Controéle exact global simultané de N
équations

Ce chapitre est inspiré de la prépublication [I10] écrite en collaboration avec V. Nerse-
syan.
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4.1 Introduction

The evolution of a 1D quantum particle submitted to an external laser field is described
by the following linear Schrédinger equation

(4.1)

z@ﬂ/’ - (_aiw + V(ZIJ)) 1/) - U(t)u(l‘)i/% (ta Z‘) € (Oa T) X (07 1))
w(tv 0) = '@[}(tv 1) =0,

121
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where V(x) is the potential, u(z) is the dipole moment of the particle, (¢, z) its wave
function, and wu(t) is the amplitude of the laser. In this setting, we consider N identical and
independent particles. Then neglecting entanglement effects, the system will be described
by the following equations

Oy = (=07, + V(x)) ) —u(t)u(z)y?, (t,x) € (0,T) x (0,1),
PI(t,0) =i (t,1) =0, je{l,...,N}, (4.2)
$(0,2) = j(x).

This can be seen as a step towards more sophisticated and realistic models. From the point
of view of controllability, this is a bilinear control system where the state is the N-tuple
of wave functions (¢!,...,%") and the control is the real-valued function u. The main
result of this article is the global exact controllability of (£2) for an arbitrary number N of
particles, arbitrary potential V', and a generic dipole moment p.

Before stating our main result, let us introduce some notations. We denote by &
the unit sphere in L2((0,1),C) and & := SV. Since the functions V,y and the con-
trol u are real-valued, for any initial condition ¢, := (¢¢,...,¥{) in S, the solution
p(t) == (V' (t),..., N (t)) belongs to S. We say that the vectors ¢y, %, € 8 are unitarily
equivalent, if there is a unitary operator &/ in L? such that P = Uy, Le. w; = L{wg for
all j =1,...,N. Finally, we define the operator Ay by

D(Ay) == H*NH}((0,1),C), Ayyp:= (—3290 + V(m)) ©

and, for s > 0, we set H, = D(Af/ﬂ) and write H{y instead of (H{,))".
Theorem 4.1. For any given V. € H*((0,1),R), problem ([-3) is globally exactly con-
trollable in H‘(lv) generically with respect to p in H*((0,1),R). More precisely, there is a
residual set Qv in H*((0,1),R) such that for any u € Qv and for any unitarily equivalent
vectors P, Py € SN H?V) there is a time T > 0 and a control u € L*((0,T),R) such that
the solution of ({-3) satisfies

First of all, notice that the unitary equivalence assumption on the initial condition and
the target is not restrictive. Indeed, the evolution of the considered Schrédinger equation
(@) is unitary, hence the system can be controlled from a given initial state only to a
unitarily equivalent target.

The problem of controllability for the bilinear Schrédinger equation has been widely
studied in the literature. A negative controllability result for bilinear quantum systems is
proved by Turinici [134] as a corollary of a general result by Ball, Marsden, and Slemrod
[5]. It states that the complement of the reachable set with L? controls from any initial
condition in S N HE) is dense in S N H, (20). Thus, these equations have been considered to
be non-controllable.

This negative result is actually only due to the choice of the functional setting. For a
single particle, Beauchard proved in [10] local exact controllability in large time in H (70)
in the case pu(z) = =z, V(z) = 0, using Coron’s return method, quasi-static deformations,
and Nash—Moser theorem. Exhibiting a regularizing effect, this result was extended to the
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space H, (30) for generic dipole moment p, still in the case V' = 0, by Beauchard and Laurent
[16]. Thus, as we are dealing with an arbitrary potential V' and a generic dipole moment
i, Theorem Tl with N = 1 is already an improvement of the previous literature. In [15],
Beauchard and Coron proved exact controllability between eigenstates for a particle in a
moving potential well as studied by Rouchon in [122].

Different methods have been developed to study approximate controllability. A first
strategy of the proof of approximate controllability is due to Chambrion, Mason, Sigalotti,
and Boscain [45] and relies on the geometric techniques based on the controllability of the
Galerkin approximations. The hypotheses of this result were refined by Boscain, Caponigro,
Chambrion, and Sigalotti in [25]. In a more recent paper [26] of this team, in particular,
it is proved a simultaneous approximate controllability property in Sobolev spaces for an
arbitrary number of equations. For more details and more references about the geometric
techniques, we refer the reader to the recent survey [27]. Although the results presented in
these papers cover an important class of models, the functional setting used there is always
incompatible with the one which is necessary for the exact controllability. More precisely,
approximate controllability is proved in less regular spaces than the one needed for exact
controllability.

The second method which is used in the literature to prove approximate controllability
for the bilinear Schréodinger equation is the Lyapunov strategy. This method was used by
Mirrahimi in [T03] in the case of a mixed spectrum and by Beauchard and Mirrahimi in [I7]
in the case V = 0 and u(x) = x. Both results prove approximate stabilization in L2. Global
approximate controllability with generic assumptions both on the potential and the dipole
moment is obtained by the second author in [ITI] and extended to higher norms leading
to the first global exact controllability result for a bilinear quantum system in [112]. For a
model involving also a quadratic control, we refer to [I08]. Approximate controllability in
regular spaces (containing H?3) can also be deduced from the exact controllability results in
infinite time [II3] 114] by Nersisyan and the second author. The novelty of Theorem [T
with respect to the above papers is the fact that N particles are controlled simultaneously
in a regular space for an arbitrary fixed potential V.

Simultaneous exact controllability of quantum particles has been obtained for a finite
dimensional model in [I36] by Turinici and Rabitz. Their model uses specific orientation
of the molecules and their proof relies on iterated Lie brackets. To our best knowledge,
the only exact simultaneous controllability results for infinite dimensional bilinear quantum
systems were obtained in [I09] by the first author locally around eigenstates in the case
V=0for N =2or N = 3. This is proved either up to a global phase in arbitrary
time or exactly up to a global delay in the case N = 2 and up to a global phase and
a global delay in the case N = 3. In that paper, it is also proved that, under generic
assumptions on the dipole moment, local exact controllability (resp. local controllability
up to a global phase) with controls small in L? does not hold in small time for N > 2
(resp. N > 3). A key issue for the positive results of this paper is the construction of a
suitable reference trajectory which coincides (up to global phase and/or a global delay) at
the final time with the vector of eigenstates. Extending directly this result to the case N > 4
presents two difficulties: in the trigonometric moment problem solved for the construction
of the reference trajectory resonant frequencies appear (e.g. A7 — A1 = Ag — A4) and the
frequency 0 appears with multiplicity V. The use of a global phase and/or a global delay,
by adding new degrees of freedom, allowed to deal with the frequency 0 having multiplicity
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two or three. In our setting, we do not impose any conditions on the phase terms of the
reference trajectory (see Proposition 3]). Thus, the frequency 0 does not appear in the
associated trigonometric moment problems. Taking advantage of the assumptions on the
spectrum of the free operator, we prove local exact controllability around (p1,v, ..., ¢n,v)
(see the First step of the proof of Theorem [£3]). The price to pay is that we lose track of
the time of control.

Structure of the article. Theorem [1]is proved in three steps. First, under favourable
hypotheses on V' and p, we prove that any initial condition can be driven arbitrarily close
to some finite sum of eigenfunctions. This is done in Section [£3] using a Lyapunov strategy
inspired by [I12]. Then, adapting the ideas of [I09], using favourable assumptions on the
spectrum of Ay and a compactness argument, we prove in Section [£.4] exact controllability
locally around specific finite sums of eigenfunctions. Finally, for any potential V', using a
perturbation argument, leading to the potential V' + i instead of V', we gather in Section [4.5]
the two previous results to prove Theorem LIl Let us mention that, essentially with the
same proof, one can prove global exact controllability in H ?‘4/')6 , for any € > 0.

