]a -(xe€i)k € LY(2 x (0,7T] x D), (4.26)
x; Ox;

which implies that

T T
E/ b(u™e, ulNe ) ye;)dt — E/ b(u, u, xe;)dt for any i. (4.27)
0 0
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Since in view of Lemma 3.6 ¢; € H*(D), then

0 Oe;
— : L®(Q,P, L>(0,T;H*(D))).
5 (50 ) € e P L0, T3E(D))

Since H?*(D) C L>°(D), then

@ 8ei
- (G) 1@ p 0. rLeD)

With the help of (4.23) we obtain

0 de; 0 Oe;
Ny 7 ? . 2 T2 LT 2
g (x5 ) =g () n QB HO.TLHD))

We derive from this and (4.24) that

T 0 Oe; oulVn T 0 Oe; ou
NM 1 7 ..
5 [ g (Xaxj)l(axj )ZdHE/O U G (Xax)l(axj)ldt’ R
(4.28)

In the above equations (f); denotes the k-th component of the vector function f.
We can use the same argument to show that
T N, N T
0 d(ei); (O 0 d(e; 0 o
E/ ( U > e ( Y > dt—>E/ ( “) 2L < “) dt, Vi, i k..
o \Oz; ), dx; \ dz; /, o \9z; /" Ox; \dz;/,
(4.29)
The density of L>®(2 x [0, T], dP®@dt) in L*(Q x [0, T],dP®dt), together with the relation

(2.12), and the two equations (4.28), (4.29) imply that
b(uN“, Ay, e;) — b(u, Au, e;) weakly in L2(Q,]:, P; LQ(O,T)), (4.30)

for any 1.

Using the equation (2.13), we can imitate the argument used above to show that
bles, Au™, u™) — b(e;, Au,u) weakly in L*(Q, F,P; L*(0,T)), (4.31)

for any 1.

We conclude with (2.9), (4.27), (4.30) and (4.31) that
(curl(u™ — aAu™) x uMe;) = (curl(u — aAu) X u, e;),

weakly in L?(Q,P; L*(0,T)) for any 1.
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It follows from (4.25), the Lemma (4.5), the assumption on F' and Vitali’s Convergence
Theorem 2.21 that

F(u™(,),.) = F(u(.),.) strongly in L*(Q, F,P; L*(0,T;V)). (4.32)
This implies in particular that
(F(u™(,),.),e:) = (F(u(.),.), ) strongly in L*(Q, F,P; L*(0,T)),

for any i.

It remains to prove that
t t

/ (G, s), ex)dW N — / (Glu, ), e:)dW weakly in L2(Q, F,P: I2(0,T)), (4.33)
0 0

for any ¢t € [0,7] and ¢ as 4 — oco. Using a similar argument as in [114] we will just show

that
T T
/ (G(uMr, 5), e;)dW e 4/ (G(u, s), e;)dW weakly L*(Q, F,P), (4.34)
0 0

from (4.33) follows. From now on we fix ¢ > 1. First, Lemma 3.8, the convergence (4.25),

the assumption on G and Vitali’'s Convergence Theorem 2.21 imply that
(G(uM,.), ) — (G(u,.),e;)in L*(Q, F,P; L*(0,T)) (4.35)

as p — 0o. We consider the already introduced regularized function G®(u(.),.) in (4.16).
We readily check that

(G*(u(.),.), e) — (G(u(.),.), e;) in L*(Q,P; L*(0,T)), (4.36)
as € — 0. We also have
T T
IE/ [(GF(ue ) t) — GE(u, t), ;) |2dt < ]E/ (G (u™,t) — G(u,t), e)dt. (4.37)
0 0
The crucial point is to show that

T T
/ (G (u™ 1), e;) AW e — / (G=(u,t), e;)dW weakly in L*(Q,P). (4.38)
0 0

Since
2

T T
E / (GE(uNe 1), e)dW e | = IE/ (GE(u™ 1), e;)dt < oo,
0 0
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then fOT(GE(uN”, t), ;) dW e weakly converges to a certain 3 in L2(£2,P). An integration-

by-parts yields

/0 (GE(u™ 1), e)dW N = (GE(u™(T), T), e;) —/0 WN“(t)%(GE(uN“(t),t),ei)dt,

where

d, . 1 T q t—s N,
GO 0.0 = 2 [ Lo-TG0 M), s)eds.

