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Une particularité des ondes de surface — on considére ici celles existant au niveau d’une interface simple

— est de pouvoir posséder des vecteurs d’onde K plus importants que ceux des ondes progressives des milieux

diélectriques environnants (voir figure 1.1, les vecteurs d’onde des ondes de surface sont « hors du coéne de

lumiére »). A une fréquence donnée, les ondes de surface peuvent donc posséder une longueur d’onde Ay, =
q p p g sp

2% plus faible que les ondes progressives et ainsi résoudre plus de détails qu’elles ou étre potentiellement

concentrées dans des volumes plus petits.

Les propriétés des ondes de surface sont souvent discutées en considérant un mode de la forme E(2) exp[i(Kyz+

Kyy — wt)], caractérisé par une pulsation w et un vecteur d’'onde K = K % + K. Cependant, pour dé-

crire la diffraction ou la focalisation d’ondes de surface, I'expression d’'un mode simple n’est pas suflisante.

Lorsque 'on décrit la diffraction ou la focalisation d’ondes progressives, on écrit le champ électromagnétique

sous forme de superposition linéaire de modes. Pour les ondes de surface, différentes solutions de rempla-

cement ont été utilisées, négligeant souvent la polarisation (WEEBER et al. 2001 ; FENG et al. 2007 ; Z1a et

BroNGERsMA 2007). De plus, une expression du champ des ondes de surface sous forme de somme de modes

orthogonaux entre-eux est nécessaire pour quantifier ces ondes et écrire les opérateurs qui leur sont associées.
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Ficure 1.1 — Relations de dispersion des SPP d’une interface argent/verre. Rouge : vecteur d’onde K com-
plexe, pulsation w réelle (constante diélectrique de I'argent : (PaLIK et GHOsH 1998)). Bleu : vecteur d’onde
K réel, pulsation w complexe (constante diélectrique de 'argent : (ARcHAMBAULT et al. 2009)). Tirets noirs :
cone de lumiere K = n. Lindice du verre vautn = 1, 5.

Un des buts de ce chapitre est d’obtenir une expression rigoureuse du champ des ondes de surface. Nous nous
appuierons pour cela sur le formalisme de Green et les notations de Stpe (1987).

La présence de pertes dans les matériaux conduit a 'existence de deux relations de dispersion pour les ondes
de surface (voir figure 1.1). La premiere, pour laquelle les pertes sont prises en compte via une pulsation w
complexe, présente une asymptote. La seconde, pour laquelle les pertes sont prises en compte via un vecteur
d’onde K complexe, ne présente plus d’asymptote mais un repliement. Lexistence conjointe de ces deux
relations de dispersion a été discutée dans le cadre des mesures de relation de dispersion par réflexion totale
atténuée (ATR) par ALEXANDER et al. (1974). Toutefois, la discussion se limite aux cas des expériences ATR.
Ici, nous obtiendrons ainsi deux expressions du champ des ondes de surface correspondant a chaque relation
de dispersion. Ces deux expressions nous permettront de discuter de problémes non résolus par ALEXANDER
etal. (1974), concernant 'interprétation des relations de dispersion dans le contexte de la limite de résolution
des ondes de surface ainsi que la densité d’état qui leur est associée.

La suite de ce chapitre et 'annexe C qui I'accompagne correspondent au contenu de (ARCHAMBAULT et al.

2009), auquel le lecteur peut se reporter il le souhaite.

1.1 Introduction originale

Surface plasmons have been known since the pioneering work of Ritchie in the 1950s (RrrcHIE 1957).
Considerable advances made in nanotechnology in recent years and the desire to control and manipulate light
at nanoscale have renewed the interest in surface plasmons (BARNEs et al. 2003). Numerical simulations and
experiments have demonstrated unique properties of different plasmonic nanostructure such as extraordinary

transmission (EBBESEN et al. 1998 ; Liu et LaLaNNE 2008), guiding (WEEBER et al. 2001 ; BozZHEVOLNYI et
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al. 2006 ; QUINTEN et al. 1998 ; MAIER et al. 2003), fluorescence enhancement (ANDREW et BARNES 2001 ;
ANGER et al. 2006 ; KUHN et al. 2006 ; RigNeaurT et al. 2005b ; KHURGIN et al. 2008), field enhancement
(TALLEY et al. 2005 ; ProDAN et al. 2003 ; KeLLy et al. 2003), focussing (L1u et al. 2005), superresolution
(Fang et al. 2005 ; SmMoryanINOV et al. 2005 ; TAUBNER et al. 2006b), omnidirectional absorption (TEPERIK
et al. 2008 ; MARQUIER et al. 2004), coherent thermal emission (GREFFET et al. 2002 ; MARQUIER et al.
2004 ; LAROCHE et al. 2005).

