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5.1 Introduction

5.1.1 Main result

Following [122] we consider a quantum particle in a potential V' (x) and an electric field of
amplitude u(t). We assume that the dipolar approximation is not valid (see [64] [65]). Then,
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152 Chapitre 5. Controle approché explicite par moyennisation

the particle is represented by its wave function (¢, ) solution of the following Schrodinger
equation

0 = (A + V(@) — u(t)pr () — u(t)?pa(z)p, x €D, (5.1)
Ylop =0, '
with initial condition
Y(0,2) =4 (z), = €D, (5.2)

where D C R™ is a bounded domain with smooth boundary. The functions V| u1, ue €
C>(D,R) are given, y; is the dipolar moment and us the polarizability moment. For the
sake of simplicity, we denote by L2, H} and H? respectively the usual Lebesgue and Sobolev
spaces L%(D,C), H}(D,C) and H?(D,C). The following well-posedness result holds (see
[42]) by application of the Banach fixed point theorem.

Proposition 5.1. For any v° € H} N H? and v € L% ([0, +00),R), the system (&.1)-

loc

(52) has a unique weak solution ¢ € C°([0,+oc), HE N H?). Moreover, for all t > 0,
[[(t, )|pz = [|¥°)|L2 and there exists C = C(u1,pa2) > 0 such that for any t > 0,

t 2
[ (t, )|z < ||¢0||Hzecf0 lu(r) |+ u(m)*dr

Let S := {¢p € L*(D,C);||¢||2 = 1} and (-, ) be the usual scalar product on L?(D, C)

()= [ f@ialelde. for 1.9 € L(D.C),
We consider the operator Ay defined by
Ay = (=A+V(2))y, D(Ay):=HinH? (5.3)

and denote by (Mg, v )ken~ the non-decreasing sequence of its eigenvalues and by (r v )ken~
the associated eigenvectors in S. The family (¢r v )ken~ is a Hilbert basis of L?. We also
define the space H(‘lv) := D(A%). As V is fixed, the eigenelements ¢y v and Ay will be
denoted by ¢ and ;. The operator Ay will be denoted by A.

Our goal is to stabilize the ground state. As the global phase of the wave function is
physically meaningless, our target set is

C:={cp; ceCand |c|] =1}, (5.4)

where ¢ 1= ;.
Let Jxo := {k > 2 {(u1p, pr) # 0} and Jy := {k > 2: {1, pi) = 0}. We assume that
the following hypotheses hold.

Hypothesis 5.1.

i) Vk € Jo, (uow, pr) # 0 i.e. all coupling are realized either by pq or us,
i) Card(Jy) < oo i.e. only a finite number of coupling is missed by p1,
i) M — Ak # Ay — A for k, p, ¢ > 1 such that {1,k} # {p,q} and k # 1.
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Remark 5.1. The hypothesis i) is weaker than the one in [19] (i.e. Jo = 0). As proved
in [I11] Section 3.4], we get that generically with respect to w1 and po in C°°(D,R), the
scalar products (u1p, k) and (u2p, pr) are all non-zero. The spectral assumption iii)
does not hold in every physical situation. For example, it is not satisfied in 1D if V' = 0.
However, it is proved in [ITI} Lemma 3.12] that if D is the rectangle [0,1]", Hypothesis 1.1
ii1) hold generically with respect to V in the set G := {V € C*®(D,R); V(z1,...,2p) =
Vi(z1) + -+ Vo(my,), with Vi € C>([0,1],R)}.

As in [57], we use a time-periodic oscillating control of the form
. t
ult,) = alw) + w)sin (1) (5.5)

Following classical techniques (see e.g. [124]) of dynamical systems in finite dimension
let us introduce the averaged system

Z.81‘,¢av = ( - A+ V(x))"r/)av - O‘("r/)av),ul ($)¢av - <a(¢av)2 + %ﬁ(¢av)2> H2 ($)1/)av;

’l/)ll’U‘aD = 07
(5.6)
with initial condition
Yau(0,-) = ¢°. (5.7)
Let P be the orthogonal projection in L? onto the closure of Span {¢g;k > 2} and 7 be a
positive constant (to be determined later).

Our stabilization strategy relies on the following Lyapunov function (used in [I9]) defined
on SN H} N H? by

L@) = A[(=A+V)Py|[22 + 1= [, 0) . (5.8)
This leads to feedback laws given by
a(Yav(t, ")) == —kLi(Yau(t,-),  BWav(t, ) == g(I2(Yau(t, ), (5.9)

with k£ > 0 small enough and
g € C?(R,R") satisfying g(z) = 0 if and only if z > 0, ¢’ bounded, (5.10)
and for j € {1,2}, for z € H?,

L(z) = TIm[ = WA+ VP2, (A + VIP2) + (2,000, 2) . (5.11)

We can now state the well-posedness of the averaged closed loop system (G.6]).

Proposition 5.2. Let R > 0. There exists ko = ko (V,u2, R) > 0 such that for any
Y0 e HE2NH{NS with L°) < R and k € (0, ko), the closed-loop system (5.8)-(57)-(E3)
has a unique solution g, € C°([0,+00), H?> N H}). There exists M > 0 such that

[$aw ()| 2 < M, V>0, (5.12)
Moreover, if Ay® € Hy N H?, then Aib,, € C°([0,400), H} N H?).
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For an initial condition 9° € SN Hy,, we define the control

W (0) 1= (0 (0) + Bl () sin (£, (5.13)
where 1, is the solution of (B.6)-(E1)-(E3).

The main result of this article is the following one.

Theorem 5.1. Assume that Hypotheses[51l hold. Let C, the target set, be defined by (5.4)).
There exists ko = ko(V,u2) > 0 such that for any k € ko, for any s < 2 and for any
P esSn HE‘O) with 0 < L(YY) < 1, there exist an increasing time sequence (Ty,)nen in R
tending to 400 and a decreasing sequence (€n)nen in R such that if 1. is the solution of

(51)-(52) associated to the control u defined by (513) then for allm € N, if e € (0,g,),

disty- (1-(t,),C) < 2in VE € [To, Tyl

Remark 5.2. Theorem [B.1] gives the semi-global approximate controllability with explicit
controls of system (5.1). Hypotheses[BIlare needed to ensure that the invariant set coincides
with the target set. The semi-global aspect comes from the hypothesis 0 < £(¢°) < 1 : by
reducing 7 (in a way dependant of ¢°), this condition can be fulfilled as soon as ¥° ¢ C.

In Theorem [B.1] there is a gap between the H* regularity of the initial condition and the
approximate controllability in H® with s < 2. The extra-regularity is used in this article
to prove an approximation property in H? between the oscillating system and the averaged
one (see Section (.3]). Weakening this regularity assumption is an open problem for which
an alternative strategy is required. The last loss of regularity comes from the application
of a weak LaSalle principle instead of a strong one due to lack of compactness in infinite
dimension.

5.1.2 A review of previous results

In this section, we recall previous results about quantum systems with bilinear controls.
The model (G) of an infinite potential well was proposed by Rouchon [122] in the dipolar
approximation (uz = 0). A classical negative result was obtained in [5] by Ball, Marsden
and Slemrod for infinite dimensional bilinear control systems. This result implies, for system
(500) with po = 0, that the set of reachable states from any initial data in H? N H} NS with
control in L?(0,T) has a dense complement in H? N Hi NS. However, exact controllability
was proved in 1D by Beauchard [10] for V = 0 and 1 (z) = = in more regular spaces (H").
This result was then refined in [I6] by Beauchard and Laurent for more general p; and a
regularity H?>.

The question of stabilization is addressed in [I9] where Beauchard and Nersesyan ex-
tended previous results from Nersesyan [ITI]. They proved, under appropriate assumptions
on y1, the semi-global weak H? stabilization of the wave function towards the ground state
using explicit feedback control and Lyapunov techniques in infinite dimension.

However sometimes, for example in the case of higher laser intensities, this model is not
efficient (see e.g. [64,[65]) and we need to add a polarizability term u(t)?u2(x) in the model.
This term, if not neglected, can also be helpful in mathematical proofs. Indeed the result
of [19] only holds if 11 couples the ground state to any other eigenstate and then the use of
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the polarizability enables us to weaken this assumption. Mathematical use of the expansion
of the Hamiltonian beyond the dipolar approximation was used by Grigoriu, Lefter and
Turinici in [80} [135]. A finite dimension approximation of this model was studied in [57] by
Coron, Grigoriu, Lefter and Turinici. The authors proposed discontinuous feedback laws
and periodic highly oscillating feedback laws to stabilize the ground state. In this article, we
extend in our infinite dimensional framework their idea of using (time-dependent) periodic
feedback laws. We also refer to the book by Coron [54] for a comprehensive presentation of
the feedback strategy and the use of time-varying feedback laws.