By virtue of the convergence
(u™Ne, W) — (u, W) in C(0,T;R™) x L*(0,T;V)
P-almost surely, we have
T
d
/ (G (e 1), €)W — (G=(u(T), T), &) / W) (G ), 1), et (439
0
for almost all w € Q. The term in the left hand side of the equation (4.39) is equal to
T
| et o.eaw
Now let us pick an element ¢ € L>(2,[P). We have
T T
E / (G=(u™r (1), 1), Ces)dWNr — E / (G=(u(t),t), Ce;)dW, (4.40)
0 0
that is
T
5= [ (G Gule) ). caw
0
Indeed, thanks to the estimate (4.17), the Lemma 4.4 the sequence of random variables
fOT(GE(uN“ (t),t), Ce;)dW N is uniformly integrable. Owing to the convergence (4.39) and
the applicability of Vitali’s Convergence Theorem (Theorem 2.21), we get (4.40). We also
have (4.38) since L>(Q, F,P) is dense in L*(Q, P).
Let ¢ € L*>*(Q2,P). We write
T T
’]E/ (G(u™(t),t), Ce;)dWNr — IE/ (G(u(t),t),(ei)dW‘ < Ji+ Jy+ Js, (4.41)
0 0

where

5= |E /0 (GF (M (1), 1), Ces)dW ™ — /O (G (8), 1), Cer)dIW N

Jo. = IE/O (G=(ur (1), 1), Ces)dW ™ —E/O (Gs(u(t),t),gei)dW'

Js= E /0 (G=(ult), ), Ce;)dW — E /0 (G(u(t),t),(ei)dW'.
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By Cauchy-Schwarz’s inequality and owing to (4.36), the term J; of the right hand side
of (4.41) converges to zero as ¢ — 0.
By (4.40), the term J5 in the right hand side of (4.41) converges to zero as u — oco.
By Cauchy-Schwarz’s inequality again, some simple calculations, and making use of the
estimate (4.37) and the convergence (4.35) and (4.36) we see that .J; converges to zero as
e — 0 and pu — oo.
In view of these convergences passing to the limit as € — 0 and g — oo in (4.41) we
get (4.33).
Combining all these results and passing to the limit in (4.14), we see that u satisfies the

equation (4.3). This proves the first part of Theorem (4.3). The next subsection addresses

the continuity in time of u.

4.4.2 Pathwise continuity in time of the weak probabilistic so-

lution

We have already shown that for any ¢ > 1 the equation
t
(u(t), e;)v = (uo, e;)v + / ((F(u(s),s) — curl(u — aAu) x u,e;) — v((u(s),e;))) ds
0

+ /0 (Gluls), ), e:)dW

holds almost surely for any ¢ € [0, T].
For any 7 > 1 let ¢ be the mapping

0,7] - R

t— o(t) = (u(t),e;)y.
Let 0 > 0. We have

lo(t) — @(t +0)| < /t ((F(u(s),s) — curl(u — aAu) x u,e;) — v((u(s),e;))) ds

t+0
+ /t (G(u(s),s),e;)dW
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Let p > 4, we obtain by raising both sides of the last inequality to the power £

/ttH(G(U(S)’ e | e (/tt+6 [(F(u(s), ), 6i)|d8>5

t+6 5
+C (/ |(curl(u — aAu) X u, ei)|ds>
¢

vo(vf |<<u<s>,ei>>\ds)g

We infer from this that

o) =t +0)]2 <C

Elo(t) — o(t + 0)[% < E(/tt+6|(curl(u—ozAu)xu,ei)|ds>g

ya
2

t+6
+ CE sup / (G(u(s),s),e)dW
0<60 | Jt

res( [ P Gs) ), ez->|ds)g

ve(f " (s ei>>|ds)g ,

which implies by the help of the martingale inequality that

t
E|p(t) — ot +0)|> < CO* 7 / |(curl(u — aAu) X u, e;)|2ds
p—2 tt+5 P
+092/ (F(u(s), ), e)[3ds
p—2 t t+4 j2
v oezy/ ((u(s), e))|3ds
t

+CE (/tt+0 (G (u(s), s), ei)|2>g .