In this paper, we shall focus on surface plasmons propagating along flat surfaces. Propagation of surface
plasmons on a flat surface perpendicular to the z axis is often discussed using a mode E(2) exp[i( Kyz+Kyy—
wt)] characterized by a frequency w and a wave vector K = K& + K § parallel to the interface. However,
the surface plasmon fields diffracted by edges, guided by ridges, focussed by lenses cannot be described by a
simple mode. It is well-known that a finite size beam propagating in a vacuum has to be described in terms
of a linear superposition of plane waves. Differents ansatz, often neglecting polarization, have been used in
the litterature to address this question (WEEBER et al. 2001 ; FENG et al. 2007 ; Z1a et BRONGERsMA 2007).
One of the goals of this paper is to derive a rigorous representation for the surface plasmon field. Such a
superposition is the equivivalent of the angular plane wave spectrum for surface plasmons It can be used to

develop a framework for surface plasmon Fourier optics.

In doing so, a difficulty arises. When losses are taken into account, a mode with real K and real w is no
longer a valid solution. Although we can still use a Fourier representation with real K and real w, it is not
convenient to deal with waves that are not a solution. Elementary solutions using either a complex K or a
complex w can be found. However, we cannot assume that they form a basis. The first issue is thus to derive
a general representation for the surface plasmon field as a superposition of modes. The second issue is related
to the dispersion relation. A dispersion relation can be found when using either a complex K and a real w
or vice versa. These two choices leads to different shapes as seen in Fig.1.2. One dispersion relation has an

asymptote for very large values of K while the other has limited values of K and presents a backbending.

This issue was first noted by Arakawa et al. (ARakawaA et al. 1973) and later discussed by Alexander et
al. (ALEXANDER et al. 1974). Alexander remarked that when plotting the position of the dips in a reflectivity
experiment where the angle of incidence is varied at fixed frequency, one finds the dispersion relation with
backbending. Instead, when plotting the points obtained from a spectrum at fixed angle, one finds the disper-
sion relation without backbending. This approach seems simple and easily applicable. It is sufficient to explain
the attenuated total reflection (ATR) experiments. Nevertheless, it is not a general prescription that can be
used to discuss all possible issues. Let us illustrate this point by addressing two questions regarding the most
important properties of surface plasmons : confinment of the fields and large density of states. For a theore-
tical discussion of these applications, different dispersion relations lead to different predictions. Confinment
of the field is the key property regarding applications such as optical lithography, enhanced non-linear effects
or super-resolution issues. The dispersion relation with a backbending predicts a cut-off spatial frequency
and therefore a resolution limit whereas the dispersion relation without backbending does not predict any
resolution limit. Enhancement of the local density of states (or Purcell effect) is fundamental for fluorescence

enhancement and more light emission assisted by surface plasmons. The dispersion relation with a backben-
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FiGure 1.2 — (color online) Dispersion of surface plasmons propagating along the metal/air interface. (a)
Real w is chosen to obtain a complex K. (b) Real K is chosen to obtain a complex wy),. The flat asymptote
(dashed line) situated at w,/v/2 represents the nonretarded surface plasmon solution. The slanting solid
line represents the light cone inside which a wave is propagating (radiative) and outside which is evanescent
(surface).

ding again predicts a cut-off spatial frequency and therefore an upper limit to the LDOS. No limit is predicted
by the other dispersion relation. A general discussion on the applicability of the different dispersion relations
is thus needed.