Notations

The space L%((0,1),C) is endowed with the usual scalar product

1
(f.9) = / f(@)g(@)dz,

and we denote by || - || the associated norm. For any s > 0, we denote by || - ||s the classical
norm on the Sobolev space H*((0,1),C). The eigenvalues and eigenvectors of the operator
Ay are denoted respectively by Ay v and ¢, v. The eigenstates are defined by

Opv(t,x) = ppy(z)e Vi (t,x) € RY x (0,1), k € N*,
Any N-tuple of eigenstates is a solution of system (2] with control « = 0. Notice that
Hpyy = {p € H*((0,1),C); ¢la=o1 = ¢"la=01 = 0} = H{y,

for any V € H3((0,1),R). We endow this space with the norm

2

el = (Z |k3<w,sok7v>|2>
k=1

We use bold characters to denote vector functions or product spaces. For instance, we
denote by 1(t) the vector (1(t),...,9N(t)) of solutions of (@Z) and by H{) the space

(H(SV))N. With coherent notations, ¢y, denotes the vector (v1,v,...,¢Nv).

Let us denote by U(H) the set of unitary operators from a Hilbert space H into itself, and
by Un the set of N x N unitary matrices. Any N x M matrix C' = (c¢;;) defines a linear
map from HM to HN (denoted again by C) which associates to the vector (z%,...,2™) the

vector (Z;Vil ez, Z;Vil en;Zl).
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For a Banach space X, let Bx(a,d) be the closed ball of radius d > 0 centred on a € X. A
subset of X is said to be residual if it contains a countable intersection of open and dense
sets.

The symbol d;— is the classical Kronecker symbol, i.e., §;—p = 1if j = k and ;= = 0
otherwise.

Finally, we define the space
2(N,C) :={d € *(N,C); dy € R}

which is endowed with the natural metric.

4.2 Well-posedness

In the following proposition, we recall a well-posedness result of the Cauchy problem for
the Schrédinger equation

0 = (=02, + V(2)) ¥ —ul®)u(@)p —v(t)u(z)¢,  (t,x) € (0,T) x (0,1),
1/)(157 0) = ¢(ta 1) =0, (43)
1/)(07'2:) = ¢0($),

and list properties of the solution that will be used in the proofs of the main results in the
subsequent sections.

Proposition 4.1. Let us assume that V,u € H3((0,1),R) and T > 0. Then, for any
o € H(30), s CO([O,T],HE)’O)) and u,v € L*((0,T),R) there is a unique weak solution of
#-3), i.e., a function ¢ € C([O,T],H(?’O)) such that the following equality holds in H(?’o) for

every t € [0,T]

B(t) = e Vi i / =AY (u () (7) + o(r)uC(7)) dr.

For every R > 0, there exists C = C(T,V, ju, R) > 0 such that, if ||ul|z2(0,7) < R, this weak
solution satisfies

) <O (1ol

V)

+ 1ol 20,1 I<] oo 0,1y, 12 )) :

11l coo,r), 1 %)

3
)
Moreover, if v = 0 the solution satisfies

19 = llsboll  for all t € 10,T],

and the following properties hold in the case v = 0.

Differentiability. Let us denote by (t, 1o, u) the solution of {{.3) corresponding to
o € H(?’o)’ u € L*((0,T),R) and v = 0. The mapping

¢(T7 ¢07 ) : L2((07 T)’ R) - H(30)7 (4 4)
u — ¢(Ta ¢0,U) '
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is O, and for any u,v € L?>((0,T),R), we have Oy,¢(T, o, u)v = ¥(T), where ¥ is the
weak solution of the linearized system

0,0 = (=07, + V(2)) ¥ — u(t)u(2)¥ —v(t)p(z)¥, (t,z)€ (0,T)x (0,1),
U(t,0) = ¥(t1) =0,
v (0,2) =0,

with ¥ = (-, Yo, u).

Regularity. Assume that V,u € H*((0,1),R). For any u € WH1((0,T),R) and 1y €
H(4V7u(0)u)’ we have ¥(t) € H(Alvfu(t)u) for all t €10,T].

Time reversibility. Suppose that {(T, Vs, u) = g for some 1o, s € Hfy, T>0 and

u € L2((0,T),R). Then ¢(T, o, w) = ¢, where w(t) = u(T —t).

See [I6], Propositions 2 and 3] for the proof of the well-posedness in H, (30) and for the
differentiability property. The property of regularity is established in [I0, Proposition 47].
In these references, the case of V' =0 is considered, but the case of a non-zero V is proved
by literally the same arguments (see [I13]). The time reversibility property is obvious.
Proposition 1] implies that similar properties hold for the solutions of system [@2]). We
denote by (¢, 9, u) the solution of [@2]) corresponding to ¥, € H?o) andu € L?((0,T),R).

4.3 Approximate controllability

4.3.1 Approximate controllability towards finite sums of
eigenvectors

In this section, we assume that the following conditions are satisfied for the functions
V. € H*((0,1),R)

(C1) (wepjv,erkv) #0forall je{l,..., N}, keN".

(C2) Ajv—Av #Xpv—Aqv forallj e {1,...,N}, k,p,q € N* such that {j,k} # {p, ¢}
and k # j.

For any M € N*, let us define the sets

CM = Span{@lyv, ceey SDM,V}a CM = (CM)N, (45)
N

E:= el [[W.ev)#0,. (4.6)

j=1
The following theorem is the main result of this section.

Theorem 4.2. Assume that Conditions (C1) and (Cz) are satisfied for the functions
V,pu € H*((0,1),R). Then, for any 1, € S OH?V) N E, there are M € N*, ¢, € Cp,
sequences Ty, > 0 and uy, € C§°((0,T},),R) such that

’lp(Tn;'l/JO;un) n:; 'l/ff m H3. (47)
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Proof. See [112, Theorem 2.3] for the proof of a similar result in the case N = 1 (in that
case one gets M = 1). To simplify notations, we shall write g, ¢ instead of Ay v, ¢k, v.
For any z = (21,...,2N) e H ?V), let us define the following Lyapunov function

—aZH —02,+V) PNzJ||2+1—H| 2o, (4.8)
Jj=1

where o > 0 is a constant that will be chosen later and Py is the orthogonal projection in
L? onto the closure of the vector span of {¢k}r>n+1, i-e.,

Pr(z)i= Y (2 0k)ek (4.9)

k>N+1
Clearly, we have that V(z) > 0 for any z € SN H‘(lv) and V(z ) 0 if and only if
z = (c1p1,...,cnpn) for some ¢; € C such that |¢;] = 1,i = 1,. N Furthermore,

for any z € SN H?V), we have

N N
V(z) 2 a) (=03, +V)*Pnz!|> 2 CL ) |12 - Ca.

j=1 j=1

Thus
C(1+V(2) > ||Iz3 (4.10)

for some constant C' > 0. We need the following result which is a generalization of [I12]
Proposition 2.6].

Proposition 4.2. Under the conditions of Theorem [{.3, for any initial condition 1, €
S DH?V) NE\ (U3_,Cn) there is a time T > 0 and a control u € C§°((0,T),R) such that

V(@ (T, g, u) < V(o).
See Section for the proof of this result.
Let us choose a > 0 in (&) so small that V(1)) < 1 and define the set

K:= {¢ € H‘(lv) s W (T, o, un) vd W in H? for some T, > 0, u, € Cgo((O,Tn),R)}.