Using previous estimates and some elementary inequalities the following holds :
Elp(t) = p(t + 0)|% < C(O"'T +017),

for any 0 > 0. We conclude from Kolmogorov-Centsov Theorem (Theorem 2.10) that
the stochastic process ¢(.) = (u(.), ¢;)v has almost surely a continuous modification with
respect to the time variable ¢t. Identifying u with this modification, we see that u has
almost surely continuous paths taking values in V-weak. Since w is also in the class

LP(Q,P; L>(0,T; W)), then ui)also has almost suxely continuous paths with respect to
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t taking values in W-weak (see [115] for justification). It follows that the initial condition
u(z,0) = ug € W in (1.5) makes sense.
To close this chapter we notice that the results about the stability of the solutions
we gave in Chapter 3 still hold for the weak probabilistic solution. We also mention that

the existence we have here and in the preceding chapter hold for the periodic boundary

conditions.



Chapter 5

Asymptotic behavior of solutions of
stochastic evolution equations for

second grade fluids

5.1 Introduction

This chapter is devoted to the analysis of the behavior of the solutions of the stochastic
equations for the motion of turbulent flows of a second grade fluids when the stress
modulus « tends to zero. More precisely for a periodic square D, D = [0, L]* C R?
L > 0, we aim to study the convergence of the periodic-in-space velocity solution with

period L of the following:

.

d(u® — aAu®) + (—vAu® + curl(u® — aAu®) x u* + VP)dt = F(t,z) dt + G(t,z)dW
in Q x (0,7] x D,
divu®*=0in Q x (0,7] x D,

Jputdz = 01in Q x (0,7,

u*(0) = up in Q x D,
(5.1)

when the parameter o tends to 0. Here P is a scalar function representing a modified
pressure, (2, F,P), 0 <t < T, is a given complete probability space on which a R™-

valued standard Wiener process W is defined and F* is an increasing filtration generated

79
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by W. Our aim is to show that we can construct a sequence u® of strong probabilistic
solutions of (5.1) that converges in appropriate sense the strong probabilistic solution of
the stochastic Navier-Stokes equations as o; — 0. That is, there exists another complete
filtered probability space (Q, F,F! P), a R™-valued Wiener process W and a stochastic
process v such that the following holds in the distribution sense

(

dv + (vAv + P(v - Vv))dt = F(t, z)dt + G(t, z)dW
in Q x (0,7] x D,
dive = 0in Q x (0,7] x D, (5.2)

[ vdz =0in Q x (0,77,

Kv(O) =g in Q x D;

here the operators A and P denote the Stokes operator and the Leray’s projector, respec-
tively. In the deterministic case, that is, when G(t,z)dW = 0 it is known from [61] that
under general assumptions on the data (uf, F') the weak solution (in the partial differen-
tial equations sense) of the second grade fluids equations converges weakly to the weak
solution (in the partial differential equations sense) of the Navier-Stokes equations.

In addition to the current introduction, this chapter consist of three other sections.
In Section 2, we give the hypotheses on our problem and state the main result whose
proof is given in the last section. Section 3 is devoted for the derivation of crucial uniform

estimates that are needed for the proof of the result.

5.2 Hypotheses and a convergence theorem

Throughout this section we assume that

(I) F=F(t,x)is a Vp,-valued function defined on [0,7] x D such that the following
holds

T
/0 F(t,2)f, . < oo,

for any 2 < p < o0.

(Il) G = G(t,z) is a V& -valued function defined on [0, 7] x D such that the following

per
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holds

T
| 16t <o,
0

per

for any 2 < p < 0.

(III) We further assume that uy C Ve N H;;er is nonrandom and there exists a positive
constant C' independent of « such that |ugly,,, < C. Suppose also that the viscosity

v > 0.

Throughout |.| and ||.|| denote the norm in H,., and the gradient norm on V., re-
spectively. For our convenience, let us recall the definition of the concept of the strong

probabilistic solution for problem (5.1).

Definition 5.1. By a strong probabilistic solution of the system (5.1), we mean a stochas-

tic process u® such that
1w e LP(,P; L°°(0, T, W)) N LP(Q, Py L=(0,T; V,e,)) with 2 < p < o0,
2. For all ¢, u®(t) is F'-measurable,

3. P-almost surely the following integral equation holds
(0 = 0) O, + [ A, 60) + (ewrl(u(5) — adu () x " (5),6)] s
-/ (F.g)ds + / (G o) (s)
for any t € [0, 7] and ¢ € Vper.