In this paper we start by deriving two general representations of the surface plasmon field in terms of linear
superpositions of modes having the structure exp[i( Kyz + Ky + vz — wt)] with a well-defined polarization.
Each representation is associated with either a complex frequency or a complex wavevector and therefore to
a particular dispersion relation. We then show that the most convenient choice depends on the physical
problem to be discussed. We introduce a prescription that allows to choose complex or real frequency and the
associated dispersion relation. We then apply our analysis to discuss the resolution limit issue and the LDOS
issue. The paper is organized as follows. For the sake of completeness, we briefly summarize the derivation of
the dispersion relation in the next section. The following section introduces the general representations of the

surface plasmon field. We then discuss the physical content of these representations.

1.2 Surface plasmon dispersion relation

Let us consider a flat metal surface z = 0 bounded by dielectric media with dielectric constant €. For

convenience, we describe the dielectric response of the metal to an electric field using the local Drude model

eow) =1- ——"—— (1.1)
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where wy, is the bulk plasmon frequency and v, is a phenomenological bulk electron relaxation rate. We derive
the dispersion relation of surface plasmons propagating along the metal/dielectric interface.

We search a solution of Maxwell equations for an interface between two linear isotropic and local media
characterized by dielectric constants €,, where m = 1,2 denotes medium 1 (2 < 0) or 2 (z > 0). A surface

wave solution has a structure exp[i(K - r + v | 2| — wt)] with
K? + %271 = emw2/02 (1.2)

where 7y, is chosen so that Jm~,,, > 0. Boundary conditions impose the continuity of the tangential com-
ponents of the electric field and e . It follows that a p-polarized field can exist provided that €172 = —ea71.

One finds that a solution is given by

2
K? = (f> ae (1.3)
c/ €+ €

€1€2
€1 + €9

is a complex number so that the

When dealing with an interface separating a dielectric from a non lossy metal,

€1€2
€1+ €2

dispersion relation cannot be solved using real K and real w. It is necessary to consider a complex frequency

yields a unique solu-

tion to the problem. When accounting for losses in the material,

or a complex wavector to find roots of the equation. Let us first choose w real. We denote K}, the complex
root of the equation (4.4). Fig.1.2(a) shows the dispersion curve obtained from the surface plasmon disper-
sion relation Eq. (4.4) when plotting w versus Sie K. This curve exhibits a back-bending in the vicinity of
the frequency of non-retarded surface plasmon wj,/v/2. The second possible choice is to keep a real wavector
K. We denote wy), the complex root of the equation Eq. (4.4). Fig.1.2(b) shows the dispersion curve obtai-
ned when plotting Rews), versus K. It is seen in Fig.1.2(b) that this curve exhibits an asymptote for large
Wavevectors.

Let us make two remarks regarding the dispersion relation. We first note that Eq.(4.4) is also a solution
of €172 = €271 which defines a zero of the reflection factor, i.e. the Brewster angle. It can be checked that
the upper branch in Fig.1.2(b) is not a surface wave but the locus of the Brewster angle in the (w, K') plane.
Finally, we note that a surface plasmon is a collective oscillation of charge density. When the frequency w is
smaller than v, the collective electron oscillation is overdamped. In this frequency regime, Eq.(4.4) describes
a surface wave that has no longer the character of a surface plasmon. Thus, Eq.(4.4) describes the Brewster

angle for w > wy,, a surface plasmon for w, > w > v, a surface wave for v, > w.

1.3 General field representations

The aim of this section is to derive a general form of the surface plasmon field. To this aim, we first use
the simple interface Green’s tensor that yields the general form of the field for any given source distribution.
We then extract the surface plasmon contribution which is defined to be the pole contribution to the Green’s
tensor. We will show that this procedure leads in a natural way to different representations that make use of
either a complex wavevector or a complex frequency. We emphasize that both representations will describe

the same electromagnetic surface plasmon field Eg,(x, v, 2, t).
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Let us suppose that an arbitrary source is located nearby the dielectric-metal interface. The electric field

generated by the source j(r, t) is given by the relation

/
- —,u,o/dt /d3r’ G (r t—t)a’((;t,t), (1.4)

where 49 is vacuum permeability. A Fourier representation can be written in the form

2
K d : / /7
Gled,t—1) = j? / I (K 2,2/ )elle) -0 (1.5)

Here, the integration variables w and K, K are real. The explicit form of the Green’s tensor <§>(K, 2,72 w)
in the presence of the interface is given in Appendix A. It is seen that the Fourier transform of the Green’s
tensor has poles given by the denominator of the Fresnel factors for p-polarized field. For a dielectric/metal
interface, they correspond to the surface plasmon as discussed previously. Thus, the Green’s tensor can be split
into two terms : the pole contribution that yields the surface plasmon and the remaining contribution that
yields a regularized Green’s tensor.