How to adapt the Lyapunov or LaSalle strategy in an infinite dimensional framework
is not clear because closed bounded sets are not compact so the trajectories may lack
compactness in the considered topology. In this direction we should cite some related works
of Mirrahimi and Beauchard [I7, [I03] where the idea was to prove approximate convergence
results. In this article, we will use an adaptation of the LaSalle invariance principle for weak
convergence which was used for example in [I9] by Beauchard and Nersesyan. There are
other strategies to show a strong stabilization property. Coron and d’Andréa-Novel proved
in [55] the compactness of the trajectories by a direct method for a beam equation and
thus the strong stabilization. Couchouron [61] 62] gave sufficient conditions to obtain the
compactness in favorable cases where the control acts diagonally on the state. Another
strategy to obtain strong results is to look for a strict Lyapunov function, which is an even
trickier question, and was done for example by Coron, d’Andréa-Novel and Bastin [56] for
a system of conservation laws.

The question of approximate controllability has been addressed by various authors using
various techniques. In [IT12], Nersesyan uses a Lyapunov strategy to obtain approximate
controllability in large time in regular spaces. In [45], Chambrion, Mason, Sigalotti and
Boscain proved approximate controllability in L2 for a wider class of systems using geometric
control tools for the Galerkin approximations. The hypotheses needed were weakened in
[25] and the approximate controllability was extended to some H* spaces in [30].

Explicit approximate controllability in large time has also been obtained by Ervedoza
and Puel in [70] on a model of trapped ion, using different tools.

5.1.3 Structure of this article

As announced in Section BTl we study the system (5.1]) by introducing a highly oscil-
lating time-periodic control and the corresponding averaged system. Section is devoted
to the introduction of this averaged system and its weak stabilization using Lyapunov tech-
niques and an adaptation of the LaSalle invariance principle in infinite dimension.

In Section 5.3 we study the approximation property between the solution of the averaged
system and the solution of (5I]) with the same initial condition. We prove that on every
finite time interval these two solutions remain arbitrarily close provided that the control is
oscillating enough. This is an extension of classical averaging results for finite dimension
dynamical systems.

Finally gathering the stabilization result of Section and the approximation property
of Section [5.3], we prove Theorem [5.1]in Section (.41

Section is devoted to numerical simulations illustrating several aspects of Theorem
B and of the averaging strategy.
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5.2 Stabilization of the averaged system

5.2.1 Definition of the averaged system
System (B.1]) with feedback law u defined by (55) can be rewritten as

ow(t) = —iavtt) + 7 (£.00).

(5.14)
¢\8D = 07
where the operator A is defined by (53]) and
F(s,z) =i (o(z) + B(z)sin(s)) p1z + i (a(z) + B(2) sin(s))? poz. (5.15)

For any z, F(.,z) is T-periodic (with here T = 2x). Following classical techniques

of averaging, we introduce F°(z) := % fOT F(t,z)dt. We can define the averaged system

associated to (.14 by
{8{‘/)(1@ - _Z.A'lr/)av + FO(¢av)7 (5 16)

djav‘aD =0.

Straightforward computations of F? show that the system (5.16]) can be rewritten as (5.6]).
We show by Lyapunov techniques that we can choose o and 8 such that the solution of
the averaged system (5.16]) is weakly convergent in H? towards our target set C.

5.2.2 Control Lyapunov function and damping feedback laws

Our candidate for the Lyapunov function, £, is defined in (5.8]). It is clear that L(1)) > 0
whenever 1 € SN H} N H? and that £(¢) = 0 if and only if ¢ € C.

The main advantage of this Lyapunov function is that it can be used to bound the H?
norm. In fact, for any v € SN HE N H?,

L) 2 A=A+ VIPEIE = JIAPYIE: - C 2 1]Av]2. - C.

where here, as in all this article, C' is a positive constant possibly different each time it
appears. This leads to the existence of C' > 0 satisfying

[[9]%: < C(+ L)), YeSnHINH. (5.17)

Remark 5.3. Although the idea of using a feedback of the form (53] is inspired by [57], the
construction of the Lyapunov function and of the controls is here different because we are
dealing with an infinite dimensional framework. We follow the strategy used in [I11] [19].

Choice of the feedbacks. We would like to choose the feedbacks o and 3 such that for
d
all £ >0, %E(dgw (t)) < 0 where 1, is the solution of (G.6),([E.1).
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If Avpa,(t) € HE N H? for all t > 0 then

d
&‘C(’@[JU«U (t)) = 2’YR€[<(—A + V)P8t¢av7 (_A + V),deavﬂ - 2Re[<at¢ava SD><SD7 ¢av>}
— 27Re[<(—A + V)P (iA%av — iVay + iopihay + i(a® + %52);@%), (—A+ V)P¢av>]

1
— 2Re [<iA1,/)av - Z.V¢av + Z'Oé,ul¢av + i(Oéz + 562)H2¢av; ‘P><‘Pv 1/)av>:| .

Then, we perform integration by parts. As P commutes with (—A + V'), V is real and
thanks to the following boundary conditions

(=A+V)Pthyjop = Yavjop = ¢jap =0,
we have
29Re[(—i(= A + V)*Piar, (—A + VIPYiar) | — 2Re [(GA = iV )ar, £}, i)
= 2Re[(~iV(=A + V)Ptuy, V(=A + V)Piiur)|
+ 29Re|(=iV(=A + V)PYay, (—A + V)Ptas)| + 2MRe{ithau, ) (0, o)
= 0.

This leads to

£ (0) = 200000 +2 (0 + 55 ) B (). (5.18)

where I; is defined in (GI1)).
In order to have a decreasing Lyapunov function we define the feedback laws « and 3 as in

(E9). Thus (&I8) becomes
L0 (0) = 2 (KL= 1) - 51 (1)). (5.19

If we assume that we can choose the constant k such that (1 —kl2) > 0 for all ¢ > 0 and
if Atbg,(t) € HE N H? then the feedbacks (5.9) in system (5.6) lead to

%L(wav (t)) <0, Vt>0. (5.20)

Well-posedness and boundedness proofs. Using the previous heuristic on the Lya-
punov function, we can state and prove the well-posedness of the closed loop system (5.6])-
(59) globally in time and derive a uniform bound on the H? norm of the solution. Namely,
we prove Proposition

Proof of Proposition[5.2 By the explicit expression (.11 of Iz, we get for any z € H?,
[I2(2)] < f(||z||H2) where

f(@) = |[pallzee +y(z + [Vl + A1) ([|12lle2z + [[V]| oo 2] Lo + Ar]|p2][ze).
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Notice that f is increasing on R*. Let K := 2f ( C(1+ R)) where C is defined by (5.17),

ko := % and k € (O,ko)

The local existence and regularity is obtained by a classical fixed point argument : there
exists T* > 0 such that the closed loop system (5.6)) with initial condition (57)) and feedback
laws (0.9) admits a unique solution defined on (0,7*) and satisfying either T* = +o0 or
T* < +o00 and

lim Sup' Wjav (t)| |H2 = ~+o0.
t—T*
We have %

O] < 00l < 7 (E+20) < 5
thus, by continuity, |I2(%ay(t))] < K for ¢ small enough.
Let

Tinaz :=sup {t € (0,77); |I2(¥ar(7))| < K,V7 € (0,1)} .
We want to prove that T, = T* = +00.
For all t € [0, Tnaz), we have (1 — kl2(1qy(t))) > 0, which implies (by GI9)), £(¢ao(-)) is
decreasing on [0, Tyq.). Estimate (BI7) leads to

oo (Ol < OO+ L) < \/CO+LED), VEE D, Tar).  (5:21)

Let us proceed by contradiction and assume that Ty,q, < T*. Thus |Iz(Yan(Timez))| = K.
By definition of K,

|2 (tau (1)) < f ( C(1+ £(¢0)) < g vt € [0, Trnaaz)-

This is incounsistent with |I3(¢¥ay (Timaz))| = K 30 Tinae = T and the solution is bounded
in H? when it is defined. As no blow-up is possible thanks to (5.21) we obtain that T4, =
T* = 400 and thus the solution is global in time and bounded.