Then the infimum m := infyex V() is attained, there is e € K such that

Vie) = inf V(¥). (4.11)

Indeed, any minimizing sequence 1, € K, V(sb,) — m is bounded in H*, by @I0).
Extracting a subsequence if necessary, we may assume that @,, — e in H 4 for some e €
H‘(lv). This implies that V(e) < liminf, . V(,,) = m. Let us show that e € K. As
1, € K, there are sequences T,, > 0 and u,, € C§°((0,T,),R) such that

1
||1/J(TTL7¢07U’TL) - 1/J7L||H?V) < - (412)

n
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On the other hand, +,, — e in H?, and [@IZ) implies that (T}, %, u,) — € in H>. Thus
ecKand V(e) =m

Let us prove that e € Cjs for some M € N*. Suppose, by contradiction, that e ¢
U37—1Cur. Tt follows from (@II]) and from the choice of « that V(e) < V(¢,) < 1. This
shows that e € E. Proposition €.21implies that there are ' > 0 and v € C5°((0,T'), R) such
that

V(T e, u)) < V(e). (4.13)

Define @, (t) = un(t), t € [0,T,] and un(t) = u(t — Ty,), t € [Tn,Tn +T]. Then 4, €
Cs°((0, Ty, + T),R) and, by the continuity in H® of the resolving operator for [{.2)), we get

¢(Tn+T7¢Ova") —>1/J(T,e,u) in HB)

hence ¥ (T, e, u) € K. Together with (£I3]), this contradicts (£I1)). Thus e € Cps, and we
get (A7) with ¢, = e.

O

4.3.2 Proof of Proposition

Let us take any vector ¥, € SN H?V) N E\(U33_,Cn), any time T > 0, any control
w € C§°((0,T),R), and consider the mapping

V(T g, (Jw)): R — R,
o = V(T, 1y, ow)).

It suffices to show that, for an appropriate choice of T' and w, we have

dV("/’ (Tv ’lva O”LU))

do o=0

£0. (4.14)

Indeed, (AI4) implies that there is oy € R close to zero such that

V(’Ib(T, 'l/JOa UOw)) < V(’Ib(T, 'l/JOa O)) = V(’Ibo),

which completes the proof of Proposition
To prove ([£I4]), notice that

dV(¢ (T7 1/)07 O'U}))
do

N
0 = QZRG (a((—@ir + V)2PN¢j(T), (_5§I + V)g'PN\IJj(T))

N

— (WD), o)y, (D)) ] |<¢37<ﬂq>l2), (4.15)

q=1,9#j

where

PWI(t) = ¥(t,4},0) = Ze Mt o)k, (4.16)
k=1
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and W7 is the solution of the linearized problem
10, W7 = (— 02, + V(z)) W —w(t)u(z)y?, (t,z) € (0,T) x (0,1),
U (t,0) = W (t,1) =0, je{l,...,N},
W (0,z) = 0.

Rewriting this in the Duhamel form

¢
Wi (t) = z/ e MY Ty (P ap (7)d 7
0

and using [@T6), we get that
e’} T
(WI(T), pp) = ie™ Y (4, o) {ppn, op) / e TR ATy (7). (4.17)
k=1 0

Replacing (4TI6) and ([@IT) into ([@I5]), we obtain

dV( (T, 3y, ow)) e
daO —/0 O(T)w(r)dT,

o=0

where

N %)
i®(7) :ZZ( ST aN W o) (or, W) ek, op)e e AT

— Y ai (o YW, k) ek, pye T MR AT
p=N+1,k=1
N 00
—(TT 166800 ) Dot 03w, ) ik, o) e 7
q=1,q#]
N

+( II 1w wal)

q=1,q#j

= Y (Plhp)e O 4 Bl ple A7) (4.18)

1<k<p<oo

E
Il
—

NE

<¢j,¢3><¢3,sak><wk,soj>e—i“k—*f>f)

>
Il

1

where P(k,p) and P(k,p) are constants. To prove [Id), it suffices to show that ®(7) # 0
for some 7 > 0. Suppose, by contradiction, that ®(7) = 0 for all 7 > 0. Then Condition
(C2) and [111, Lemma 3.10] imply that P(k,p) =0 for all 1 <k < N < p < co. Together
with (Cq), this leads to

N N
axp+ [T 1w e | W6 eo)ler )+ > aXg(@ld, ep)(er, ¥d) = 0.
q=1,q#k j=1,j#k

Assume that for some integer p > N we have

N
> 1whs )l > 0. (4.19)
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Let us set agp(N\) :== A+ ]_L]]V:Lq;,g,C |(¥d, pq)|? and consider the determinant

al()‘)<"r/)3a‘pl> )‘<1r/)87§01> )‘<1/)(]JV7<P1>
_ Mg, wa)  aa(MN) (g, p2) - Ay’ s p2)
/\Wcl); ©N) /\Wg; ©N) aN(A)@éV,sam

Then A()) is a polynomial of degree less or equal to N which vanishes at A = oz)\fj. The free

term in A(N) is Hszl ax(0)(1f, o) which is non-zero by the assumption ¢, € E. Thus A())
has at most N roots and the number of indices p such that ([@I9]) holds is finite. This gives
the existence of M € N* such that ¥, € Cjr and completes the proof of Proposition

O

4.4 Local exact controllability

4.4.1 Local exact controllability around finite sums of eigenstates

In this section, we assume that the following conditions are satisfied for the functions
V. € H((0,1),R).

(C3) There exists C' > 0 such that
<

5 Vi€ {l... N} vkeN.

(s v, erv)| >

(Ca) AV — Ajv # Apv — A,y for all j,n € {1,...,N}, k> j+1,p>n+1 with
{4, k} # {p,n}.
(Cs5) L, A\ v,...,An,v are rationally independent.

The goal of this section is the proof of the following theorem.

Theorem 4.3. Assume that Conditions (C3) — (Cs) are satisfied for V,u € H3((0,1),R).
Let us take any Co,Cy € Un and set zg := Copy,, z5 := Cyepy. Then there exist § > 0
and T > 0 such that if we define

N
Osco = {¢ € Hipys (¢/,6) = ;0 and Y ¢/ =l < 0},
j=1
Os.c; = {¢ € Higys (¢/,6") = 824 and Y |67 = 2}lls, < 6},
j=1
then for any 1 € Os.c, and ¢ € Os ¢, there is a control u € L*((0,T),R) such that the
associated solution of ({{-3) with initial condition ¥(0) = 1, satisfies P(T) = 1.

Remark 4.1. Notice that the condition

(¢7, ") = =k, Vi ke{l,...,N}
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is equivalent to the fact that ¢ is unitarily equivalent to ¢y,. In this section, we will always
consider such initial conditions. Thus, the associated trajectories will satisfy the following
invariants

(W2 (), " (1)) = 6=, Vi, ke {l,...,N}. (4.20)

Remark 4.2. A quantum logical gate is a unitary operator ¢/ in L2((0,1),C) such that for
some n € N*, the space Span{¢1 v,..., g, v} is stable for U. Designing such a quantum
gate means finding a control v € L?((0,T),R) such that the associated solution of (&2))
with initial condition (p1.v, ..., ¢n,v) satisfies

(61D), ... w"(D) = (Ury . Upny ) -

See [32] for L?-approximate realization of such quantum logical gates with error estimates
and numerical simulations on two classical examples. Theorem [.3] thus proves exact re-
alization of quantum logical gates in large time under Conditions (C3) — (Cs) of size
n. Applying directly Theorem [£1] leads to exact realization of any quantum gate, for an
arbitrary potential with a generic dipole moment.

The proof of Theorem 3] is based on the following proposition which is an adaptation
of [I09, Theorem 1.5].

Proposition 4.3. Assume that Conditions (C3)—(C4) are satisfied for V,pn € H3((0,1),R).
For any T > 0, there exist 01,...,0n5 €R, § >0, and a C* map

r:09x 0l - L%(0,T),R),

where

N
Og L= {¢) S H?O); <¢ja¢k> = Oj=k and Z ||¢J - (’Oj’V”H?W < 5}’

=1

N
0f :={b e Hiyy: (¢7.6") = by and 3 |6/ — 0 vl <6},

j=1

such that for any initial condition 1, € OY and for any target Py € (’)[J;, the solution of
system ([{-3) associated to the control u := F('«bo,'lbf) satisfies P(T') = ;.