G =G+ Gy, (1.6)
where the pole contribution to the Green’s tensor el sp can be explicitly derived using the residue theorem.
ﬁmg is the contribution of the regularized Green’s dyadic. It can be shown that the Green’s tensor can be
evaluated using a contour deformation in the complex plane and that the regularized term is essentially due to
the contribution along the branch cut. This contribution is often termed cylindrical wave or creeping wave.
The relative importance of these terms is well documented in classical texts for radiowaves (Baos 1966 ;
FELSEN et MarcuviTz 1994). The analysis of their respective contribution was of practical importance in
the early days of telecommunications as radiowaves were guided by the earth. This issue has been discussed
recently in the context of optics (LALANNE et HUGONIN 2006 ; Liu et LALANNE 2008). In this paper, we shall

not pursue this discussion and focus instead on the surface wave contribution defined as the pole contribution.

Ly
E,, ——ug/dt /d3’ sp(r t—t)a’(;t’,t). (1.7)

When solving Eq.(4.4), we can consider that w is real and find a complex K, or we can impose a real value
to K and find a complex root wgy. Thus, when extracting the poles, it is a matter of choice to consider that
they are poles in the complex frequency plane or in the complex wavevector plane. We find either a couple of
poles wsp and —wy,

along the x axis K g and — K g, for a given component along the y axis K as KS Kfsp + K2 It follows

or a complex wavevector pole K S2p hence two poles for the component of the wavevector

that we can cast the pole contribution to the Green’s tensor in the form :

>
PN by fwsp(K,z,z’) f_w (K, 2,2")
W — Wsp w—i—w

; (1.8)
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Apd g
where f (K, 2,2) and f _o: (K, z,2') are the residues of ‘g atwgp and —w? » respectively, or in the
form : PN

f_

o ( Ky, 2, 2 w) Koo (Kys 2, 2 w)
Kx Kx, sp Kx + Kx, sp

f
T oK, 2,2 w) = —=

>
where f f,  (Ky, 2,2 ,w) and ¥ K

o (Ky, 2, 2/, w) are the residues of<§> at K p and — K p respec-

tively.
These two choices leads to two different forms of the surface plasmon field given by Eq.(1.7). We now

examine these forms in detail.

1.3.1 Surface plasmon field representation with a real wavevector

In this section we derive the analytical form of the surface plasmon field using real wavevectors. For this
purpose we evaluate the pole contribution to the Green’s tensor by integrating in the complex w plane. The
complex pole wg, then yields a contribution for t —¢' > 0 that varies as exp(—iwsp(t —t')). After integration,

we find :
el

K, —_ :
sp=H(t—1) 29%2/ 5(—1) £, (K z, 2K (r=r) —wap (=) (1.9)
&)
e
where f (K, z,2) is the residue of ‘g at wep. It is given in the appendix C.1. It follows from Eq.(1.7)
that the field can be cast in the form of a linear superposition of modes with real wavevector and complex

frequency :

d2K % i(Ker z|l—w
E, = 2me/WE(K,t)(K— Ly el ot omlzl mesnt), (1.10)

where the amplitude E(K, t) is given in appendix C.1, n,, = —2if 2 < 0 and 2if 2 > 0,and K = K/ K. The
surface plasmon field takes a form that looks as a mode superposition except that the amplitude E (K, t) depends
on the time t. Indeed, when describing a stationary field using modes that have an exponential decay, the
amplitude is necessarily time dependent. In order to obtain a superposition of modes with fixed amplitudes,
it is necessary to assume that all sources are extinguished after time ¢ = 0 so that we observe the field after it
has been excited. In that case, the decay of the mode is well described by the imaginary part of ws). Eq. (1.10)
is thus well suited for fields excited by pulses. Note that the polarization of each mode is specified by the

n,,,, whose component along the z axis depends on the medium from which the field

K
Y

complex vector K —

is evaluated.