Finally, taking the time derivative of the equation we obtain the announced regularity.
O

5.2.3 Convergence Analysis

In all this section we assume that k € (0, ko) where k¢ is defined in Proposition 5.2l with
R = 1. The closed-loop stabilization for the averaged system (&.0) is given by the next
statement.

Theorem 5.2. Assume that Hypotheses[51 hold. If° € SﬁH(‘lO) with 0 < L(yY) < 1, then
the solution 1, of the closed-loop system (5.0)-([59) with initial condition ([571) satisfies

Yan(t) = C in H2.

We prove this theorem by adapting the LaSalle invariance principle to infinite dimension
in the same spirit as in [I9]. This is done in two steps. First we prove that the invariant set,
relatively to the closed-loop system (E.0)-(%.9) and the Lyapunov function £, is C. Here,
Hypotheses .11 are crucial. Then we prove that every adherent point for the weak H?
topology of the solution of this closed-loop system is contained in C. This is due to the
continuity of the propagator of the closed-loop system for the weak H? topology.
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5.2.3.1 Invariant set

Proposition 5.3. Assume that Hypotheses[51l hold. Assume that )° belongs to SNHENH?
and satisfies (Y°, o) # 0. If the function t — L(1hay(t)) is constant, then y° € C.

Proof. Thanks to (5.19), the fact that (1 — ko (s (t))) > 0 for all t > 0 and (GI0) we get

L ['@/Jav(')] 0, I2(¢av('))g2 (12('@[1111)('))) =0 ie. I2(¢av(t)) >0, vt > 0.

By (2.9) this implies that a(?e,(+)) = B(Wan(-)) = 0 and then 1, is solution of the uncon-
trolled Schrodinger equation. So,

¢av Ze Y t SOJ

Jj=1

Recall that ¢ := ¢ is the ground state. Following the idea of [III], we obtain after
computations and gathering the terms with different exponential term

L(a(®) = 3 POk, pu)e Ot 1 37 Py, )it

J.k>2 Jj€J %o
— > @0 ) (s, @) (14 YA )e AL
JE€J0

where P(4°, j, k, 1) and ﬁ(?ﬁo,j, u1) are constants. Then, by [I11, Lemma 3.10],

W0, 05) (@, %) (s, ) (1 +9X3) = 0, Vj € Jxo.

Using the assumption (p,9°) # 0 and Hypotheses Bl it comes that for all j € J.o,
(¥°, ;) = 0. This leads to

Yaw(t) = "MW, 0)p + e MW, 05);,
Jj€Jo
where by Hypotheses 5.1l Jp is a finite set. By simple computations we obtain,

Io(ban(®) =T = D7 325000, 000, @)= + V)P (aipr), iy e —0"

k.j€Jo

= W05, ) W0, o) (= A + V)P (pag), o5 )e’Ps —ME
Jj€Jo

+ 3 W0 ), ) s, @)e N T4 (10, 0) Hlpag, ) ) > 0. (5.22)
Jj€Jo

There exists No € N* and (wn)nefo,...,n,} such that

{wn;ne{0,...,No}}t ={E(\e — Nj); (k. j) € Jo x (JoU{1})},
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with wy =0 and w; # wy if j # k. Thus, (5:22) implies that for any n € {0,..., No}, there
exists A, = A, (¥°, u2) € C such that

N,
Im(ZOAjeW) >0, Vt>0. (5.23)
=0

Straightforward computations give

Ao = [(°,0) P2, ) — D ¥A3 (s, ¥°) [ (uaps, 05)-
j€Jo

Thus, Im(Ag) = 0 and our inequality (5Z3) can be rewritten as
Ny )
(> Aget) >0, Ve,
j=1

with the w; being all different and non-zero. Then using the same argument as in [57, Proof
of Theorem 3.1], we get that A; = 0 for j > 1 and then using (2.22) in particular that
the coefficient of e~*(*=*1* vanishes. It implies (Y9 ;) =0 for all j € Jo. Consequently,
PO = (Y0, ). As ¢ p € S, we obtain ¥ € C.

O

5.2.3.2 Weak H? continuity of the propagator

We denote by U;(1)°) the propagator of the closed-loop system (E.8)-(E3). We detail
here the continuity property of this propagator and of the feedback laws we need to apply
the LaSalle invariance principle.

Proposition 5.4. Let z, € SNHNH? be a sequence such that z, — 2 in H2. For every
T > 0, there exists N C (0,T) of zero Lebesgue measure verifying for all t € (0,T)\N,
i) Up(zn) — Up(200) in HZ,
n—oo

Proof. Proof of ii). We start by proving that if (2, )nen € HE N H? satisfy

Zn — Zeo in H? then a(z,) — a(ze) and B(zn) — B(2e0). Thus ii) will be a
n—00 n—oo

n—oo
simple consequence of 7). As proved in [19, Proposition 2.2], using the fact that the regularity

H?3/? is sufficient to define the feedback, we get

Ii(zn) e Ii(200), forj=1,2.

So by the design of our feedback,

a(zn) n_>—+>oo a(200);,  Blzn) n_>—+>oo B(zo0)-

Proof of i). The exact same proof as in [19) Proposition 2.2] based on extraction in less
regular spaces, uniqueness property of the closed loop system and taking into account the
polarizability term leads to the announced result.

O
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5.2.3.3 LaSalle invariance principle

We now have all the needed tools to prove Theorem

Proof of Theorem [5.2. Consider ¢ € SN HE‘O) with 0 < £(1°) < 1. Thanks to the bound

GI7), Uy (%) is bounded in H?. Let (t,)nen be a sequence of times tending to +o0o and
Yoo € H? be such that U;, (v°) — 1) in H?. We want to show that 1, € C.
n—oo

We prove that a(Us(¥eo)) = 0 and B(Us (1)) = 0. Indeed, the function ¢ — o (U (¥°))
belongs to L2(0,+o0) (because of (EI9) and (53)) so the sequence of functions (¢ €
(0, 400) — a(Z/{thrt(wO))n tends to zero in L?(0,+o0). Then by the Lebesgue reciprocal
theorem there exists a subsequence (t,, )reny and N1 C (0,+00) of zero Lebesgue measure
such that

a(L{tan (¢0)) k——>>oo 0, Vit € (0, +OO)\N1

Let T € (0,400). Using Proposition 5.4 there exists N C (0,T) of zero Lebesgue
measure such that

a(Uyt,, (V) e (U (Yss)), Vit € (0,T)\N.

Hence, a(Us()oo)) = 0 for all ¢ € (0,7)\(N1 U N). The function ¢ — o(Us(so)) being
continuous we get a(Uy(¢so)) = 0 for all ¢ € [0,T], and this for all T > 0. Finally
o (U (Yso)) =0 for all ¢ > 0.

The same argument holds for f as g : t — Iy (Ut(¢0))g2 (Ig (Z/{t(wo))) belongs to
L'(0,+00). Then by the proof of Proposition 5.4

§ (Usse,, @) = G W), VEE (O,TI\N,

and §(Us (1)) = 0 implies B(Us (1)) = 0.
These two results lead to the fact that ,C(th (1/;00)) is constant.

By (20), L(¥o0) < L(Y°) < 1 80 (o0, @) # 0. All assumptions of Proposition [5.3] are
satisfied then 1, € C.

This concludes the proof of Theorem [5.2] and the convergence analysis of (5.6]).

5.3 Approximation by averaging

The method of averaging was mostly used for finite-dimensional dynamical systems
(see e.g. [124]). The concept of averaging in quantum control theory has already produced
interesting results. For example, in [I06] the authors make important use of these averaging
properties in finite dimension through what is called in quantum physics the rotating wave
approximation. The main idea of using a highly oscillating control is that if it is oscillating
enough the initial system behaves like the averaged system. We extend this concept in
our infinite dimensional framework : we prove an approximation result on every finite time
interval. More precisely we have the following result.
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Proposition 5.5. Let [s, L] be a fized interval and ¢° € SN HELO) with 0 < L(¢°) < 1. Let

Yaw be the solution of the closed loop system ([5.8),[5.9) with initial condition Vg, (s, ) = ¥°.
For any 6 > 0, there exists eg > 0 such that, if 1. is the solution of (51]) associated to the
same initial condition . (s,-) = " and control us(t) defined by (5.13) with € € (0,20) then

(9= (t,) = Yau(t,)l|a2 <6, Vte[s, L]

Remark 5.4. Notice that the controls o and § were defined using the averaged system in a
feedback form but the control u® used for the system (&) is explicit and is not defined as
a feedback control.