In the case N = 2 and V' = 0, the previous proposition is exactly [I09, Theorem 1.2]
with 6; = 6 — AjvT. As here we do not impose any condition on the phase terms 0,
the proof of Proposition B3] does not introduce new ideas with respect to [109]. Anyway,
dealing with an arbitrary number of equations (instead of two or three equations in [109])
needs some adaptations that are described in Sections B 4.2] £.4.3] and [£4.4l Dealing with
a potential V instead of V = 0 is done with literally the same arguments.

To highlight the novelties of this work, we postpone the proof of Proposition to Sec-
tion and first prove how this proposition implies Theorem [£:3] We start with the proof
of Theorem[@3]in the particular case Cyp = Cy = Iy, where Iy is the N x N identity matrix.
This is done using Proposition 3] a rotation phenomenon for the solution corresponding
to the null control on a suitable time interval, and a time reversibility argument. Then, for
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any C' € Uy, using a linearity argument, we prove Theorem in the case Cyp = Cy = C.
We end the proof using connectedness of the set of unitary matrices and a compactness
argument.

Proof of Theorem[4.3 To simplify notations, until the end of Section 4] we shall write
Ak, @k instead of Ag v, vk v.

First step : proof in the case Cy = Cy = In.
Let us take any 7' > 0. Let § > 0 and 64, ...,60n be the constants given in Proposition [£.3}
Let 9g,%; € Os 1. As Os1, = OF, there exists u € L?((0,T),R) such that the associated
solution of (£2) with initial condition 4, satisfies

P(T) = (e, e on). (4.21)

Using Condition (Cs) and the Kronecker theorem on simultaneous diophantine approxima-
tion (see e.g. [I28] Corollary 10]), there exists a rotation time 7;. > 0 such that

ei(20;=NTo) _ g

1)
|A;]3/2 <y Vie{l....N}h

N

Thus, it comes that Z |eCi=2Tr) e %HHE;V) < 4. Together with (@21]), this implies
j=1

that if we extend w by zero on (T, T + T) then

N
ST +T) — e )|l <.

)
Jj=1

Thus,
(T +T,) e Ol (4.22)

As ¢ € O51, = OF and the eigenvectors ¢; being real-valued, we have 9, € Of. Then,
Proposition @3l implies the existence of v € L?((0, T'), R) such that the associated solution of
([#£2) with initial condition Ef equals to ¥ (T +T,) at time 7. Finally, the time reversibility
property proves that if u is defined by u(T + T +t) = v(T —¢) for t € (0,T'), then the
associated solution of (£2) with initial condition ) satisfies

YT+ T, +T) =, (4.23)

This ends the proof of Theorem E3lin the case Cy = C¢ = Iy in time T™ := 2T + T.

Second step : proof in the case Cp = Cy = C.
Let 6 > 0 be as in the first step, C € Uy, and z := Cp. Let §, > 0 be sufficiently small to
satisty

C*(Bus, (2,0:)) € Bus, (,).

Let us take any 1, % € Os, ¢ and define

Py = C*pg, Py = C 1. (4.24)
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The unitarity of C' implies that (1%,1/35} = §;= and <~},1/~)’}> = §j=k. Thus, from the
definition of J, it follows that {po,{p ¢ € Os,1y. Then, by the first step, there is a control
u € L%((0,7%),R) such that } R

¢(T*7¢07U) = wf
Since system (4.2)) is linear with respect to the state, the resolving operator commutes with
C'. Thus, in view of [@24]), we have

Y(T Py, u) = (T, Cepg,u) = CY(T" g, u) = Cepp = 9. (4.25)
This ends the proof the second step.

Third step : conclusion.
Since Uy is connected, there is a continuous mapping ¢ € [0,1] — C(t) € Un with C(0) = Cp
and C(1) = Cy. By the previous step, for any z € F := {C(t)p; t € [0,1]}, there is 6, > 0
such that ([@2]) is exactly controllable in BH?V) (2,0,) in time T*. Using the compactness
of the set I, we get the existence of z; € F', j =1,...,L with L € N* such that

L
FclJ B, (25,02,).
=0

Jj=

Without loss of generality, we can assume that z = z;. Finally, setting T := (L + 1)T*
and J := min{0.,,dz, }, we see that for any v, € Os ¢, and Y € Os.c, there is a control
u € L*((0,T),R) such that

(T, g, u) = "/’f
This completes the proof of Theorem [£.3] O

The rest of this section is dedicated to the proof of Proposition 3]

4.4.2 Construction of the reference trajectory

The proof of Proposition 3] relies on the return method introduced by Coron (see [54,
Chapter 6] for a comprehensive introduction). The natural strategy to obtain local exact
controllability around ¢ is to prove controllability for the linearized system

007 = (=07, + V(2)) W —o(t)u(x)®;, (t,x) € (0,T) x (0,1),
T (t,0) = WI(t,1) =0, je{l,...,N}, (4.26)
W (0,2) = 0.

However, straightforward computations lead to

(pn, o) (W (T), ®;(T)) = (upj, 03) (W (T), ®(T)), Vi k€ {1,...,N}. (4.27)

Thus, the linearized system (£26]) is not controllable and we use the return method. In
our setting, the main idea of this method is to design a reference control u,.s such that the
associated solution ,..; of system (2] with initial condition ¢ satisfies

01 0N

’lrbref(T):(e P1y---5€ QON)a
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for some 61,...,0n € R and the linearized system around this trajectory is controllable.
Then, an application of the inverse mapping theorem leads to local controllability of (€2])
around the trajectory (uref,,.r) and proves Proposition B3l The main ideas of this
proof are adapted from [I09, Theorem 1.5]. For the sake of completeness, we precise the
adaptations that have been made and give a sketch of the proofs. The reference trajectory
is designed in the following proposition.

Proposition 4.4. Assume that Conditions (C3)—(C4) are satisfied for V,u € H3((0,1),R).
Let T >0 and0<egy < ---<eny-—1=:e<T. There exist 7 > 0 and C > 0 such that for
every 1 € (0,7), there are 0f,...,0% € R and a control u),; € L*((0,T),R) with

ltesllL20r) < Cn (4.28)

such that the associated solution w?ef of (4-3) with initial condition ¢ satisfies for j €
{1,...,N} and k€ {1,...,N — 1}

(2 (), W00 () = (s 05) + 6=k, (4.29)
and . .
1 (1) = (%1, eV pp). (4.30)

Remark 4.3. As in [109], the conditions ([€.29), together with an appropriate choice of the
parameter 77, will imply the controllability of the linearized system around this reference
trajectory (see Section LZ3]).

Sketch of the proof of Proposition [{-4] We split the proof in two steps. In the first step, we
construct u,/,; on (0,¢) such that (L29) is satisfied. Then in the second step, we extend
u).; to (e,T) in such a way that [@30) is verified.

First step : Let us take u?ef = 0 on [0,e9). Following the proof of [I09] Proposition
3.1], we construct a control u.",  such that condition #E29) is satisfied and

”u?efHL?(ao,a) <Cn, (4'31)

by an application of the inverse mapping theorem to the map

©: L?*(e0,¢),R) — RY x ... x RN
u — (él(u),...,éN_l(u)>

at the point u = 0, where
ék(u) = (<,Uﬂr/)] (6k)71/)j(5k)> - <:U’<pj7<pj>)1§j§]\] :

The C' regularity of © follows from the differentiability property in Proposition £l A
continuous right-inverse of d©(0) is constructed by the resolution of a suitable trigonometric
moment problem using Proposition 7]

Second step : For any j € N*, let P; be the orthogonal projection defined by ([3). We
prove that for any initial condition at time ¢ close enough to (<I>1, ceey <I>N) (€), the projections
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(PL( (T)),...,Pn(¥N(T))) can be brought to 0 by a small control u € L*((,T),R). This
is sufficient to prove Proposition £4l Indeed, if

Pi(yH(T)) = -+ = Pn (¥ f(T)) =0, (4.32)

using the invariants (20), it comes that there exist 67,...,0% € R such that ([30) holds.
As in [109] Proposition 3.2], the condition ([@32]) with a control satisfying

ugesllz2er) < Cn (4.33)
is obtained by an application of the inverse mapping theorem to the map
©: L*((e,7),R) x HYy) — H{y x X,

at the point (0,®1(¢),...,®n(e)), where

6 (u160) i= (Yo, PL (01 (T)),. P (0™(T)))

and
X = {¢>6H?0);<q5j,gpk):0foralllgkgjgN}. (4.34)

Again, the C! regularity of © is obtained thanks to Proposition LIl The continuous right-
inverse of dO(0,®1(¢),...,Pn(e)) is given by the resolution of a suitable trigonometric
moment problem with frequencies

ke —Njsje{l, . N} k>j+1}.