1.3.2 Surface plasmon field representation with a real frequency

Let us now turn to the alternative choice. We consider the complex poles K, g, and — K p. The Green

function can be cast in the form :

G =1 / / Oy (K, 2,2 w)efom(@mal) gy (y=y) g mieo(t=t) (1.11)
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ifr—a2' >0, and:

/ /dK <_> (Ky 5 o w)e—in,Sp(ac—x’)eiKy(y—y’)e—iw(t—t’) (1 12)
x sp Y ) 9 .

Apd A
ifz —a' <0. g  (Ky,2 2 w)and £ (K2, 2 w) are the residues of g at K p and — K .
They are given in appendix C.1. When inserting this form in Eq.(1.7), we again obtain a form for the field

that is a superposition of modes whose amplitude depends on x :

Ym

/ / K , W $)(K+ — &nm)ei(Kx,sp-’E"FKyy—"’YnJZ‘—wt)

B (Kyyw,2) (R = Bezpg)elCRoprtRutnlzen] (1 13)

Ym

where KT = (K. wspk + Ky 9) / Kgp and K™ = (— Kyt sp& + Ky9)/ Kp. The amplitudes B (K, w, x) and
E_(Ky,w,x) are given in appendix C.1. Again, it seems natural to have amplitudes of the modes that depend
on z if one describes a homogeneous field using modes with a decay along . A proper mode representation
should use only fixed amplitudes. This is possible if all the sources lie in the 2 < 0 region and the region of

interest is the > 0 region. We then obtain a surface plasmon field that can be cast in the form :

/ / Y (R - Kn,) B (K, w)elKrtnll-en (1.14)
where K = K % + K,$ is complex and K= K/ K,. We conclude that stationary monochromatic fields
with a finite size are well described by a representation that uses complex wavevectors and real frequencies. This
equation is one of the main result of this paper. Indeed, it provides a framework to develop surface plasmon
Fourier optics. Similar representations have been postulated as ansatz to surface plasmons interferences (Zia
et BRONGERsMA 2007), propagation along a stripe (WEEBER et al. 2001) or focussing (FENG et al. 2007). The
framework introduced above provides a rigorous derivation of the form of the surface plasmon field valid in
a region with no sources. Let us emphasize that this representation is well suited to discuss propagation for
x > xq of a surface plasmon field known along a line © = . It is seen on Eq.(1.14) that propagation over
a distance d amounts to multiply each mode by a factor exp(i K ;d). In general, this involves modifying both
the phase and the amplitude of the mode. Thus, it allows to discuss any surface wave diffraction problem.
Finally, let us stress that this representation is valid for a complex wavevector K and a real frequency w so that

this representation is necessarily associated with a dispersion relation with backbending.

To summarize, we have shown that the surface plasmon field can be represented using modes that have
either a complex frequency or a complex wavevector. However, the amplitudes may still depend on either
time or space. In the case of a field excited by a pulse, the representation that uses a complex frequency is well
suited. It is associated with the dispersion relation without backbending. In the case of a stationary mono-
chromatic excitation localized in space, a representation using modes with complex wavevectors is well suited.

It corresponds to a dispersion relation with backbending. This simple analysis yields a simple prescription to
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Ficure 1.3 — A point-like dipole located nearby the dielectric-metal interface

choose the proper dispersion relation. Note that in the case of pulses limited in space, both representations

can be used.

1.3.3 Surface plasmon field generated by a dipole

For many applications, it is useful to know the field generated by a dipole. For instance, when considering
the field scattered by a subwavelength particle, the source can be represented by an electric dipole. In addition,
any source can be decomposed as linear superposition of dipolar sources. Here, we derive the surface plasmon
field generated by a monochromatic point-like dipole characterized by its dipole moment p,, (see Fig. 1.3).
Note that there are other contributions to the field generated by the dipole at a distance typically smaller than
a wavelength. The surface plasmon contribution is typically dominant for larger distances (PINCEMIN et al.

1994 ; LaLANNE et HucoNIN 20006).