Remark 5.5. Due to the infinite dimensional framework, we are facing regularity issues and
cannot adapt directly the strategy of [124].

Proof. We define for (¢,2,%) € R x H? x H?,

F(t,z, %) =i (a(Z) + B(3) sin(t)) gz + i ((3) + B(Z) sin(t))? pgz. (5.24)
Notice that thanks to (515) for any (t,z) € R x H?,
F(t z,2z) = F(t,z). (5.25)

With these notations the considered system (G.I) with control (5I3]) and initial condition
e (s,+) = 1° can be rewritten as
. ~ (1
0uw.(t) = =i (0)+ F (£, 0:(0).00,(0)).
¢5\6D = 0)
where 1), is the solution of the closed-loop system (5.6) with initial condition 1, (s, ) = ¥°.
Denoting by T4 the semigroup generated by —iA, we have for any t > s,

T

Ye(t) = Ta(t — s)P° + /t Ta(t —7)F (— e (1), %U(r)) dr,

s 57
wav(t) = TA(t — S)¢O + / TA(t - T)FO (¢av (T))dT

This implies for any ¢t > s,

[=(8) = Yarl 22 < \ / Tat =) [F (Zobun () = PO ()] e

' " (5.26)
[ Tatt =) [F (Zelr) ) = F (Lt Jar

We study separately the two terms of the right-hand side of (526]).

i

H?2

First step : We show the existence of C' > 0 such that for any ¢ > s, for any € > 0,

/: Ta(t = 1) [ (£ 0e() b (1)) = F (£, Yanlr)) | dr

\ e (5.27)
< c/ [e() = Yo (7)]| ol
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~—

By (&I5),([E24), it comes that for any 7 > s, for any £ > 0,
F(Z0e(0) 6an(n) = F (L 000()

= i (@ (1)) + B (1) sin (£ ) ) i1 [o(7) = Y ()]
+i (oz(wm, (1)) + B(tav (7)) sin (g)f pi2 [1he(T) = tan(7)].

As 14, is bounded in H?, using (59) and (EI1) we get the existence of M; > 0 such that
for all 7 > s,

|($av (7)) + [B(%an(T))] < My, (5.28)

As |sin (Z) ] < 1, we get the existence of C' > 0 independent of € such that for any 7 > s,
for any € > 0,

HF (;%(T)a%u(ﬂ) _F<£7¢av(7—))‘

H?2 S CHwE(T) _waU(T)HHz' (529)

Then the contraction property of T4 implies (2.27).
Second step :  We show that there exists C > 0 satisfying for all ¢ € [s, L], for any
e >0,

We follow computations on the semigroup T4 done in [82]. For (t,v) € Rt x C1([s, L], H?),
we define U and H by

< Ce. (5.30)
H?2

/St Ta(t—) [F (g’%v(ﬂ) _ FO(%U(T))} dr

Ut () = / (F(r,v()) - F(u())dr,
H(t,v) : = d,U(t,v)0,

where © is the time derivative of v.
Notice that the T-periodicity of F(-,v) and the definition of F° imply that U(-,v) is also
T-periodic.

Lemma 5.1. As vy, € CY([s, L], H} N H?), we have for any t € [s, L], for any e > 0,
¢ T
[ 1t =) [F (Ztmn() = Flwunlr)] ar =
eU G,wav(t)) —eTa(t — 5)U (g,wav(s))
_ié‘A/ Ta(t —7)U (g,@[}av(ﬂ) dr — E/ Ta(t—71)H (g,wav(T)) dr.

Proof. The proof is done in [82] Lemma 2.2] .
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We study separately each term of the previous right-hand side.
o With k= | %], we have £ — kT € [0,T] and by periodicity

U (é,%v(t)) _ /Ot/a (F(T, Yau(t)) — FO(%U(t)))dT
t/e—rT
- / (P tau®) = F(au (1)) ) ar.
0

As 14, is bounded in H? and a(v4y), B(¥ay) are bounded there exists My > 0 such that
F (7, au(®))||rz < Mz, |[FO(¢au(t)]|gz < Ma, V7 >0,V > s.

This leads to

o (L vmn) |

The same computations lead to

t/e—rT
e < / 2Maodr < 2MoT, Vit > s,¥e > 0.
0

s
HTA(L‘ —s)U (g,wav(s)) HH <OM,T, Vit > s,Ve > 0.
Then,
t S
HsU <g,¢m,(t)) Y eTa(t — s)U (g,%v(s)) HH < Ce, VE>8,Ve> 0. (5.31)
e By switching property,
t
A/ Ta(t = 1)U (o v0n(r)) dr = [ Talt = 7140 (2 vn(r)) ar,
and for any t € [s, L], for any € > 0
t/e— KT
< 7wav ) A/ T 1bav( )) - Fo(wav(t))] dr

t/e—rT
_ /O [AF (7, au () — AF (10, (£))] dr.
By definition of F' and F° we have
AF(t, z) = i(a(z) + B(2) sin(t)) A 2) + i(a(z) + B(z) sin(t))* A(pz2),
AF°(2) = ia(2) A 2) + i <a(z)2 + %5(z)2> A(pez).
By regularity hypothesis on 1, o and V there exists C' > 0 such that

1AGui2)| |2 < CllAzl[m2,  [[A(p22)l|a2 < CllAZ|| 52
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Thus thanks to Proposition and the bound (B28) on a(ta,) and B(1ay), we get the
existence of M3 > 0 satisfying

AP (T, a0 ())||a2 < Ma,  ||AF® (€00 (1))l g2 < M3, V7 20,Vt € [s, L]

So, for any t € [s, L], for any ¢ > 0, HAU(%,wav(t))HHz < 2M3T. Consequently , there
exists C' > 0 such that

t
HisA/ Talt =)V (Zoban() dr|| | <Ce WeelsIlve0.  (532)
e For the last term we need to estimate H (£, 14, (t)). We have
t t
H (ga ¢av (t)) = dUU (ga ¢av(t)> 'atwav(t)

t/e—KT
- /0 (dvF(Ta Vv ). Oeaw — dFO(@/Jav)ﬁtwav)dT.

Using (59) and (5.10)), we have for any v,w € C°([s, L], H} N H2),
da(v).w = —kdI (v).w, dB(v).w = ¢ (I2(v))dl2(v).w, (5.33)
where,
AL (v).w = Im| = Y((~A + V)P(jw), (A + V)Pv)
= A(=A+V)P(uv), (A + V)Pw) + (uw, o) (@, v) + (v, 0) (e, wﬂ :
Finally, we have

dy F(t,v).w = i(a(v) + S(v) sint)puyw + i(da(v).w + dB(v).wsin t) u v
+i(a(v) + B(v) sint)? pow + 2i(a(v) + B(v) sint)(da(v).w + dB(v).wsint)usv,  (5.34)

and
dF°(v).w = ia(v)pyw + ide(v).wpy v + i <a(v)2 + %[3(1})2> How
+i(2a(v)da(v).w + B(v)dB(v).wsint)uav. (5.35)

By Proposition B2 014, € C°([0,+00), Hi N H?) so there exists My > 0 such that
00ban (Ol < M, VE€ [5, L)

Hence, the same computations as previously lead to the existence of C' > 0 satisfying
|da(Yav (1))-0ctau (t)] + |dB(Yaw (1))-Otau ()| < C, Vit € [s, L],

and thus by ([&.34),([E38), for any ¢ € [s, L], for any 7 > 0,
1do F (7, Yo (£))-O0aw ()] | 2 + [|AF* ($au (t))-0¢than (t)] |2 < C.
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As a consequence,

HH (g,wav(r)) HH <CT, Vrels L],Ve >0,

and then, )
e / Ta(t - H (L ga() || dr < (LT (5.36)

We are now able to deal with the remaining term of the right-hand side of (G26]).
Gathering inequalities (B.31)), (532)) and (530) in Lemma [51] we obtain that there exists
C > 0 such that inequality (530) holds.