The solution of that moment problem is given by Proposition [£77

4.4.3 Controllability of the linearized system

This section is dedicated to the proof of controllability of the following system which is
the linearization of (£2)) around the reference trajectory " I

0V = (=07, + V(2)) W —ul, (t)pu(x) W — v(t)p(x) i;’}, (t,z) € (0,T) x (0,1),
W (t,0) = WI(t,1) =0, je{l,...,N},

WI(0,2) = Wi(z).
(4.35)
For any ¢ € [0, 7], let us define the following space

Xi:={¢ € Hjy: Re((¢/ (1) =0 for j=1,...,N
and (¢/, 07 (1) = —(@5 075 (1) for j =2,... N, k< j}.
This space is given by the linearization of the invariants ([#20) around the reference trajec-

tory.
We prove the following controllability result.
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Proposition 4.5. There exists 7 € (0,7) such that for any n € (0,%), there exists a
continuous linear map

L": XoxXrp — L*(0,T),R)
(‘I’Q,‘I’f) — v

such that for any ¥g € Xo and Wy € X, the solution ¥ of system (4.39]) with initial
condition ¥y and control v := L (W, ;) satisfies U(T) = ;.

The proof of Proposition dLhlis adapted from [I09, Proposition 4.1]. As the proof is quite
long and technical, we recall the main steps and arguments. Let us set some notations that
will be used throughout this proof. For any n € (0,7) and k € N*, let &) = (-, pp, ). )

as defined by (£4). Notice that for j € {1,...,N}, @7 = f,;} and for any ¢ € [0,7],
{®}(t)}ken- is a Hilbert basis of L?((0,1),C), as an image of a Hilbert basis by a unitary

operator. Let
I := {(j,k) e{l,...,N} x N*; ij—l—l}U{(N,N)}.

In the first step we prove the controllability of the directions (U7 (T'), ®](T)) for (j,k) € T
for n small enough. This comes from the solvability of the trigonometric moment problem
associated to the case n = 0 and a close linear maps argument. Then, we exhibit a minimal
family that allows to control, simultaneously to the previous direction, the remaining diag-
onal directions (¥7(T), (I)?(T)> for j € {1,..., N—1}. This is the main feature of the design
of the reference trajectory. Indeed, we enlightened in (A27) that those diagonal directions
were the ones leading to non controllability of the linearized system in the case n = 0.
Finally, due to the definition of X7, the remaining directions (U7 (T'), ®](T)) for 1 < k < j
are automatically controlled.

Sketch of the proof of Proposition[{.5] Let R : T — N be the rearrangement such that, if
wp = A — Aj with n = R(j,k), the sequence (wp)nen is increasing. Notice that 0 =
R(N,N).
First step. Let us take any Ty € (0,T] and prove that there is 77 = 7(T¢) € (0,7) such
that for any n € (0,7) there exists a continuous linear map
G, Xo x £}(N,C) — L*((0,Ty),R)

such that for any ¥y € Xo, d = (dy)nez € £2(N, C), the solution ¥ of system (35]) with
initial condition ¥q and control v = G% (Wq,d) satisfies

(W/(Ty), ®(Ty))
{1, Pr)

=dn, V(j,k) €I, n=R(jk).

Let )
() (1), @A)
(Hps, o)

f1 = fil for n € N* and Hy := Adhyz2 7, (Span{e™ ', n € Z}). As in [109, Lemma 4.1],
the construction of G% relies on the fact that the map

tel0,T]— for (j,k) € T and n = R(j, k),

Jn: L2((0,Ty),C) — 2(Z,C)
v = (o v fawa)

nez
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is an isomorphism from Hy to £2(Z,C). Indeed, for any (4, k) € T and n = R(j, k), straight-
forward computations lead to

: . Ty
(W7(Ty), ©(Ty)) = (T, ) + i<N‘Pjv<Pk>/0 v(t) £, (t)dt.
The isomorphism property of J7 comes from the estimate

1T7 = Nl cez20.15).02) < CllwffllL20,1y) < O,

(see [109, Proof of Lemma 4.1] for the proof of this estimate) and the fact that, due to
Proposition 7], JY is an isomorphism from Hy to ¢(Z,C).

Second step. Let 7 < min(7(T), 7j(g0)) with ¢ as in Proposition @4l In all what follows
we assume 71 € (0,7). Let

(a2 (8), w20 (1))
(s, 05)

£ te0,T] - for j € {1,...,N —1}. (4.36)

Then, the family = := (f)nezU{f'1, -, f_1 y_1} is minimal in L*((0,T), C). The proof
of this is a straightforward extension of [109, Lemma 4.3] and is not detailed. It relies on
the fact that (f)nez is a Riesz basis of Adhrz2(o 1) (Span{fZ,n € Z}) and conditions [@29).

n?

Third step : conclusion. From the second step, we get the existence of a biorthogonal
family associated to Z in Adhzz2( 1) (Span{Z}) denoted by

{9?717 cee 79}7\/_1,]\/_17 (gZ)nEZ}a (4'37)
with g7 ; being real-valued for j € {1,..., N}. The map L" is defined by

L": (®y,¥y) € Xgx Xp+—veL?*(0,7T),R),

where
N (e () I i) TN
V1= vy + ; ( <M90j, SDj> —A vo(t) jJ(t)dt)ng‘v

(U}, ®(T))

i(pps, i)
biorthogonality properties and the first step imply

and v 1= G'h(®,d(¥y)) with d(¥y),, = , for (4,k) € Z and n = R(j, k). The

(U(T), @)(T)) = (\I/},(I)Z(T)), YV, k) eZzU{(1,1),...,(N-1,N —-1)}.

Finally, for j € {2,...,N} and k < j explicit computations lead to

(W7 (T), 71 (T)) = —(Wk(T), 27(T)).

As Wy € X7, this ends the proof of Proposition
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4.4.4 Controllability of the nonlinear system

In this subsection, we end the proof of Proposition B3l We consider the reference
trajectory designed in Proposition[£4l Let 7 be given by Proposition [£.5l We assume in all
what follows that n € (0,7) is fixed. Using the inverse mapping theorem and Proposition [L.5]
we prove in Proposition L6l that the projections onto the space X1 (see (£39)) for a precise
definition) are exactly controlled. Then, using the invariants ([@20) of the system, we prove
that controlling these projections is sufficient to control the full trajectory. Let us set

Q:={¢p e Hjy; (¢/,¢") = 6=k, Vi, k€ {1,...,N}} (4.38)
and define

A: QxL*(0,T),R) — ) Qx X
(g, u) = (%o, P (D)), ..., Pn(N(T))),

where ¥ := (-, 19, u) and
Pi(@) : = ¢ —Re ((¢/,0](T)) ¥](T)
j—1
- JZ (&7, 0} () + (W25 (T), 6%)) e (1) (4.39)
k=1
Thus, A takes values in © x X and A(ep, u;’ef) = (¢,0). The following proposition holds.
Proposition 4.6. There exist 6>0 and a C! map
Y: 09 x Op5 — L*((0,T),R),

where Og is defined in Proposition [£.3 and
Orjs = {T/’f € Xr; Z Hw;”H?‘,) < 5},
j=1

such that T(go,O) = ufef and for any P, € (’)69 and 1ZJf € @T,S the solution v of system
(4-3) with initial condition 1, and control u = T(¢oa ¢f) satisfies

(PL@ T, Pu™(T)) = 5.