We know from Theorem 3.4 and Theorem 3.12 of Chapter 3 that (5.1) has a unique
strong probabilistic solution.
Before we proceed to the statement of our main result we give the definition of weak

probabilistic solution of the SNSE, this is taken from [§].

Definition 5.2. By a weak probabilistic solution of the SNSE, we mean a system
(Q7 ﬁ? P’ Ft? W? U)?

where
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1. (Q, F,P) is a complete probability space, F* is a filtration on (Q, F,P),
2. W(t) is an m-dimensional F*-standard Wiener process,
3. v € LP(Q,P; L2(0,T; Vyer)) N LP(Q,P; L°(0, T; Hyer)), V2 < p < 00,
4. For all t, v(t) is F-measurable,

5. P-almost surely the following integral equation holds
t
()~ 0(0).0) + [ (. 0)+ < v- Vo6 >]ds
0
t t
~ [(Royis+ [ Gov)
0 0

for any ¢t € [0, 7] and ¢ € Vper.
Our main result is the following convergence theorem.

Theorem 5.3. Under the hypotheses (I)-(III) there exist a probability space (Q, F,P), a
family of probability measures (Q%), a probability measure Q, and stochastic processes
(Wi u), (W, v) such that the law of (W u®) (resp. (W,v)) is Q% (resp. Q) and
W% — W in C(0,T;R™) P — almost surely,
u® — v in L*(0,T; H,..) P — almost surely,
as j — 0o (aj — 0) . The pair (W u) satisfies P—almost surely (5.1) in the sense of
distribution and as j — oo (a; — 0)
u® — v, weakly in LP(Q,P; L*(0,T; V,e,)), (5.4)
u® — v weakly-* in LP(Q,P; L>°(0, T; Hy,)), (5.5)

for all 2 < p < oo. Furthermore, (Q, F,P,v,W) is a weak probabilistic solution of the
SNSE:

i

dv + (vAv + P(v - Vv))dt = Fdt + GdW
in Q x (0,T] x D,
Sdivo =0 inQ x (0,7] x D, (5.6)

[pvdz =0 1inQx (0,7,

v(0) = ug in Q x D.

\
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Remark 5.4. Since we are in 2-D then it is known that under the conditions (I)-(III) the

problem (5.6) has a strong probabilistic solution which is unique, see for example [81].

This implies that the process v of the above theorem is a strong probabilistic solution of

the stochastic Navier-Stokes equations (5.6).

5.3 Uniform a priori estimates

In this section we derive some estimates uniform in «. These inequalities do not follow
from previous ones (see Chapter 3) which explode when o« — 0. As usual C' denotes some
unessential positive constants independent of «, and which may change from one line to

the next. Since we will let & — 0 then we may assume that a € (0, 1).

Lemma 5.5. For a € (0,1) we have

T
E sup (Ju*(s)]” + allu®(s)|[*) +E/ lu(s)||*ds < C, (5.7)
0<s<T 0
2 T 5
E sup (Ju*(s)]” +alu®(s)|[*)* + E (/ IIU‘”(S)IIQdS) <C, (5.8)
0<s<T 0

for any 2 < p < oco.
Before we prove this result it is important to make the following remark.

Remark 5.6. We recall that the continuous linear operator (I + aA)™!, where A is the
usual Stokes operator, establishes a bijective correspondence between the spaces H!_ (D)N

per

Vper (resp. Hye) and HLP2(D) NV, [ > 1 (vesp. | = 0) (see Theorem 2.7). Furthermore

per

for any w € Ve, and f € HL,.(D), 1 >0,

(([ + O‘A)ilfv w>Vper = (fa w)> (59)
(I +aA) fly,., < C|f] (5.10)

Proof of Lemma 5.5. We start by establishing (5.7). To get rid of the gradient of the
modified pressure we project the first equation of (5.1) onto H,., using Leray’s projector

P. By doing so we obtain the equation

d(u+ aAu®) + Au®dt + B(u®,u®)dt = Fdt + GdW, (5.11)
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which holds P-almost surely since u® is a solution of (1.5). Here we have set
B(u®, u®) = P(curl(u® — aAu®) x u®).