Third step : Putting together (.20), (527) and (B30) we obtain that there exists
C > 0 such that for any t € [s, L], for any £ > 0,

t
|wuw—¢wmmpSC%+0/WWAﬂ—wwvaMr

Hence Gronwall’s lemma implies
e (t) = aw (t)] |2 < Cee®) < (Ce“E)e, Wt € [5,L],

4]

and Proposition 5.5 is proved with g9 = Coll=s) -

O

Remark 5.6. The proof we used is fundamentally based on the boundedness of Ay, (t) on
[s, L] and on Gronwall’s lemma so it cannot be extended directly to an infinite time interval
[s, +00).

5.4 Explicit approximate controllability

The solution 14, of the averaged system (5.8),([E0), can be driven in the H? weak
topology to the target set C. The solution 1. of the system (&) associated to the same
initial condition, with control u®, stays close to 14, on every finite time interval provided
that the control is oscillating enough. Gathering these two results we prove Theorem [B.1}

Proof of Theorem[51l. We consider s < 2 fixed.
By Theorem [5:2] we can construct an increasing time sequence (7}, )nen tending to oo
such that for any n € N,

1
diStHs (¢av(t),C) S W’ Vit Z Tn (537)

Using Proposition on the time interval [0,7},11] we then construct a decreasing
sequence (€, )nen such that for any n € N,

19e(6) — Gau Dl < gagr, V€ [0, Tosa], Ve € (0,0). (5.39)
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Then ([&37),([E38) imply that
1
Vn e N, distys (1/)5(0,0) < 2_77,’ Vt € [Tn, Tn+1],VE S (0, 511)7

which is the statement of Theorem [B.11

5.5 Numerical simulations

This section is dedicated to numerical simulations of system (G.I). First, we detail how
we approximate the solutions of (5] and (56l). Then, we check the validity of the imple-
mented code. Finally, we illustrate different aspects of Theorem [E1] and of the averaging
property, Proposition

5.5.1 Settings

In all what follows, we set D = [0,1]. As the potential V will vary in this section, the
eigenelements of —A + V are denoted ¢k v and A\ y. Any function ¢ € L?((0,1),C) is
approximated by its first M modes

M=

V() ~ Y xk(t)er,v.

k=1
The unknown eigenvectors ¢y, y are approximated in the following way
N
Pr Vv = Za?%,o-
j=1

The equality (—A + V)¢r v = Ae.v ey leads to Ba® = A y-a® with
Clk = (Cllf, ey a]fv)t, B= diag()\l,o, ceey )\N’O) + (<V(Pi,05 @J’O>)1SWSN
Notice that A\ro = (k7)? and ¢ o = v2sin(kr) are explicit. The scalar products are

approximated by the Matlab function quadl. The eigenelements a* and Ak, v are then
approximated by the Matlab function eig.

5.5.2 Approximation of 1. and v,
Let

Hy = diag(M,v,.... Aav),  Hp = ({ttngi,v, <Pj,V>)1§¢,j§M’ ne{1,2}.
It follows that the feedback laws (5.11)) are approximated, for X € RM and j € {1,2}, by

I;(X) == Im( —(Ho(0, (H; X)2,. .., (HjX)M)t)t (Ho(0,T3,...,Ta1)) + (HjX)1$_1)7
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leading to
a(X):=—-kL(X), B(X):=—min(l3(X),0).

Thus, if we define X4, X. € RM, systems (5.1) and (5.6) are approximated by

X.
i 22 = (Ho — ue(t)Hy — ue(t)?H) X., (5.39)

and
idfi(tav — (Ho - OZ(Xav)Hl - (a2(X,w) + %ﬂ(Xav)2) Hg) Xav, (5'40)

where uc(t) = a(Xaw(t)) + B(Xaw(t)) sin(t/e). Equations (539) and (5.40) are solved nu-
merically (simultaneously) using Euler method with a time step dt and a Strang splitting
method.

5.5.3 Validation

We now prove the validity of the implemented code. The eigenvectors ¢y are approx-
imated by N = 50 modes. We take, as a test case, V(z) := (z — 1/2)%, u1(x) := 22 and
pz2(r) := x. The considered initial condition is 1" = %cpl,v + %gpz,v. The value of the
oscillating parameter is € = 1073, The parameter v is chosen such that £(y°) = 3/4. We
compute the discrete Lyapunov function for the averaged system and the H® norm (with
s = 1.8) to the ground state for both the oscillating and the averaged system. The time
scale is [0,7] with T = 1000 and a time step dt = 1073. For M = 5, we get the results
presented in Figure 511

Lyapunov function of 1,

o 100 200 30 400 500 600 700 800 900 1000 o 100 200 300 400 500 600 700 800 900 1000
wwwww Time

Figure 5.1: Lyapunov function of the averaged system (left). H® norm to the ground state
(right) for the averaged system (continuous line) and the oscillating system (dashed line).

As expected, we observe the convergence of the Lyapunov function to 0. The solutions of
B39) and ([@40) are driven to the ground state (up to a global phase). To validate the
simulations, we have also tested the code for M = 10 and M = 20. We obtained the same
asymptotic behaviour and the same values for the Lyapunov function and the H® distance
to the target.

As the approximate controllability uses the fact that the controls are oscillating, the time
step dt cannot be taken large with respect to the oscillating parameter . For e = 1073, we
obtain the same results with dt = 1072 and d¢t = 10~*. However, instabilities appear on
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the oscillating system for d¢ = 10~2. Thus, in all what follows the time step will be chosen
smaller than . We now present several simulations to illustrate various aspects of Theorem

wil

5.5.4 Influence of the initial condition

For every other initial condition tested, the asymptotic behaviour is the same. We
present here the results for the same parameters as in Figure 5.1 but with the initial condi-
tion ¢ = %@LV + %@2,‘/ + ﬁ@&\/. In this case, the stabilization of the averaged system
is slower and we computed it for 7" = 5000.

H® distance 10 9,

o 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 o 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Time Time

Figure 5.2: Lyapunov function of the averaged system (left). H® norm to the ground state
(right) for the averaged system (continuous line) and the oscillating system (dashed line).

We observe in Figure the same asymptotic behaviour as in Figure .11

5.5.5 Averaging strategy

We present numerically the influence of the oscillating parameter . First, we consider
the same potential, dipolar and polarizability moments as in Figure 5.1l We compute the
discrete H® norm (for s = 1.8) to the ground state (up to a global phase) and the discrete
H? norm of X,, — X.. Figure is obtained with ¢ = 1072 while Figure [5.4] is obtained
with ¢ = 107%. Both are computed with a time step dt = ¢ and final time 7" = 500. For
a fixed parameter €, we observe that the H? distance between the solution of (5.1) and the
solution of (5.6]) with the same initial condition does not increase as the time goes to infinity
but rather tends to a limit value. This limit value is of the same order of magnitude as ¢.
We observe that

| Xao(T") — Xi0-3(T)|| 122
||Xav(T) — Xj0-4 (T)HH?

This validates numerically the results of Proposition and indicates that this averaging
property should be valid on an infinite time horizon.

The same behaviour has been obtained with other parameters. We present here the
simulations with pi(x) := cos(z) and pg(x) := cos(2z), inspired by the physical situation
of alignment dynamic of a HCN molecule as in [65]. Figure 5.5l is obtained with ¢ = 1073
while Figure is obtained with ¢ = 10~*. Both are computed with a time step dt = ¢
and final time 7' = 1000 (as the stabilization process seems slower in this case).

~ 30.
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Figure 5.3: H® norm to the ground state (left) for the averaged system (continuous line)
and the oscillating system (dashed line). H? gap from the average (right).

x10*

Average
— - —Oscillating

W distance between y,, and ¥,

o 50 100 15 200 250 300 350 400 450 500 o S0 100 10 200 250 300 350 400 450 500
Time Time

Figure 5.4: H® norm to the ground state (left) for the averaged system (continuous line)
and the oscillating system (dashed line). H? gap from the average (right).
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Time Time.

Figure 5.5: H® norm to the ground state (left) for the averaged system (continuous line)
and the oscillating system (dashed line). H? gap from the average (right).
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(] 100 200 300 400 500 600 700 800 800 1000 o 100 200 30 400 50 600 700 800 900 1000
Time Time

Figure 5.6: H*® norm to the ground state (left) for the averaged system (continuous line)
and the oscillating system (dashed line). H? gap from the average (right).

Remark 5.7. Although the time scales at stake in these simulations can seem very large,
one has to remember that the Schrodinger equation is considered in atomic unity.