Sketch of proof. As [I09] Proposition 4.2], this proposition is proved by an application of
the inverse mapping theorem to the map A at the point (go,u?ef). This map is C* by
Proposition @7 and a continuous right inverse of the map

dA(p,us) + Xo x L*((0,T),R) = Xo x X

is given by Proposition

Finally, we prove Proposition 3]
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Proof of Proposition [J.3 Let us take any 9, € Of and v € O, where the sets O and O}

are defined in Proposition E3land & > 0 will be specified later on. Let & be the constant in
Proposition and } 3 }
By = (Prwh), ., Pa(wl)).

For sufficiently small § € (0,9), we have 9 € @T) 5 and
Re((uy, vl (1)) > 0, Vi€ {l,....N}, (4.40)

for any ¢, € (’)f;. Let u := T(’I/JO,’IZJJ:) and let v be the associated solution of (£2)) with
initial condition ;. We prove that (up to an a priori reduction of 4)

PY(T) = ;. (4.41)

Thanks to the regularity of T and Proposition 1] it comes that, up to a reduction of 4,
one can assume that

Re({44 (T), ¢/, (T)) > 0, ¥j € {1,..., N}, (1.42)
By Proposition [£.6], we get
YN(T) = Re(( (1), 0, (TN, (T) = bf = Re((Wf, 0, (D)) 5 (T).
Thus, using the fact that [[¢!(T)|| = [} and @Z0), EZ2), we get ' (T') = 1. Assume

that 4 ,
(W' TN T) = (@, .95 ) forj€{2,..., N}
Then the equality P;(y7 (T)) = Nj; gives

j—1
I (T) = Re((y? (T), L2 DNGLIHT) — Y (@7 (T), 6l (T) )k H(T)
k=1
:w}_Re“ 5" g’lzf( ref Z ref fg}(T) (443)
k=1

Taking the scalar product of (£43) with ¢"(T')(=¢}) for n € {1,...,j — 1} and using the
constraints (7 (T),y*(T)) = { ;ﬂb?) = 0=k, we get
. i1
Re((¢ (T), 34 (T))) (W2 (T), ) + > (7 (T), &y ZH(T) (4 (T), )
k=1
= Re((v}, 620 (T)) (W3 (T), ) + (W, o (T)) (W (T), ).
k=1

Straightforward algebraic manipulations of these equations lead to the existence of constants
Y1,-..,7j—1 € C that are proved to be arbitrarily small (up to an a priori reduction of §)
such that for k € {1,...,5 — 1}

(W9 (1), () = (W () e (Re((? (T), 03, (T))) = Re((w, wiH(T)))) . (4.44)
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If the ,’s are small enough this is consistent with ||1//(T)|| = ||1/)}|| only if
Re((¢(T), 9773 (T))) = Re((v}, 774 (T))-

Together with ([#44), this implies 17 (1) = w; and ends the proof of Proposition 3l o

4.5 Global exact controllability

4.5.1 Global exact controllability under favourable hypothesis

In this section, combining the properties of approximate controllability proved in The-
orem and local exact controllability proved in Theorem 3] we establish global exact
controllability for (ZZ), under the following hypotheses on the functions V, u € H*((0,1),R)

(Cg) For any j € N*, there exists C; > 0 such that

Cl *
[(upiv, erv)| > k—; for all k£ € N*.

(C7) The numbers {1, ;v }jen are rationally independent, i.e., for any M € N* and
r € QM*+1\{0}, we have

M
To + er/\j’v 7& 0.
j=1

Notice that these conditions imply Conditions (C1) — (Cs).

Theorem 4.4. Assume that Conditions (Cg) and (Cr) are satisfied for the functions
V,p € H*((0,1),R). Then, for any unitarily equivalent vectors g, € SN H?V), there
is a time T > 0 and a control u € L*((0,T),R) such that the solution of {{-3) satisfies

Proof. In this proof, we use vectors of different size. In bold characters we denote only the
vectors of size N.

First step. Let us take any M € N* and z € Cj; and prove that there is a time T > 0
and a constant § > 0 such that for any 1,9, € B HS,, (2z,0) which are unitarily equivalent

to z, there is a control u € L*((0,T),R) satisfying (T, 1y, u) = v;. Here we use the
following technical lemma whose proof is postponed to the end of this subsection.

Lemma 4.1. For any z € Car and € > 0, there is 0 > 0 such that for any ¢ € BH:(sV>(z, J),
which is unitarily equivalent to z, there exists Uy € U(L?) satisfyingUsz = ¢ and |Upp;v—
(,Oj7V||H(3V) <eforj=1,...,M.

Notice that under Conditions (Cg) and (C7), we can apply Theorem [3]in the case of

M equations and Cy = Cy = Ip;. We denote by d, and T the corresponding radius and
time given in Theorem 43l Let ¢ be the constant in Lemma ]l corresponding to € = fv—*.

Then for any ¢, € BH?V) (2,9), which is unitarily equivalent to z, we have Z;Vil Uy, 05,v —
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gﬁj’VHH?V) < §,. Thus Theorem E3 implies the existence of a control uy € L?((0,7%),R)

driving the solution of (2] of size M from (¢1,v,...,pnmv) to Uy, (01,v,...,omv). As
z € Cyr, there exists a matrix C € CN*M such that z = C(p1,v,...,omv). Then we have

ClUy, (P1,vs s omv) =Up, Clorv, . s omy) =Up z =1y

Combining this with the fact that ([£2) is linear with respect to the state, we get that the
control uy also drives the solution of ([2) of size N from z to v, (cf. @25)).

The same strategy leads to the existence of a control ug € L2((0,T%),R) driving the solution
of EZ) of size N from Z to 1p,. Thus, using the time reversibility property and setting
T = 2T, u(t) = uo(Tx —t) on (0,T;) and u(t) = us(t — Ts) on (T%,T'), we end the proof of
the first step.

Second step. Let M € N* and 2, 25 € Cj be unitarily equivalent. In this step, we prove
that there is a constant § > 0 and a time 7' > 0 such that for any ¥ € BH?V) (20,0) and

Py € BH(sv) (zf,9), which are unitarily equivalent to zo, there is a control u € L((0,T),R)
such that (T, g, u) = ;.

As zg,z¢ € Cyr, there exists U € U(Car) such that zy = Uzg. Since U(Cas) is connected,
we can choose a continuous mapping t € [0,1] — U(t) € U(Cp) such that U(0) = Iy
and U(1) = U. Then using the exact controllability result proved in the first step for the
vectors U(t)zg, t € [0,1] and an argument of compactness, as in the third step of the proof
of Theorem 3] we get the required property.

Thaird step. Let us take any unitarily equivalent ¥y, € SN H ‘(lv) N E and prove that
there is a time 7' > 0 and a control u € L*((0,T),R) such that 4(T, 1, u) = 1 ;. Applying
Theorem to 1, and Ef, we find sequences Ty, Tfn and uo, € L2((0,Ton), R),usn €
L2((0,Ty¢y), R) such that

1% (Ton, %o, uon) — You |l 2

V)

+||¢(Tfnaafauf")_af1”H3 —

(V) n—oo

for some 91,1 € Cyr. By the second step, we have exact controllability between some -
neighbourhoods of 1, and 1, (notice that these vectors are unitarily equivalent). Choos-
ing n so large that

+ ||¢(Tmefa”fn) - ’/’f1||H3 <9,

V)

1% (Ton: ¥os won) — Yo1ll a3

V)

we find a time T and a control & € L2((0,T),R) such that

w(T7¢(T0n7¢Oa uOﬂ)vﬂ') = Tb(Tfn,Ef,ufn)-

Taking T = Ty, + T + Tpn and u(t) = ugn(t) for t € (0,Ton), u(t) = a(t — Tp,) for
t € (Ton, Ton+T), and u(t) = up, (T —t) for t € (Ton+T,T), and using the time reversibility
property, we get (1,1, u) = ;.