Applying the linear mapping (I + aA)™! to both sides of (5.11) we have the following

equation

du® + (I + aA) " Audt + (I + aA) ' Bu®,u®)dt = (I + aA)"'Fdt + (I + aA)~ GdW,

which holds P-almost surely for any ¢ € [0, T]. For the rest of this chapter we write
(I+aA)'F=F,
(I+ad)'G=03G.

[t6’s formula for the square of the norm of u® in V (see [94] or [73]) implies that

dlu} |+ 2((1 + aA) " Au )y, dt + 2((1 + aA) T Bus, u), u)y,, dt
= (F,u)y,, dt + |G endt +2(G, u)y,, dW.

Using the relation (5.9) of Remark 5.6 and the equation
(B(u®,u),u) =0,

we obtain

dlu®f5,, + 2lu|Pdt = 2(F,u®)dt + |G[Sendt +2(G, u®)v,,, dW.
This implies with the help of Cauchy-Schwarz’s inequality and (5.10) that

dluc3 |+ 2/ju||*dt < 2|F|ju®|dt + ]@|§,§,er15 +2(G,u®)y,, dW.
By Cauchy’s inequality we see from this last estimate that

dlu®f3,., +2[[u”|Pdt < (|F]* + [u®*)dt + |@|§,§€Tdt +2(G, u)y,,, dW,

and by the definition of |.[{; ~we have that

ducf},, + et < |F, + [}, dt + |GRondt + 2(G,u%)y,, dW.  (5.12)
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Taking the sup over 0 < s < ¢, t € [0,7] and passing to the mathematical expectation

yield

¢ ¢
E sup |u®3 ot ZE/ ||u®||?ds < C’—HE/ |uo‘|%,perds + 2E sup
0

0<s<t 0<s<t

/ (@7 ua)vperdW' ’
0

where the assumptions on F' and G were used. Burkhélder-Davis-Gundy’s inequality (see
Corollary 2.15) implies
t t 1
E sup |u°‘|%,per + QE/ |[u||?ds < C’+E/ ]u“|§,pe7'ds + 6E (/ (G, u )des> :
0<s<t 0 0

Cauchy’s inequality implies

t t
1
E sup |u°‘|§,per + QE/ [u®||?ds < C’+E/ |u“|§,perds+ §IE sup |u°‘(s)|%,per
0 0

0<s<t 0<s<t
t ~
2
per
0
or

t t
E sup [u°f3,,, + 4 [ ||uf]Pds < O CB [, ds.
0 0

0<s<t

Here we have used (5.10) and the assumption on G. It follows from Gronwall’s inequality
that
t
E sup |u“|§,m + QE/ l[u||?ds < C,
0

0<s<t
for any t € [0, T]. This completes the proof of (5.7).

We continue with the proof of (5.8). For 2 < p < oo and t € [0, T the following holds:

t
o+ [ s = [l (B + 2 [ 26
0

E a|p—4 el a|p—2 el
Hult, + LS G+ p [ 12 G

\%,perds
(5.13)

here we proceeded as in the proof of Lemma 3.8 of Chapter 3. Owing to (5.10) and the

above estimate we see that

i s el B+ 5o [ e 2 iards + 2522 [ e 2o
_'_‘UJO K\)Iper + p/ ‘U/a @;&27‘ (G7 ua)VperdW
0
(5.14)

This last estimate implies together with Young’s inequality that

t t t t
ol < uolf_+C / O ds+C / FlPds+C / GlPds+p / B 2(G u)y,, W,
0 0 0 0
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Taking the sup over 0 < s < t, passing to the mathematical expectation and using the

assumptions on F and G we get

t
E sup ]u“|€/per < \uol@p” + C’IE/O |W’€1perds + pE sup

0<s<t 0<s<t

S
/ ‘ua|§/;c52r (G7 ua)Vpe'rdW’ ‘
0

Invoking Burkhélder-Davis-Gundy’s inequality (Corollary 2.15) yields

1

N 3

E sup |u®lf C’IE/ uly,,,ds + pE </ |ua|§,ier2|G|§,perds) .
0<s<t

We infer from this estimate, Young’s inequality, (5.10) along with the assumption on G

and Gronwall’s inequality that

E sup |[u*(s)fy,,, <C, (5.15)

0<s<t

for any t € [0,7] and 2 < p < oco. We deduce from (5.12) with the help of this last

t 5
E (/ HuaH?ds) <C+CE
0

Applying Burkholder-Davis-Gundy’s inequality (Corollary 2.15) and using (5.15) we de-

(/ ]| ds) <c

And this completes the proof of (5.8), hence the lemma. n

estimate that

t £
/ (G, u®)e,, AW (5.16)

0

duce that

The application of Prokhorov’s Theorem relies on the following key lemma. From now
on we set HP, (D) = HY,. and HY, (D) = HY,, for any 5 € R; we recall that the subscript

per per

“mp” stands for “zero mean periodic”.