—iwot

For a vertical dipole pye = poe 04 located at a distance d below the interface, at z = y =0, we

obtain, using the cylindrical basis p, §,2) :

B, = 2% [Hf”(Ksppm ik Hé”(ffspp)nm]

1 K . . .

M i) = (<52 ) pendeimBleion} )
where Hél) and H fl) are Hankel functions of the first kind of zero-th and first order respectively, K, is
complex and verifies Eq. (4.4) with w = wy, M (K, wp) is given in appendix C.2 and the other notations
are defined above. The details of the calculation are given in appendix C.2. Using the asymptotic forms of the

Hankel functions, we obtain for the field of a vertical dipole, for p greater than a few 1/|Kjp| :

eiKSPp K ivid i .
sp

where M (Kp,wp) is given in appendix C.2. Thus the surface plasmon field is analogous to a damped

o iKspp o K , . .
cylindrical wave -€ with a polarization vector $ — ,ySp n,,. For a dipole oriented along the x axis
VEKspp m
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poe*i“’ot = poe 04, we obtain :
0 Kap (1) H{" (Kyp)
E, = 2Re [ [H Y (Kopp)'p — i 7L H (Kgpp)n, | cos — —22—PZPin 9]
Tm Kspp

1 . . .
M (Kgp,wo) . Do emde”mZ'e_WOt} (1.17)
0

where 0 = (%, p). Using the asymptotic forms of the Hankel functions, we obtain :

K.
o e'terP n Ksp / iv1d ivym|z| ,—iwot
E, =2Re|—— | p 0y, | cos O M}, (Kp,wo) po e e e (1.18)

/ Ksp P Tm

where Mj (Kp,wo) is given in appendix C.2. The surface plasmon field is analogous to a damped cylindrical
1Kspp

wave \6/7 with the same polarization vector p — ,y—jfnm, times a factor cos , making the field vanishing
spP

in the direction perpendicular the dipole (here the y direction) and more intense in the dipole’s direction

(here the x direction).

1.4 Discussion

In this section, we revisit two fundamental issues in the field of surface plasmons : field confinment and
large density of states. Confinment and superresolution are related to the existence of wavevectors with a
modulus much larger than w/c. In this respect the choice of the proper dispersion relation plays a key role as
one has a cut-off wavevector whereas the other predicts no limit for the dispersion relation. Is there a limit to

the resolution ? Is there a limit to the local density of states ?

1.4.1 Super resolution

Let us first discuss the issue of resolution when imaging with a surface plasmon driven at frequency w by
an external source. Recent experiments on far-field optical microscopy (SMoryaniNov et al. 2005) launched a
debate (SMoLyaNINOV et al. 2007 ; DREZET et al. 2007) about the role of surface plasmons in super-resolution
imaging effects. In (SmoryaniNov et al. 2005) the dispersion curve with the asymptotic behaviour has been
invoked to stress the role of surface plasmons in the image formation with nano-resolution. The resolution
was estimated to be g, /2. Therefore, if the dispersion curve with the asymptotic behaviour is chosen, there
seems to be no diffraction limit and only the amplitude decay of surface plasmon due to Ohmic losses in the
metal limits the resolution. The effect of the back-bending of surface plasmon dispersion discussed in (DREZET
et al. 2007) limits the surface plasmon wavelength 27 /9ReK ), and therefore, the resolution. Clearly, both
dispersion relations do not lead to the same conclusion and a prescription to choose one or the other is needed.
Let us consider a situation where a surface plasmon is excited locally by a stationary monochromatic field.
From section 3, we know that it is valid to use a representation with fixed amplitudes using modes with

complex wavevectors and real frequencies. This implies that the dispersion relation with real frequency (with
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backbending) is relevant. It follows that there is a cut-off spatial frequency. Indeed, as K, may be complex,
the propagation term exp(iK,x) introduces damping. In the case of a lossy medium, damping may be due
to losses. However, even for a non-lossy medium (K, is real), K, = (K S2p - Kg )1/2 can be imaginary.
This occurs when K, exceeds the value Kj),. This situation is the 2D analog of the evanescent waves with
wavevector K larger than w/c that cannot propagate in a vacuum. Clearly, K sp is a cut-off frequency and
the propagation term exp (i /K, x) works as a low-pass filter that prevents propagation of fields associated with
spatial frequencies larger than K. When dealing with lossy media, it is the real part of K, that specifies the
cut-off spatial frequency. It is seen in Fig.1.2 that it is limited by the backbending of the dispersion relation.