5.6 Conclusion, open problems and perspectives

In this article we have defined explicit oscillating controls that drive the solution of our
system arbitrarily close to the ground state provided that the control is oscillating enough
and the time is large enough. To achieve this we have used and developed tools from the the-
ory of finite dimension dynamical systems and applied them to the considered Schrédinger
equation. We managed by adding a mathematically and physically meaningful term to
weaken the previous assumptions on the coupling realized by this model. The assumptions
that were made are proved to be generic with respect to the functions determining the
system (potential, dipolar and polarizability moments). The results presented should be
generalizable to a compact manifold with the Laplace-Beltrami operator. We performed
numerical simulations to illustrate the approximate controllability. This gives numerical
bounds on the time scale and on the values of the oscillating parameter needed to drive any
initial condition arbitrarily close to the ground state.

A challenging question would be to prove an approximation property of the averaged
system on an infinite time interval [s,4+00). This would lead to approximate stabilization
to the ground state. Based on the numerical simulations, this result seems to hold. Unfor-
tunately the tools developed here are really based on the finite time interval and cannot be
extended directly. In [I6], Beauchard and Laurent proved the local exact controllability in
H? around the ground state for the system (5.1)) in the dipolar approximation (i.e. gz = 0)
under some coupling assumptions in one dimension. If one manages to extend their result
to the system (B.I) with suitable assumptions on ps, this may lead to a global exact con-
trollability result around the ground state, at least for the one-dimensional case. The main
difficulty would be to obtain the approximate convergence in the same functional setting as
their local exact controllability result and with coherent assumptions on the polarizability
moment.
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On considére une particule quantique dans un intervalle, modélisée par sa fonction d’onde
¥, dans un potentiel V(x). On controle I’évolution de cette fonction d’onde par un champ
extérieur d’amplitude u(t) réelle. En prenant en compte le terme dipolaire et le terme de
polarisabilité, on considére le systéme de Schrodinger

0 = (=02, + V(x)) ¥ — ult)m (@)y — u(t)’pa()p, (t.2) € (0,T) x (0,1),
¥(t,0) =v(t,1) =0, te (0,7), (6.1)
¥(0,z) = vo(z), z € (0,1),

présenté en Section [[3] page L’objectif de ce Chapitre est de montrer que certaines
techniques développées pour le modéle bilinéaire

O = (=02, + V(z) Y —u(®)m (z)y, (t,x) € (0,T)x (0,1),
»(t,0) =(t,1) =0, te (0,7), (6.2)
¥(0,z) = Yo(x), x € (0,1),

présentées en Section et détaillées en Partie[ll s’appliquent au cas du modéle unidimen-
sionnel avec un terme de polarisabilité (6.1)).

On rappelle que, pour V € L?((0,1),R), on note A,y et ¢y les valeurs propres et
vecteurs propres de l'opérateur Ay défini par Ayy = (=02, 4+ V(z)) ¢ avec domaine

D(Ay) := H?> N H}((0,1),C). Pour s > 0, 'espace Hyy = D(Af,/z) est muni de la norme

—~

W=

+oo
[z, = (me,@k,vﬂ?)
k=1

173
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La sphére unité de L?((0,1),C) est notée S. Le résultat principal de ce chapitre est le
suivant.

Théoréme 6.1. Pour tout V, u; € H%((0,1),R) le systéeme (6.1)) est globalement exactement
controlable dans H(fjv), génériquement par rapport a po € HY((0,1),R). Plus précisément,
pour tout V,uy € H®((0,1),R), il existe un ensemble Qv,,, résiduel dans HS((0,1),R) tel
que si fiy € Qv , pour tout Yo,y € SN H(GV), il existe T > 0 et u € Hi((0,T),R) tels
que la solution associée de ([61) satisfasse Y(T') = 1y.

Ce théoréme montre que la prise en compte du terme de polarisabilité permet d’obtenir
la controlabilité exacte globale en temps grand pour des modéles ou la controlabilité sans
ce terme de polarisabilité est fausse ou ouverte (par exemple u; = 0 ou V' quelconque
et p1 ¢ Qu comme défini au Théoréme FET] page [[22). La preuve de ce théoréme repose
principalement sur trois arguments. En utilisant I’argument de perturbation développé en
Section L5.2] si 'on considére le controle u(t) = a(t) + 2, alors le systéme ([G.I)) s’écrit

0p = (=02, + V(x) = 21 (2) — dpa(2)) ¥ — at) (1 + dp2) (@) — at)?pa ()¢,
w(tv O) = w(tv 1) =0,
$(0,) = o ().
(6.3)
Ainsi, on peut distribuer une partie du moment de polarisabilité sur le potentiel et une partie
sur le moment dipolaire. Méme pour des fonctions V et ;1 quelconques, on se raméne donc
a étudier le systéme (G.I)) avec des hypothéses favorables sur V et p;.

La deuxiéme étape de la preuve consiste & montrer le controle approché vers I'état
fondamental o1y pour la norme H®. Dans le cadre pus = 0, ce résultat est obtenu par
V. Nersesyan [112] sous des hypothéses favorables sur V et p;. La preuve de ce résultat
utilise la fonction de Lyapunov

L) = A+ V) P2l + 1= [z 010, 2 € SNH), (6.4)

ol P est la projection orthogonale dans L? sur 'espace engendré par {¢r v ; k > 2} et
v > 0 une constante & déterminer. C’est cette fonction de Lyapunov (déja utilisée par
K. Beauchard et V. Nersesyan [I11], 19]) qui a été adaptée au cadre de la controlabilité
simultanée au Chapitre[dl Dans [112], la décroissance de la fonction de Lyapunov est assurée
par un argument variationnel lié aux propriétés du linéarisé du systéme ([62) au voisinage
de trajectoires associées au controle v = 0. Les systémes (6.1 et ([62]) admettant le méme
linéarisé au voisinage de ces trajectoires, ce résultat est directement étendu au cas us # 0.

Grace a l'argument de réversibilité en temps classique, la derniére étape de la preuve
du Théoréme consiste a prouver la controlabilité exacte locale dans H 5V autour de
l’état fondamental ¢ . Dans le cadre V = 0 et pp = 0, ce résultat est prouvé avec des
contrdles H}((0,T),R) par K. Beauchard et C. Laurent [16]. Le cas d’un potentiel V non
nul nécessite simplement quelques adaptations techniques pour obtenir le caractére bien
posé. La preuve de controlabilité de [I6] étant basée sur le controle du linéarisé au voisinage
de la trajectoire (®1,u = 0) dans H(50) avec des controles H}((0,T),R), ce résultat s’étend
directement au cadre po non nul. En effet, les systémes (G.I) et (62) possédent le méme
linéarisé au voisinage de la trajectoire (®1,1,u = 0) et la régularité Hi((0,7),R) de u se
transfére automatiquement a u2. Cette derniére remarque justifie le cadre fonctionnel H, (5\/)
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utilisé ici. En effet, une premiére idée serait d’adapter le résultat de contréle du linéarisé
dans H (BV) avec des controles L2((0,7),R). Le terme u? aurait alors seulement une régularité

L'((0,T),R) insuffisante pour appliquer les résultats de [I6] et conclure au caractére bien
posé de (B.I) dans Hpy. Le controle du linéarisé dans Hp,y avec des controles L*((0,T), R)
est un probléme ouvert.

Structure du chapitre. On commence par préciser en Section [G.1] les résultats de ré-
gularité pour les solutions du probléme (6.I)). En Section [6.2] on montre la controlabilité
approchée vers I’état fondamental ¢,y sous des hypothéses favorables sur V' et p; en uti-
lisant la fonction de Lyapunov £ définie en (G.4]). La Section [63] prouve la contrdlabilité
exacte locale dans HJ,,, avec des controles Hg((0,7),R) au voisinage de I'état fondamen-
tal sous des hypothéses favorables sur V' et p1. On conclut la preuve du Théoréme en
Section [6.4] en utilisant le systéme perturbé ([G.3)).

6.1 Reégularité des solutions

Cette section est dédiée a I’étude du caractére bien posé et aux résultats de régularité
du systéme (G.I)). Le résultat suivant est une adaptation de [16) Proposition 5].