Lemma 5.7. For any ¢ € (0,1) we have

T-6
Esup/ 0t +6) — (1) < OO (5.17)
19]<s Jo

Proof. In what follows we set

81 = 0;, for any i,
and we rewrite the first equation in (5.1) as follows (see [61] for the details)
0
8t(u — aAu®) — vAu® 4+ u® - Vu® —aZa Or(u Opu) +a26 (Oruf Opu®)

g 7 v (5:18)
=) Ou(OusVuf) — VP + F+G—
7,k
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where

1
VP = §V(\ual2 + a|Vu®|?) + VP.

The projection of (5.18) onto the space of divergence free fields eliminates the term V P¥,

and we obtain

A0 + {vAu® + P(u® - Vu®) — o> P(0;0u(ufOu®)) + a Y P(0;(Opus Opu)) }dt
gk 4.k

= P(0x(0pu§Vus))dt + Fdt + GdW,
7.k

(5.19)

where ® = P(u®* — aAu®). We derive from (5.19) that

O(t+0)—d(t) = /t+ {—vAu® + « Z (P(ﬁj@k(u;“(?kua)) — P(aj(ﬁkugakuo‘)))}ds
¢ F

t+6 t+6 t46
_ / P(u® - Vu®)ds + / {a Z P (0 (OrujVu3)) + Flds + / GdW,
t t ik t
(5.20)

for any 6 > 0. We infer from (5.20) that

2
t+6
|®(t + 0) — (I)(t)‘;l;f <2 (/ {—Hua . Vuo‘|H;; + Ozz |5’j5’k(u?akuo‘)’ﬂ-n;e4r} dS)
P t J’kj
2

t+6
+4 (/ {a Zﬂaj(aku?akua)m;; + O (Opu Vug) - ] + |F|Hpe4r} dst)
¢ T

t+6 2
/ GdW
t

t+6
—|—2/ V|Au®|gyoads + 2
t

—4
Hper

which implies

t+60
Dt +0) — D()[%4 < CO / {—|—|ua Vs 0?1000 (uS D) 2 } dt
per t mp per

e

i,k
t+6
+C9 / 0”105 (Oku Oku) 3 s + [Ok(Opus V)2 o] + | FI” ¢ dt
t j7k; P P
t+6 t+0 2
+00/ v|Au®|? s ds + 2 / GdW
t t Hyh
It is not hard to see that
ule £ Cleefy (5.21)
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For n = 2 Theorem 2.2 implies that
lu® - a|H_4 < Ol Vu®?, (5.22)

a2|8j8k(u§‘6ku Mi=a < ClufOpu[f-2 < Clu®*|Vu®|?. (5.23)

- “li2

From Theorem 2.2 again we have that
|0k O g2 < O|Vus* Vk, j,
from which we derive that

o?|0;(Opul )74 < aCa| Vus?[Vus|?. (5.24)

B

A similar argument can be used to show that

0|0k (Opus Vud) 2 s < aCalVu® P Vu® [, (5.25)

o

The estimates (5.21)-(5.25) along with (5.8) allow us to write

T—6 T—6
IE/ sup [(t + ) — B(1)|3 dt < 052+05+05E/ / oV 2| Vue P dsdt
0

0<0<6
T—6 t+0 2
+CE / sup / GdWwW
0o 0<0<6s |y

dt.

—4
Hper

But (5.8) implies that

IS

T
E sup o |Vu(t)]P + vE (/ \Vua(t)|2dt) <C, 2<p<oc.
0

0<t<T

From which we deduce that

dt.