Fourth step. By the time reversibility property, to complete the proof of the theorem,
it remains to show that for any ¢, € SN H‘(LV) we have (T, 9, u) € H‘(LV) N E for some
T >0and u € L*((0,T),R).
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Let us take any t,,, 9, € SDH?V) NE such that ¥,, — ¥, in L?. From the previous
n—oo
step, there are sequences T, and u, € L*((0,T,),R) such that ¢ (T}, ¥g,,, un) = ;. Then

19 (T, ¥, un) = % = b0 = oall =2, 0

therefore
N

N
TT 1@ (T, 0, ) 05,00 P vd 1T [} @517 #0.
j=1

Jj=1

Thus ¥ (Ty, ¥, un) € E for sufficiently large n. Finally, taking a control u € C§°((0,75), R)
sufficiently close to u, in L?((0,T,),R), we get (T, 1, u) € H?V) N E. This completes
the proof of Theorem [£.4]

(|

We end this section by the proof of Lemma (1]

Proof of Lemma[f.1 Let Ag :=Span{¢;;i=1,...,N}. As ¢ and z are unitarily equiva-
lent, there exists a linear map Ly : A, — Ag such that Lyz = ¢ and

<L¢€7L¢<>: <€7<>a V€, ¢ € A..

Let {¢7 }1<k<m be an orthonormal basis in Cps (with respect to the L? scalar product) such
that {17 }1<k<n is a basis in A;. If we define ¢ 1= Lg% for j = 1,...,n, then {¢ }1<p<n
will be an orthonormal basis in 44 and w‘? — % in H3,, for j=1,...,n. Let

) psz Y V)

O =0, Vke{l,...,n},

n

OP =0 - Y Wi ehw?, ke {n+1,... M}

Jj=1

It is easy to see that 1/;,(5 ¢—> Y7 in H?V) for k =1,..., M. Thus if ¢ is sufficiently close
—z

to z in H?V), then {if}lékSM is linearly independent. We denote by {iif}lSIfSM the
associated orthonormal family given by the Gram-Schmidt process. Notice that w,f = w,f
for k € {1,...,n} and ¢{ ¢_> i in H(?’V) for k = 1,...,M. Let U, € U(L?) be any
—z
operator such that Uy = @f for every j € {1,...,M}. By construction we have that
Upz = Loz = ¢ and |Uppj v — SDJ7V||H(3V) ¢—> 0 for any j € {1,...,M}. This ends the
—Z

proof of Lemma [£.1]
([l

4.5.2 Proof of Theorem [4.1]

Let us fix an arbitrary V € H*%, and let Qv be the set of all functions weH 4 such
that Conditions (Cg) and (Cy) are satisfied with the functions V' and p replaced by the



4.5. Global exact controllability 143

functions V + p and p. Let us prove that (2] is exactly controllable in H ‘(LV) for any
w € Qy. Along with ([£2), let us consider the system

0 = (= 02, + V(@) + p(2))y) —u()u(z)y’, (t,x) € (0,T) % (0,1),
I (t,0) =7 (t,1) =0, je{l,...,N}, (4.45)
¥ (0, 2) = (),

and denote by 121 its resolving operator. Clearly, we have

w(tv’lvau) = w(t7¢07u - 1) (446)

for any ¢, € H?O), t € [0,T], and u € L*((0,T),R). By Theorem [£4] system (@Z5) is
exactly controllable in S N H ‘(LV 4y for any p € Qy.

Let us take any v,¢; € SN H{y) and any control u; € W11((0,1),R) such that
u1(0) = 0 and uy(1) = —1. By Proposition B ¥ (1,%g,u1) =: ¢y € S ﬁH?v+u)
and '¢(1,1/;_f,u1) =: ’l/)—fl esSn H?V+M). The time reversibility property implies that
P(1,% 1, u2) = by, where uz(t) = u1(1 —t),t € [0,1]. Since {AT) is exactly controllable,
there is a time T and a control @ € L?((0,T),R) such that 1ZJ(T,1/101,€L) = 1. Finally,
choosing T'=T + 2 and u(t) = uy(t) for t € (0,1), u(t) =a(t —T)—1for t € (1,1 +7T),

and u(t) = ua(t —1—T) for t € (1+T,T), we get (T, 1y, u) = ;. This proves the global
exact controllability of (£2) in H ‘(lv) for any p € Qy.

It remains to show that the set Qv is residual in H*. Let us write Qy = Q%, N QI,,
where Q{, is the set of all functions u € H* such that Condition (Cj) is satisfied with V and
w replaced by V + p and p, 7 = 6,7. Since the intersection of two residual sets is residual,
the proof of Theorem 1] follows from the following result.

Lemma 4.2. For any V € H®, s > 4, the sets Q?/ and QZ/ are residual in H?.

This lemma is proved in Section A2l See [I02] for the proof of the fact that QF, is
residual in a much more general case. Nevertheless, we give its proof in the Appendix, since
it is simpler in our setting.

Conclusion and open problems

In this article, we have proved simultaneous global exact controllability between any
unitarily equivalent N-tuples of functions in S N H, 4V . Our result is valid in large time, for
an arbitrary number of equations, and for an arbitrary potential. Hence, the spectrum of
the free operator can be extremely resonant. Thus, not only we extend previous results on
exact controllability for a single particle to simultaneous controllability of N particles, but
we also improve the existing literature in 1D for NV = 1.

Our proof combines several ideas. Using a Lyapunov strategy, we proved that any
initial condition can be driven arbitrarily close to some finite sum of eigenfunctions. Then,
designing a reference trajectory and using a rotation phenomenon on a suitable time interval
we proved local exact controllability in H ?V) around ¢y . Finally combining linearity of the
equation with respect to the state and a compactness argument, we obtained global exact
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controllability under favourable hypotheses. The case of an arbitrary potential is dealt with
a perturbation argument.

We mention here two possible ways to improve this result. The optimal functional setting
for exact controllability is H, ?V)' While using our Lyapunov function, we have dealt with

more regular initial and final conditions to get convergence in H?® from the boundedness
in H*. This issue of strong stabilization in infinite dimension is not specific to bilinear
quantum system and is an open problem. The other possible improvement concerns the
time of control. In our strategy, there are three steps requiring a time large enough : the
approximate controllability, the rotation argument in local exact controllability, and the
compactness argument.

4.A Appendix

4.A.1 Moment problem

In this article, we use several times the following result about the trigonometric moment
problem.

Proposition 4.7. Assume that Condition (Cy4) is satisfied. Let (wn)nen be the increasing
sequence defined by

{wnsneNp={ v —-Nyv;je{l,....Nh,k>j+1landk=j=N}.
Then, for any T > 0, there exists a continuous linear map
L:2(N,C) = L*((0,T),R)

such that for every d = (dy)nen € (2(N,C), we have

T
/ L(d)(t)e™tdt = d,,, Vn €N.
0

Proof. Let us set w_,, := —w, for n € N, and let DT be the upper density of the sequence
(wn)n627 i'e'v
nt(r
DV := lim ( ),
T—00 T

where n™(r) is the largest number of elements of the sequence (wy)nez in an interval of
length r. By the Beurling theorem (e.g., see [92, Theorem 9.2]), if the uniform gap condition

Wptl1 —WwWn >y, VneN (4.47)

is satisfied for some v > 0, then for any 7' > 27D7, the family (ei“"')nez is a Riesz basis
of Hy := Adhpz(o,1) (Span{ei“’"' in € Z}) Let us show that, under Condition (Cy4), the
sequence (wp,)nez has a uniform gap and DT = 0.