Proposition 6.1. Soient V, 1, o € H?((0,1),R), T > 0, ) € H(5V)’ fe€HI0,T),H*N
H}) etuwe HF((0,T),R). Le systeme

Zaﬂﬁ = (_8£$ + V(Z‘)) w - u’(t):ul (33)‘/) - u(t)2u2($)¢ - f(tv 33), (ta Z‘) € (Oa T) X (Oa 1)7
P(t,0) = (¢, 1) =0, t€(0,7),
'@[](07 :E) = ¢0($)a x € (07 1)7
(6.5)
admet une unique solution faible i.e. une fonction 1 € C*([0,T], H?V)) telle que l’égalité

0(t) = i [ D (o) + ur P () + F0) dr (66)

soit vérifiée dans C’l([O,T],H?V)). Pour tout R > 0, il existe C = C(T, 1, po, R) > 0 tel

que si ||ull g o,ry) < R, la solution associée vérifie

) < C (Iboll s

l¥ller o,z o, Il 0., mmy) ) -

3
W)
Si f =0, alors

o)z = llYollz2,  pour tout t € 10,71,
et la solution vérifie Ay+u(t)u+u(t)?ux € CO([0,T7, H(3V)), En particulier, hypothése
w(T) = 0 implique (T € H(5V).

Dans la suite, la solution de (GI)) avec condition initiale 1)y et contrdle u sera notée

’@[J('vaa u)
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Démonstration. Comme u € H((0,T),R) implique u? € H}((0,T),R), le passage du cas
pe = 0 a pus € H5((0,1),R) est immédiat. On précise donc simplement les adaptations
nécessaires pour étendre [16, Proposition 5] au cadre V' non nul. L’existence et 1'unicité de
la solution faible dans C°([0,T7], H, ?V)) sont assurées par un théoréme de point fixe et le
lemme suivant.

Lemme 6.1. Soient T >0 et f € L2((0,T), H* N H}). La fonction G : t — fg e v f(s)ds
appartient a C°([0,T), H(?’V)) et vérifie

Gl L= (0.1),m3,,) < 1D f | 20,1y 1508
ot la constante ¢1(T) est uniformément bornée pour T dans un intervalle borné.
Pour V = 0, ce lemme est [I6], Lemme 1]|. I’adaptation au cas V non nul en suivant la

méme stratégie est due & V. Nersesyan et H. Nersisyan [I13] Proposition 3.1] en utilisant
les estimations suivantes (voir par exemple [I17, Théoréme 4]) pour V € L?((0,1),R)

1 %)
Ak = k272 +/ V(x)de + 1, Vk e N* avec Zr,% < 00, (6.7)
0 k=1
O *
loky = prll= < - VkeN, (6.8)
kv — Gl < C, Vk €N, (6.9)

Finalement, de méme que pour la preuve de [L6, Proposition 5|, la régularité C* ([0, T, H (3\/))
est obtenue en dérivant ’équation par rapport au temps et en utilisant le Lemme
O

Pour des conditions initiales plus réguliéres, on utilise aussi le résultat de régularité
suivant.

Proposition 6.2. Soit T > 0. Pour tout u € C%([0,T],R) tel que u(0) = 0, pour tout
Yo € H?V—u(o)m—u(oﬁm)’ (@1) admet une unique solution faible C°([0,T], H®). De plus, si
w(T) =0, alors Y(T) € H(GV—u(T);u—u(T)Q,ug)'

Démonstration. Si u € C?([0,T],R) avec 4(0) = 0 alors u? vérifie les mémes propriétés. Le
résultat est donc impliqué par [I12, Lemme 2.1] pour le cas pg = 0.
O

6.2 Controle approché vers I’état fondamental
Cette section est dédiée a la contrélabilité approchée vers 1'état fondamental ¢q 3. On
suppose que les fonctions V, uy € H®((0,1),R) vérifient

(C1) (mp1,v,¢rv) # 0, pour tout k € N,
(C2) AMiv —A\jjv # A\p,v — Ag,v, pour tout j,p,q > 1et j# 1.
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Théoréme 6.2. Soient V, iy, po € HS((0,1),R) tels que les Conditions (Cy) et (Cz) soient
vérifiées. Soit vy € SN H(GV) tel que (Yo, 1,v) # 0. Pour tout € > 0, il existe T > 0 et
u € CE((0,T),R) tels que

[9(T, tho, u) — pr,v s <e. (6.10)

Démonstration. Dans le cas ug = 0, la preuve est celle de [112] Théoréme 2.3]. L’adaptation
au cas g € H%((0,1),R) est immédiate, on rappelle simplement la trame de la preuve.

Pour tout ¢y € H (GV), les systémes (G.I) et (62) ayant le méme linéarisé au voisinage
de la trajectoire ¥(-,19,0) on en déduit immédiatement le lemme suivant qui assure la
décroissance de la fonction de Lyapunov (voir [I12] Proposition 2.6]).

Lemme 6.2. Soient V, ju1, o € HY((0,1),R) tels que les Conditions (Cy) et (Cz) soient
vérifiées. Pour tout 1y € SN H(GV) vérifiant (o, p1,v) # 0 et L(1g) > 0, il existe un temps

T >0 et un contréle u € CZ((0,T),R) tels que

L()(T,p0,u)) < L(3o)-

Soit g € SN H(GV) tel que (1o, p1,v) # 0. On fixe v > 0 dans la définition ([64) tel que
L(L/)Q) <1.Si E(¢0) > 0, on définit

K= {wf € Hiyys (T, Yo, un) — by, dans H® on Ty > 0,u,, € cg((o,Tn),R)} .

L’infimum de £ sur K est atteint i.e. il existe e € K tel que

L(e) = inf L(). 6.11
(€)= nf L) (6.11)
En particulier, £(e) < L(¢g) < 1 d’ou (e, ¢1,v) # 0. D’aprés le Lemme [6.2] on obtient que
si L(e) > 0 alors il existe T > 0 et u € CZ((0,T),R) tels que L(¥(T,e,u)) < L(e). Comme
(T, e,u) € K, on obtient une contradiction avec ([GII). D’ou L(e) = 0. Ceci implique
¢1,v € K et conclut la preuve du Théoréme [6.2

|

6.3 Controéle exact local autour de 1’état fondamental

Cette section est dédiée a la controlabilité exacte locale autour de I’état fondamental
¢1,v dans H(5V) avec des controles H}((0,T),R). Dans cette section, on suppose que les
fonctions V, uy € H5((0,1),R) vérifient

(C3) il existe C' > 0 tel que
C

5, pour tout k € N*.

(u1e1,v, erv)| >

i

Théoréme 6.3. Soient V, 1,2 € H5((0,1),R) tels que la Condition (Cs) soit vérifiée.
Soit T > 0. Il existe § > 0 et une application C*

I':Op — Hy((0,7),R)
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ot
Op = {¢f € SN HYy); [bf — Dry(T)llms < 5} ,

telle que I'(®1,v(T)) = 0, et pour tout ¥y € Or, la solution de (61]) avec condition initiale
o = ¢1,v et controle uw =T'(vy) satisfasse Y(T) = y.

Démonstration. Dans le cas g = 0 et V = 0, la preuve est celle de [I6, Théoréme 2.
L’adaptation au cas V, uz € H°((0,1),R) est directe, on rappelle simplement la trame de la
preuve.

Soit T' > 0. En utilisant la régularité obtenue en Proposition et la stratégie de [I6]
Proposition 6] on obtient la régularité C! de I'application

Or: HH((0,T),R) — H

6.12
U = PH(’lr/)(Tv @1,V7U’)) ( )
ou
Hi= {0 € Hyys Re((, p10)) = 0},
et Py est la projection orthogonale dans L?((0,1),C) sur H i.e.
Pu(¥) = ¢ — Re((¢, p1,v))e1,v
Sa différentielle en 0 est donnée par dO(0).v = ¥(T'), ou ¥ est la solution de
100 = (=02, + V(2)) ¥ —v(t)p1 (z)®1,v, (t,z) € (0,T) % (0,1),
U(t,0) =T(t,1) =0, te(0,7), (6.13)

v(0,2) =0, xz € (0,1).