H;Ter

T3
E/ sup |D(t40) —®(t)]2 adt < 052+C'5—|—C'(5+C’E/ sup
0 mp

0<0<96 0<0<6

/ GdW

By making use of Burkhélder-Davis-Gundy’s inequality (Corollary 2.15), the assumption

on G we obtain that

T—45
E/ sup |®(t +6) — B(0)|2_.dt < C6.
0 mp

0<0<6

For almost all (w,t) € Q x [0,7] we have

w4 0) — ut(t) = (I + ad) Y(B(t+0) — B(t)),
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which implies that

[u®(t+0) —u*(t)|2s < |P(t+0)—P(t)|%s ,VB €R. (5.26)

HY,, HY,,

Indeed for any ¢ € HP, (D) such that divg = 0 and [, ¢(z)dz = 0 we have (see for
example [35] [48] and [117])

|Blgs, = D 1B PAT <> (14 o) 6PN,
j=1 J=1

that is,

W@wa <l¢p+ 04A¢‘§nga

where ¢ = Z;‘;l ¢je;, and Aej; = Ajej, j = 1,2...; the e;j-s are the eigenfunctions of the
operator A and the A;-s are the corresponding eigenvalues. It then follows from (5.26)
that
-5
]E/ sup [u®(t+60) —u(t)|? _sdt < C6.
0 P

0<0<6

A similar argument can be carried out to prove the same estimate for the case # < 0. [

5.4 Proof of Theorem 5.3

Let us introduce the mapping
U:wi— (W(w),u(w,.)).

The family of probability measures Q% is defined on & = C(0,T;R™) x L?(0,T; H,.,) by

for any S € B(&), where B(S) is the Borel o-algebra of &. We have the lemma
Lemma 5.8. The family {Q": 0 < a < 1} is tight.

Proof. With the help of the Lemmas 2.8, 5.5 and 5.7 the proof follows the same lines as

in the proof of Lemma 4.10, so we omit it. O

Prokhorov’s relative compactness theorem enables us to extract from % a subsequence

0% such that Q% weakly converges to a probability measure Q on &.
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And finally Skorokhod’s Theorem ensures the existence of a complete probability space
(Q, F,P) and random variables (W, u®) and (W, v) defined on (Q, F,P) with values in
G such that

The probability law of (W u%) is Q%

The probability law of (W, v) is Q,

W% — W in C(0,T;R™) P — as., (5.27)

u® — vin L*(0,T;H,.,) P — as.. (5.28)
Moreover, letting F! be the o-algebra generated by (W(s),v(s)),0 < s <t and the null
sets of F, we can show as in Subsection 3.3.3 of Chapter 3 that W is a Ft-adapted standard

R™-valued Wiener process. Furthermore, we can prove the following result (see the proof

of Theorem 4.11).

Theorem 5.9. For any j > 1, ¢ €V, for all t € [0,T] the following holds almost surely
t ¢

(u®, ¢)Vper + / {(vAu® + B(u®,u®), ¢)}dt = (up, ¢)Vper + / (R(u®) + F(u®), ¢)dt
0 0

" / (G ey,
(5.29)

where
B(u®,u®) = P(u" - Vu),
R(u“) = « Z P (0,0 (u;” 0pu®) + 0;(Opu;” Opu®) — O (Ouy” Vug”)) .
ik
We are now left with the proof of the last statement of Theorem 5.3. To achieve that
we have to pass to the limit in equation (5.29). Since u® satisfies (5.29) then u® satisfies

the estimates in Lemma 5.5. Consequently, we can extract from (u®) a subsequence

denoted by the same symbol such that

u® — v weak- * in L*(Q,P; L=(0, T; H,e,)),

u® — v weakly in L*(Q,P; L*(0,T; Vyer)). (5.30)
We derive from (5.23)-(5.25) that

R(u®) — 0in L*(Q,P; L*(0, T; H1)).

per
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Thus
(R(u™),¢) — 0in L*(Q,P; L*(0,T)),Y¢ € Vper.
Since A is linear and strongly continuous then owing to (5.30) we have
Au® — Av weakly in L*(Q,P; L*(0, T; H;elr))
Hence

< Au%, ¢ >—< Av, ¢ > weakly in L*(Q,P; L*(0,T)) for any ¢ € Vpe,. (5.31)

We derive from (5.28), the estimate (5.8) of Lemma 5.5 and Vitali’s Convergence Theorem
2.21 that
u® — v strongly in L*(Q,P; L*(0,T; H,.,)). (5.32)