Indeed, by the well-known asymptotic formula for the eigenvalues (e.g., see [I17, Theorem

4])7

1 9]
ey = k272 —|—/ V(z)dx +rg, with Zrﬁ < 4o00. (4.48)
0 k=1
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This implies that for some sufficiently large integers ng and kg, we have
Wno4+n = Akg+p,V — Ajv, Wheren=pN +j, 1 <j<N,peN.

Thus, the frequencies (wy,)n>n, can be gathered as successive packets of N frequencies such
that the minimal gap inside each packet is

Y= i A —Aqv)-
Vo= min Ay = Agv)

Using Condition (Cy4), we obtain 4 > 0. The gap between the (£ + 1) packet and the "
packet is
A1, v — Ay ALy — ANy
which goes to infinity as £ — oo, by ([@48). On the other hand, w, # wy for n # k, by
Condition (C4). Hence we get the uniform gap condition (£47). From @A) it follows
immediately that D = 0. Thus the family (e“""),cz is a Riesz basis of Hy. This implies
that the map
Jo: Hy — ZQ(Z,(C)

foe ( I8 f(t)ei“"tdt)n

is an isomorphism. Then, the map £ : d € £2(N,C) — Jy ' (d), where d,, := d, and
d_, :=d, for n € N, satisfies the required properties.

€z

O

4.A.2 Proof of Lemma

First step. Let us show that Qz, is residual in H*®. It suffices to show that the set Qg
of all functions W' € H?®, such that the numbers {1, \; w};jen- are rationally independent,
is residual in H®. Let us take any M € N* and r € QM *1\{0} and denote by Qxs . the set
of all functions W € H*® such that

M
To + Z ’I"j/\j’W 7& 0.
j=1
Then we have Qg = ﬂMGN*,TeQM\{O} Onr,». Thus it is sufficient to prove that Qus,, is open

and dense in H°. Continuity of the eigenvalues@ Aew from L? to R implies that Qpy
is open in H®. Let us show that Qs is dense in H*. For any W, P € H® and o € R,
differentiating the identity

(=02, + W+ 0P — Xjwiopr)@jwiopr =0
with respect to o at ¢ = 0, we get
dy;wiop A\ wiop
_H? ). i Wtol 44y, o
( 8ww + W A%W) dO' + (P dO' ‘U:O)QOJ,W O

1. By [1I7, Theorem 3], the eigenvalues Aj y and eigenfunctions @y y are real-analytic functions with
respect to W € L2.

o=0
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Taking the scalar product of this identity with ¢; -, we obtain

d\jwiop )
do =0 < 7SDJ7W>
Thus
M M
d
do (TO +2 rjAJFWWP) L_O = (P> ritw)- (4.49)
Jj=1 - =1

By [117, Theorem 9], for any W € L2, the functions {@?’W}J(?il are linearly independent.
Hence we can find P € H® such that

M
<Pa ZTJ'()O?,W> 7& 0.
j=1

Then (£49) implies that W + o P € Qs for any o sufficiently close to 0. This shows that
O, is dense in H®. Thus Qz, is residual in H*.

Second step. Recall that QY is the set of all functions u € H*® such that for any j € N*
there exists C; > 0 verifying

O- *
{105,V 4115 P,V )| > k—; for all k£ € N*.

We will use the following well known estimates for any W € L?
C

lorw = ¢roll= < -

[6kw — rollLe < C, (4.51)

(e.g., see [II7, Theorem 4]). Integrating by parts, we get for any W € H*®

1
(psw s Prw) :m«_agm + W) (i, w), or,w)

s

- 1
Ak, W

(=1 sw, ouw) + 2(=1' &) w oew) + Njw e w, erw)) -
This implies that for k& # j, we have

1
{npjws rw) = 5 (" 0jws orw) + 200" ¢ w s orw))- (4.52)

W — Aew
Again integrating by parts, we obtain

1
(' prw) =5 @l (=05 + W)ipwaw)
1 1,7 / e=1 1 2 .
= Ewekw| ot (20 + W) egw ) prw). (453)
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Using ([£.52) with p replaced by u”, we get

)

1
(W' o5w,erw) = 5 (uDosw, oew) + 2@ . oew)).

LW = AW

Combination of this last equality with (@A48]), (£50)-(@53) and the explicit expression
oro(r) = V2sin(kmrr), yields that

1
E* (i w, orw) = —4jm i cos(jra) cos(kma) + cp k7t
z=0
= g (=17 (1) = W'(0)) + en gk
where for any j € N* the sequence ¢;, k > j is bounded in R. Thus for any p from the set

B={peH"; /(1) £4/(0) # 0}

and for any W € H?, there is K; € N* such that

O.
(s w, rw)| > k—;

for all K > K. In particular, this is true for W = V 4 p. Combining this with the following
result, we complete the proof.

Lemma 4.3. For any V € H®, the set O3, of all functions p € H® such that

(125.V 4+, P,V ) # 0 (4.54)
for all j, k € N*, is residual in H®.

Indeed, B is open and dense in H* and BN Q1, € QY. Then BN Qf is residual as an
intersection of two residual sets. Hence Q%, is a residual set in H®.

Proof of Lemmal[{.3 For any j,k € N*, let Q%,’j,k be the set of functions p € H® such
that (Z54]) holds. Then Q%, = Ny ken~ Q%,J’k and it suffices to show that Q%,J’k is open
and dense in H®. As above, the fact that Qy, ;i 18 open follows immediately from the
continuous dependence of the eigenfunction ¢ vy, on p. Let us show that Q%/’j’k is
dense in H*®. Since ¢; v (z)ek,v(z) is not identically equal to zero, the set of functions
p such that (ue;v, ok v) # 0 is dense in H®. For any po from that set, the function
(K0P, V+spuos Pk, V+spo) 18 non-zero real-analytic function with respect to s € R. Thus

Spg € Q%,J’k almost surely for any s € R. This proves that Q%,J’k is dense in H*.
O



	Introduction
	Introduction générale
	Contrôle bilinéaire d'équations de Schrödinger
	Contrôle d'équations de Schrödinger avec un terme de polarisabilité
	Contrôle d'équations de Grushin singulières

	Contrôle bilinéaire d'équations de Schrödinger
	Temps minimal pour la contrôlabilité exacte locale
	Introduction
	Well posedness
	Examples of impossible motions in small time
	Local controllability in large time
	Proof of Theorem 2.6
	A first step to the characterization of the minimal time
	Conclusion, open problems, perspectives
	Trigonometric moment problems
	Proof of Lemma 2.3
	Proof of Proposition 2.18

	Contrôlabilité simultanée de deux et trois équations
	Introduction
	Well posedness
	Construction of the reference trajectory for three equations
	Proof of Theorem 3.5
	Controllability results for two equations
	Non controllability results in small time
	Conclusion, open problems and perspectives.
	Moment problems

	Contrôle exact global simultané de N équations
	Introduction
	Well-posedness
	Approximate controllability 
	Local exact controllability
	Global exact controllability
	Appendix


	 Contrôle d'équations de Schrödinger avec un terme de polarisabilité
	Contrôle approché explicite par moyennisation
	Introduction
	Stabilization of the averaged system
	Approximation by averaging
	Explicit approximate controllability
	Numerical simulations
	Conclusion, open problems and perspectives

	Contrôle exact global
	Régularité des solutions
	Contrôle approché vers l'état fondamental
	Contrôle exact local autour de l'état fondamental
	Contrôle exact global


	 Contrôle d'équations de Grushin singulières
	Continuation unique de l'équation de Grushin singulière 2D
	Introduction
	Well posedness
	Unique continuation
	Conclusion, open problems and perspectives
	One dimensional operator
	Abstract self adjoint extensions