En utilisant la Condition (Cs), 'asymptotique ([@7) et [16, Corollaire 2], on obtient
Pexistence d’un application linéaire continue

M :H L?((0,7),R),

telle que pour tout Uy € H, w := M(¥y) est solution du probléme de moments

/O " ()t =0,

T 1
/ w(t)(T — t)dt =
0 (

U By (T)), 6.14
Nl‘Pl,Va‘Pl,V>< £ @1y (D) (6.14)

T
X _ A — AV
w(t)e!Pev—2vitqy — LV T ARV g ,@rv(T)), VE>2.
/0 () <u1¢1,v7<ﬂk,v>< £ ®ev ()

Le choix v :=t fg w(r)dr € HE((0,T),R) fournit alors un inverse & droite continu de la
différentielle dO(0) : H}((0,7T),R) — H.
Finalement, 'application du théoréme d’inversion locale & ©p au point u = 0, la conser-
vation de la norme L? et I'hypothése 15 € S concluent la preuve du Théoréme [6.3]
O
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6.4 Controle exact global

En combinant la contrélabilité globale approchée du Théoréme et la controélabilité
exacte locale du Théoréme on obtient la contrdlabilité exacte globale de (61 sous des
hypothéses favorables sur V' et py.

Théoréme 6.4. Soient V,ui,ps € HY((0,1),R) tels que les Conditions (Cz) et (Cs)
soient vérifices. Pour tout 1o,y € SN H(GV), il existe T >0 et uw € HE((0,T),R) tels que
la solution de [61]) associée satisfasse Y(T') = y.

Démonstration. Premiére étape. Soient o,v; € SN H(GV) tels que (¥o,p1,v) # 0 et

(g, p1,v) # 0. Soient T, > 0 et § > 0 le rayon de controlabilité exacte locale dans H(5v)
en temps T, donné par le Théoréme D’aprés le Théoréme [6.2] il existe Ty, Ty > 0,
ug € C3((0,Tp),R) et uy € C3((0,7T%),R) tels que

1% (To, 0, u0) — 1y llms + [1(Tr, ¥p up) — 1y s < 0. (6.15)
D’aprés le Théoreéme [6.3) il existe u. € HJ((0,T%),R) tel que

D(Tes v, un) = e~V T4 (T, 4o, o).
En utilisant la réversibilité en temps de (G.IJ), on obtient alors que si u est défini sur [0, Ty +
T.] par u(t) = wuo(t) pour t € [0,To] et u(t + To) = u(Ty — t) pour ¢ € [0,Ty] alors
u € HY(0,Ty + Ty),R) et
Y(To + T, tho, u) = P1v(T%).
Ainsi il existe T* > 0 tel que si Von étend u par 0 sur [Ty + T, Ty + T + T*] alors,

Y(To + Ty + 17, 4o, u) = p1,v. (6.16)

Les mémes arguments conduisent alors a Pexistence de @ € H} ((0,Tf + T\ +T*),R) tel
que
Y(Ty + T + T35, 1) = 1,y
Conjointement & (616, la réversibilité en temps de (G.I)) implique alors, pour T := Ty +
Ty + 2T, + 2T, Vexistence de u € Hg((0,T),R) tel que

w(Ta ¢0) U) = ¢f

Deuziéme étape. On conclut la preuve du Théoréme en montrant que ’on peut se

passer des hypotheses (v, ¢1,v) # 0 et (7, 1.v) 7 0.
D’apreés la réversibilité en temps de (GI), il est suffisant de montrer que pour tout

g € SN H?V), il existe T > 0 et u € C2((0,7),R) tels que (T, 1o, u) € SN H?V) et
(W (T, b0, u),01,v) # 0. Soit 1y € SN H{yy tel que (Do, p1,v) # 0 et [0 — Yollzz < V2.
D’aprés la premiére étape, il existe T > 0 et @ € HL((0,T),R) tels que (T, o, ) = p1,v.

La conservation de la norme L? implique

[4(T, %0, @) — o1,y || 22 = [0 — ol < V2.

Finalement, le choix de u € C2((0,7T),R) suffisamment proche de @ termine la preuve du
Théoréme
O
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En adaptant ’argument de perturbation utilisé en Section [£5.2] et le Théoréme [6.4] on
prouve le Théoréme G.11

Démonstration du Théoréme [61. Soient V, u; € H%((0,1),R). On définit Qv,,, 'ensemble
des fonctions ps € HY((0,1),R) telles que les Conditions (Cz) et (Cs) soient vérifiées avec
les fonctions V' et p; remplacées respectivement par V' —2u; —4pus et pg +4po i.e. on définit

(CL) ALv—2pi—dus — Aj,V—2u1—4ps 7 Ap,V—2p1—dps — Aq,V—2u1 —4ps» POUT tout j,p,q > 1
et j # 1.
(C}) il existe C' > 0 tel que

C .
[((11 + 4p2) 01,V — 201 —apin s PEV —2p1 — 4z )| > 43 bour tout k € N™.

et
Qv = {p2 € H%((0,1),R) ; Conditions (C%) et (C})}.

Premiére étape : controlabilité exacte globale pour s € Qv . On considére le systéme
(1)) avec les fonctions V' et p; remplacées respectivement par V' — 21 — 4pus et pg + 4o

i.e. le systéme (63]). On note (T, 1o, u) le propagateur de (6.3 au temps 7. On a

P(t, o, u) = Y(t, o, u+2), pourte[0,T]. (6.17)

Soient o,y € SN H(GV) et up € C?([0,1],R) vérifiant u1(0) = 41(0) = 41(1) = 0 et
u1(1) = 2. D’aprés la Proposition [6.2] on a

Yo = »(1,90,u1) € SN H(ﬁvfzurwg)a
by = (L, 05,u1) € SO HYy g _a)-

Comme pig € Qv,,,, le Théoréme 64l implique Uexistence de T > 0 et @ € HA((0,T),R) tels
que

J(Tv 1;/;0711) = {Ef
On pose T =2+ T et
w1 (t) pour t € [0, 1],
u(t)=q a(t—1)+2 pourtE[l,T—i—l],

u(1—(t—1-T)) pourte[T+1,T).
Alinsi, la réversibilité en temps de (6] et (G.I7) impliquent
w(T7 1pOa U) = wfa

avec u € H3((0,T),R).

Deuziéme étape. On conclut la preuve du Théoréme [G1] en montrant que Qy,,, est
résiduel dans HY((0,1), R).
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Pour tout W € H®((0,1),R), d’aprés le Lemme E2] page [[43] pour s = 6, I’ensemble Qyy
des fonctions u € HY((0,1),R) telles que {1, A\ w, fren~ soient rationnellement indépen-
dants et qu’il existe C' > 0 tel que

C *
(o Orwan)l 2 15, VR ENT,

est résiduel dans HY(
o défini par pg 1= —

0,1),R). On pose W :=V — uy € H5((0,1),R). Pour tout u € Qw,
(p1+ ) appartient & Qy,,, . Ceci termine la preuve du Théoréme 611
O

—~

N[



	Introduction
	Introduction générale
	Contrôle bilinéaire d'équations de Schrödinger
	Contrôle d'équations de Schrödinger avec un terme de polarisabilité
	Contrôle d'équations de Grushin singulières

	Contrôle bilinéaire d'équations de Schrödinger
	Temps minimal pour la contrôlabilité exacte locale
	Introduction
	Well posedness
	Examples of impossible motions in small time
	Local controllability in large time
	Proof of Theorem 2.6
	A first step to the characterization of the minimal time
	Conclusion, open problems, perspectives
	Trigonometric moment problems
	Proof of Lemma 2.3
	Proof of Proposition 2.18

	Contrôlabilité simultanée de deux et trois équations
	Introduction
	Well posedness
	Construction of the reference trajectory for three equations
	Proof of Theorem 3.5
	Controllability results for two equations
	Non controllability results in small time
	Conclusion, open problems and perspectives.
	Moment problems

	Contrôle exact global simultané de N équations
	Introduction
	Well-posedness
	Approximate controllability 
	Local exact controllability
	Global exact controllability
	Appendix


	 Contrôle d'équations de Schrödinger avec un terme de polarisabilité
	Contrôle approché explicite par moyennisation
	Introduction
	Stabilization of the averaged system
	Approximation by averaging
	Explicit approximate controllability
	Numerical simulations
	Conclusion, open problems and perspectives

	Contrôle exact global
	Régularité des solutions
	Contrôle approché vers l'état fondamental
	Contrôle exact local autour de l'état fondamental
	Contrôle exact global


	 Contrôle d'équations de Grushin singulières
	Continuation unique de l'équation de Grushin singulière 2D
	Introduction
	Well posedness
	Unique continuation
	Conclusion, open problems and perspectives
	One dimensional operator
	Abstract self adjoint extensions