For any element ¢ € L>(Q2 x [0, T],dP ® dt) and for any ¢ € V., we have

O’T]

]E/T<B(u°‘j,u“j),§¢>dt:—ZE/ ug? O Cuy’ dr @ dt.
0 DX
Owing to (5.32)
CO;ppuy’ — COppuy, strongly in L2(Q,P; L*(0, T; Hye,)).
This and (5.32) again imply that

- E / w7 OCuy’ dr @ dt — — Y "R / 0;0;0kCopdr @ di
ik DX[O,T] ik D

x[0,7

T
:]E/O < B(v,v), (o > dt.

That is
<u% - Vu“,¢ >—=<v-Vu,¢ > weakly in L*(Q,P; L(0,T)) for any ¢ € Ve,
We readily have that
/Ot(G, ¢)AW I — /Ot(G, ¢)dW weakly in L*(Q,P; L(0,T)) for any ¢ € Ve,
We have that

(U™, Qv = (U™ — AU, @)
= (u™, ¢) + a;((u*, 9)).
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This implies that
(U — o AuY — v, ¢) = (U — v, ¢) + a; (U, ¢)).
It follows from Lemma 5.5 and (5.32) that
(u® — a;Au® — v, ¢) — 0 strongly in L*(Q,P; L=(0,T)) for any ¢ € Vpe,.

Using all these convergences we can derive from (5.29) that the following holds almost

surely

(v,8) + v / (0, 8)) + (P(v- Vo), &) }ds = (uo, ) + / (F(v), 6)ds + / (G, By,

for any ¢ € Ve and t € [0, T]. That is the system (Q, F,F!,P); (W, v) is a weak solution

of the stochastic Navier-Stokes equations. This completes the proof of Theorem 5.3.



Conclusion

In this thesis we obtained original results on several mathematical problems arising in the
dynamics of stochastic second grade fluids governed by the equations (1.5).
In the case of Lipschitz conditions on the forces we established the following new

results:
e existence and uniqueness of the strong probabilistic solution.

e The stability of the strong probabilistic solution in the sense that as t — oo it
converges to a stationary solution of a deterministic time-independent second grade

Huid.

e A long-time asymptotic behavior of the strong probabilistic solution characterized

by an exponential decay.

In the case when the forces no longer satisfy the Lipschitz condition we established
the existence of a weak probabilistic solution.

Lastly, we proved that as the stress modulus o — 0 a sequence of strong probabilis-
tic solutions indexed by « converges in law to the strong probabilistic solution of the
stochastic Navier-Stokes equations.

These results are pioneering in some sense since the present thesis is the first work
dealing with stochastic second grade fluids. It is our opinion that our results contribute
substantially to the mathematical study of turbulent flows governed by the stochastic
second grade fluids.

Though we considered forces driven by finite dimensional Wiener processes the rsults
can be extended to the case of cylindrical Wiener processes on a separable Hilbert space

K. The Wiener process W can then be formally written as W = Z;’il Bjk; where
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{kj,j € N} is an orthonormal basis of K and {B;,j € N} is an infinite sequence of
independent standard real-valued Wiener processes (see for instance [36]). We may then
assume that G takes its value on Lo(K,V); Lo(K,V) is the space of Hilbert-Schmidt
operators defined on K and taking values in V. By Considering the following finite

dimensional approximation of (1.5):

d(u, ey + (W, e))dt + b(u™, u”, e;)dt — ab(u’, Au®, e;)dt + ab(e;, Au™, u™)dt
N

= (F(u,1),e))dt + > (G, t)kj, e;)dB;,i € {1,....N},
j=1

(5.33)

we can prove that all the a priori estimates obtained in the thesis remain valid. We can
also see that the same procedures for the passage to the limit still hold as well.

Issues arising from the thesis which might be the object for future research are for
instance the existence and behavior of the flow generated by problem (1.5) and possible
implications such as ergodicity, random attractors; we refer to [6, 18, 42, 54, 55, 56, 74,
75, 84, 85, 86, 87| for some examples of work treating such topics for some classes of
stochastic evolution equations. Another issue is the extension of our model to the density
dependent second grade fluids. As far as we know the last topic has not been addressed

even in the deterministic case.
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