In summary, when discussing imaging using stationary monochromatic surface plasmons, the relevant
representation is based on modes with a complex wavector and a real frequency given by Eq.(1.14). This
corresponds to a dispersion relation that has a backbending. It follows that the resolution is limited by the

cut-off spatial frequency given by the maximum value of ReK),.

1.4.2 Local density of states

Let us now discuss the Local Density of States (LDOS). The density of states (DOS) is a quantity that
plays a fundamental role in many domains. In particular, it allows to derive all thermodynamic properties of
a system. In the case of an interface, the surface modes are confined close to the interface so that it is useful
to introduce the Local Density of States (LDOS) that depends on the distance to the interface (Jouramn
et al. 2003 ; JouraN et al. 2005). It allows to account for the huge increase of energy density close to an
interface when surface waves are excited (SHCHEGROV et al. 2000 ; JourLaIN et al. 2005). It also plays a key
role in defining the lifetime of a single emitter close to an interface (CHANCE et al. 2007 ; HENKEL et JOULAIN
2006 ; ABajo et Kociak 2008 ; NeLavaH et al. 2007 ; CHICANNE et al. 2002). In this context, the increase of
the projected LDOS is usually normalized by the LDOS in a homogeneous medium (e.g. a vacuum) yielding
the so-called Purcell factor. It is well-known in solid state physics that the density of states can be derived from
the dispersion relation. More specifically, the DOS increases at a frequency w when the dispersion relation
is flat at that particular frequency. A quick look at Fig.1.2 shows that different dispersion relations seem to
predict different LDOS. While Fig.1.2(b) predicts a very large peak at wgp/+/2 due to the asymptote and no
states above this frequency, Fig.1.2(a) predicts a smaller peak and a non zero LDOS between ws,/v/2 and
wgp- Again, we see that a prescription is needed to choose the right dispersion relation.

A standard procedure to derive the DOS in the reciprocal space is based on the periodic boundary condi-
tions. Assuming a surface of side L, the wavevector takes the form K = n, 2%& + ny 2%9’ In the plane
K, K, a mode has an area 472/ L?. It follows that the number of modes per unit area in d°K is given by
d?K/4m?. When performing this analysis, both K, and K, are real. Thus the relevant representation uses
real wavevectors and complex frequencies. The corresponding dispersion relation has no backbending and
therefore presents a singularity. This is in agreement with another approach of the LDOS based on the use
of the Green’s tensor that predicts an asymprotic behaviour proportional to 1/(23|e + 1]?) (JouraN et al.
2003 ; JouraIN et al. 2005). Of course, this divergence is non physical. It is related to the modelling of the

medium using a continuous description of the metal. This model cannot be valid on an atomic scale. Before
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reaching the atomic scale, non-local effects must be taken into account.

1.5 Conclusion

The purpose of this work is to clarify several issues regarding surface plasmons on flat surfaces. The first
issue deals with the mode representation of the surface plasmon field. We have shown that a surface plasmon
field can be represented as a sum of modes with either a complex wavevector or a complex frequency. We have
shown that a representation using complex frequencies is well adapted to fields excited by pulses and that
a representation using complex wavevectors is well adapted to stationary monochromatic fields excited in a
finite area. The latter representation provides a rigorous formula that can be used to analyse the diffraction of
a stationary surface plasmon field. This should be very useful in order to develop a surface plasmon Fourier
optics framework. This formula clearly shows that the maximum value of SRe K, is a cut-oft spatial frequency
that gives an upper limit to the resolution or confinment that can be obtained using surface plasmons. As a
by product, we have derived the form of the surface plasmon excited by a dipole located below the interface.
Finally, we have discussed how to choose the dispersion relation (with or without backbending) depending on
the issue. To illustrate this procedure, we have shown that there is a resolution limit given by the maximum
value of the wavevector at the backbending point. We have also shown that the local density of states should
be analysed using the dispersion relation with a real wavevector. This yields a LDOS that diverges close to the

interface in agreement with the result obtained from the Green’s tensor approach.
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